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Abstract 
The vibration reduction capability of active flow control (AFC) jets installed on the blades of a helicopter rotor 
is examined using comprehensive aeroelastic simulations. The simulations represent a four-blade hingeless 
rotor operating at several different advance ratios in the range of 0.20 ≤ 𝜇𝜇 ≤ 0.35. The closed-loop control 
scheme for reducing vibrations is based on the higher-harmonic control (HHC) algorithm, subject to actuator 
saturation constraints. Dynamic stall strongly influences vibrations at 𝜇𝜇 = 0.35. Furthermore, the control sen-
sitivity matrix used in the HHC algorithm varies significantly depending on the advance ratio. This produces 
different weightings of the 2-, 3-, 4-, and 5/Rev control harmonics used for vibration reduction. The overall level 
of vibrations at the rotor hub is consistently reduced by 70% to 80% below the baseline for all advance ratios 
considered. The reduction of in-plane shear force vibrations improves as the advance ratio increases, indicat-
ing that the adverse effects of dynamic stall are alleviated by AFC. The performance penalty associated with 
vibration reduction is also calculated. The additional rotor power required increases with advance ratio, due to 
increased drag penalty associated with fluidic actuation. 
 
 

NOTATION 
𝐀𝐀,𝐁𝐁,𝐂𝐂  Coefficient matrices defined for flow 

control ROM 
𝑏𝑏  Rotor blade semi-chord length 
𝑐𝑐  Rotor blade chord length 
𝐶𝐶𝑙𝑙 ,𝐶𝐶𝑚𝑚,𝐶𝐶𝑑𝑑  Sectional lift, moment, and drag coeffi-

cients 
𝐶𝐶𝑑𝑑𝑑𝑑  Helicopter fuselage drag coefficient 
𝐶𝐶𝑇𝑇  Helicopter thrust coefficient 
𝐶𝐶𝑊𝑊  Helicopter weight coefficient 
𝐶𝐶𝜇𝜇  Jet momentum coefficient 
𝑒𝑒  Blade root offset from the center of ro-

tation 
𝐸𝐸𝐼𝐼𝜂𝜂𝜂𝜂 ,𝐸𝐸𝐼𝐼𝜁𝜁𝜁𝜁   Principal bending stiffness of the blade 

cross-section 
𝑓𝑓  Equivalent flat plate area of the heli-

copter fuselage 
Δ𝐟𝐟  Vector of aerodynamic loads predicted 

by flow control ROM 
𝐹𝐹𝑥𝑥4,𝐹𝐹𝑦𝑦4,𝐹𝐹𝑧𝑧4  4/Rev components of hub shear 

𝐺𝐺𝐽𝐽𝑏𝑏  Torsional stiffness of the blade cross-
section 

𝐼𝐼𝑀𝑀𝑀𝑀2, 𝐼𝐼𝑀𝑀𝑀𝑀3  Principal mass moments of inertia of 
the blade cross-section 

𝐽𝐽  Quadratic cost function for HHC algo-
rithm 

𝐾𝐾  Static gain associated with process 
model 

𝐿𝐿𝑏𝑏  Blade length 
𝑚̇𝑚jet  Flow control jet mass flow rate 
𝑀𝑀  Local Mach number 
𝑀𝑀𝑏𝑏  Blade mass 
𝑀𝑀jet  Flow control jet Mach number 
𝑀𝑀𝑥𝑥4,𝑀𝑀𝑦𝑦4,𝑀𝑀𝑧𝑧4  4/Rev components of hub moment 
𝑁𝑁𝑏𝑏  Number of rotor blades 
𝑝𝑝𝑜𝑜,jet  Flow control jet stagnation pressure 
𝑃𝑃jet  Flow control jet power 
𝐐𝐐  Aerodynamic transfer matrix 
𝐐𝐐�  Approximation of 𝐐𝐐 
𝐐𝐐𝐳𝐳  Weighting matrix on the vibratory hub 

loads 
𝑅𝑅  Rotor blade radius 
𝐑𝐑  Weighting matrix on the control input 
𝑠𝑠  Laplace variable 
𝑠̅𝑠  Nondimensional Laplace variable 
𝑡𝑡  Dimensional time 
𝑡𝑡̅  Reduced time 
𝐓𝐓  Sensitivity matrix relating control input 

to the plant output 
𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  Continuous flow control input signal 
𝑢𝑢SS,𝑢𝑢PS  Suction side and pressure side flow 

control inputs 
𝐮𝐮  Control input vector 
𝐮𝐮fc  Vector of flow control inputs 
𝑈𝑈  Local oncoming flow velocity magni-

tude 
𝑈𝑈jet  Flow control jet velocity magnitude 
𝑤𝑤jet  Chordwise width of flow control jet ori-

fice on airfoil surface 
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𝐱𝐱fc  Vector of flow control ROM states 
𝑋𝑋𝐴𝐴  Offset between the aerodynamic cen-

ter and the elastic axis 
𝑋𝑋𝐹𝐹𝐹𝐹,𝑍𝑍𝐹𝐹𝐹𝐹  Longitudinal and vertical offsets be-

tween rotor hub and helicopter aerody-
namic center 

𝑋𝑋𝐹𝐹𝐹𝐹 ,𝑍𝑍𝐹𝐹𝐹𝐹   Longitudinal and vertical offsets be-
tween rotor hub and helicopter center 
of gravity 

𝑋𝑋𝐼𝐼𝐼𝐼  Offset of the blade cross-sectional 
center of mass from the elastic axis 

𝑋𝑋𝐼𝐼𝐼𝐼𝐼𝐼  Offset of the blade cross-sectional 
center of area from the elastic axis 

𝑋𝑋𝑡𝑡 ,𝑍𝑍𝑡𝑡  Longitudinal and vertical offsets be-
tween the tail rotor and the rotor hub 
center 

𝐳𝐳  Plant output vector 
𝛼𝛼  Angle of attack 
𝛽𝛽𝑝𝑝  Blade precone angle 
𝛾𝛾  Lock number 
𝜃𝜃0,𝜃𝜃1𝑐𝑐 ,𝜃𝜃1𝑠𝑠  Collective and cyclic pitch settings 
𝜃𝜃𝑡𝑡𝑡𝑡  Blade pretwist distribution 
𝜇𝜇  Helicopter advance ratio 
𝜎𝜎  Rotor solidity 
𝜏𝜏  Time constant associated with process 

model 
𝜓𝜓  Azimuth angle 
𝜔𝜔𝐹𝐹 ,𝜔𝜔𝐿𝐿 ,𝜔𝜔𝑇𝑇  Blade flap, lag, and torsional natural 

frequencies 
Ω  Rotor angular speed 

 

1. INTRODUCTION, BACKGROUND, AND 
OBJECTIVES 

The vibratory loads generated on a helicopter rotor 
are primarily due to the coupled aeroelastic response 
of the blades as a result of unsteady aerodynamic 
interactions. In low-speed descending conditions, 
high vibration levels are associated with blade-vortex 
interaction (BVI), which involves a highly complex 
wake structure. High vibration levels are also experi-
enced in high-speed conditions where dynamic stall 
occurs. This involves unsteady flow separation and 
reattachment producing large variations in angle of 
attack. Vibrations have an adverse effect on the fa-
tigue life of the blades, as well as other mechanical 
and electronic components, and thus affect mainte-
nance and operating costs. Vibration levels also 
have an influence on passenger comfort. Therefore, 
reduction of vibratory loads is a critical consideration 
in rotorcraft design. 

