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SUMMARY 

Feasibility of simplifying coupled lag-flap-torsional models is 
explored for the low-frequency stability of isolated hingeless rotor 
blades in forward flight. The non-linear equations of moderate 
tions with appropriate geometric nonlinearities are valid. ,to third 
order, so are the perturbed linear equations about time dependent equi­
librium (trim) positions. Aerodynamic strip theory based on a .quasi­
steady approximation of two-dimensional unsteady airfoil theory is 
used. ·Under linear and quasi linear propulsive trim conditions, stabi­
lity is investigated for four cases: a base-line model with elastic 
lag bending, .. flap bimding. and torsion degrees of freedom; the modified 
elastic lag-flap model that. neglec.ts only torsional .dynamic effects, 
and the rigid blade models with and without quasisteady approximation 
to torsion. The method of equivalent Lock number and drag coefficient 
is used for qualitative insights into dynamic inflow effects. The 
range of validity of the modified elastic lag-flap and rigid lag-flap 
models is outlined with respect to torsional frequencies for soft 
(including matched stiffness) and stiff inplane rotors. 

1. Introduction 

. .R7c7ntly, m';'chprogress has bee:' made in pre?icting.low-frequenc)' 
1nstab1l1t1es of h1ngeless rotorcraft 1n forward Such · 
instabilities usually.refer to single blade.lag mode instability and to 

lag regressing mode instabilities under hub-fixed and hub­
free conditions. For most of these .studies, the simplest model refers 
to the rigid lag-flap model with quasi-steady approximation to torsion 
and hub flexibilityl,4. And, because of model simplicity, it was also 
relatively simpler to understand the importance of certain nonlinear 
terms' coupling parameters' trim posit ions and dynamic inflow. 

However, for the stability analysis of isolated hingeless rotor 
blades with low torsional frequency (say, Wcj> :> 3), an el'astic 
lag-flap-torsional or CLFT model is recommended; as discussed in refe­
rence 2 in hover arid reference 3 in forward flight. Reference. 2 also 
shows that except for blades with low torsional frequency, the bulk of 
the effects of torsion can be captured. by including only the structural 
terms in the torsion equation (neglecting torsional dynamic effects). 
The feasibility of Such a simplified model (modifi.ed elastic lag-flap 
model) under the analytically damanding conditions of forward flight 
has not been explored so far. Since a CLFT model analysis is availa­
ble in forward flightl,3 and since it is recommended for isolated 
blades with low torsional frequericyl-3, it is worthwhile to touch upon 



the necessity and the feasibility of a simplified model. 

A CLFT model intrinsically has a large number of degrees of 
freedom in multiblade lag mode stability analyses under hub-fixed and 
hub-free conditions ·and, to some extent, in single blade stability 
analysis as well. , Such a model requires nonlinear equations that 
appropriately account for geometric nonlinearities associated with 
moderate deflectionsl-3. Further, perturbed linear equations 
require time dependent nonlinear equilibrium (trim) solutionsl,3,6: 
Also, ';the Floquetc;analysis gives eigenmodes with frequency ambivalence 
and with diminished physical meaning. In general, the fewer the 
degrees of freedom, the simpler is the model synthesis, trimming and 
mode visibility7,8, It is expected that the complexity of the CLFT 
model practically precludes its use as a conceptual model, particu­
larly for multiblade lag mode stability analyses. Past experience 
in multiblade analyses with the rigid lag-flap model with dynamic 
inflow or with the rigid flap-torsion model with active controls 
supports this expectation4,9-12. Further, in multiblade analyses, by, 
comparison to single blade analysis, the lag regressing mode frequency 
is usually much less than the corresponding torsional regressing mode 
frequency4,10. Heuristically stated, with the use of a simplified 
model the error in single blade analysis should serve as an upper-bound 
on the error in multiblade analyses. 

