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ABSTRACT 

A linear, unsteady theory is developed that relates transient rotor loads 
(thrust, roll moment, and pitch moment) to the overall transient response of 
the rotor induced-flow field. The relationships are derived from an unsteady, 
actuator-disc theory; and some are obtained in closed form. The results re
veal both the strengths and weaknesses of previous formulations, and the 
results also indicate areas in which further study is needed. 

1. Introduction 

It has been known for some thirty years that the induced-flow field 
associated with a lifting rotor responds in a dynamic fashion to changes in 
either blade pitch (i.e. pilot inputs) or rotor flapping angles (i.e. rotor 
or body dynamics,) Refs. 1-3. In recent years, it has been found that dynam
ic inflow for steady response in hover can be treated by an equivalent (i.e. 
reduced) Lock number, Ref. 4. For more general conditions, such as tran
sient motions or a rotor in forward flight, it has been determined that the 
induced flow can be treated by additional "degrees of freedom" of the system. 
Each degree of freedom represents a particular inflow distribution, and each 
has its own particular gain and time constant, Refs. 5-7. 

Although the above results have provided some impressive correlation 
with experimental data, there is still no general theory to predict the gains 
and time-constants of dynamic inflow. Values from momentum theory give ex
cellent results in hover, but are clearly inadequate in forward flight, 
Refs. 5-6. A simple vortex model, Ref. 5, gives some improvement in forward 
flight but is still not satisfactory. An empirical model based on the best 
fit of response. data, Refs. 5-6, gives excellent results; but several 
peculiar singularities remain unexplained. Thus, there is a need to deter
mine the dynamic-inflow behavior from fundamental, aerodynamic considerations. 
One type of analysis that appears capable of producing such results is 
actuator-disc theory, Refs. 8-10. Although this type of analysis has been 
used extensively for induced-flow calculation, it has not been used to obtain 
the necessary gains and time constants required for dynamic inflow. There 
are primarily two reasons for this neglected application. First, most in
vestigators have been interested in the details of the wake for a steady 
flight condition (rather than in the dynamic properties of the wake due to 
perturbations in flight condition). Second, investigators often include the 
coupled response of blade motions in their analysis. This hopelessly com
plicates the analysis and precludes the type of results desired here. 

Figure 1 gives a schematic representation of the coupled inflow/rotor 
problem. The inflow dynamics and rotor dynamics of the closed-loop system 
are strongly coupled. It is the purpose of this paper, however, to investi
gate the behavior (i.e. the transfer function) of the open-loop induced flow 



model. The resultant theory may then be used with any model of the rotor 
dynamics. To do this, we extend the actuator-disc theory of Ref. 9 to the 
unsteady case and use it to find the dynamic relationships between the aero
dynamic loading and the induced flow. Special emphasis is placed in develop
ing these relationships in terms of a first-order dynamic model for each 
inflow distribution. 

2. Background 

The theory of dynamic inflow relates the airloads of a rotor (eT, eL, 
and eM) to the induced-flow distributions (A , A , A ) where e , e , and 
CM are the aerodynamic perturbation in thrus~, r511 ~oment, ana pitch moment; 
and A , A , and A are the magnitudes of uniform, side-to-side, and fore-to
aft vgria~ions incinduced flow. 

A + A rsin~ + A rcos~ 
0 s c 

(Note that even rotors with no net hub moment can have considerable aero
dynamic moments which, although halanced by inertial moments in the rotor 
system, can nevertheless influence the induced flow.) The dynamic inflow 
models of Refs. 6-7 assume that the inflow is related to the aerodynamic 
loads in a linear, first-order fashion. 

• 

[M] 

A -1 

~ol eT Ao 
+ [L] 

= eL As As eM c c 

or • 

[TJ 
A A 

= [L] 

eT Ao + Ao eL As As eM c c 

The purpose of this research is to find the elements of [L] and [M] from 
basic aerodynamic principles and to also investigate the validity of this 
linear, first-order form. 

