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AbstractThis paper deals with the development and application of an algorithm aimed at the identification of open-loop transfer functions from closed-loop data. Particularly suited for helicopter applications, it allows theidentification of the machine transfer functions even in the presence of a controller. The identificationalgorithm is based on the knowledge of the time histories of arbitrary external inputs and correspondingcontrol actuation and responses. It is successfully applied to the AW-09 helicopter for the identification ofthe transfer functions relating pilot inputs to vehicle attitudes and kinematics. Then, from their rationalapproximation the time domain representation of the helicopter dynamics is achieved. The capability ofthe final state-space helicopter model to simulate vehicle dynamics is assessed by comparing the providedhelicopter time responses to arbitrary inputs, with those obtained through the high-fidelity nonlinear solverformerly used to obtain the database for the identification of the transfer functions.

1. INTRODUCTION

Helicopter design and performance analysis arecomplex tasks that require the interaction of disci-plines such as flight mechanics, structural analysis,aerodynamics, dynamics and control, aeroelasticity,power systems, avionics and aeroacoustics.The project CORAL* (Comprehensive RotorcraftAnalyses Lab [1]) is aimed at the integration ofall these disciplines, except for power systemsand avionics, into a single easy-to-adapt and user-friendly simulation tool that allows for comprehen-sive analyses of conventional helicopter configura-tions, as well as non-conventional VTOL vehicles.Due to the aforementioned high complexity of themulti-physics interaction, complete and detailed he-
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licopter simulation requires a relevant computa-tional effort, which is not always compatiblewith thedesigner’s activities. By accepting a limited loss ofprecision and detail, it is possible to greatly reducethe computational effort required for simulationthrough the introduction of reduced order models(ROMs) that describe the response of the whole he-licopter or, depending on the specific needs, thebehavior of some of its components (like, for in-stance, main rotor dynamics, [2] main rotor aero-dynamics, [3] wake inflow [4]). These are simplifiedmathematical differential representations of the he-licopter dynamics (more generally of the dynamicsof the component under analysis) capable of repro-ducing the response of the machine with a consid-erably reduced computational effort due to the re-duction of the representative dynamic states [5,6].One of the main features of the project CORALis the integration of the Qopter ROM identificationtool in the comprehensive suite. It has been de-veloped in the last years [7], and further improvedwithin CORAL activities. It is based on the identifi-cation of the frequency response functions of themodelled system.This work presents the definition of a new al-gorithm in Qopter capable of identifying the open-loop transfer functions of a dynamic system start-ing from closed-loop time domain simulations, orexperiments (like in [8], where a ROM model of thehelicopter is directly derived from flight data test).Indeed, due to the helicopter intrinsic dynamic in-stability, it is impossible to identify the frequency
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response functions (and hence the reduced ordermodel) relating pilot inputs to vehicle responsesthrough numerical or experimental data not includ-ing the action of a control system (namely, not de-rived from a closed-loop system). Nevertheless, theknowledge of the transfer functions, and hence ofthe ROM, relating the pilot inputs to uncontrolledvehicle responses (open-loop system) can be veryuseful for control-law design, handling qualities as-sessment, as well as for training simulator devel-opment. Thus, this paper is specifically aimed atapplying the new method for the identification ofthe open-loop transfer functions of a whole heli-copter (hereinafter referred to as "naked-machine"transfer functions). The developed algorithm is ap-plied to data concerning the AW09 high-fidelity nu-merical simulations performed by Kopter person-nel. The corresponding identified helicopter ROM isvalidated by comparing its predictions of responsesto arbitrary pilot inputs with those directly providedby the hi-fi solver.Finally, it is worth noting that the proposedalgorithm, although developed for rotorcraftanalysis and design purposes, is still general andcan be conveniently used in all those applicationswhere the identification of unstable systems fromcontrolled closed-loop data is necessary (see, forexample, [9] or [10]).

2. THE ALGORITHM

The proposed methodology consists of three mainsteps to obtain the ROM of the multi-input/multi-output (MIMO) system analyzed:
- identification of transfer function matrix fre-quency samples from time-domain, small-perturbation responses;
- rational matrix approximation (RMA) of thesampled transfer function matrix by applica-tion of a least-square technique;
- inverse transformation to time-domain obtain-ing a state-space representation of the lin-earized model.