A review of active vibration control approaches was 
presented in Ref. [1], emphasizing the use of on-
blade control effectors to reduce vibrations at the 
source. The advantage of on-blade control, com-
pared to higher-harmonic control (HHC) imple-
mented at the swashplate or pitch-link actuated indi-
vidual blade control, is the relatively low power pen-
alty required for actuation. Partial-span trailing edge 

flaps are the most mature type of actuators consid-
ered for on-blade control, since these have been 
studied in aeroelastic simulations [2-4], wind tunnel 
tests on Mach-scaled [5] and full-scale [6] rotors, and 
flight tests [7]. Microflaps have also been studied ex-
tensively in CFD simulations [8] and aeroelastic sim-
ulations [9-11] for vibration reduction. 

The feasibility of on-blade active flow control (AFC) 
as an alternative to electromechanical actuation has 
been demonstrated in recent numerical simulations. 
A CFD model of the fluidic actuators was developed 
in Ref. [12] to characterize the actuator performance 
in static and dynamic situations resembling the rotor 
environment. The static airfoil simulations were vali-
dated using experimental data from earlier wind tun-
nel experiments [13-14]. Subsequently, a CFD-
based reduced-order model (ROM) for calculating 
unsteady aerodynamic loads at reduced computa-
tional cost was developed in Ref. [15]. The ROM ex-
hibits close agreement with full-order CFD predic-
tions and reduces computer run time by four orders 
of magnitude. Most recently, the ROM was inte-
grated with the comprehensive aeroelastic rotor sim-
ulation code AVINOR (Active Vibration and Noise 
Reduction) for closed-loop vibration reduction [16]. 
Open-loop and closed-loop control simulations re-
vealed that the vibration levels evaluated at the hub 
of a four-bladed hingeless rotor are most sensitive to 
actuation at the 4/Rev frequency. Furthermore, the 
vibration reduction achieved using AFC was compa-
rable to that of a microflap, including a similar perfor-
mance penalty due to drag. The potential advantage 
of AFC compared to a microflap is the elimination of 
moving parts. 

The HHC algorithm has been implemented for 
closed-loop, on-blade control simulations involving 
actively controlled trailing edge flaps [2,3,17], micro-
flaps [9-10], and recently AFC [16] for vibration re-
duction. The HHC algorithm was examined from a 
control theory perspective in Ref. [17]. Convergence 
and stability characteristics were analyzed for three 
versions of the algorithm, including the classical in-
variant version, an adaptive version, and a relaxed 
version. The adaptive version of HHC is appropriate 
for situations involving nonlinear phenomena such as 
BVI or dynamic stall. The effect of imposing satura-
tion constraints on the control amplitude during HHC 
was examined in Refs. [10,18,19]. 

The main objective of this paper is to demonstrate 
the vibratory load reduction capability of AFC using 
closed-loop aeroelastic simulations. The specific ob-
jectives are: 

1. Examination of the vibratory loads produced 
with and without AFC at various advance ra-
tios in the range of 0.20 ≤ 𝜇𝜇 ≤ 0.35. 

2. Examination of the control sensitivity matrix 
used by the HHC algorithm for closed-loop 
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vibration control and its dependence on the 
rotor advance ratio. 

3. Calculation of the rotor performance penalty 
associated with vibratory loads reduction. 

To illustrate the vibration reduction capability of AFC 
under various flow conditions, four different advance 
ratios are examined: 𝜇𝜇 = 0.20, 0.25, 0.30, and 0.35. 
The low-speed cases are relatively benign. However, 
the high-speed case of 𝜇𝜇 = 0.35 is more challenging 
to model, since dynamic stall has a significant effect 
on vibratory loads. 

2. BI-DIRECTIONAL FLUIDIC ACTUATION 
The flow control device, depicted in Fig. 1, is a re-
cently developed configuration that has been tested 
in wind tunnel experiments at Georgia Tech [13]. A 
CFD simulation approach for modeling the actuators 
was developed in Ref. [12] and was validated using 
wind tunnel data. The device consists of two pulsed 
fluidic actuators, installed near the trailing edge of a 
VR-12 airfoil model on the suction side (SS) and 
pressure side (PS). The SS and PS actuators are 
controlled independently, and each have two operat-
ing modes: tangential blowing and normal blowing. 
Note that the “normal” blowing mode refers to a jet 
that is oriented upstream at an angle of 60° relative 
to the airfoil chord line. The tangential and normal 
blowing outlets on the airfoil surface are located 
0.84𝑐𝑐 and 0.88𝑐𝑐 from the leading edge of the airfoil, 
respectively.  

In practice, an internal fluidic switching mechanism is 
used to select the operating mode for each actuator, 
i.e., tangential blowing, normal blowing, or off. A 
steady supply of air, provided by an air compression 
system, is channeled through an internal system of 
ducts within the airfoil, shown in Fig. 1. The steady 
supply jet is diverted to the appropriate output chan-
nel by control jets within each actuator. Furthermore, 
the operating modes can be rapidly switched, or 
pulsed, to produce alternating and intermittent actu-
ation signals.  

 
Figure 1. Internal details of trailing edge fluidic actuators 
for SS and PS blowing on a tabbed VR-12 airfoil 

3. COMPUTATIONAL MODELING APPROACH 
The complex unsteady flow phenomena introduced 
by fluidic actuation requires a CFD-based approach 
for accurate calculation of aerodynamic loads. How-

ever, the excessive computational cost of CFD sim-
ulations precludes their use in active vibration control 
simulations. Therefore, a reduced-order model 
(ROM) based on data obtained from unsteady Reyn-
olds-averaged Navier-Stokes (URANS) simulations 
is employed, to represent the aerodynamic loads in-
duced by AFC. The ROM provides a four order of 
magnitude reduction in computer run time compared 
to CFD. A detailed description of the CFD-based 
ROM was presented in Ref. [15]. The essential fea-
tures of the ROM approach are presented next. Ad-
ditionally, the integration of the ROM into the 
AVINOR aeroelastic code is also briefly described. 

3.1. CFD Simulation Approach 
The CFD simulation approach is based on a simpli-
fied model of the flow control actuators. The fluidic 
switching mechanism described in the previous sec-
tion is not modeled in the CFD simulations. Instead, 
the tangential and normal blowing modes are ap-
proximated by prescribing inflow conditions at the 
boundaries shown in Fig. 2. 

 
Figure 2. VR-12 airfoil and details of simplified fluidic 
actuator geometry 

The strength of actuation is characterized by a jet 
momentum coefficient, defined as: 

(1) 𝐶𝐶𝜇𝜇 =
𝜌𝜌jet𝑈𝑈jet

2 𝑤𝑤jet
𝜌𝜌∞𝑈𝑈∞2 𝑐𝑐

 

The coefficient 𝐶𝐶𝜇𝜇 is a measure of the relative jet 
strength, and it represents the ratio of the momentum 
injected by the jet to the momentum of the freestream 
flow. For a given 𝐶𝐶𝜇𝜇, the inflow boundary conditions 
in the simulations are prescribed based on the maxi-
mum velocity of the jet issuing from the airfoil sur-
face, 𝑈𝑈jet. Specifically, the jet Mach number, 𝑀𝑀jet, is 
used to determine the stagnation pressure of the jet, 
𝑝𝑝𝑜𝑜,jet, from isentropic relations: 

(2) 𝑝𝑝𝑜𝑜,jet

𝑝𝑝∞
= �1 + 𝛾𝛾−1

2
𝑀𝑀jet

2 �
𝛾𝛾/(𝛾𝛾−1)

 

where 𝑝𝑝∞ is the freestream static pressure and 𝛾𝛾 =
1.4 for air. When one of the jets is active, the stagna-
tion pressure at the corresponding inlet boundary is 



 
Presented at 47th European Rotorcraft Forum, United Kingdom, 7-9th September, 2021.  
This work is licensed under the Creative Commons Attribution International License (CC BY). Copyright © 2021 by author(s). 4 

prescribed as 𝑝𝑝𝑜𝑜,jet. Otherwise, the inlet boundary is 
treated as a wall boundary. 