(1) 

(2a) 

(2b) 

The actuator-disc theory that we use in this investigation is based on 
pressure distributions developed by Kinner (see Ref. 9). Kinner discovered 
a family of pressure distributions that solve Laplace's equation, ~,ii = 0, 
and that also give a pressure discontinuity (i.e. lift) across a circular 
disc. These distributions can be combined in a general form to give the 
total, nondimensional pressure ~ 

~ 

= I: (3) 

m,n=O 
m<n 

m m where P and Q are, respectively, associated Legendre functions of the first 
and secgnd kin~s; C~ and D~ are arbitrary constants; and v, n, and W are 
ellipsoidal coordinates defined by the relationships 

X 

y 

-'h-v2 
..Jl+n

2 cos~ 
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z = -vn 

(4a) 

(4b) 

(4c) 
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where Z is normal to the rotor plane and positive down; X is in the rotor 
plane and positive in the forward direction, o/ = 180°; andY is in the rotor 
plane and positive in the starboard direction, o/ = 90°. On the rotor disc, 

n = 0, v ="l-r
2

, and o/ is the conventional, counterclockwise azimuth angle. 
A schematic of the coordinate system is given in Figure 2. 

The nondimensional aerodynamic loading can be calculated from the non
dimensional pressure, $ = pressure/pn2R2, by use of the following integrals, 
taken over the rotor disc. 

CT = !!!fdA = % C~ (Sa) 

CL = jjH -rsino/) dA 8 i Dl (5b) =-
5 2 

c = 
M Jf~(-rcos~)dA = ~ i cl 

2 (Sc) 

The variables r and dA are nondimensional (0 2 r 2l,!!dA=1T). For the 
sake of later comparisons, we also introduce two second-harmonic pressure 
integrals. 

eLi= JJ~c-r2sin2o/)da = 
128 

0
2 

(5d) 7 3 

CM2 = JJ~c-r2cos2~)dA = 128 c2 (5e) 
7 3 

It is interesting to note that each loading integral in equation (5) is 
uniquely determined by a single coefficient of the Kinner distribution and is 
independent of all others. Therefore, differing pressure distributions can 
result in identical average loadings. One of the purposes of this research 
is to find out if such pressure distributions will also result in identical 
averaged values of the induced flow. To do this, we will consider two 
types of pressure distribution. The first, called 11uncorrected," will con
tain only the single coefficient of ~ necessary to create the appropriate 
loading, as given in equation (5). The second distribution, called "corrected," 
will include just enough of the next-higher Kinner term to enforce the 
conditions ~ = 0, d~/dr = 0, at r = O, which is a reasonable distribution 
for a rotor. The resulting additional terms are C~, Di, and cl. A summary 
of the pressure terms used in each distribution is given in Taftle 1, and the 
corrected and uncorrected distributions are plotted in Figures 3-5 as 
functions of radial station, r. 

The pertinent integrals that define the magnitude of the basic induced
flow distributions at the disc are given by 

A 
1 

!!AdA (6a) 
0 1T 

A 
4 

JJArsinwdA (6b) s 1T 

A 
4 JJ Arcoso/dA (6c) = c 1T 

A2s 
6 

JJAr
2

sin2o/dA (6d) = 
1T 

Azc 
6 

JJAr
2

cos2wdA (6e) = 
1T 

where A is the nondimensional induced flow (velocity divided by QR) . 
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3. Mathematical Formulation 

For a free-stream velocity 
Figure 2), the induced velocity 
and momentum equations, 

in the negative o direction (as shown in 
components, q., must satisfy the continuity 

1. 

q .. = 0 
1.,1. 

q. - vq. < 
J.,O J.,'? 

= - ~ . 
,1. 

(7a) 

(7b) 

where ,a implies d/d(nt), and vis the free-stream velocity divided by nR. 
We will now examine several special cases of equation (7) to determine rela
tionships between loading, ~' and induced flow normal to the disc, qz, at 
n = o. 

The first case we consider is the steady condition, qi 
0 

0. Equations 
(7) become ' 

~, ii = 0 (Sa) 

1 
~ q. 0 = 

1., v ,i 
(Sb) 

Equation (Sa), the Laplace equation, implies that the Kinner distribution, 
equation (3), is an appropriate solution. The normal induced velocity at a 
point (x ,y ) on the rotor disc is found from equation (Sb) with i = z 

0 0 

q = A (x ,y ) 
z 0 0 

~ do ,z (9) 

where o follows the streamline from (x
0

,y
0

) to infinity, 

X = x
0 

+ ~COSCl (lOa) 

(lOb) 

z = - ~sina (lOc) 

and a is the angle of incidence, Figure 2. The z derivative in equation 
(9) may be expressed in ellipsoidal coordinates. 