This work specifically focuses on the first step ofthe identification procedure, when a MIMO datasetis available (namely, when single-input/multi-outputresponses are not available, as in the case ofa closed-loop system). For the next two stepsthe reader is addressed to available literaturework. [2,3,4,7]Figure 1 depicts the general scheme of a controlled

helicopter. The identification of the open-loop trans-fer functions is crucial to perform flight dynamicsanalysis like the assessment of flying qualities, but itis a critical problem if the system is unstable. Indeed,in this case it is impossible to perform simulationsconcerning the response to a single input pertur-bation, because it is necessary to apply a controllerthat stabilizes the system and thus the outputs areproduced by combinations of multiple inputs. Sim-ilarly, if the data come from flight test, these arenecessarily affected either/both by pilot or/and sta-bility augmentation system control multi-input ac-tion. Therefore, for both numerical and experimen-tal available responses, the system must be identi-fied through a technique capable to deal withMIMOsystems. From the analytical point of view, consider-ing the relationship between the closed-loop trans-fer function matrix, F(j!), and the open-loop trans-fer function matrix, H(j!), from the knowledge ofthe control law it is always possible to derive the lat-ter from the former as indicated by the following ex-pression
(1) H(j!) = F(j!)[I + K(j!)F(j!)]�1

where K(j!) denotes the controller transfer ma-trix. [11] In this case, once the F matrix is identified,the H matrix is straightforwardly derived. However,the control scheme may not be known and/or maybe too complex and include strongly nonlinearterms. Thus, the most general and convenientapproach for the determination of naked-machinetransfer functions is based on the availability of asuitable dataset of closed-loop system responses.
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Figure 1: Helicopter block diagram representation.
Let us introduce the vector y as that collectingtheM system outputs, and the vector x as that col-lecting the N inputs to the open-loop (naked) he-licopter system deriving from the combination ofpilot commands and controller feedback (namely,

x � xtotal = xpi lot � xcontrol , see Fig. 1). Then, incase of noise free input/output dataset, assuming
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small perturbation inputs, for each k�th elementof the available (numerical or experimental) systemdatabase (namely, the input/output correspondingtime histories (xk ; yk )), it is formally possible to de-fine the following relation among the componentsat each !-harmonic included in the correspondingtime history response
(2) ~yk (j!) = H(j!)~xk (j!)

If, at least, N linearly independent (uncorrelated)elements of the input/output database are avail-able, Eq. (2) can be defined N times at each har-monic of interest and all these linear equations canbe combined in the following compact form
(3) Y = H X

with

(4) Y =

264 ~y1
1 ::: ~yN

1... . . . ...
~y1
M ::: ~yN

M

375 ; X =

264~x1
1 ::: ~xN

1... . . . ...
~x1

N ::: ~xN
N

375
where each column derived from one of thedatabase elements and each row is an input/outputchannel. Thus, the values of the coefficients of thetransfer functions at any specific harmonic are eas-ily determined as
(5) H = Y X�1

and this evaluation scheme is repeated for a dis-crete number of frequencies within the frequencyrange of interest for the specific application consid-ered, in order to be ready for the second and thirdsteps of the ROM identification process.

2.1. Database with noisy signals

Database signals (numerical or, in particular, ex-perimental ones) may be affected by noise. In thepresence of noisy signals, for each element of thedatabase (time responses to a specific controlledperturbation input) the transfer functions can besuitably sampled by introducing the following cross-spectra
(6) Gni

xx (j!) =
2

T
j~x�

n (j!)~xi (j!)j

and
(7) G im

xy (j!) =
2

T
j~x�

i (j!)~ym(j!)j

whereGni
xx denotes the cross-spectrumbetween the

n-th and the i -th inputs, G im
xy denotes the cross-spectrum between the i -th input and the m-th

output, while T represents the signal observationwindow. Indeed, it is possible to show that, foreach database element and each frequency, the
[MxN] transfer functionmatrix,H, can be evaluatedthrough the following relation [12]

(8) HT = G�1
xx Gxy

where Gxx and Gxy represent the matrices com-posed of the cross spectra in Eqs. (6) and (7). For thecorrect application of the algorithm, the completecorrelation among inputs must be avoided. [13] Inour problem, where the multi-input vectors, xk , arethe result of the application of the control algorithmto the response to arbitrary perturbation inputs(xpi lot in Fig. 1), considerable correlation among in-puts typically occurs.To overcome this difficulty, in the proposed ap-proach the transfer function matrix is determinedas the output of a suitable combination of several(let us say, K > 1) database elements. Specifi-
cally, indicating with Ĝxx and Ĝxy , respectively, the
[(N �K)�N] and the [(N �K)�M] matrices ob-tained by sequentially ordering the rows of the Gxxand the Gxy matrices determined from the consid-ered K different database elements, the compactform of Eq. (8) repeated for all these databases ele-ments is given by
(9) Ĝxx ĤT = Ĝxy

