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ABSTRACT 

Recent research in rotary-wing aeroelasticity has indicated that 
all fundamental problems in this area are inherently nonlinear. The non­
linearities in this problem are due to the inclusion of finite slopes, 
due to moderate deflections, in the structural, inertia and aerodynamic 
operators associated with this aeroelastic problem. In this paper the 
equations of motion, which are both time and space dependent, for the 
aeroelastic problem are first formulated in P.D.E. form. Next the equa­
tions are linearized about a suitable equilibrium position. The spatial 
dependence in these equations is discretized using a local Galerkin method 
of weighted residuals resulting in a finite element formulation of the 
aeroelastic problem. As an illustration the method if applied to the 
coupled flap-lag problem of a helicopter rotor blade in hover. Compari­
son of the solutions with previously published solutions establishes the 
convergence properties of the method. It is concluded that this formula­
tion is a practical tool for solving rotary-wing aeroelastic stability 
or response problems. 

Introduction 

Recent research1 in rotary-wing aeroelasticity in general and 
hingeless rotor blades in particular, has established the inherently non­
linear nature of the rotary-wing aeroelastic stability problem. As a 
consequence, the correct treatment of this aeroelastic stability problem 
requires the derivation of the dynamic equations of equilibrium in a care­
ful and consistent manner such that moderate deflections based upon the 
assumption of small strains and finite slopes are properly incorporated in 
the mathematical modell,2. When the equations of motion are formulated in 
this manner, nonlinear terms can appear in the structural, inertia and 
aerodynamic operators associated with this aeroelastic problem and the 
final equations of motion will have a partial differential nonlinear 
forml,2. 

This work was supported by the Structures Laboratory AVRADCOM Research 
and Technology Laboratories and NASA Langley Research Center, Hampton, 
Virginia under NASA NGR 05-007-414. 
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In rotary wing aeroelasticity the nonlinear equations of motion in 
partial differential form are usually solved by applying Galerkin's method 
to eliminate the spatial dependence of the probleml-3. This procedure 
yields a set of coupled nonlinear ordinary differential equations for the 
dynamics of the blade. It is common practicel-3 to obtain actual aero­
elastic stability boundaries by linearizing the equations of motion about 
an appropriate equilibrium position and extracting stability information 
from the eigendate associated with the linearized system. 

Typical studies1- 3 dealing with practical blade configurations in 
hover or in forward flight are representative of the algebraic complexity 
encountered when applying Galerkin's method to rotary wing aeroelastic 
problems. From the inspection of these and similar studies it is clear 
that methods of solution based upon the modal Galerkin method lead to 
extremely cumbersome algebraic manipulations, which have to be carried out 
manually or by alternative means such as algebraic manipulative systems. 
In some cases the amount of algebraic manipulations associated with the 
global Galerkin method is so excessive as to prohibit treatment of compli­
cated blade configuration in a realistic manner. Therefore in this paper 
the spatial dependence will be eliminated using a Galerkin type finite 
element method. This essentially local Galerkin method enables one to 
discretize the partial differential equations of motion directly. Con­
sequently a significant reduction in the algebraic manipulative labour 
required for the solution of the problem is accomplished. 

During the past fifteen years the finite element method has under­
gone explosive growth and at the present it has evolved from a structural 
analysis tool to a general mathematical method for solving partial diff­
erential equations, which is competitive with finite differences, for 
general applications, and superior to finite differences in structural 
dynamic applications4-7. For conservative self adjoint, linear problems 
the finite element model for the system can be conveniently generated by 
applying appropriate variational principles. Existence of these vari­
ational principles will also in most cases guarantee the convergence of 
the method. For nonself adjoint,nonconservative problems, such as the 
flutter or aeroelastic problem, variational principles are not available. 
Thus generation of the finite element model for aeroelastic, nonconserva­
tive systems is more complicated and convergence of the method is not 
quaranteeds. 