~ = ,z 
2.1_ 
av (11) 

Thus, the induced flow for a given pressure distribution is found by inte
gration of the Kinner functions from the disc to the far field. 

A specialization of equation (9) can be made for the condition 
a= 90° (axial flow). For such a condition z and~ are parallel; and 
equation (9) reduces to 

A = - ~ ~ I n=O (12) 
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Thus, the induced flow may be found directly from ~ with no integration. 
Another specialization of equation (9) can be made for a = 0° (edgewise 
flow). Here, ; is parallel to x; and a portion of the integration is on the 
disc. 

A = 1 

X 
0 

I dx-~; 
v=O I 

dx 
n=O 

Thus, equation (9) and its two specializations, equations (12) and (13), 
summarize the steady case, w = 0. 

(13) 

The second general case we consider is the disc.i~ still air, v = 0, 
With a simple-harmonic pressure distribution, ~ = $e1W~ where $ = Qt and W 

is the oscillatory frequency, nondimensionalized on n (i.e. per rev). 
Equations (7) become, with q = qe1w~, 

~ .. = 0 
,ll 

iwq. =- T 
l , i 

Equation (14a) indicates that the Kinner distribution is applicable, and 
equation (14b) gives the induced flow. 

- iT 
qz =; "',z 

No integration is required. 

(14a) 

(14b) 

(15a) 

(15b) 

The next case we consider is an oscillatory velocity field, q = qeiw$, 
where q is taken as real, which implies that all induced veloci~ies are 
mutually in phase. If we express the pressure as ~ = (A+Bi)e1 w , equation 
(7) yields 

A B = 0 (16a) 
,ii ,ii 

vqi,; = A i (real) (16b) , 

wqi = - B (imaginary) (16c) ,i 

Equation (16a) shows that both the real and imaginary portions of ~ can be 
represented by Kinner solutions. Equation (16b) shows that real (i.e. in
phase) portion of the pressure relates to induced velocity exactly as does 
the steady case, equation (8b). Equation (16c) shows that imaginary (i.e. 
out-of-phase) component of pressure relates to induced velocity exactly as 
does the case v = 0, equation (15a). Therefore, when all induced velocities 
are mutually in phase, the total pressure is simply a superposition of the 
steady pressure (w=O) and the apparent-mass pressure (v=O). Thus, the basic 
assumption of the theory of dynamic inflow, equation (Za), is partially 
validated. 
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The final case we 
in which all pressures 
resultant induced flow 

consider is an oscillatory pressure field, $ = 
are mutually in ~base (""$ real) • If we express 
as q = (u+iw)e1 w , equations (7) become 

$ .. = 0 
,11 

= 4> . 
,1 

- vw. = 0 
1,1; 

(real) 

(imaginary) 

- iwl/1 $e , 
the 

(17a) 

(17b) 

(17c) 

Equation (17a) indicates, again, that the Kinner distribution is appropriate. 
Equations (17b) and (17c) may be combined to give equations for the induced 
flow in terms of $. 

2 + 2 
V$ 'I; (18a) w u. v ui,l;l; = 

1 ,1 

2 + 2 
w$ . (18b) w w. v wi,l;l; 1 ,1 

Equations (18) are solved by a Laplace transform in I; followed by application 
of the convolution theorem. The final solution for induced flow at the rotor 
disk is 

0 

1 f $' cos(kl;)dl; u = z v ,z (19a) 

~ 

0 

1 f $' sin(ki;)dl; w = 
z v ,z (19b) 

~ 

where k is a reduced frequency, w/v, based on air speed (not tip speed). 

Equations (19) are very interesting. They show that the in-phase and 
out-of-phase induced velocities may be calculated in the same manner as the 
steady case, equation (9), except that weighting functions (coskl; or 
-sink/;) must be added. It should be noted that, since a true rotor should 
behave somewhere between "in-phase velocities, 11 equations (16), and nin
phase pressures,u equations (19), numerical comparisons of these two cases 
should prove very valuable for the validation of a first-order dynamic-inflow 
theory. 