As for the feasibility of simplified models, it is explored 
comprehensively under forward flight conditions in the following 
respects: 

1. The CLFT model is taken as the base-line or 'exact' model. 
The modified elastic lag-flap model without torsional dynamics is 
studied with respect to this base-line model for both soft and stiff 
inplane rotors in combination with low., intermediate and high torsional 
frequencies (CJq, < 3, 3 ::; OJq, ::; 5, OJq, ?: 10). 

2. The stability of the base-line model also inlcudes the 
stiff inplane case with low torsional frequencies for ~ > 0.25 (when 
sudden degradation in stability is observed3), and the matched stiff­
ness case (for which available lag mode damping data exhibit slight 
discrepancies in hover2, 15). 

3. For a reasonably comprehensive coverage of rotor blade 
models that vary from rigid to elastic blades, five models of increas­
ing complexity are treated -- two rigid lag-flap models without and 
with quasisteady approximation to torsion; the CLFT model with N = 1; 
the modified elastic lag-flap model with N = 2 and the base-line model 
(CLFT model with N = 2). 

4. The e.ffects of lag-flap structural coupling and equivalent 
kinematic pitch-lag and pit.ch-flap couplings are included. These 
couplings significantly influence stability, and for low pitch values, 
have almost identical physical significance with respect to rigid and 
elastic blades. 

5. Dynamic inflow effects are included by the method of 
equivalent Lock number and drag coefficient. This method is used in 
the absence of a viable dynamic inflow model for rotors with one and 
two blades 13. Inspite of the absence of regressing modes, it should 
provide qualitative insights into the effects of dynamic inflow. 
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6. The damping levels from the five models are presented for 
the propulsive trim condition with f = 0.01 for (i) time-invariant 
linear steady state response of the rigid lag-flap models and (ii) 
time-variant quasi-linear steady state responses of the base-line 
model. Though such a presentation is an artifact due to using an 
equilibrium solution not intrinsic to a particular model, it provides 
an objective measure of direct comparison between the rigid and elas­
tic blade models, without being biased by trim solutions. 

II. Equations of Motion 

The following is a brief account of generating the equations of 
motion, for details, e.g. ordering scheme etc. see reference 14. The 
manually derived nonlinear partial differential equations are checked 
term by term by symbolically generated equations using the method of 
reference 18. 

The geometry of the rotor blade with the co-ordinate system and 
elastic displacements is shown in Figure 1. The main assumptions are: 
(a) the blade has uniform mass and stiffness distributions; (b) the 
blade has no pretwist; (c) chordwise offsets of the elastic axis, mass. 
centre axis and aerodynamic centre axis are zero; (d) the aerodynamic 
forces are derived from a strip theory with a quasisteady approxima­
tion of two dimensional unsteady airfoil theory; (e) the blade under­
goes moderate deflections and (f) the compressibility and stall effects 
are negligible. An essential feature of the derivation is that terms 
of the order 0(8 3

) are retained throughout, where 8 is a small para­
meter of the order of bending slopes. The complete set of coupled 
lag-flap torsional equations of motion are given in reference 14. 
However, to stress the generality and complexity of the equations of 
motion, as an example, the lead-lag equation is given in Appendix A. 
The underlined terms in equation (A-1) correspond to the terms in the 
equation.s (B-4) and (B-6) given in reference 3 when chordwise offsets, 
precone, structural damping and hinge offsets are ignored. However, 
equations with precone are given in reference 14. 

Solution of the Equations 

The system of coupled nonlinear, partial differential equations 
of motion with periodic coefficients is transformed into a system of 
ordinary nonlinear differential equations by Galerkin' s method. The 
elastic degrees 'of freedom, v, w and ¢ are expressed in terms of a 
series of generalized coordinates and mode shape functions as follows: 

N 
v = l: 

j=l 
Vj(1JJ) 1J!j(x) 

N 

I Wj(1JJ) 1J!j{x) 
j=l 

w = 

N 

I <!>j(1JJ) 1J!j(x) 
j=l 

¢ = 

The standard nonrotating, uncoupled mode shapes for a uniform beam are 
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assumed for .the bending and torsional deflections2. In the analysis, 
two modes each for flap bending, lag bending and torsion are assumed, 
This results in six modal equations in terms of generalized co-ordinates 
vl' v2, wl, w2 , ~ 1 and ~ 2 . 

