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and 
e = 0 --> Euler Equations 
e = 1 --> Thin Layer N avier-Stokes Equations 

The Euler equations were studied by setting the viscous terms to zero and imposing 
tangency at the body instead of the no-slip boundary condition. These equations were then 
solved using the zonal code of [5]. The algorithm in this case is upwind-biased, and fifth-order 
accurate in space and second-order accurate in ·time. Since it is upwind-biased there is no 
explidt artificial dissipation added to stabilize the algorithm. For the vortex interactions the 
flowfield is divided into three zones.as shown in Figure 5. Each zone contains from 13,000 to 
20,000 grid points. Note that a fine grid is placed upstream of the airfoil. This, combined 
with the high-order accuracy of the algorithm allows for the vortex to be captured without a 
perturbation scheme. Thus, the vortex is placed in the flowfield and convects with the local 
velocity and is allowed to deform as it approaches the airfoil. The CPU time for the Euler 
calculations were on the order of four hours on a ORA Y-XMP for twenty chords of travel. 

6. Comparison of Results 

It was decided to test the various methods for the same case of a vortex of non
dimensional strength of 0.2 passing 0.26 chords underneath a NACA 0012 airfoil at a Mach 
number of 0.8. The resulting solutions will help aid in evaluating the usefulness of the differ
ent methods in calculating the acoustics of blade"vortex interactions in the transonic regime. 
Contour plots of the scaled pressure disturbance with the vortex 8 chords downstream are 
shown in Figure 6 for the four different methods. The straight white lines indicate distances 
of five chords above, below, behind, and in front of the leading edge. The boundaries of the 
small disturbance calculations extend several hundred chords away and only a limited portion 
of the flowfield is shown. However, the boundaries for the Euler and N avier-Stokes calculations 
are quite near and thus the complete :flowfields are shown. In addition, time histories of the 
scaled pressure disturbance are displayed for several locations in Figure 7. 

The contour plots show that the LTSD solution is very anti-symmetric about the y=O 
line. Iri other words, although the wave shapes are exactly the same, the amplitudes are 
of opposite sign above and below the airfoil. Since the non-linear terms are neglected, the 
acoustic wave propagates at a constant speed and the waves above and below the airfoil are 
at the same distance in front of the airfoil. The time history plots verify that the acoustic 
wave is smooth and well preserved, with the wave above the airfoil being almost exactly the 
opposite of that below the airfoil. In addition, the amplitude of the disturbance on axis is 
very small and seems to increase until one reaches an angle of approximately 40 degrees. 

The TSD solution is not as anti-symmetric as the LTSD solution. Since shock waves 
form on both surfaces the field is highly non-linear in the vicinity of the airfoil. This results 
in supersonic pockets where the acoustic propagation in the upstream direction is inhibited 
and delayed. Thus, the wave is split into two parts in the upstream direction. The portion of 
the disturbance on the airfoil that takes place before the flow becomes supersonic is able to 
propagate forward, while that which takes place in the region of the airfoil which is supersonic 
is forced to propagate downstream until it leaves the supersonic pocket. This can be seen in 
the contour plot, where the propagation above the airfoil seems to be split into two waves and 
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the propagation below the airfoil seems to primarily consist of a wave that has been delayed 
by the supersonic region. Also, the amplitude of the propagated wave seems to be much larger 
above the airfoil than below the airfoil. These ideas are confirmed in the time history plots. 

The Euler and Navier-Stokes solutions are nearly identical. From this it would appear 
that viscous effects are unimportant for this particular case where large-scale separation does 
not occur. The acoustic wave is fairly anti-symmetric. However, unlike the TSD solution, these 
both appear to have a strong wave both above and below the airfoil. One can also see that the 
fifth-order upwind-biased algorithm does a very good job at capturing and maintaining the 
sharp structures of the acoustic wave. Near the axis the wave is seen to be broken into two 
parts with a fiat section in between. This would appear to be due to the supersonic pockets 
on the upper and lower surfaces. As was the case using the LTSD and TSD, it appears that 
the amplitude of the wave is greater above the airfoil than below it. 