4. Closed-Form Results 

Before proceeding to the numerical results it is good to consider some 
closed-form solutions. These provide added insights into the characteristics 
of dynamic inflow, and they also serve as checks on the accuracy of the 
numerical algorithms. Although we are primarily interested in the 3x3 L and 
M matrices of equations (2), we will also look at the elements of more general 
5x5 matrices obtained by an extension of the induced-flow and loading vectors 
to include <A , A , A , A2 , A2 > and <CT, c

1
, CM, c12 , cM2>, respectively. 

The A's and c9s afe d~finea by ~quations (5) and (6). The 5x5 matrices in
clude the effect of second-harmonic loads on the induced flow; they give the 
magnitude of the higher-harmonics of induced flow; and they provide for a 
five-degree-of-freedom induced-flow model, should the three-degree-of-
freedom model prove inadequate for a given system. 
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We now present closed-form results for several special cases. First, 
we consider w=O, ~=90° (steady, axial flow). The pertinent theory is given 
by equation (12). Substitution of equations (3) and (12) into equation (6), 
with terms defined as in Table 1, yields 

L11 = 1/Zv, = - 2/v, L55 - 3/v 

= 0 i I j (20a-d) 

An important property of the results in equation (20) is that elements of L 
are entirely independent of induced-flow distribution. Thus, they are identi
cal for the corrected and uncorrected pressure distributions. Another 
interesting aspect of equation (20) is that the L11 , L22 , and L13 elements 
are identical to those obtained from simple momentum tfieory, Ref. 6. It would 
appear that this correspondence is more than coincidental. In particular, the 
lift-deficiency function obtained from the results in equation (20), (see Ref. 
6) is given by 

1 
y*/y = l+oa/8v (21) 

and is identical to the lift-deficiency functions obtained by Loewey (from a 
shed-vorticity analysis) and by Miller (from a vorticity-tube theory), Refs. 
10 and 11. Thus, there is an apparent universality in the results for axial 
flow. 

A second special case for which closed-form results can be obtained is 
w=O, ~-0° (steady,. edgewise flow), equation (13). Table 2 lists the closed
form results for both the uncorrected and the corrected pressure distributions, 
and these are compared with the results of the vortex and momentum theories 
of Ref. 5. Several conclusions are important here. First, the L

11 
element 

remains l/2v (as it was for ~=90°) independent of lift distribution. The L22 element is about twice the value predicted by momentum theory, and it is 
only slightly dependent upon the lift distribution. The L

33 
element is 

identically zero, independent of lift distribution. The coupling terms, L31 (A due to CT) and L
13 

(A due to~), are zero in momentum theory but are 
pr~sent in tfie vortex and0actuator-~isc theories. They are definitely affected 
by the lift distribution, but not qualitatively. Of special interest is the 
fact that L31 is greater than L11, which implies that CI would create an 
upwash (A<OJ at the leading edge, ~~1so•. This is cons stent with measure
ments, Ref. 9. All elements of the 3x3 L-matrix agree qualitatively with 
the Ormiston vortex model, Ref. 5. 

The higher-harmonic elements of L are also interesting. L51 (A 2c due to 
CT) is highly sensitive to lift distribution and is not at all small. L42 (X 2 due to CL) is much less sensitive to lift distribution but is also 
su5~tantial. The L55 term (A 2 due to cM2) is twice the value of L55 for 
~=9o•. The only nonzero coupifng term is L24 (A due to C 2). It ~s roughly 
half the value of the diagonal element, L22 , (A sdue to CLT. All elements 
not listed in Table 2 are identically zero due ~o conditions of symmetry. 

The qualitative differences between the L-matrices for a=o• and ~=90° 
lead to the obvious question as to how the elements vary as functions of 
~ (i.e. how they vary from hover to forward flight). Although we examine 
this behavior in detail in the next section, there are some closed-form 
solutions for this variation which are rather useful. In particular, the 
Fourier components obtained in Ref. 12 can be used to obtain the first column 
of L. For the corrected lift distribution, these are 
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111 
1 (22a) = 

2v 

1 31 
l57r 1-sinc:< (22b) 64v l+sina 

3 
1 51 = - 7v 

1-sina. 
(l+sine<) (22c) 

For the uncorrected distributions, the a-variations are the same as in 
equation (22); but the coefficients are altered, as appropriate, to match 
e<=0°. (The 1

11 
element is completely independent of lift distribution and 

angle of incidence.) The variation of 1
31 

is approximately linear with a and 
is identical to the variation obtained from the vortex-element theory of Ref. 
13. The variation of 1 51 is smooth, and somewhat parabolic, as a varies 
from 90° to 0°. 