Trim Procedure3,6 

It is known that. the solution of the aeroelastic stability 
equations in forward flight are inherently coupled with the trim state 
of the complete helicopter, In the present method, the trim state is 
obtained by performing a trim analysis under the following conditions: 
(a) only the first elastic flap mode is important; (b) all harmonics 
associated with the first flap mode are included as in reference 3; and 
(c) the. helicopter is in straight and steady level flight condition, 
The control trim inputs .refer to propulsive trim which simulates actual 
forward flight condition~~ The non-dimensional weight coefficient is 
assumed to be equal to the thrust coefficient, The vertical and hori~ 
zontal force equilibrium and zero pitching and rolling moment conditions 
are maintained, Figure 2 shows typical co~trol inputs under propulsive 
trim conditions; 

·rime Dependent Equilibrium Position, and Stabilitr 

To obtain. the time dependent equilibrium position, the system of 
equations for the hingeless blade in forward iswritten in state 
variable form. The analysis is carried out for the linear system and 
the complete nonlinear system as given in reference 3. Once the time 
dependent equilibrium position is obtained, the stability of the system 
is studied by perturbing it. about the corresponding equilibrium posi­
tion. The squares of perturbation quantities are neglected. The 
stability of the linearized system is determined from Floquet theory 
using single pass approach7. 

The various parameter .values used in the analysis are given in 
Table I, which also indicates the base-line configuration., Figures 3 
and 4 show typical steady state response solutions for the blade tip. 
Figure 3 shows the response of the first flap mode for a soft inplane 
rotor for 11 = 0.2 with Wv = 0. 7, w~ = 5.0 and R = LO. Three curves 
are depicted in Figures 3 and 4. The curve deno.ted as "rigid blade" 
shows the time invariant value obtained from the rigid blade analysis8,9, 
The curve denoted as "linear' corresponds to the linear periodic 
response obtained by neglecting all nonlinear terms. The curve, deno­
ted as "quasi:-linear" refers to the linearized"_response which corres­
ponds to K = 1 according to reference 3, where K is an iteration index 
used in quasilinearization. The results obtained from the linearized 
response C.K= 1) differed little from those obtained from the first · 
approximation of the fully nonlinear response (K = 2). Therefore, 
only the linearized response (K = 1) values have been used in predict­
ing stability. Figure 4 shows similar results for the first lag mode. 
It is seen that the nonlinear terms. have a pronounced effect on the 
response, as observed in reference 3. 

III. Bending-Torsion Structural Coupling 

The treatment of equivalent kinematic pitch-flap and pitch-lag 
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Table I BASE-LINE CONFIGURATION AND ADDITIONAL PARAMETER VALUES 
FOR NUMERICAL RESULTS 

Parameters Base-line Parameter 
Values 

Additional Parameter 
Values 

" __ ,.. Wv 0.7, 1.5 Variable 

Ww 1.15 

Wq, 2.5, 5.0, 10.0 Variable 

ll 0.3 0.0 - 0.4 

R 1.0 0.0, 0.5 

km/R 0.025 

km1/km2 0.0 

(kA/km) 2 1,5 

y 5.5 

(J 0.07 

cw 0.005 

c/R 'tt/40 

cdo 0.01 

Trim f ; 0.01 

N 2 1 

couplings generated by the nonlinear structural bending torsion coup­
lings is given in reference 2 for hover. ·An extension of this analysis 
under demanding conditions of forward flight is given in refernce 14. 
A brief account of this analysis follows; (for additional details see 
reference 14). 