The rotary-wing aeroelastic problem is nonself adjoint, noncon­
servative and nonlinear, thus formulation of a finite element method for 
this problem is by no means straightforward. However finite element dis­
cretization of these equations of motion will essentially eliminate the 
cumbersome algebraic manipulations associated with the global Galerkin 
method. 

The purpose of the present paper is to develop a local Galerkin 
method of weighted residualsS-7,9,10 which is used to di~ize the 
spatial dependence of the equations resulting in a finite element formula­
tion of the rotary wing aeroelastic problem. This method is applied 
directly to the equations of motion in partial differential form and leads 
to a finite element formulation of the rotary-wing aeroelastic problem and 
avoids the excessive algebraic manipulations required by the application 
of Galerkin's method when using global modes (i.e. conventional method). 

To illustrate the method and establish its convergence properties 
the method is applied to some typical rotating blade free vibration problems 
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and to the coupled flap-lag aeroelastic stability calculation of a helicop­
ter rotor blade in hover. Comparison of the solutions obtained, by using 
the finite element method, with previously published results is used to 
establish the convergence properties of the method. It is concluded that 
this formulation has the potential of becoming a powerful and practical 
tool for solving rotary wing aeroelastic stability or response problems. 

Finally, it is worthwhile mentioning that for the case of rotating 
blade vibration problems in both linear and nonlinear formulationsll-13 
the integrating matrix method has been successfully used to eliminate the 
spatial dependence in the problem. Whitel4 has also used the integrating 
matrix method for the flap-pitch flutter calculation of a rotor blade in 
hover. The main advantage in using a Galerkin type finite element approach 
consists mainly of the considerable amount of research done by applied 
mathematicians and engineers on establishing the numerical properties of 
this method. This vigorous ongoing research activity provides the aero­
elastician with more information on the numerical aspects and particularly 
convergence properties of the method than is available on the integrating 
matrix method, which is narrower in its scope. 

2. Brief Description of the Coupled Flap-Lag Equations of Motion 

The coupled flap-lag equations of motion used in this study serve 
mainly as an illustrative example for the application of a .Galerkin type 
finite element method to rotary-wing aeroelasticity. The flap-lag equationa 
for hover are obtained from the general equations which have been presented 
in Reference 2, by an appropriate elimination of the terms associated with 
forward flight and the torsional degree of freedom. 

The geometry of the problem ·is shown in Figures lA and lB. A few 
important assumptions made in the derivation of these equations are 
briefly stated below: 

(l) The blade is assumed to have moderate deflections, which implies 
small strains and finite rotations or slopes. These elastic 
rotations are assumed to be of order Eo(ED ~ 0.20) so that terms 
of 0(E0 ) 2 are negligible compared to terms of order one, O. (1) 
The blade can bend in two mutually perpendicular directions. 
Initially the blade is straight, during deformation the Euler­
Bernoulli assumption is used. The structural operators resulting 
from these assumptions have been presented in Reference 15, 
(2) The blade has only precone Sp, it is cantilevered to the hub 
and there is no built-in twist, (3) There is no coupling between 
blade and fuselage dynamics, (4) Two dimensional quasisteady aero­
dynamic loads are used, apparent mass, stall and compressibility 
are neglected, (5) An ordering scheme identical to the one used in 
Reference 2 is used and quantities having the magnitude of the 
squares of the blade slopes are neglected when compared to one, i.e. 

0(1) + 0(E
0

2
) ~ 0(1) 

Using tbese assumptions the coupled flap-lag equations of motion 
for hover can be written down as follows. 