The final closed-form results to be considered are the apparent mass 
terms for v=O, equation (15b). The evaluation of this equation, according 
to the entries in Table 1, results in the M-matrix given in Table 3. Several 
points are noteworthy. First, the uncorrected values of M11 , M22 , and M33 are 
identical to the values obtained for the apparent mass of an impermeable 
disk, Ref. 6. Second, there are significant differences between results for 
corrected and uncorrected lift distributions. Therefore the apparent mass 
terms are more sensitive to pressure distribution than are the steady e~rms. 
Third, the apparent mass terms decrease with increasing harmonics of ·A. 

5. Numerical Results 

We now turn to numerical results for the elements of L versus disc 
angle, a. The~ integral in equation (9) is calculated by Simpson's 1/3 
Rule at intervals varying from .01 to .05 and going out to <=20. These 
integrals are used to find A(r,$) at 10, unequally-spaced radial stations 
and at 5° azimuthal increments. The averages in equation (6) are computed 
by Gauss quadrature in r and by Fourier analysis in $. The accuracy of the 
results may be gauged in the subsequent figures by comparison with the closed
form, starred values of a=0° and a.=90°. 

Figure 6 gives corrected and uncorrected values of the elements of the 
first column of 1 (induced flow due to perturbations in CT). These results 
can be compared with the closed-form expressions in equat~on (20); and they 
show an accuracy of 0.1%, for 5°< a.< 90°, and an accuracy of 4% as a 
approaches 0°, ·The results illustrate the smooth transition of all elements 
even as a approaches 0°, at which point the dis~ is in its own wake. Figure 
7 gives the second column of 1 (induced flow due to c1 ). The 1 72 element is 
nearly independent of lift distribution for a > 10•; out for a < 10° a 
noticeable difference develops between the corrected and uncorrected values. 
The 1 42 element displays a dependence on lift distribution that in indepen
dent of~. Figure 8 gives the third column of 1 (induced flow due to CM), 
The A component, 1

11
, varies smoothly with a; and there is a difference 

betwegn corrected ana uncorrected results only for a< 10°. The A component, 
1

33
, varies smoothly and is nearly independent of pressure distribStion. The 

h~gher-harmonic component, t
53

, is zero for both a= 0° and a= 90°; but it 
is nonzero for intermediate angles and reaches a maximum at a= 30°. 

Figures 9-10 give the effect of second-harmonic loading on the L-matrix. 
These results can be used to determine if dynamic perturbations in the higher
harmonic loads might cause significant changes in A , A , or A and thereby 
invalidate the assumptions of dynamic-inflow theory? Figure 9cshows that 
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there is some A due to C (i.e. 1 24), and its maximum value is 2.58 at 
a= 0°. Given,showever, ~~at 1 22 is twice this value and that c

12 
is probably 

less than half of C1 , it is reasonable to assume that this coupl1ng could be 
neglected. Figure 9 further shows that both 1 24 and 1

44 
vary smoothly with 

a. Figure 10 shows that 115 (A due to cM2) and 1 35 (X due to CM2) may 
reasonably be neglected, tfie fo~er being 1dentically z~ro for alr-a, and the 
latter remaining less than 0.5. 155 varies smoothly with a. 

The preceding numerical results provide a foundation for the choice of 
an analytic 3x3 1-matrix. For the first column of this matrix, we use the 
corrected, closed-form results in equations (22a) and (22b). The corrected 
lift distribution is used because, from Figure 3, we see that the uncorrected 
distribution is unrealistic for a lifting rotor. For the second two columns 
9f L, however, we choose the uncorrected results of Figures 7-8. There are 
several reasons for this choice. First, we seen in Figures 4-5 that either 
the corrected or the uncorrected distribution for moment is reasonable for 
the first harmonic variation in lift. Second, Figures 7-8 show that the two 
distributions give nearly identical results (for 113 , 1

33
, and 122) when 

a> 10°. Since helicopters operate with a's from 5° to 10°, there should be 
little practical difference between the two distributions. Third, the un
corrected distributions follow smooth curves that appear to be identical to 
the a-functions in equation (22). Therefore, simple analytic expressions are 
available for these uncorrected curves. The resultant analytic form of the 
1-matrix is given in Table 4. The M-matrix, also given in Table 4, is for 
the identical assumptions. The first column is corrected, and the second two 
columns are uncorrected. The choice of uncorrected apparent mass for M22 and 
M13 is also consistent with experimental results in Ref. 6 that show that 
tfiese give realistic time constants. There is a certain symmetry to the 
1-matrix in Table 4 (113 = 1 3Land 111 + 1 22 + 1 33 =constant). Furthermore, 
an eigenvalue analysis of [1JLM] shows that there are no anomalies in the 
system. The induced flow has three real, stable roots for all values of a 
between o• and 90°; and 1 is always invertible. 