Consider the following structuraL terms in the torsion equation, 
viz., 

- GJ (~ ;- w' v'' • + v'' w' •) 

+ (Eiz• - Eiy•) cos (2R6) (v'' w'' + <I> w'' w'' - <f> v'' v' ') 

Eiy') sin (2R6) (';w' 'w' • ';v' 'v'' - 2 <P v' 'w' ') 

..... (1) 
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The singly underlined terms correspond to those given in equation (38) 
of reference 2. Since v, wand pare of the order 0(£), the doubly 
underlined terms are at least 0(£ 2

), Retaining all the terms in 
equations (1), the corresponding expressions for 6~ and Bt arel4. 

= l m 02 G~ R2 {Flll Vol + G111 Vod . 

(Eizl - Ely I) 
cos (2R6) (Glll v01 + 

m 02 k2 R_2 
2 M1111 ~01 W01) 

m 

(EIZ I - EIY I) 
(2R8) (Glll WOl - 2 Muu ~01 Vol)Jx ~ , sin 

m 0 2 ~ R.2 

1- GJ 
e~ = (Flll Wol + G111 Wol) 

m 02 ~ R.z 
•, 

(~2 - ~1) 
2 cos (28) Hlll ~Ol 

~2 

(Eizl - Ely I) 

m 02 ~·R.2 
cos (2RB) (Glll Wol - 2 M1111 ~01 Vol) 

(Eizl - Eiy I) ~1 Vol)] X ~ sin (2RB) <- c111 v01 - 2 M1111 
m 0 2 k2 iF m 

..... (2) 

where X 
2 

- 1 + (26) = (j)~ cos 

2 ~- ~ k2 GJ 11
2 

(j)~ 
2 1 A = + -::-r Nu + 

k2 km 4 m 0 2 k2 iF m m 

2 (k 2 
- k!l) m2 

Hu1 v01 cos (26)' + 
k2 m· 

Flll = J81 ¢J. t/Ji II dx, G111 = J el ¢].I t/Ji I dx, 

11u = Jel 
I 

¢1 81 dx, ell = J x 81 ¢1 dx, 

Muu = Je~¢]. 12 dx nu = Je 1 ¢~ dx 
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The underlined terms in equation (2) correspond to those in equation (40) 
of reference 2. 

In this analysis, 8S and 8~ are computed at different azimuthal 
stations and then time averaged to yield equivalent es and e~ values for 
a particular advance ratio, lJ, Figures Sa and Sb show the azimuthal 
variations of 8S and 8~ for a soft inplane rotor with R = 1.0 and for 
\l = 0.1 and 0.4, The time averaged values of 6S and 8~ are shown by 
do ted lines in Figures ·Sa and Sb. The value of 8 ~ remains negative at 
all azimuthal positions. However, the values of 8S become positive 
over a small. region around 1jJ = 180° for ll = 0 ,1. This region expands 
with increasing \1, see Figure Sb, for ll = 0.4. The Figures 6a and 6b 
present the time averaged values of 8S and 8~ for soft and stiff inplane 
rotors for \l = 0.0 to 0.4 with R = 1.0. Figures 6a and 6b (R = 1) show 
that the time averaged values of es and 8~ are smaller for soft inplane 
rotors compared to corresponding values of stiff inplane rotors. As 
expected, for high torsional frequencies, wq, > 10, the couplings become 
very small, whereas for very low torsional frequencies, W¢ < 3.0; the 
couplings become large and dominant. 