Axial equilibrium: 

(l) 
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Flap equilibrium: 

- r{e xo(xo ;;1> <xo + ;; 1) ~~. 
R .:. -w + + 2 - - xo s v + (28 xo - - l.)v t p t 

-<i< - - 2 v w .:. 
+ e

1
)w - xo v w + xo - v w} = 0 0 ,x ,x 

Lag equilibrium 

- 8 22 v,xxxx -B23w,xxxx + <v,xT) ,x + d! <v ,x 
2 2 -+ w )dx

0 ,x 

[2 .!3. A e<i< ;;
1

> Jw + (2 .!3.t. e xo)v -+ - + - w t 0 t ,x 

.!3. A - - .:. .:. .:. .:.2 
xo v w + 2S v w - e v w + w t ,x ,x p 

.:. 
+ 2v ;:; w - x

0 
v w w} = o ,x ,x ,x 

The notation used in these equations is defined in Appendix A, 

The boundary conditions are given by 2•15 

at xo = 0 v = w = v = w = 0 ,x ,x 

at xo = l T = 0 and 

8 22 v + 8 23 w = 0 ,xxx ,xxx 

8 23 v + 8 33 w = 0 ,xxx ,xxx 

8 22 v + 8 23 w = 0 ,xx ,xx 

8 23 v .+ 8 33 w = 0 ,xx ,xx 

3. Implementation of Galerkin Type Finite Element Method 

3.1 General Description of the Method 

(2) 

( 3) 

(4) 

( 5) 

The local Galerkin method, resulting in a finite element discreti­
zation can be best clarified by illustrating its application to a simple 
system. Consider the following simple differential equation 
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R(q) + P(q) = F (6) 

which is defined in some domain D~ such that R is a symmetric operator 
and P is a general operator, both operating on an unknown function q to 
yield a given function F. Furthermore the function q has to satisfy 
certain boundary conditions on the boundary S of the domain D. 

Next, an approximate global solution having the form 

(7) 

is assumed. Where ~ are linearly independent shape functions and b are 
undetermined paramet~rs for this problem, qg has to satisfy only them 
geometric boundary conditions. 

The extended Galerkin method requires that the sum of the weighted 
residuals of both the differential equation and the natural boundary con­
dition be zero9, i.e., 

(8) 

form= l,2, •.. M. 

where 

(9) 

and EB is the residual associated with the natural boundary conditions. 

Integration by parts, applied on Eq. (8), reduces the order of 
differentiation in the symmetric operator R thus lowering the continuity 
requirements on the shape functions ~ , furthermore this algebraic step 
also yields terms, which cancel the c~ntribution of the boundary residual 
in Eq. (8) 

When formulating a finite element version of Galerkin's method the 
domain D is subdivided into E subdomains ~e, which are called elements. 
In each element an approximate solution of the form 

is assumed. 
independent 
the element 

~ e a e 
n n 

(10) 

Where a e are the nodal parameters and ~ e are linearly 
shape fuRctions defined only in the subdo~in associated with 
~e. This local approximation can be extended over the whole 

domain D by defining 

(ll) 

outside ~e 
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Using Eq. (11) the global approximation can be expressed as 

E N 
I I 

e=l n=l 
~ e a e 

n n (12) 

After imposing compatibility conditions on the nodal parameters of 
adjacent elements (this is done during the process of assembly) equations 
(7) and (12) are equivalent. 

E 

I 
i=l 

Equation (8) can be rewritten using Eq. (12) as 

- e i e i i 
{[R(~. ,~ ) + ~. P(~ )]a 

J n ~ n n 

j = l,2, •.. N, e = l, ••. E 

(13) 

where R is obtained from R by means of the previously mentioned integration 
by parts. Equation (13) represents all weighted residuals for one element 
and for the total assemblage of elements (i.e. N*E weighted residuals), it 
represents an intermediate step and in reality only Eq. (14) is used. 

As a consequence of the linear independence of the ~ e functions, 
n equation (13) can be also rewritten on the element level. 

N 

f~ I - e 1jJ e) + ijl.e P(ijl e)]a e _ ijlje F} = 0 {[R(ijlj' (14) 
n=l n J n n 

e 
j w:: l,2, •.• N; e=l,2,.~.,E 

Equation (14) thus represents a set of N equations for each element, 
from which the element matrices can be calculated. 

3.2 Application to the Flap-Lag Problem in Hover 

The flap-lag equations in hover were described in Section 2. To 
facilitate manipulation of these equations they are rewritten in matrix 
operator form 

(15) 

where {q} = {~} Other quantities are defined in Appendix B. It 

should be noted th~t the tension T was eliminated using the axial equation. 