The computational domain for the 2D airfoil simula-
tions is shown in Fig. 3. It is a structured C-grid com-
posed of 108,000 quadrilateral elements with a far-
field boundary 50 chord-lengths from the airfoil. A 
grid refinement study was performed in Ref. [12], to 
determine the appropriate grid spacing. The simula-
tions are performed using the CFD++ code [20], a 
commercially available code developed and mar-
keted by Metacomp Technologies. The Menter 𝑘𝑘-𝜔𝜔 
shear stress transport (SST) model is selected for 
the simulations, and a fully-turbulent boundary layer 
is assumed. 

 
a) Entire domain                b) Near airfoil 

 
c) Near actuators 

Figure 3. Structured computational grid for 2D CFD 
simulations of VR-12 airfoil with fluidic actuators 

The modes of flow control considered are the SS and 
PS normal blowing modes. To simplify the current 
analysis, the tangential blowing modes are not in-
cluded when performing vibration control. Thus, each 
actuator (SS and PS) has two possible operating 
states: normal blowing on or off. 

3.2. Flow Control ROM Formulation 
The ROM is formulated by treating the CFD simula-
tion framework as a black box and applying a system 
identification procedure. From a high-level perspec-
tive, the black box maps the flow control input varia-
bles 𝐮𝐮fc(𝑡𝑡) to the unsteady changes in aerodynamic 
loads Δ𝐟𝐟(𝑡𝑡), where: 

(3) 𝐮𝐮fc = �𝑢𝑢
SS

𝑢𝑢PS
�   and  Δ𝐟𝐟 = �

Δ𝐶𝐶𝑙𝑙
Δ𝐶𝐶𝑚𝑚
Δ𝐶𝐶𝑑𝑑

� 

The operating states of the SS and PS jets are either 
on or off at a fixed jet strength, and thus 𝑢𝑢SS and 𝑢𝑢PS 
are each assigned a value of 1 or 0. An approximate 
mapping from inputs to outputs is formulated in the 
Laplace domain: 

(4) ℒ[𝑈𝑈(𝑡𝑡̅)Δ𝐟𝐟(𝑡𝑡̅)] = 𝐐𝐐(𝑠̅𝑠)ℒ[𝐮𝐮fc(𝑡𝑡̅)] 

where reduced time 𝑡𝑡̅ = 1
𝑏𝑏 ∫ 𝑈𝑈(𝜏𝜏)d𝜏𝜏𝑡𝑡

0 , interpreted as 
the distance traveled by a rotor blade measured in 
semi-chords, is used in order to properly account for 
unsteady freestream effects. For rotary-wing applica-
tions, this definition of reduced time is more appro-
priate than the traditional definition used in fixed-wing 
applications, 𝑡𝑡̅ = 𝑈𝑈𝑈𝑈

𝑏𝑏
. 

The aerodynamic transfer function 𝐐𝐐(𝑠̅𝑠) is a 3×2 ma-
trix: 

(5) 𝐐𝐐(𝑠̅𝑠) = �
𝑄𝑄𝑙𝑙SS(𝑠̅𝑠) 𝑄𝑄𝑙𝑙PS(𝑠̅𝑠)
𝑄𝑄𝑚𝑚SS(𝑠̅𝑠) 𝑄𝑄𝑚𝑚PS(𝑠̅𝑠)
𝑄𝑄𝑑𝑑SS(𝑠̅𝑠) 𝑄𝑄𝑑𝑑PS(𝑠̅𝑠)

� 

Each entry of the transfer matrix is approximated us-
ing a process model of the form 

(6) 𝑄𝑄�(𝑠̅𝑠) = 𝐾𝐾
1+𝜏𝜏𝜏𝜏

 

The static gain, 𝐾𝐾, is interpreted in the time domain 
as the steady-state value of the output due to sus-
tained steady blowing. The time constant, 𝜏𝜏, is asso-
ciated with the rise time. 

The process model form is transformed to the time 
domain using the inverse Laplace transform, which 
yields the state space model, 

(7) d𝐱𝐱fc
d𝑡𝑡

= 𝑈𝑈(𝑡𝑡)
𝑏𝑏
�𝐀𝐀𝐱𝐱fc(𝑡𝑡) + 𝐁𝐁𝐮𝐮fc(𝑡𝑡)� 

(8) Δ𝐟𝐟(𝑡𝑡) = 1
𝑈𝑈(𝑡𝑡)

𝐂𝐂𝐱𝐱fc(𝑡𝑡) 

where 

(9) 𝐀𝐀 = diag �−1
𝜏𝜏𝑙𝑙
SS , −1

𝜏𝜏𝑙𝑙
PS , −1

𝜏𝜏𝑚𝑚SS
, −1
𝜏𝜏𝑚𝑚PS

, −1
𝜏𝜏𝑑𝑑
SS , −1

𝜏𝜏𝑑𝑑
PS� 

(10) 𝐁𝐁 = �
𝐈𝐈2
𝐈𝐈2
𝐈𝐈2
� 

(11) 𝐂𝐂 = �

𝐾𝐾𝑙𝑙
SS

𝜏𝜏𝑙𝑙
SS

𝐾𝐾𝑙𝑙
PS

𝜏𝜏𝑙𝑙
PS

0 0
0 0

0 0
𝐾𝐾𝑚𝑚SS

𝜏𝜏𝑚𝑚SS
𝐾𝐾𝑚𝑚PS

𝜏𝜏𝑚𝑚PS

0 0

0 0
0 0
𝐾𝐾𝑑𝑑
SS

𝜏𝜏𝑑𝑑
SS

𝐾𝐾𝑑𝑑
PS

𝜏𝜏𝑑𝑑
PS

� 

and 𝐈𝐈2 denotes a 2×2 identity matrix. Note that the 
relation d

d𝑡𝑡̅
= 𝑏𝑏

𝑈𝑈(𝑡𝑡)
d
d𝑡𝑡

 can be used to switch between the 
independent variables 𝑡𝑡 and 𝑡𝑡̅. 
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To account for the ranges of Mach number and angle 
of attack encountered on a helicopter rotor, a model 
scheduling approach resembling the CFD-based 
RFA [9] is used. In this formulation, Eqs. (7) and (8) 
are modified by allowing the coefficient matrices, 𝐀𝐀 
and 𝐂𝐂, to vary with 𝑀𝑀 and 𝛼𝛼. The resulting state 
space model in the time domain is written as 

(12) d𝐱𝐱fc
d𝑡𝑡

= 𝑈𝑈(𝑡𝑡)
𝑏𝑏
�𝐀𝐀(𝑀𝑀,𝛼𝛼)𝐱𝐱fc(𝑡𝑡) + 𝐁𝐁𝐮𝐮fc(𝑡𝑡)� 

(13) Δ𝐟𝐟(𝑡𝑡) = 1
𝑈𝑈(𝑡𝑡)

𝐂𝐂(𝑀𝑀,𝛼𝛼)𝐱𝐱fc(𝑡𝑡) 

In Eqs. (12) and (13), the coefficient matrices 𝐀𝐀(𝑀𝑀,𝛼𝛼) 
and 𝐂𝐂(𝑀𝑀,𝛼𝛼) are evaluated at intermediate flow con-
ditions that occur between the training cases by us-
ing Kriging interpolation [21]. Kriging is a nonlinear 
approach capable of handling complex multi-dimen-
sional functions based on limited training data sets. 
It is also non-parametric, meaning that no fixed struc-
ture is assumed and all training points are used in the 
prediction. The ROM approach was validated in Ref. 
[15] for unsteady PS/SS actuation on a pitch-
ing/plunging airfoil with sinusoidally-varying 
freestream Mach number, representing rotor blade 
vibrations at 75% span. The ROM predictions 
showed close agreement with direct CFD simula-
tions. The advantage of using the ROM is the sub-
stantial reduction in computer run time. The ROM run 
time is 5.5 seconds on a conventional laptop PC, 
compared to a CFD run time of 63 hours on 8 high-
performance cores. This represents a reduction in 
computer run time by more than four orders of mag-
nitude. This reduction in computational cost is re-
quired so as to enable active control simulations in a 
comprehensive code such as AVINOR. 