where Ĥ denotes the [M�N] targeted common so-lutionmatrix for theK problems in Eq. (8). Then, foreach sampled frequency, from the Moore-Penrose
pseudo inverse matrix, Ĝ+

xx = (ĜT
xx Ĝxx )�1ĜT

xx , ofthe matrix Ĝxx the following expression providingthe transfer function matrix is determined
(10) ĤT = Ĝ+

xx Ĝxy

which can be interpreted as the least square ap-proximation of the unique solution of Eq. (8) writtenforK different database elements. It is worth notingthat, although this formulation is formally equiva-lent to that proposed by Bendat, [12] it does not re-quire that the inputs in each database element belinearly independent. Note also that, the minimumrequired value ofK depends on the available xpi lotperturbations: if, for instance, each database ele-ment derives from the perturbation of a single pilotcommand, the definition of awell-conditioned prob-lem is assured for K = N. Finally, the proposed al-gorithm is completed by the coherence function cal-culation,which is ameasure of the linearity of the re-lation between the observed sets of outputs and in-puts. For instance, considering a single-input/single-output problem, the coherence is defined as follows
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(ordinary coherence)
(11) 
2

xy =
jGxy j2

GxxGyy

In the case of noise-free input, a unit coherencemeans that the output is fully linearly dependent onthe input.For MIMO systems, indications similar to thoseprovided for SISO problems by the ordinary coher-ence are given by the multiple coherence which isdefined as
(12) 
2

x �ym
=

Gxy
T Gxx

�1Gxy

Gyy

where Gyy is the auto-spectrum of the ~ym output.It represents the fraction of the considered outputthat is linearly dependent on the complete set of in-puts. [14]
2.2. Reduced-order model

Following the second and third steps of the afore-mentioned procedure, once the transfer functionmatrix is suitably sampled in the range of frequencyof interest, the application of a least-square proce-dure yields its following rational-matrix approxima-tion (RMA) [7]
(13) H = s2A2 + sA1 + A0 + C[sI� A]�1B

where A2, A1, A0, A, B and C are real, fully popu-lated matrices, and s denotes the Laplace-domainvariable (the degree of the polynomial contributiondepends on the specific input and outputs involvedin the examined problem). Matrices A2;A1 and A0have dimensions [M�N],A, is a [P�P ]matrix con-taining the P poles of the rational expression, B, isa [P � N] matrix, and C has dimensions [M � P ].Finally, recalling that the small-perturbation dy-namics is described as ~y = H ~x, combining thisequation with Eq. (13) and transforming into timedomain provides the following differential modelthat describes the system dynamics forced by anarbitrary set of inputs, through a finite number ofstates
(14)

(
y = A2�x + A1 _x + A0x + Cr

_r = Ar + Bx

where r is the vector of the additional states intro-duced by the poles of the approximated transferfunction matrix.

3. HIGH FIDELITY AEROMECHANIC SOLVER

The dataset available for the model identification isobtained by FlightLab [15] simulations. The computa-tional model consists of a fully coupled, nonlinear,aerodynamic and structural solver.The aerodynamic modelling is based on a quasi-steady strip-theory approach, with wake inflow de-fined through a three-state representation that in-cludes uniform and fore-to-aft and side-to-side lin-ear gradients. Aerodynamic loads (lift, drag, pitch-ing moment) are derived from the sectional polarlookup tables. The structural degrees of freedom in-clude the 6 fuselage rigid body motion DOFs, andthe multiblade flap and lag hinge angles. The tail ro-tor blades structural DOFs are not included sincethe model is intended for flight dynamic purposes.The body equations are solved in the body frame,with the body motion in the inertial frame de-scribed through the linear and angular velocity com-ponents, (u; v ; w; p; q; r). The body motion in theinertial frame is obtained by integration of the bodystates expressed that frame through suitable rota-tion.The model features a conventional control sys-tem with collective, lateral and longitudinal cyclic,and pedal control. The main rotor swash-plate rou-tine computes the feathering angle, rate, and accel-eration for each blade, starting from azimuth androtor speed. The blade motion is imposed at thefeathering hinges. Two control configurations areconsidered, onewith andonewithout feedback con-trol. The model with feedback control includes ratecontrollers for p; q and r , using three independentproportional and integral (PI) feedback controllerson the lateral cyclic, longitudinal cyclic and pedalchannels. Feedback control is not considered for thecollective pitch.
4. NUMERICAL RESULTS