Overall, all four methods agree very well for the portion of the acoustic wave above the 
airfoil. The time history plots at 30 degrees above the airfoil are all very similar. It would seem 
that at this position the non-linear effects are small and both the LTSD and TSD equations 
are adequate. The agreement is not quite as good for the points 45 degrees below the airfoil. 
Although non-linear effects seem to be small in this region (the LTSD solution calculates peak 
pressures nearly identical to those from the Euler and Navier-Stokes calculations) it appears 
that there is some deficiency in the TSD Equation formulation, resulting in peak pressure 
amplitudes that are greatly reduced. Closer to on axis there is even more of a discrepancy. 
The TSD solution seems to underpredict the first portion of the wave and overpredict the 
second part. This could also be due to an improper calculation of the transition from subsonic 
to supersonic flow in the vicinity of the leading edge, where the small disturbance assumption 
breaks down. Since non-linear effects are important closer to on axis, the LTSD solution no 
longer predicts the correct peak pressure amplitude. All four methods seem to indicate that 
non-linear efects decay to unimportant levels once the wave has traveled six chords away form 
the vortex. The LTSD and TSD methods seem to be unsuitable for detailed comparisons 
below the airfoil, due to the inaccurate formation of the acoustic waves. 

7. Formation of Acoustic Waves In Supercritical Flows 

The Euler Equations were utilized to investigate the initial formation of the acoustic 
wave in supercritical flow by examining in detail the same case as above, but at earlier times. 
Figure 8 displays a close-up view of the scaled pressure disturbance contours when the vortex 
is near the airfoil. The white lines in Figure 8a represent the zonal boundaries and it can be 
seen that the contours are smooth across the zonal boundaries. These lines are not shown in 
the rest of the Figure. The approximate vortex location is shown by the circular arrow. In 
addition, the sonic line (where the local Mach number is unity) is shown by the black line. 

In the first frame (Figure 8a), the vortex has just passed the leading edge of the airfoil. 
The sonic point on the lower surface has moved forward to just behind the leading edge, 
while on the upper surface the sonic point is farther aft. Consequently, the disturbance in the 
leading edge region appears to be propagating forward primarily on the upper surface. As the 
vortex travels downstream, most of the disturbance on the lower surface seems to propagate 
downstream until it reaches the shock (Figure 8c). Part of the disturbance is able to leave the 
supersonic pocket near the outer region of the shock (Figure 8d,e). However, the rest of the 
disturbance seems to build up at the foot of the shock. This combines with the disturbance 
at the shock due to the vortex passage. This disturbance, along with the disturbance from 
the trailing edge region, does not leave the vicinity of the airfoil until a much later time due 
to the presence of the supersonic pocket (Figure 6c ). 
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8. Subcritical Cases Using a Zonal Euler Algorithm 

It was decided from the above investigation that the TSD seemed to be inadequate 
in accurately capturing the acoustic wave, while the N a vier-Stokes equations are not neces
sary for unseparated or only moderately separated flows. Thus, three purely sub critical cases 
(NACA0012 at Mach .6) were investigated using the Euler equations. The three cases to be 
compared are a vortex interaction that passes below the airfoil, ·a head-on collision, and a vor
tex interaction that passes above the airfoil. Contour plots of the scaled pressure disturbance 
with the vortex 5 chords downstream are shown in Figure 9 for these three cases. The time 
history plots are displayed in Figure 10. 

It is interesting to note that for the cases of the vortex passing above and below the 
airfoil the shape of the resulting acoustic waves appear to be mirror images. The head-on 
collision results in an acoustic pattern that is anti-symmetrical. The waves are fairly smooth 
and the non-linearities are small enough that there does not seem to be appreciable flattening 
of the expansion waves or steepening of the compression waves. Furthermore, the variation in 
propagation speed seems to be very small. In all three cases, there is also a second disturbance 
related to the passage of the vortex near the trailing edge. As expected this, as well as the 
disturbance related to the passage of the vortex near the leading edge, is more pronounced in 
the case of the head-on collision. Overall, the effects of the miss distance appear to be very 
small in the subcritical cases. 