3.3. Aeroelastic Simulations Using the 
AVINOR Code 

Active control simulations are performed using the 
comprehensive rotorcraft aeroelastic code AVINOR. 
The code was developed at the University of Michi-
gan to analyze the aeroelastic response and stability 
of helicopter rotors in forward flight, and it has been 
validated in numerous previous studies [2,3,22,23]. 
The code includes the capability to model actively 
controlled trailing edge flaps and microflaps inte-
grated into the rotor blades. The code also features 
a higher-harmonic control (HHC) algorithm, which 
can be used to perform closed-loop simulations 
aimed at vibratory load or acoustic noise reduction. 
The ROM described in the previous section is incor-
porated into AVINOR to model the unsteady aerody-
namic effects induced by flow control on the rotor 
blades. A complete description of the most recent 
version of AVINOR is found in Ref. [23]. For conven-
ience, the relevant components of the code are sum-
marized. 

3.3.1 Structural Dynamic Model 
The structural dynamic model is geometrically non-
linear, to account for moderate blade deflections, and 
represents the fully coupled flap-lag-torsional dy-
namics of each blade. The equations of motion are 
approximated using a Galerkin formulation that in-
cludes three flap, two lead-lag, and two torsional vi-
bration modes of the rotating blades. The rotor model 
used resembles an MBB BO-105 four-bladed hinge-
less soft-in-plane rotor. 

3.3.2 Aerodynamic Model 
Unsteady aerodynamic loads in attached flow are 
calculated at several stations along the blades using 
the CFD-based RFA model [9]. This 2D compressi-
ble unsteady aerodynamic model is linked to a 3D 
free-wake model, developed in Ref. [2], which pro-
duces a spanwise and azimuthally varying inflow ve-
locity distribution over the rotor. For the separated 
flow regime, the 2D loads are obtained from the 
ONERA dynamic stall model, which was imple-
mented in Ref. [2].  

The flow control ROM is incorporated into AVINOR 
such that it is directly compatible with the existing 
aerodynamic model. The unsteady changes in 2D lift, 
moment, and drag coefficients on the blade sections 
where the actuators are present are obtained from 
the ROM, which modifies the 2D sectional loads ob-
tained from the CFD-based RFA model. 

3.3.3 Coupled Aeroelastic Response and Rotor 
Trim Solution 

The combined structural and aerodynamic equations 
represent a system of coupled non-linear ordinary 
differential equations in state-variable form. A propul-
sive trim procedure is employed to enforce the equi-
librium of three force equations (longitudinal, lateral, 
and vertical) and three moment equations (roll, pitch, 
and yaw), representing a helicopter in free flight. A 
simplified tail rotor model, based on uniform inflow 
and blade element theory, is used. The required trim 
variables are obtained from the trim procedure. The 
trim variables are: the rotor shaft angle 𝛼𝛼𝑅𝑅; the col-
lective and cyclic pitch settings 𝜃𝜃0, 𝜃𝜃1𝑠𝑠, and 𝜃𝜃1𝑐𝑐; the 
roll angle 𝜙𝜙𝑅𝑅; and the tail rotor constant pitch setting 
𝜃𝜃0𝑡𝑡. The coupled system of equations is integrated in 
time using the DDEABM solver, which employs a 
variable-order, predictor-corrector-based Adams-
Bashforth scheme. 

4. HIGHER HARMONIC CONTROL ALGORITHM 
The higher-harmonic control (HHC) algorithm has 
been used extensively for active control of vibrations 
and acoustic noise in rotorcraft [1]. The algorithm is 
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a frequency-domain approach based on the assump-
tion that the helicopter can be represented by a linear 
model relating the output 𝐳𝐳 to the input 𝐮𝐮. The ap-
proach is applied to disturbances (vibrations or 
noise) having known frequency content that is pre-
dominantly 𝑁𝑁𝑏𝑏/Rev, where 𝑁𝑁𝑏𝑏 is the number of 
blades. When performing vibration reduction on a 
four-blade rotor, the output 𝐳𝐳 consists of the 4/Rev 
vibratory loads and the input vector 𝐮𝐮 includes har-
monic control inputs at the 2-, 3-, 4-, and 5/Rev fre-
quencies. 

The HHC algorithm is designed for steady trimmed 
flight conditions. The measurement of the plant out-
put and update of the control input are performed at 
specific times, 𝑡𝑡 = 𝑘𝑘𝑘𝑘, where 𝜏𝜏 is the time interval be-
tween updates during which the plant output reaches 
a steady state. This time interval can be one or more 
revolutions. For the present simulations, six revolu-
tions are sufficient to achieve a steady-state (con-
verged) condition after applying the control update. 

With the introduction of a disturbance 𝐰𝐰, represent-
ing the helicopter operating condition, the plant out-
put at the 𝑘𝑘th time step is given by 

(14) 𝐳𝐳𝑘𝑘 = 𝐓𝐓𝐮𝐮𝑘𝑘 + 𝐖𝐖𝐖𝐖 

where the sensitivity matrix 𝐓𝐓 represents the linear 
approximation of the helicopter response to the con-
trol and is given by 

(15) 𝐓𝐓 = 𝜕𝜕𝐳𝐳
𝜕𝜕𝐮𝐮

 

At the initial condition, 𝑘𝑘 = 0: 

(16) 𝐳𝐳0 = 𝐓𝐓𝐮𝐮0 + 𝐖𝐖𝐖𝐖 

Subtracting Eq. (16) from Eq. (14) to eliminate the 
unknown 𝐰𝐰 yields 

(17) 𝐳𝐳𝑘𝑘 = 𝐳𝐳0 + 𝐓𝐓(𝐮𝐮𝑘𝑘 − 𝐮𝐮0) 

The controller is based on the minimization of a 
quadratic cost function: 

(18) 𝐽𝐽(𝐳𝐳𝑘𝑘 ,𝐮𝐮𝑘𝑘) = 𝐳𝐳𝑘𝑘𝑇𝑇𝐐𝐐𝐳𝐳𝐳𝐳𝑘𝑘 + 𝐮𝐮𝑘𝑘𝑇𝑇𝐑𝐑𝐮𝐮𝑘𝑘 

The optimal control law is determined from the re-
quirement 

(19) 𝜕𝜕𝜕𝜕(𝐳𝐳𝑘𝑘,𝐮𝐮𝑘𝑘)
𝜕𝜕𝐮𝐮𝑘𝑘

= 0 

which yields the optimal control input, 𝐮𝐮𝑘𝑘,opt, given by 

(20) 𝐮𝐮𝑘𝑘,opt = −(𝐓𝐓𝑇𝑇𝐐𝐐𝐳𝐳𝐓𝐓 + 𝐑𝐑)−1(𝐓𝐓𝑇𝑇𝐐𝐐𝐳𝐳)(𝐳𝐳0 − 𝐓𝐓𝐮𝐮0) 

This is the classical version of the HHC algorithm, 
which yields an explicit relation for the optimal control 
input. In this formulation, the sensitivity matrix 𝐓𝐓 is 
assumed to be invariant. Furthermore, the 𝐓𝐓 matrix 

can be identified offline, using open-loop control sig-
nals, before performing closed-loop control. 