6. Extensions and Future Work 

There are three major areas in which the preceding results need to be 
verified or extended. First, the corrected and uncorrected 3x3 and 5x5 models 
need to be compared in terms of their effect in a coupled, rotor/body 
dynamic analysis in order to verify the adequacy of the model in Table 4. 
Second, the results here need to be extended to include the effects of wake 
contraction and finite number of blades in order to see if these significantly 
affect the dynamic-inflow model. Third, the complete effect of reduced 
frequency needs· to be investigated with respect to the differences between 
the assumptions of in-phase velocities and in-phase pressures. 

Concerning the effect of 
from momentum theory that may 
to the lifting case, Ref. 6. 
value of v, 

wake contraction, 
allow the present 
In particular, it 

there already exists a result 
results to be directly extended 
is suggested that the present 

.~ 
V =~~~A (no lift) (23a) 

be replaced by a more general mass-flow parameter 

(steady lift) (23b) 
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where~ is the inplane component of the aircraft velocity (advance ratio), A 
is the normal component of aircraft velocity (inflow ratio), and vis the 
steady induced flow due to rotor thrust. Similarly, the angle ~ could be 
defined as the wake skew angle at the rotor. 

-1 A+v 
a. = tan -

~ 
(23c) 

In order to verify the usefulness of equations (23b) and (23c), as well as 
the effect of number of blades, we intend to use an existing, prescribed-wake 
analysis to calculate the steady L-matrix for various contraction ratios and 
for rotors with a finite number of blades. 

Concerning the effect of reduced frequency, we are 
the integrals in equation (19) at various values of k. 
for the second and third rows of L, dL/dk = ~ at k = 0. 
to the fixed-wing, Theodorsen theory which also has an 
of k = 0. 

krr 
F = 1- z k G = k log -

2 

currently computing 
We already know that, 

This is analogous 
infinite derivative 

(24) 

This implies that no truly first-order model exists for small k. However, 
it is also known from Ref. 6 that the unsteady terms in dynamic inflow do 
not become crucial until k > 5. This is a large reduced frequency but is 
realistic even for low-freq~ency motions (w=.5) because v is typically of 
the order 0.1 (w/v = 5). Therefore, at these larger values of k, a first
order model may be adequate. As a further verification of the unsteady 
results, it would be interesting to exercise a transient wake analysis for 
the response of induced flow to a step input in blade pitch. 

7. Summary 

An actuator-disc theory has been used to obtain gains and time constants 
(i.e. the L and M matrices) for both 3-degree-of-freedom and 5-degree-of
freedom dynamic-inflow models. The following conclusions can be made: 

1. In axial flow (e.g. hover), the gains are identical to those ob
tained from simple momentum theory, and they are independent of the 
radial lift distribution. 

2. The apparent mass terms (the M matrix) for the simplest pressure 
distributions are identical to the apparent mass terms of an im
permeable disc, but these values vary significantly with lift 
distribution. 

3. Closed-form results are obtained for all elements of L at ~ = 90° 
(axial flow), for all elements of L at~= 0° (edgewise flow), and 
for the first column of L at all angles of incidence, ~. 

4. Numerical results for the elements of L at angles of incidence from 
0° to 90° show that they are not strongly dependent upon lift 
distribution for 10° < ~ < 90°, although significant dependence does 
occur for a< 10°. 

5. A 3-degree-of-freedom dynamic-inflow model is probably adequate for 
rotary-wing dynamics, and this model is expressed in analytic form 
in Table 4. 

6. More work is required to substantiate the present dynamic-inflow model 
and to insure that wake contraction, finite number of blades, and 
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reduced-frequency effects will not substantially alter the dynamic
inflow characteristics. 
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