According to Eq. (7), a global solution is given by 
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[~ ]{b} ~ [~]{b} 
m m (16) 

Upon substitution into the differential equations and boundary conditions 
it yields the residuals {o} and {oB}. The weighted Galerkin residuals 
become 

where 

and 

where 

m =- 1,2, ••• M 

:B ~ -[B]Dx3{qg} + [B]Dx2{qg} + ([Tl] + [T2])Dx{qg} j_ 

Integrating by parts the :R term, Eq. (17) becomes 

X =1 
0 

m=l,2, ••• M 

Inside the element the displacements are given by 
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In the present analysis ordinary beam type bending 5- 7 representation 
was chosen for modeling the flap-lag motion, the geometry of the element is 
illustrated in Figure lB, where qF and qL represent symbolically the four -~-
nodal degrees of freedom associated witfi flapwise and lagwise bending res- j' 
pectively. Thus N ; 4, Yn ; nn are cubic interpolation polynomials5-7 and 
hne• gne represent nodal displacements and slopes for lag (hnel and flap 

(gn6 ) respectively. For convenience the superscript e is omitted from the 
shape function matrix [~] • 

As has been indicated previously stability boundaries in rotary 
wing aeroelasticity can be obtained by linearizing the equations of motion 
about an appropriate equilibrium position. For the case of coupled flap­
lag in hover the equilibrium position is taken as the static nonlinear 
equilibrium position and the dynamic equations of motion are perturbed 
about this equilibrium position, i.e., 

(22) 

Equation (21) is now extended in the sense of Eq. (11) and sub­
stituted, together with Eq. (22), into Eq. (19). This yields the nonlinear 
static equilibrium position 

([Bel + [Tlel - [~el + [Ale] + [A2e]){ae0}; {Fe} (23) 

e { eO} where it should be noted that [A
2 

] also depends on a and thus Eq. (23) 
is nonlinear. 

Similarly the linearized dynamic equilibrium equations are given by 

E 

I 
i;e+l 

e = 1,2, ••• E (24) 

Equations (23) and (24) are equations written at the element level, 
thus [Be], [Ie] ••• , etc. represent element matrices. For the cubic shape 
functions which have been selected, six point Gaussian quadrature yields 
the exact element matrices. Evaluation of the constant term Fe and the 
linear terms (Be], (T1e], [KROTel, [A1e] in the static e~ilLbrium equations, 
Eqs. (23) 1 is straightforward. The quadratic term, [A2e l depends on the 
static equilibrium position itself. Since the nonlinear equilibrium position 
equations are solved by iteration, (A2e 0] can be evaluated using the value 
of aeO from the previous iterative step. All the terms in the dynamic 
equation, Eq. (24) ~e linear. However the matrices [D2el, [o3el, [T2eJ, 
[T~ei], (CAxe], (C~] and [A2e] depend on the static equilibrium position, 
wh~ch is a known quantity after the static problem has been solved. 
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The assembly of the element matrices into the complete system 
matrices is similar to the conventional finite element method, when 
utilizing the direct stiffness approachS-7. It should be noted however, 
that bandedness of the velocity proportional matrix is destroyed due to 
terms of type 

E 
L (Teil{~ai} and 

i=e+l 

which are a consequence of the inner integrals over the global domain in 
the operators £Cr2l and (CAx]. 