When non-linearities in the helicopter response are 
significant, such as during heavy blade-vortex inter-
action (BVI) or dynamic stall conditions, an invariant 
𝐓𝐓 matrix produces a poor approximation of the heli-
copter response. Under such conditions, it is more 
appropriate to use an adaptive version of the HHC 
algorithm, where 𝐓𝐓 is updated using least-squares 
methods after every control update [17]. To describe 
the adaptive HHC algorithm, relative output and input 
vectors are defined, Δ𝐳𝐳𝑘𝑘 with length 2𝑝𝑝 and Δ𝐮𝐮𝑘𝑘 with 
length 2𝑚𝑚 as 

(21) Δ𝐳𝐳𝑘𝑘 = 𝐳𝐳𝑘𝑘 − 𝐳𝐳𝑘𝑘−1,   Δ𝐮𝐮𝑘𝑘 = 𝐮𝐮𝑘𝑘 − 𝐮𝐮𝑘𝑘−1 

and Δ𝐙𝐙𝑘𝑘 of size 2𝑝𝑝 × 𝑘𝑘 and Δ𝐔𝐔𝑘𝑘 of size 2𝑚𝑚 × 𝑘𝑘 as 

(22) Δ𝐙𝐙𝑘𝑘 = [Δ𝐳𝐳1  ⋯  Δ𝐳𝐳𝑘𝑘],   Δ𝐔𝐔𝑘𝑘 = [Δ𝐮𝐮1  ⋯  Δ𝐮𝐮𝑘𝑘] 

Hence, 

(23) Δ𝐙𝐙𝑘𝑘 = 𝐓𝐓Δ𝐔𝐔𝑘𝑘 

Assuming Δ𝐔𝐔𝑘𝑘Δ𝐔𝐔𝑘𝑘𝑇𝑇 is non-singular, one can define 

(24) 𝐏𝐏𝑘𝑘 = (Δ𝐔𝐔𝑘𝑘Δ𝐔𝐔𝑘𝑘𝑇𝑇)−1 

and from Eq. (23) the least-squares estimate 𝐓𝐓�LS𝑘𝑘 of 
𝐓𝐓 is given by 

(25) 𝐓𝐓�LS𝑘𝑘 = Δ𝐙𝐙𝑘𝑘Δ𝐔𝐔𝑘𝑘𝑇𝑇𝐏𝐏𝑘𝑘 

The recursive least-squares method is used to itera-
tively update 𝐓𝐓�LS𝑘𝑘 based on the past and current val-
ues of Δ𝐳𝐳𝑘𝑘 and Δ𝐮𝐮𝑘𝑘. The updated estimate 𝐓𝐓�LS𝑘𝑘 is 
used at each control update step to calculate the op-
timal control input 𝐮𝐮𝑘𝑘,opt as follows: 

(26) 𝐮𝐮𝑘𝑘,opt = −�𝐓𝐓�LS𝑘𝑘
𝑇𝑇 𝐐𝐐𝐳𝐳𝐓𝐓�LS𝑘𝑘 + 𝐑𝐑�−1�𝐓𝐓�LS𝑘𝑘𝐐𝐐𝐳𝐳��𝐳𝐳0 −

𝐓𝐓�LS𝑘𝑘𝐮𝐮0� 

The adaptive HHC algorithm has been shown to per-
form better than the classical HHC when reducing vi-
brations encountered during heavy BVI conditions 
[17]. The conditions corresponded to an advance ra-
tio of 𝜇𝜇 = 0.15 and a descent angle of 6.5°. Since 
most of the conditions examined in the present study 
are not severely impacted by non-linear phenomena 
like BVI or dynamic stall, the classical version of the 
HHC algorithm can be used. The classical HHC is 
used for vibration reduction in the range of 0.20 ≤
𝜇𝜇 ≤ 0.30. An additional high-speed case is consid-
ered at 𝜇𝜇 = 0.35. In this case, dynamic stall affects 
the vibratory loads and introduces nonlinear effects 
into the helicopter response. Therefore, the adaptive 
HHC is employed for the case of 𝜇𝜇 = 0.35. The clas-
sical and adaptive versions of HHC yield nearly iden-
tical results for the more benign cases of 0.20 ≤ 𝜇𝜇 ≤



 
Presented at 47th European Rotorcraft Forum, United Kingdom, 7-9th September, 2021.  
This work is licensed under the Creative Commons Attribution International License (CC BY). Copyright © 2021 by author(s). 7 

0.30. In all cases, after the optimal control input is 
calculated, the rotor is re-trimmed in AVINOR to 
maintain a steady flight condition. 

4.1. HHC Implementation for AFC 
A continuous AFC input signal 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is defined when 
implementing HHC. The signal is allowed to vary 
continuously between two actuation limits, which are 
full-strength PS actuation (𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −1) and full-
strength SS actuation (𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 1) where 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0 in-
dicates both jets are off. The continuous signal is 
mapped to the two ROM input variables 𝑢𝑢SS and 𝑢𝑢PS 
in Eq. (3) as 

(27) 𝑢𝑢SS = �|𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐| , 0.01 ≤ 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≤ 1
0 , 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 0.01  

(28) 𝑢𝑢PS = �
0 , 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 > −0.01

|𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐| , −1 ≤ 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≤ −0.01 

Note that while one jet is on, the other jet is off. Both 
jets are turned off below 1% jet strength, since AFC 
at this strength has a negligible effect on aerody-
namic loads. By using a continuous actuation signal, 
superposition of the 2-, 3-, 4-, and 5/Rev harmonics 
for HHC is expressed as 

(29) 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓,𝐮𝐮𝑘𝑘) = ∑ [𝑢𝑢𝑁𝑁𝑁𝑁 cos𝑁𝑁𝑁𝑁 +5
𝑁𝑁=2

𝑢𝑢𝑁𝑁𝑁𝑁 sin𝑁𝑁𝑁𝑁] 

The control input vector 𝐮𝐮𝑘𝑘 determined by the HHC 
algorithm is given by the cosine and sine amplitudes 
of the control harmonics: 

(30) 𝐮𝐮𝑘𝑘 = {𝑢𝑢2𝑐𝑐   𝑢𝑢2𝑠𝑠  𝑢𝑢3𝑐𝑐   𝑢𝑢3𝑠𝑠  𝑢𝑢4𝑐𝑐  𝑢𝑢4𝑠𝑠  𝑢𝑢5𝑐𝑐  𝑢𝑢5𝑠𝑠}𝑇𝑇 

This continuous formulation is directly compatible 
with the existing HHC algorithm. 