IV, Numerical Results 

Numerical results primarily refer to the damping levels of the 
first lag mode which is a low frequency mode. For hingeless rotor 
blades, the low-frequency instability usually involves this mode near 
the fundamental lag bending natural frequency Wy• Figure 7 shows the 
base-line configuration for both soft (wv = 0.7) and stiff (wv = l.S) 
inplane rotors. For rotor blades, the fundamental torsional frequency 
or wq, usually varies from 3 to 8. Therefore, for illustration, we 
select Wq, = 2. S and S for the soft inplane case and Wq, = S for the stiff 
inplane case. It should be pointed out that the numerical work . 
presented in this paper forms only a fraction of the results in refe­
rence 14. The parameter R in Figure 7 represents flag-lag structural 
coupling, which varies from zero to one. For small pitch angles, R has 
the same connotation for ·'.·both the CLFT models and for the rigid blade 
models (rigid flap-lag models without and with quasisteady approximation 
to torsion and hub flexibility). Therefore the same symbol R has been 
used to typify flap-lag coupling for both elastic and rigid blade models .. 
The physical significance of R ·.is extensively discussed in the litera­
ture; for example, see reference 2 for the elastic case and reference S 
for the rigid case. However; it is good to mention that a thorough 
treatment of flap-lag coupling to include hub flexibility is an involved 
problem and that the term 'hub 1 refers to the inboard position of the 
blade system which does not rotate with pitch. The inclusion of hub 
flexibility through the introduction of a single parameter R (replacing 
8 by R8 only in the structural term of the blade equations) is a highly 
simplified means of including hub flexibility, no matter how sophisti­
cated the blade representation is. Therefore, in the sequel, quantita­
tive comparisons with the base-line configurations are used for 
convenience of discussion and they should be viewed only in the context 
of establishing valid trends concerning simplified CLFT models. 

In Figure 7, ·since R varies from 0 to 1, we have used three 
values of R- 0.0, O.S and LO- in combination with each value of wq,. 
It is seen. that the first lag mode damping for a given wq,, shows almost 
identical trends for all the three values of R for both soft and stiff 
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inplane configurations. 
we "have taken R = 1, and 
refe~:erice 14. 

Therefore, for the remaining set of results 
additional data for R :;: 1 are available in " 

Another question that concerns the base-line configuration is the 
n~ber of elastic modes. There is a substantial quantitative differ~ 
en:c'e in the damping data, between the CLFT models with N = 1 and 2, 
although qualitatively both the models depict similar trends, Prelimi­
nary data showl4 that N > 2, this quantitative difference is not at all 
appreciable to warrant the use of a base-line configuration with more 
than two elastic modes for each degree of freedom. Therefore, in the 
p"resent exploratory study we have taken N = 2 for the base-line configu-
r~i=. " 

Thus far, we stud1ed the first lag mode damping values of the 
base-line model for two discrete values of the fundamental lag frequency, 
~v· Since Wv is an important parameter, it is equally instructive to 

!'continue this study over a continuou,s spectrum of Wv values. Such a 
study is a valuable guide for exploring the feasibility of simplifying 
the base-line model, and it is taken up in Figures 8 to 10. For hover, 
Figure 8a with 8 = 0,17 shows identical trends when compared to Figure 
44 of reference 2 for which 8 = 0.3. Thus, from the hovering case to 
]J = 0.1 (Figure Bh) the lag damping increases with decreasing wq,, except 
for w<D values less than the matched stiffness values. For ]J = 0.2, as 
seen hom Figure 9a," the variation in lag damping begins to show changing 
trends for the stiff inplane configuration. As a matter of fact for 
]J = !).3 (Figure 9b), the variation in lag damping is difficult to charac-
terize dn a simple way for the stiff inplane configuration. And from 
Figures 9b and 10 for which ]J = 0.3 and 0.4 respectively, we see that the 
case with wq, = 2.5 exhibits increasing destabilizing trend with" increasing 
Wv· It also appears that rotor blades with excessive torsional flexi­
bility (say, wq, ::; 3.0) are not desirable for stiff inplane rotors for 
high speed flight regimes (]J <! 0.25). Figure 10 with ]J = 0.4 is basi­
cally an extrapolated version of Figure 9b with"]J = 0.3. The question 
natuaally arises as to why the torsionally "flexible blade with wq, = 2.5 
shows strongly destabilising trends with increasing ]J in sharp contrast 
to ):the ,othe.r two configurations with w¥,= 5 and 10, A studY' of this 
question is taken upin Figure 11 which shows the first lag mode damping 
as a function of ]J for various values of wq,. Figure 11 :~learly shows 
that for Web = 2.5, the damping level basically remains constant for 
]J ::: 0.2 ani! it drops rather suddently, exhibiting abrupt degrailation in 
stability margins in contrast to, the cases with wq, ;:: 3. 5 for which lag 