The considerable number of unknowns, representing the nodal degrees 
of freedom, in the finite element formulation can be reduced when modal 
analysis is used. Thus 

{ao} = (~] {qo} 

{~a}= (~]{~q} 
(25) 

where £¥] is the modal transformation matrix containing the first M un­
coupled modes, representing the free vibration mode shapes of a rotating 
blade. These mode shapes are also determined using the finite element 
method when applied to the rotating beam free vibration problem. Since 
the free vibration equations are self-adjoint, the Galerkin finite element 
method is, for this case, identical to the conventional finite element 
method. Thus {qo} and {~q} are reduced vectors of generalized coordinates 

Clearly, modal analysis provides an effective reduction in the 
size of the eigenvalue problem required for the solution of the dynamic 
system equations. This is a considerable advantage since determination 
of stability bcundaries requires repeated solutions of the eigenvalue 
problem. Furthermore due to this approach the bandedness of the finite 
element system matrices becomes irrelevant since the reduced system 
matrices are fully populated anyway. Finally it is impcrtant to realize 
that modal analysis facilitates the solution of the nonlinear static 
equilibrium equations. Since the reduced number of unknowns allows one 
to calculate the derivatives of the nonlinear terms explicitly and an 
efficient algorithm based on the Newton-Raphson approach can be used. 

The final equations, after modal reduction, for static equilibrium 
are 

0 0 0 
(SL]{q} + (SNL(q )]{q} = {C} (26) 

and for dynamic equilibrium 

(M] {~""q} + (D] {~q0 } + [K] {~q} = 0 (27) 
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4. Results and Discussion 

4.1 Method of Solution and Data Used in the Computations 

Solution of Eqs. (26) and (27) is accomplished in two stages. First 
the nonlinear equations for the static equilibrium position Eqs. (26) are 
solved using a Newton-Raphson iterative scheme. Next the dynamic equations, 
Eqs. (27}, are first transformed into first order state variable forml, 
resulting in a standard eigenvalue problem which can be easily solved using 
conventional methods, stability1 is determined from the sign of the real 
part of the eigenvalue Ak ~ 'k + i~. 

In calculating numerical results certain simplifying assumptions were 
made, since the objective of the paper is primarily to illustrate the appli­
cation of the Galerkin type finite element to rotary-wing aeroelasticity. 

These simplifying assumptions are listed below: 

{a} Mass and stiffness distributions were assumed to be constant along 
the span of the blade 

(b) Inflow ratio was assumed to be constant over the blade and equal 
to the inflow at 0.75 span, i.e. 

A~ (acr/16) [(1 + 24B/acr) 1
/

2
-l] (28) 

(c) For all cases considered, structural damping was assumed to be 
zero and the following numerical values were used in the calcula­
tions 

a = 21T 0.0 

4.2 Results 

In order to determine the convergence properties of the finite 
element method the free vibration problem of a rotating beam vibrating in 
and out of plane of rotation is considered first. The fundamental flap 
and lag, uncoupled frequencies, of a rotating beam were calculated using 
two methods: 

(a) a global Galerkin method in which five nonrotating modes of a uniform 
beam are used to obtain the fundamental, uncoupled, flap and lag 
frequencies of a rotating beam and 

(b) using the Galerkin finite element method of weighted residuals. 

Comparison between the two sets of results showing the uncoupled 
rotating flap and lag frequencies Wpl and wLl as a function of the non­
rotating frequencies is shown in Fig. 2. The results for the fundamental 
frequencies are identical with three or six elements, indicating that good 
accuracy can be obtained with a few number of elements. 

Comparison of the first and second mode obtained using both methods 
is presented in Figure 3 for the nonrotating case, and two different speeds 
of rotation. For this case eight elements were used because it was more 
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convenient to plot the results when slightly more elements were used. From 
numerical convergence point of view six elements would have been also ade­
quate. From these results it is clear that excellent agreement between 
the global Galerkin and Galerkin finite element method is obtained for both 
frequencies and mode shapes. 

For completeness it should be mentioned that solutions for the flap­
wise free vibrations of a pinned-free rotating beam using a Galerkin t~pe 
finite element method have been presented by Nagaraj and Shanthakumarl • 
Their treatment however was not based on the extended Galerkin method, 
thus the interpolation functions selected had to satisfy all the boundary 
conditions, resulting in a flapwise bending element with four degrees of 
freedom at each node, compared to two degrees of freedom per node used 
in the present treatment. 