For vibration reduction on a four-blade rotor, the out-
put vector 𝐳𝐳𝑘𝑘 consists of the cosine and sine compo-
nents of the 4/Rev vibratory shear forces and mo-
ments at the rotor hub: 

(31) 𝐳𝐳𝑘𝑘 =

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧
𝐹𝐹𝑥𝑥4𝑐𝑐
𝐹𝐹𝑥𝑥4𝑠𝑠
𝐹𝐹𝑦𝑦4𝑐𝑐
𝐹𝐹𝑦𝑦4𝑠𝑠
𝐹𝐹𝑧𝑧4𝑐𝑐
𝐹𝐹𝑧𝑧4𝑠𝑠
𝑀𝑀𝑥𝑥4𝑐𝑐
𝑀𝑀𝑥𝑥4𝑠𝑠
𝑀𝑀𝑦𝑦4𝑐𝑐
𝑀𝑀𝑦𝑦4𝑠𝑠
𝑀𝑀𝑧𝑧4𝑐𝑐
𝑀𝑀𝑧𝑧4𝑠𝑠⎭

⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

 

The weighting matrix 𝐐𝐐𝐳𝐳 in the cost function in Eq. 
(18) is a diagonal matrix. The twelve diagonal terms 

of 𝐐𝐐𝐳𝐳 are weights corresponding to the various com-
ponents of the vibratory hub shears (longitudinal, lat-
eral, and vertical) and vibratory hub moments (roll, 
pitch, and yaw). All components are weighted equally 
in the present study. 

4.2. Actuator Saturation 
In a practical setting, there are limitations on any ac-
tuation system. For example, the deflection of a trail-
ing edge flap or a microflap cannot exceed a certain 
maximum value. For an AFC system, the jet strength 
produced by the fluidic actuators is limited by the 
power available from the air compression system. 
This imposes a constraint on the optimal control input 
calculated by the HHC algorithm, and therefore has 
an effect on the vibration reduction capability of the 
control system.  

An optimization approach, developed in Ref. [10], is 
employed to ensure the AFC jet strength does not 
exceed this saturation limit. The optimization ap-
proach restates the HHC algorithm as a constrained 
nonlinear optimization problem: 

(32) min
𝐮𝐮𝑘𝑘

𝐽𝐽(𝐳𝐳𝑘𝑘 ,𝐮𝐮𝑘𝑘) = 𝐳𝐳𝑘𝑘𝑇𝑇𝐐𝐐𝐳𝐳𝐳𝐳𝑘𝑘 + 𝐮𝐮𝑘𝑘𝑇𝑇𝐑𝐑𝐮𝐮𝑘𝑘 

(33) subject to  |𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓,𝐮𝐮𝑘𝑘)| ≤ 𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 

The optimization problem is solved using a sequen-
tial programming routine available in the fmincon 
tool in MATLAB. The AVINOR code, which is written 
in Fortran, calls the MATLAB application as an exter-
nal routine to calculate the updated control input 𝐮𝐮𝑘𝑘. 
The nonlinear constraint on 𝑢𝑢𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓,𝐮𝐮𝑘𝑘), given by 
Eq. (33), is enforced at every integer value of 𝜓𝜓 over 
the range [0°  360°]. After calculating 𝐮𝐮𝑘𝑘, six rotor 
revolutions are simulated within the AVINOR code, 
to reach a steady-state condition, before performing 
the next control update 𝐮𝐮𝑘𝑘+1. 

5. RESULTS AND DISCUSSION 
The vibration reduction capability of the closed-loop 
AFC approach is presented for a four-blade hinge-
less rotor operating in forward flight at advance ratios 
between 0.20 ≤ 𝜇𝜇 ≤ 0.35. The rotor resembles the 
MBB BO-105 rotor. The rotor parameters are sum-
marized in Table 1 and are nondimensionalized us-
ing 𝑀𝑀𝑏𝑏, 𝑅𝑅, and 1/Ω for mass, length, and time, re-
spectively. The AFC actuators cover 12% span on 
each blade and are centered at the 75% span loca-
tion, as depicted in Fig. 4. 
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Table 1. Rotor parameters used in computations 

 

 
Figure 4. AFC-integrated rotor blade schematic for 
aeroelastic computations 

5.1. Baseline Results Without Control 
The baseline vibratory loads of the rotor without AFC 
are examined first. The vibratory loads at the rotor 
hub are calculated by integrating the distributed 
loads over the entire blade span in the rotating frame. 
Subsequently, the loads from each blade are trans-
formed to the hub-fixed non-rotating frame, where 
the contributions from each blade are combined to 
yield the total hub shear forces and moments. 

The various components of the 4/Rev hub loads are 
illustrated in Fig. 5 for advance ratios of 𝜇𝜇 =
0.20, 0.25, 0.30, and 0.35. The low-speed cases of 
𝜇𝜇 = 0.20 and 𝜇𝜇 = 0.25 are relatively benign cases to 
consider, since dynamic stall does not affect blade 
vibrations at these speeds. At 𝜇𝜇 = 0.35, dynamic stall 
has a strong effect on the in-plane shear forces, as 
illustrated by the increased longitudinal and lateral 
shears. For the intermediate case of 𝜇𝜇 = 0.30, dy-
namic stall is present, but to a lesser extent com-
pared to 𝜇𝜇 = 0.35. Moreover, the range of advance 
ratios considered encompasses a variety of different 
flow conditions for testing the vibration reduction po-
tential of AFC. 

 
Figure 5. Baseline uncontrolled 4/Rev hub loads during 
trimmed level flight at various advance ratios; results are 
nondimensional 

The propulsive trim procedure in AVINOR is used to 
determine the trim variable settings needed for 
steady level flight at each advance ratio. The effect 
of the advance ratio on each of the six trim variables 
in shown in Fig. 6. The rotor shaft angle increases 
linearly from 𝛼𝛼𝑅𝑅 = 2.3° to 𝛼𝛼𝑅𝑅 = 6.7° as the advance 
ratio increases from 𝜇𝜇 = 0.20 to 𝜇𝜇 = 0.35, since the 
forward thrust provided by the rotor must also in-
crease. The collective pitch increases from 𝜃𝜃0 = 7° to 
𝜃𝜃0 = 11°, the longitudinal cyclic decreases from 
𝜃𝜃1𝑠𝑠 = −3.7° to 𝜃𝜃1𝑠𝑠 = −7°, and the lateral cyclic de-
creases from 𝜃𝜃1𝑐𝑐 = 0.9° to 𝜃𝜃1𝑐𝑐 = 0.3°. The tail rotor 
pitch 𝜃𝜃0𝑡𝑡 and fuselage roll angle 𝜙𝜙𝑅𝑅 increase by 0.6° 
and 1.8°, respectively. 

 
Figure 6. Trim variable settings for level flight at various 
advance ratios 

5.2. Control Sensitivity Matrix for HHC 
The control sensitivity matrix 𝐓𝐓 used in the HHC al-
gorithm is examined next. The matrix is defined in 
Eq. (15) and relates the output variables contained in 
𝐳𝐳 (the 4/Rev vibratory hub load components) to the 
input variables contained in 𝐮𝐮 (the harmonic control 

Dimensional Rotor Data 
𝑅𝑅 = 4.91 m 
𝑀𝑀𝑏𝑏 = 27.35 kg 
Ω = 425 RPM 
Non-Dimensional Rotor Data 
𝑁𝑁𝑏𝑏 = 4  
𝐿𝐿𝑏𝑏 = 1.0  
𝑋𝑋𝐴𝐴 = 0  
𝑋𝑋𝐼𝐼𝐼𝐼 = 0  
𝐼𝐼𝑀𝑀𝑀𝑀2 = 0  
𝐸𝐸𝐼𝐼𝜂𝜂𝜂𝜂 = 0.0302  
𝐺𝐺𝐽𝐽𝑏𝑏 = 0.0015  
𝜔𝜔𝐹𝐹2 = 3.404  
𝜔𝜔𝐿𝐿1 = 0.732  
𝜔𝜔𝑇𝑇1 = 3.170  
𝛾𝛾 = 5.5  
𝜃𝜃𝑡𝑡𝑡𝑡 = −8°  