The numerical investigation is dedicated to the val-idation of the proposed algorithm for the iden-tification of helicopter open-loop transfer func-tions, starting from a database of controlled time-responses to command inputs, as those achievablefrom numerical simulations or in-flight data.First, a simple case study is examined for a pre-liminary verification, and then the AW09 dynamicsis studied.
4.1. Preliminary verification

A simple unstable analytic system is consideredto prove the capability of the proposed algorithm
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to capture system transfer functions starting fromclosed-loop controlled data. In this numerical exam-ple, the stabilization is necessary to obtain limitedoutput, as in a real flight test would be necessary toavoid aircraft divergence from reference trajectory.The considered system has 3 inputs collected inthe vector u, 2 outputs collected in the vector y, andis stabilized through application of a simple propor-tional control law
(15) _y = (Â� B̂K̂)y + B̂u

where

(16)

Â =

�
1:0 �3:0
3:0 1:0

�

B̂ =

�
�1:7502 �0:8314 �1:1564
�0:2857 �0:9792 0:0

�

K̂ =

24�0:4453 0:2604
0:1299 �1:1993
�0:3706 0:4681

35
note that, the open-loop transfer function matrix

of the uncontrolled system (K̂ = 0 in Eq. (15)) isgiven by
(17) H = (sI� Â)�1B̂

whereas the closed-loop transfer function matrix isexpressed as
(18) F = [(sI� (Â� B̂K̂)]�1B̂

and that the relation in Eq. (1) holds between them.However, it is interesting to observe that the closed-loop system output can be expressed either as
(19) ~y = F ~u

or as
(20) ~y = (sI� Â)�1B̂ (�K̂~y + ~u)

= H (�K̂~y + ~u)

Therefore, the open-loop (naked machine) transferfunction matrix can be determined in two ways: (i)through the application of Eq. (1), when the control
matrix K̂ is known, once F is determined by an ex-pression equivalent to that in Eq. (5), based on theknowledge of 3 suitable sets of responses (yk ; xk ),with ~xk = ~uk ; (ii) through direct application of Eq. (5)based on the knowledge of 3 suitable sets of re-
sponses (yk ; xk ), with ~xk = �K̂~yk + ~uk . note that,for our helicopter problem, the former approach

would require the knowledge of only xpi lot time his-tories, in addition to the control law. Instead, in thelatter the control law is not needed, but the knowl-edge of both xpi lot and xcontrol is required. As ex-plained above, this is the approach developed andapplied in this work.The introduced simple system in Eq. (15) is usedto prove the equivalence of the two H-matrix iden-tification algorithms just described and, at the sametime, assess the capability of the approach pro-posed here for helicopter dynamics applications.Indeed, the equivalence is demonstrated in Fig. 2,where the H11 transfer functions determined bythe two outlined procedures are compared ("OPENLOOP" result refers to the first approach requiringthe control law knowledge).
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Figure 2: Comparison between transfer functionsidentified through different algorithms.
Indeed, the two identified transfer functions arein excellent agreement, and the same is obtainedfor the rest of the transfer functions that composematrix H (not shown here, for the sake of concise-ness).

4.2. The test case

The test case examined for algorithm validation isthe flight dynamics of the AW09 (see Fig. 3) in for-ward flight. The main characteristics of this heli-copter are reported in Tab. 1. The linearized modelto be identified is a standard helicopter dynam-ics representation model, consisting of 4 inputsand 9 outputs. [16] The four inputs are the pilotcontrols, namely collective, longitudinal and lateralcyclic pitch, and pedal (�0,�s ,�c ,�p), whereas the out-puts are the linear velocities (u, v , w ), the angularvelocities (p, q, r ), and the helicopter attitude angles(�, �, 	).
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mass 2500 kgMR type articulatedMR radius 5:5 mMR number of blades 5TR radius 0:6 mTR number of blades 10

Table 1: AW09 main characteristics.