Next the method is applied to a typical rotary-wing aeroelastic 
problem. The coupled flap-lag aeroelastic problem in hoverl,l7 is a con­
venient and simple example which can be used to illustrate the Galerkin 
finite element method. The numerical accuracy of the method can be best 
seen by comparing a global Galerkin solution based on one uncoupled 
rotating elastic mode for each degree of freedom with a local Galerkin 
finite element solution in which the blade is represented by three finite 
elements and, where for consistence with the global method, one uncoupled 
elastic rotating mode is used for each degree of freedom to reduce the 
number of nodal degrees of freedom. The comparison between the two methods 
is presented in Table l. For two separate collective pitch angles 8, all 
pertinent values associated with these cases were evaluated. The agreement 
between the two methods is excellent when considering that only three ele­
ments are used to represent the blade. Similar comparisons were made for 
a variety of other cases, the results are not presented since they would 
have been repetitive of the behaviour illustrated by Table l. The cases 
presented in Table l were stable configurations because the elastic 
coupling parameter Re was taken as Re = 1.0. 

Convergence properties of the Galerkin finite element method when 
applied to the aeroelastic problem are considered next. It is important 
to note that convergence of Galerkin type methods in aeroelasticity can 
be established only by numerical experimentationlB, in rotary-wing aero­
elastic problems this is further complicated due to their nonlinear nature. 
Convergence of the method can be investigated, alternatively, by varying 
the number of elements while retaining a fixed number of modes in the modal 
reduction process or by changing the number of modes and maintaining a fixed 
number of elements. 

Figure 4 illustrates the convergence of stability boundaries for 
three different values of the elastic coupling parameter when the number 
of elements is allowed to vary from three to six, while the number of modes 
used in the modal reduction process is maintained at one mode for each 
elastic degree of freedom. In all cases shown in the figure the unstable 
regions tend to decrease as the number of elements is increased. The 
results for N = 5 and N = 6 are almost identical indicating that 4 or 5 
elements are sufficient to capture the bending dynamics of the blade. 

Figure 5 illustrates the convergence of a typical stability boun­
dary when the number of elements is maintained at four and the elastic 
modes used in the modal reduction process is allowed to vary. As indi­
cated in the figure the difference between taking two modes for each degree 
of freedom and one mode is relatively small. It is interesting to note 
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that convergence trends seem to differ depending whether the blade is soft 
inplane or stiff inplane. when R = 0. 

e 

Finally it should be noted that the Galerkin type finite element ) 
method as formulated in this paper can be applied without any significant 
modification to more comllicated aeroelastic problems such as the coupled 
flap-lag-torsion problem , or to coupled rotor fuselage dynamics. In 
these cases it can significantly reduce the algebraic manipulations re-
quired when compared to a global Galerkin method. Obviously since spatial 
discretization is applied directly to the partial differential equations, 
algebraic manipulations decrease however more computer time is spent in 
calculations. Thus one can say that a considerable amount of algebraic 
work is done numerically instead of using symbolic manipulation. For the 
flap-lag case the computer times required to generate stability boundaries 
were quite small since only a few elements are needed in order to accurately 
capture the dynamics of the blade. 

5. Conclusions 

The main conclusions obtained in this study are summarized below: 

(1) The Galerkin finite element method is a practical tool for formula­
ting and solving rotary wing aeroelastic problems. It significantly 
reduces the algebraic manipulative labor when compared to the appli­
cation of the global Galerkin method to similar problems. 

(2) Four or five elements are sufficient to capture the bending dynamics 
of the blade. When torsion is included it is envisioned that six 
to eight elements will be adequate for capturing the coupled bend­
ing-torsional dynamics of the blade. 

(3) Normal mode transformation combined with a Galerkin finite element 
formulation reduces significantly the number of nodal degrees of 
freedom and enables one to deal efficiently with complex problems. 
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Appendix A. List of Symbols 

a 

e 
a 

n 
e 

a 

a 

b 

E 
--:z-4[(I 2 - r 3 )~sin2Rc8] 
rn>l ~ 

= two dimensional lift curve slope. 

element nodal parameters. 

element nodal displacement vector. 

system nodal displacement vector. 