"mode damping slightly increases, with increasing ]J. For "the intermediate 
case with wq, = 3.0, the damping level shows slighlly decreasing trendfor 
]J > 0,3. We also mention that the variation of lag damping of Figure 11 
is consistent with an earlier study3; also see reference 14. Thus the 
data" in Figure ,ll basically confirm the unexpected variation in damping 
levels of blades which have' excessive torsional flexibility, as depicted 
in Figure 10. Although the data in Figure 11 are consistent with those 
of Figures 9 and 10, it would require further investigation' t() explain' 
physically why the damping level suddenly drops for ]J > 0.2 or so, for 
blades that are highly torsionally flexible for the stiff inplane confi-
guration, According to reference 3, such a sudden degradation in 
stability' is associated with the change in the sign of structural 
coupling terms when the model changes from the soft inplane configura-
tion to the stiff inplane one. This explanation seems to merit further 
scrutiny since this sudden degradation in stability margins is associated 
with high advance ratio flight regimes. From Figur,es 6a and, 6b ,",the, 
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negative pitch-flap coupling shows a suddenly in'creasing trend tmlyfor 
the stiff inplane configuration for ~ > 0.2. It is generally recognised 
'that negative pitch-flap coupling is destabilizing in forward flight. 
Thus, fo~ the stiff inplane case, the increasing values of negative 
pitch-flap coupling for ~ > 0.2 might partly e;xpll:dn the suddet1·degrada­
tion in stability margins observed in Figure 11 for· W~ = 2,5 and for 
~ > 0.2. 

Before we close the discussion of Figur.e.s 8 to 10, it is good to 
touch upon the matched stiffness case in some detail particularly in view 
ofthe findings of reference 15. For the matched stiffness case as seen 
from Figures 8 to 10, the lag mode damping levels are independent of 
torsional frequency both in hover and forward flight, as was the case in 
reference 2 in hover. In the present study, terms O(s 3 ) are retained 
throughout, whereas in reference 2, terms O(s 3 ) are retained only when 
they contribute to damping, Therefore, as seen from equation (2), 6S 
and 6~ are not identically equal to zero in matched stiffness case, 
although non-zero values of e6 and 0( are of order O(s 3

) which are of 
little computational consequence. ln other words, the present study 
shows the same variation in lag damping for the matched stiffness case as 
in reference 2, ·However, in a recent study in hoverl5, the damping 
level ocurves do not cross at the matched stiffness frequency values. 
This aspect of the problem is further being pursued, 

After having studied the base-line configuration, we come to 
assessing the adequacy of two types of simplified models as possible 
alternatives to the base-line configuration, The first type refers to 
the simplified .CLFT model or the .modified flap-lag (MFL) model with quasi-
steady approximation to torsion. The second type refers to the rigid 
blade model .. with and without quasisteady approximation to torsion. The 
data from Figure 12 to 21 refer to the adequacy of these simplified 
models in predicting first lag mode damping, The quasisteady approxi-
mation implies that torsional dynamic effects are neglected, For 
example, based on order of magnitude considerations, ~j and ~j terms are 
neglected, but the dominant.torsional structural stiffness terms are 
retained1~. Such an approach provides a rational means of capturing 
most of the torsional effects without including torsion as an independent 
degree of freedom. From this approach lag-flap-torsion equations reduce 
to modified lag-flap equations, originally suggested for hovering in 
reference 2. For additional discussion see reference 14 which treats 
the forward flight case for a wide variety of hingeless rotor configura­
tions, including details of algebraic manipulations as well. 