Figure 3: Leonardo Helicopter AW09.
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Figure 4: Chirp signal used for system identification.
The trim speed is 60 kn, and the dataset usedfor the identification of the transfer function matrixconsists of a set of responses to chirp perturbations(see Fig. 4) of the pilot inputs that are applied whilekeeping the stability augmentation system active.Although one command at a time is perturbed, theactuated control produces perturbations to all com-mands, and hence the response is generated by afull input vector, x � xtotal . The frequency range ofinterest for the frequency response is that between

0:2 rad/s and 8 rad/s.The state-space ROM obtained following the pro-cedure described in Sec. 2 is validated through com-parisons of the simulated responses to arbitrary in-puts with those evaluated by FligthLab (see Sec. 3).The comparisons are accomplished for both uncon-trolled and controlled helicopter, in terms of both

model outputs and reconstructed perturbation tra-jectory (determined by integration of the flight dy-namics equations for vehicle velocity in the Earthframe of reference [16]).The arbitrary input applied for the simulations isthe following mono-harmonic, windowed signal
(21) y(t) = A � sin(!t)[H(t)�H(t � 2�=!)]

where ! = 1:3 rad/s and two different amplitudes(A = 0:5 deg and A = 1 deg) are used in orderto verify the limitation of the linearized helicoptermodel accuracy with respect to input amplitude.
4.2.1. Helicopter transfer functions

As the first step of the model identification proce-dure is the identification of the transfer functionsof the uncontrolled (naked) helicopter that appearin matrix H, Figs. 5 to 8 show the comparisons be-tween some identified transfer functions and theirRMA described in Eq. (13) (for the sake of concise-ness, only a subset of transfer functions is depicted,with the remaining ones presenting similar qualityof comparison between identified curve and RMA).Specifically, these figures consider the longitudinaldynamics frequency responses of the uncontrolledhelicopter (velocity components, u,w , pitching an-gular velocity, q, and pitch angle, �) to the com-mands �0 and �s . They show a very good agreementbetween identified and approximated transfer func-tions both in terms of magnitude and phase, exceptfor those that are clearly negligible (note that themagnitude is expressed in dB), thus confirming thegood accuracy of the RMA algorithm.
4.3. Uncontrolled response

The validation of the ROM identified from closed-loop data begins with the analysis of the time re-sponse of the uncontrolled machine to an arbitraryinput.One single pilot command is perturbed in eachtest. Two different amplitudes of the perturbationare considered, one is twice the other. The compar-isons between analytical ROM predictions and high-fidelity numerical simulations are given in terms ofdata normalizedwith respect to themaximumvalueof the considered set of curves (thus, all the graphsrange is [�1 : 1]). For the sake of conciseness,not the whole set of validations is shown, but thosepresented are results representative of the over-all quality of the simulations. In particular, Fig. 9and Fig. 10 depict the helicopter response to �0 interms of linear and angular velocities, respectively,
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(b) u vs θs

Figure 5: Helicopter transfer functions for u.
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(a) w vs θ0
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(b) w vs θs

Figure 6: Helicopter transfer functions for w .
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(a) q vs θ0
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(b) q vs θs

Figure 7: Helicopter transfer functions for q.
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(b) Θ vs θs

Figure 8: Helicopter transfer functions for �.
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whereas Fig. 11 shows the angular velocities pro-
duced by � c perturbations. These results demon-
strate a quite satisfactory agreement between ROM
predictions and high-�delity simulations, particu-
larly (as expected) for the smallest input perturba-
tions and the greatest amplitude responses.

(a) small perturbations

(b) not-small perturbations

Figure 9: Uncontrolled helicopter responses to � 0;
solid: from RMA, dashed: from FlightLab.

Then, the predicted kinematic variables are inte-
grated to determine the corresponding trajectory
perturbations, which are compared with those given
by FlightLab. The comparisons in Figs. 12 to 15 show
that, regardless the input amplitude, the trajectory
deviation produced by � s perturbations are quite
satisfactorily predicted by the ROM tool, whereas re-
markable discrepancies between the two solutions
arise for collective pitch perturbations. These are
due to the ROM inaccurate capturing of the unstable
helicopter dynamics that severely a�ects the trajec-
tory reconstruction. After an initial good agreement,
the two solutions start diverging di�erently form the
trim solution.

4.4. Controlled Case

Next, the response of the identi�ed helicopter sub-
ject to a controller action is examined. Two di�er-
ent input perturbation amplitudes and two di�er-
ent control gains are analyzed. The �rst set of con-
trol gains used are those applied for evaluating the

(a) small perturbations

(b) not-small perturbations

Figure 10: Uncontrolled helicopter responses to � 0;
solid: from RMA, dashed: from FlightLab.

(a) small perturbations

(b) not-small perturbations

Figure 11: Uncontrolled helicopter responses to � c ;
solid: from RMA, dashed: from FlightLab.
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