𝑐𝑐 = 0.05498𝑅𝑅  
𝑒𝑒 = 0  
𝛽𝛽𝑝𝑝 = 2.5°  
𝑋𝑋𝐼𝐼𝐼𝐼𝐼𝐼 = 0  
𝐼𝐼𝑀𝑀𝑀𝑀3 = 0.0004  
𝐸𝐸𝐼𝐼𝜁𝜁𝜁𝜁 = 0.0105  
𝜔𝜔𝐹𝐹1 = 1.124  
𝜔𝜔𝐹𝐹3 = 7.606  
𝜔𝜔𝐿𝐿2 = 4.458  
𝜔𝜔𝑇𝑇2 = 9.079  
𝜎𝜎 = 0.07  

Non-Dimensional Tail Rotor Data 
𝑋𝑋𝑡𝑡 = 1.20  𝑍𝑍𝑡𝑡 = 0  
Helicopter Data 
𝐶𝐶𝑊𝑊 = 0.005  
𝑋𝑋𝐹𝐹𝐹𝐹 = 0  
𝑋𝑋𝐹𝐹𝐹𝐹 = 0  

𝑓𝑓𝐶𝐶𝑑𝑑𝑑𝑑 = 0.031  
𝑍𝑍𝐹𝐹𝐹𝐹 = 0.3  
𝑍𝑍𝐹𝐹𝐹𝐹 = 0.3  
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inputs). Since there are 8 input variables and 12 out-
put variables, 𝐓𝐓 is an 8×12 matrix. The sensitivity 
matrix is constructed by perturbing the control inputs 
Δ𝐮𝐮 and calculating the changes in vibratory loads Δ𝐳𝐳 
compared to the baseline without control. A period of 
six rotor revolutions is simulated after each perturba-
tion, to ensure a converged solution. 

There are a total of 96 unique entries in the 𝐓𝐓 matrix. 
It is infeasible to examine how each of these entries 
varies with advance ratio 𝜇𝜇. However, it is convenient 
to express 𝐓𝐓 as an array of several smaller 2×2 sub-
matrices: 

(34) 𝐓𝐓 =

⎣
⎢
⎢
⎢
⎡
𝐓𝐓2,𝐹𝐹𝑥𝑥4 𝐓𝐓2,𝐹𝐹𝑦𝑦4 𝐓𝐓2,𝐹𝐹𝑧𝑧4
𝐓𝐓3,𝐹𝐹𝑥𝑥4 𝐓𝐓3,𝐹𝐹𝑦𝑦4 𝐓𝐓3,𝐹𝐹𝑧𝑧4

𝐓𝐓2,𝑀𝑀𝑥𝑥4 𝐓𝐓2,𝑀𝑀𝑦𝑦4 𝐓𝐓2,𝑀𝑀𝑧𝑧4

𝐓𝐓3,𝑀𝑀𝑥𝑥4 𝐓𝐓3,𝑀𝑀𝑦𝑦4 𝐓𝐓3,𝑀𝑀𝑧𝑧4

𝐓𝐓4,𝐹𝐹𝑥𝑥4 𝐓𝐓4,𝐹𝐹𝑦𝑦4 𝐓𝐓4,𝐹𝐹𝑧𝑧4
𝐓𝐓5,𝐹𝐹𝑥𝑥4 𝐓𝐓5,𝐹𝐹𝑦𝑦4 𝐓𝐓5,𝐹𝐹𝑧𝑧4

𝐓𝐓4,𝑀𝑀𝑥𝑥4 𝐓𝐓4,𝑀𝑀𝑦𝑦4 𝐓𝐓4,𝑀𝑀𝑧𝑧4

𝐓𝐓5,𝑀𝑀𝑥𝑥4 𝐓𝐓5,𝑀𝑀𝑦𝑦4 𝐓𝐓5,𝑀𝑀𝑧𝑧4⎦
⎥
⎥
⎥
⎤
 

Each submatrix contains information relating the sine 
and cosine components of one input harmonic to the 
sine and cosine components of one hub load. For ex-
ample, the submatrix relating 2/Rev actuation (con-
sisting of the 𝑢𝑢2𝑐𝑐 and 𝑢𝑢2𝑠𝑠 inputs) to the 4/Rev longi-
tudinal shear (consisting of the 𝐹𝐹𝑥𝑥4𝑐𝑐 and 𝐹𝐹𝑥𝑥4𝑠𝑠 outputs) 
is expressed as 

(35) 𝐓𝐓2,𝐹𝐹𝑥𝑥4 = �

𝜕𝜕𝐹𝐹𝑥𝑥4𝑐𝑐
𝜕𝜕𝑢𝑢2𝑐𝑐

𝜕𝜕𝐹𝐹𝑥𝑥4𝑠𝑠
𝜕𝜕𝑢𝑢2𝑐𝑐

𝜕𝜕𝐹𝐹𝑥𝑥4𝑐𝑐
𝜕𝜕𝑢𝑢2𝑠𝑠

𝜕𝜕𝐹𝐹𝑥𝑥4𝑠𝑠
𝜕𝜕𝑢𝑢2𝑠𝑠

� 

For the present analysis, the determinant of each 
2×2 submatrix is calculated. This yields 24 pieces of 

information instead of 96. Although the individual 
sine and cosine components of the 2×2 submatrices 
provide information about the phase differences be-
tween inputs and outputs, the determinant of each 
submatrix is simpler to interpret. Each determinant 
provides an overall measure of the sensitivity be-
tween one input harmonic and the magnitude of one 
hub load component.  

The effect of the advance ratio 𝜇𝜇 on each sensitivity 
determinant is illustrated in Fig. 7. Each plot shows 
the sensitivity of one hub load component as a func-
tion of 𝜇𝜇, where each line on the plot represents one 
control harmonic. The 4/Rev longitudinal and lateral 
shears (Figs. 7a and 7b) are most sensitive to 3/Rev 
actuation and become more sensitive as 𝜇𝜇 increases. 
The 3/Rev harmonic has the highest sensitivity be-
cause in-plane blade loads occurring at 𝑁𝑁/Rev are 
transmitted to the rotor hub as (𝑁𝑁 − 1)/Rev and (𝑁𝑁 +
1)/Rev harmonics. Since the four rotor blades are as-
sumed to be identical in the simulations, only the 
4/Rev harmonic of the hub loads is non-zero. Thus, 
the blade loads generated by 3/Rev actuation are 
transmitted to the rotor hub as 4/Rev in-plane vibra-
tions. By contrast, vertical blade loads occurring at 
𝑁𝑁/Rev are directly transmitted to the rotor hub at the 
𝑁𝑁/Rev harmonic. Hence, for low advance ratios, the 
4/Rev vertical shear force (Fig. 7c) is most sensitive 
to 4/Rev actuation. At higher advance ratios (𝜇𝜇 ≥
0.30), where dynamic stall is present, the vertical 
shear becomes more sensitive to 3/Rev actuation. 
The roll and pitching moments are most sensitive to 

Figure 7. Variation of 4/Rev hub load sensitivies to AFC actuation applied at 2, 3, 4, and 5/Rev harmonics; 
results are nondimensional 

a b c 

d e f 
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3/Rev actuation and become less sensitive as 𝜇𝜇 in-
creases. The yaw moment vibrations are relatively 
insensitive to actuation at any frequency. 

The control sensitivities provide some insight into the 
types of input signals that will be most effective for 
reducing vibrations when HHC is employed. Since 
the vertical shear force is the largest component of 
vibrations (Fig. 5), it is expected that the optimal con-
trol signals will be predominantly 4/Rev for lower ad-
vance ratios or 3/Rev for higher advance ratios. 