= aerodynamic operators and stiffness matrices 
defined in Appendix B. 

semi chord. 

= modal parameters (generalized coordinates). 

vector of generalized coordinates. 

~[I3 + (I 2 - r 3)sin
2
Rc8] 

rn>l ~ 

{c) 

cdo 

[ cAx],[ c:x], [ c:~] 

[D1 ], [D 2 ], [o3 ], [D~], [D~], 
3 

[D3] 

[D) 

E 

F 

bending stiffness operators and matrices 
defined in Appendix B. 

forcing vector in final static equations, 
Appendix B. 

= profile drag coefficient. 

= operators and matrices due to axial shortening 
effect, defined in Appendix B. 

tension operator defined in Appendix B. 

= differential operator. 

aerodynamic damping operators and matrices 
defined in Appendix B. 

equivalent damping matrix, Appendix B. 

Young's modulus of elasticity, also number 
of finite elements. 

known function. 

constant forcin9 terms, defined in Appendix B. 
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c 
'ln 

[I], [Ie] 

[KROT], [K:OT] 

[K] 

m 

2M 

(M] 

N 

p 

q 

qg 

e q 

~ =G} 

R e 

R 

R,R 

r re/l e 

(SB] 

(STl] 

= element flap displacements generalized 
coordinate, mth flap mode. 

= gyroscopic operator and matrix, Appendix B. 

= element lag displacements. 

= principal moment of inertia for lagwise 
bending. 

principal moment of inertia for flapwise 
bending. 

inertia operator and matrix, Appendix B. 

= operator defined in Appendix B. 

= stiffness matrix in final dynamic equations, 
see Appendix B. 

= length of elastic pcrtion of blade. 

= length of finite element, nondimensionalized 
with respect to £. 

= mass per unit length of the blade. 

= total number of modes used in flap lag 
analysis. 

= mass matrix, defined in Appendix B. 

=number of element shape functions (4). 

= differential operator. 

= unknown function. 

= global approximation to q. 

element, (local) approximation to q. 

=vector of unknown lag and flap displacements. 

= blade elastic coupling parameter. 

blade radius. 

= differential operators. 

= x0 coordinate of inboard node of element e. 

= bending stiffness operator, defined in 
Appendix B. 

= centrifugal tension operator, defined in 
Appendix B. 
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T = 

t 

u 

- -e 
v,v 

- -e 
w,w 

xo 

X = e 

81 

8 
p 

r = 

y 

y 

8 

e 
l;n 

n = 

e 

A 

PA 

(J 

~m 

XO/~ 

XC/~ 

y~4 

6R
4 

2pAbR 
4 

l/3m~ 3 

{yn} 

{n} 
n 

matrix of linear terms in the static equili­
brium equations, Appendix B. 

matrix of nonlinear terms in the static equi­
librium position equations, Appendix B. 

time. 

= tension operators and matrices defined in 
Appendix B. 

axial displacement of blade, inextensional. 

global and local lag displacement nondirnen­
sionalized with respect to i. 

global and local flap displacement nondimen­
sionalized with respect to t. 

= spanwise coordinate for elastic portion of 
the blade. 

= element coordinate. 

first fundamental frequency beam constant. 

= precone angle. 

= Lock number 

= vector of element lag interpolation polynomial 

= residual 

= element shape function, defined in global 
domain. 

= vector of element flap interpolation poly­
nomials. 

collective pitch setting. 

:;::; inflow ratio. 

= density of air. 

= blade solidity ratio. 

= global shape function. 
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llt 

Special Symbols 

(") = 

,x 

~ ( ) 

1 d 
n ctt 

3 

d 
dt/1 

= matrix of global shape function. 

modal transformation matrix. 

= first nonrotating lag frequency. 

first nonrotating flap frequency. 

first rotating uncoupled lag and flap fre­
quency, nondimensionalized with respect to 
n. 

speed of rotation. 

= azimuth angle, dimensionless time coordinate. 

= element shape functions. 