9. Supercritical Cases Using a Zonal Euler Algorithm 

Three supercritical cases (NACA0012 at Mach .8) were also investigated using the 
Euler Equations. This should help in understanding better the effect of non-linearities on the 
solution. The first case, vortex passing below the airfoil, is the same as that performed in the 
comparison of the four methods. The second and third cases are the passage of the vortex 
above the airfoil and a head-on collision. Contour plots of the scaled pressure disturbance 
with the vortex 10 chords downstream are shown in Figure 11 for these three cases. The time 
history plots are displayed in Figure 12. 

As was noted for the subcritical cases it appears that the cases of the vortex passing 
above and below the airfoil result in acoustic waves that are nearly mirror images of each 
other. However, for these supercritical cases the variation in wave speed is much larger and 
the expansion waves tend to flatten while the compression waves steepen. Note also that 
the head-on case is not as anti-symmetric as it was when the flow was subcritical. It is also 
apparent that the supersonic regions have caused a delay in the propagation of part of the 
disturbance, resulting in a relatively fiat region near the axis of the airfoil. In the time history 
plots this results in the wave being separated into two parts. The time histories also show that 
the position of the vortex can dramatically alter the shape of the waveform. It appears that in 
the case of the vortex passing below the airfoil, this passage results in the sonic point moving 
forward on the bottom surface during the initial passage of the vortex. As was previously 
mentioned, the movement of this sonic point results in different portions of the disturbance in 
the leading edge region propagating forward. Thus, the time histories below the airfoil axis 
show the wave to be delayed beyond that due to the vortex colliding head-on or above the 
airfoil. Examining the Transonic Small Disturbance boundary condition one sees that this is 
due to the effect of the u-velocity component. Correctly incorporating this effect seems to be 
important for accurately predicting the sonic point and the subsequent acoustic propagation. 
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10. Summary And Conclusions 

In this paper a comparison was made between numerical solutions to the Linearized 
Transonic Small Disturbance Equation, Transonic Small Disturbance Equation, the Euler 
Equations, and the Navier-Stokes Equations. Although the LTSD and TSD methods were 
able to properly propagate acoustic waves, they were unable to accurately capture the initial 
formation of the acoustic waves. This appears to be due to the inaccuracies introduced in the 
leading edge region, where the initial formation takes place. The fifth-order, upwind-biased 
scheme used to calculate the solutions to the Euler and Navier-Stokes Equations is well suited 
to investigating the acoustics due to the fact that the high order accuracy and low dissipation 
accurately capture and propagate the acoustic wave. The Euler Equations give the same 
results as the N a vier-Stokes Equations for the results presented, and is therefore the best code 
to use for extensive comparisons of acoustic propagations. It is unknown at this time whether 
a Full Potential code would be adequate. 

The three subcritical cases studied indicate that when non-linear terms are negligible 
it does not matter whether the vortex passes above or below the airfoil, in either case the 
amplitude of the waves will be of comparable magnitude. However, the amplitude of the 
waves will increase as the miss-distance is decreased. 

The three supercritical cases indicate that non-linear contributions to the airfoil-vortex 
interaction are properly captured through wave steepening. The resulting solution is much 
more complicated due to the formation of supersonic pockets. This requires the accurate 
calculation of the leading edge region in order to properly calculate the beginning of this 
supersonic region. The amplitude of the acoustic wave below the airfoil is significantly greater 
when the vortex passes above the airfoil as compared to it passing below the airfoil. In fact, 
it is as large as the case of a head-on collision. Therefore, situations which cause the vortex 
to pass above the airfoil should be avoided when the flow is supercritical. 
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a) Vortex Path Below Airfoil (Yv = - 0.26) b) Vortex P ath Above Airfoil (Yv = 0.26) 
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