5.3. Closed-Loop Vibration Control 
The HHC approach is employed for closed-loop vi-
bration control using AFC. The HHC algorithm is 
based on the minimization of the objective function 𝐽𝐽 
in Eq. (18), which is a combination of the 4/Rev hub 
shears and moments. The optimal control signal is 
determined using the control sensitivity matrix 𝐓𝐓, 
subject to actuator saturation constraints. As men-
tioned, the classical HHC algorithm uses an invariant 
𝐓𝐓 matrix that is identified offline prior to the closed-
loop simulations. The adaptive HHC algorithm, how-
ever, uses a 𝐓𝐓 matrix that is updated using a least-
squares approach after each control update in the 
simulation. Adaptive HHC is needed for the high-
speed case (𝜇𝜇 = 0.35) where dynamic stall signifi-
cantly affects the prediction of vibratory loads. For 
the lower advance ratios, adaptive HHC produces 
nearly identical results as classical HHC, although at 
greater computational cost. Therefore, the classical 
HHC approach is used for 0.20 ≤ 𝜇𝜇 ≤ 0.30 and the 
adaptive HHC approach is used for 𝜇𝜇 = 0.35. 

For all simulations performed, the saturation limit for 
the AFC actuators was selected as 𝑃𝑃jet = 1.2 
kW/blade. Previous closed-loop simulations [16] per-
formed at 𝜇𝜇 = 0.30 indicated that this jet strength 
yields a good balance between vibration reduction 
and performance penalty, since larger saturation lim-
its yield a diminishing level of improvement in vibra-
tions with higher associated performance penalty. 

Figure 8 illustrates the vibration reduction due to 
closed-loop AFC as a function of the advance ratio. 
For each of the hub load components, the baseline 
and controlled loads are compared. The vertical 
shear force is reduced by the greatest margin among 
the various hub load components: it is reduced by 
81% to 86% below the baseline levels. Also, the con-
trolled level of vertical shear vibrations is nearly con-
stant across the range of advance ratios. This is an 
encouraging result which demonstrates the effective-
ness of the AFC approach in a variety of flow condi-
tions. Furthermore, the reduction of longitudinal and 
lateral shear vibrations improves as 𝜇𝜇 increases, in-
dicating that the adverse effects of dynamic stall are 
alleviated by AFC. 

The optimal control input signals computed by the 
HHC algorithm are compared in Fig. 9 for the four 
advance ratios. The signals are all predominantly 
4/Rev, with minor variations due to superposition 
with other harmonics. In Fig. 10, the signals are de-
composed in terms of the amplitude and phase of 
each harmonic (2-, 3-, 4-, and 5/Rev) as a function of 
𝜇𝜇. The 4/Rev harmonic is consistently the largest 
component of the signals. The 4/Rev phase in-
creases gradually from 136° to 178° as 𝜇𝜇 increases. 

Figure 8. Baseline and controlled 4/Rev hub loads obtained using closed-loop AFC at various advance ratios; 
results are nondimensional 

a b c 

d e f 
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At low advance ratios (𝜇𝜇 < 0.30), the 5/Rev harmonic 
is the second largest component of the signal. This 
is somewhat unexpected, since the control sensitivity 
matrices indicated that vibratory loads are relatively 
insensitive to 5/Rev actuation (Fig. 7). Therefore, the 
5/Rev harmonic is likely only needed to satisfy the 
saturation limit constraint. The contribution of the 
3/Rev harmonic is only significant when 𝜇𝜇 = 0.35. 
This is necessary to reduce the higher in-plane vibra-
tory loads generated by dynamic stall. 

 
a) 𝜇𝜇 = 0.20 

 
b) 𝜇𝜇 = 0.25 

 
c) 𝜇𝜇 = 0.30 

 
d) 𝜇𝜇 = 0.35 

Figure 9. AFC control input signals computed by HHC 
algorithm for closed-loop vibration reduction at various 
advance ratios 

 

 

Figure 10. Amplitude and phase of 2, 3, 4, and 5/Rev 
harmonics computed by HHC algorithm for closed-loop 
vibration reduction using AFC at various advance ratios 

Figure 11 illustrates the rotor performance penalty 
associated with active vibration reduction. Figure 11a 
shows the overall change in the vibration objective, 
which is a combination of all the 4/Rev hub load com-
ponents. The power increment, shown in Fig. 11b, is 
calculated as a percentage of the baseline power re-
quired to overcome in-plane drag forces on the rotor 
without AFC. Note that the baseline conditions are 
different for each advance ratio. The baseline power 
required increases with 𝜇𝜇, since the rotor must pro-
duce an increasing level of forward thrust. Therefore, 
the power increment is calculated relative to the 
baseline conditions at each advance ratio.  

The level of vibration reduction is consistent across 
the range of advance ratios, varying between 70% 
and 80% below the baseline. The power increment, 
however, increases rapidly from 2.5% to 8.8% as the 
advance ratio increases from 𝜇𝜇 = 0.20 to 𝜇𝜇 = 0.35. 
The performance penalty is due to the in-plane drag 
induced by AFC. As 𝜇𝜇 increases, the mean effective 
angle of attack on the rotor blades increases. This is 
indicated by the collective pitch setting required for 
trim (Fig. 6). The amplitude of the 1/Rev angle of at-
tack variations also increases, as indicated by the cy-
clic pitch settings required for trim. Furthermore, 
when AFC is employed at high angles of attack, the 
drag penalty due to actuation increases significantly. 
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a) Vibration reduction 

 
b) Performance penalty 

Figure 11. Vibration reduction and associated performance 
penalty using closed-loop AFC at various advance ratios 

6. CONCLUSIONS 
The vibration reduction capability of active flow con-
trol was demonstrated using aeroelastic simulations 
of a helicopter in forward flight operating at advance 
ratios in the range of 0.20 ≤ 𝜇𝜇 ≤ 0.35. The closed-
loop control approach was based on the HHC algo-
rithm and used an optimization-based approach to 
handle actuator saturation constraints. The control 
sensitivity matrix 𝐓𝐓 used in the HHC algorithm was 
examined, to gain insight into the types of control sig-
nals that are most effective for vibration reduction. 
The performance penalty associated with reducing 
vibrations was also examined. The main conclusions 
from this study are: 

1. The entries of the control sensitivity matrix 𝐓𝐓 
vary significantly depending on the rotor ad-
vance ratio. The 4/Rev in-plane hub shear 
forces are most sensitive to 3/Rev actuation 
and become more sensitive as 𝜇𝜇 increases. 
The 4/Rev vertical hub shear force is most 
sensitive to 4/Rev actuation at low advance 
ratios but becomes more sensitive to 3/Rev 

actuation at higher advance ratios where dy-
namic stall is present. 

2. The closed-loop AFC approach is effective 
for reducing vibrations at all advance ratios 
considered (0.20 ≤ 𝜇𝜇 ≤ 0.35). The 4/Rev 
vertical shear was reduced by more than 
80% in all cases. The reduction of the 4/Rev 
in-plane shears improved with increasing ad-
vance ratio, indicating that the adverse ef-
fects of dynamic stall were alleviated. 

3. Although the overall level of vibration reduc-
tion was consistent around 70% to 80% 
across the range of advance ratios, the as-
sociated performance penalty increases with 
increasing advance ratio, due to higher drag 
penalty associated with fluidic actuation. 

The simulations performed in this study have pro-
vided further evidence that AFC is a potentially viable 
method for reducing rotor blade vibrations. Further-
more, the simulations have demonstrated the ability 
of the closed-loop control approach to reduce vibra-
tions under a variety of different flow conditions, in-
cluding dynamic stall. 
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