= steady state portion of a quantity. 

= perturbation portion of a quantity. 

=vector or matrix quantity. 

= assembled system matrix. 

Appendix B: Definition of Various Expressions 

= r[' exo -
xow ,x 

-c-
- X w 0 

0 ,X X 
:] 
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[CT2) 
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= 
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foe -,xx-,xx 22 £ [y YT B 

n YT B 
-,xx-,xx 23 

[

2!,
0
x0 (v o > 

,X X 

0 

0 

0 

-,xx-~xx 23 y nT B ] 

n n s 
-~xx-,xx 33 

l 

dxe 

dx 
e 

/e[ eOTrxe T-: eOTrxe T-J-
Jo Y2 (!J ) 'a Y,xY,xdxe! X 2 (\f~) !o ~,x~,xdxe dxe 

0 e 0 -,x-,x 1: 
[f 

~e dX 2(hio) Tf~iy yT dx. ,: ~ e dxe2(9io) Tfo~iD,xX~xdxil 
= I 

Q : Q 
I 

l 
2D (v fx X ,X 

0 
0 

2D (w ~ ) 
X ,X 

0 
0 

[~JT(Fs} 
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c 
+ 2 do x 

a 0 

- 28x 
0 

-28 v - w 
p 

v 

-vw 2 
,x + xov w ] ,x ,x 

0 

~ 
J e 

0 

= r /e [ ~ 
0 0 

9, [ 0 
[o~] = r f e 

0 0 

{F) 

[ I) 

~ 

J e 
0 

T -
[~] {F}dx 

e 
[ G J 

~ 

[Ke J = f e ( [~]T[KROT]['!'])dxe 
ROT O 
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l e 
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TABLE 1: COMPARISON OF GLOBAL GALERKIN AND FINITE ELEMENT GALERKIN METHODS 

- -
a = 0.05; el = 0; y = 5.0; WFlNR = 0.4; wLlNR = 1.1; Re = 1.0 

Finite element results based on 3 elements and l mode per degree of freedom 
Global Galerkin results based on 1 mode per degree of freedom. 

;;)Ll (6=0) 

;;)Fl (6=0) 

ho 

0 
9 

~1 lag 

~1 flap 

Global Galerkin FEM 

e = o.2o 6 = 0.20 

1.179967 1.18026 

1.140290 1.14150 

.016719 .016484 

.070289 .066521 

-.026198 -.026168 

-.307892 -.308048 

ll% = FEM-Global Galerkin 
Global Galerkin 

~lobal Galerkin FEM 

6 = o.45 6 = 0.45 

1.179967 1.18026 

1.140290 1.14150 

(-1.4% .087953 .086768 

(-5.4%) .187816 .177959 

(-.11% -.066079 -.065838 

(. 05%) -.28126 -.281628 

(-1.3%) 

(-5.2%) 

(-.36%) 

( .13%) 
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Figure la, Typical Description of 
the Undeformed Blade in the 
Rotating system x,y,z (i,j,k) - - -
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03 AND 6 ELEMENTS 
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SOLUTION 
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Figure 2. Comparison of the 
Methods in Calculating Funda­
mental Flap and Lag Frequencies 
of a Rotating Blade 
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TOP VIEW 

Figure lb. Geometry of the Elastic 
AXis of the Deformed Blade and 
Schematic Description of the Finite 
Element Model 
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GLOBAL {-··- WNR1• 0.178 
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Figure 3. Comparison of the !1ethods 
in Calculating First and Second 
Flapwise Mode Shapes of a Rotating 
Beam 
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Figure 4. Convergence of the Flap-Lag Stability Boundaries 
When the Number of Elements is Changed* (a = 0.05; y = 5.0; 
e1 = o, wF1 = 1.0689) 
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Figure 5. Convergence of Flap-Lap Stability Boundaries when 
~he Number of Modes is Changed* (a = 0.05; y = 5.0; el = 0; 
WFl = l. 0689) 

is critical collective pitch setting at which linearized 
system becomes unstable 
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