Such simplified models offer promise for multiblade lag mode 
stability analyses .under hub-fixedll, 12 and hub-free (aeromechanical 
stabilitl) conditions8,9, For typical helicopters, the rotors are soft 
inplanel with Wv "' 0. 7 and w<P "' 5. 0, that is, the frequency margin 
(w~/Wv) is close to 7. In the multi blade analyses this margin increases 
to about 4/0.3 or 13. Thus, heuristically stated, the error in using 
the simplified .J!lodels in the. single blade. analysis should serve as an 
upper board on "he expected error in multiblade lag mode stability ana­
lyses. With s;ich simplified models of a single blade, the inclusion 
of dynamic inflow, airframe coupling, control flexibility etc. in multi-
blade analyses become tractable in forward flight, For certain rotor 
configurations and operating conditions, such a simplified model may 
provide only qualitative approximations. However, the tractability of 
the simplified models may out,-.weigh this fact. 
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For assessing the adequacy of the MFL model, we come to Figures 
12 to 14 and Figures 15 to 17 which pertain to soft and stiff inp1ane 
configurations respectively, Here, the damping data from the base-line 
model are compared with those from the MFL model, Figures 12 to 14 
show that the MFL model provides an excellent approximation to the 
base-line model even for w~ = 2,5 (Figure 12), As expected, the accu~ 
rae~y of the MFL model increases with increasing w~, see Figures 13 and 
14. Thus, the MFL model provides a viable alternative to the base-line 
rnQdel for soft inplane rotors. Figure 15 shows similar comparison for 
the. stiff inplane rotor for w~ = 2,5, It is seen that the MFL model 
fails to establish even'qualitatively valid trends, However, for W~ = 
5.0, as shown in Figure 16, the simpler model though quantitatively 
crude, does provide valid qualitative trends and the accuracy of this 
simple model increases with increasing w~, For example, in Figure 17, 
for w~ = 10,0, the. MFL model provides an excellent approximation to the 
base-line model. Thus, for the stiff inplane rotor, the MFL model is 
no.t satisfactory for w~::; 3.0 and it is satisfactory for w~ ~ 5.0. 

In most of the analyses of aeromechanical stability8,9,17 and of 
multiblade lag mode stability under hub-fixed conditions11-13 the blade 
model is either a CLFT model with N = 1~ 7 or a rigid blade model8,9,11-l3. 
Therefore, it is of interest how far these two sets of models compare 
with the base-line configuration in predicting lag mode instability of 
a single blade, . Such a comparison is taken up in Figures 18. to 21. 
For rigid .. blade models, the trim solutions are time invariant, whereas, 
for CLFT models, they are time variant, In the comparison process, we 
have used both the trim solutions for elastic and.~xigid blade models. 
The use of time invariant trim for elastic blade models and time variant 
trim for rigid.~ blade models is at best an artifact. Nevertheless, such 
a two-fold comparison provides an objective measure of comparison with 
the base-line model and rules out the possibility that such a comparison 
process is biased by trim solutions, 

In Figures 18 to 21, we have considered four cases - (i) base­
line model, (ii) CLFT model with N = 1, (iii) rigid blade model with 
quasisteady approximation to torsion, and (iv) rigid blade model without 
torsion. While Figures 19, 20 and 21 use time variant trim solutions, 
Figure 18 use~ time invariant trim solutions, Further, soft inp1ane 
condition Cwv··= 0,7) is used in Figures 18 and 19, and stiff inplane 
condition Cwv = 1.5) is used in Figures 20 and 21. 

Coming to Figure 18, we observe three points, First, the rigid 
blade model with quasisteady approximation to torsion is always better 
than the rigid blade model without torsion, and compares well with the 
CLFT model with N = L Second, those three models which are basically 
'one-elastic-mode' models provide qualitatively valid trends but are 
quantitatively crude approximations to the base-line modeL Third, 
somewhat unexpected, is the case with a high torsional frequency, 
Wq, = 10.0, Even for this case, the simplified models are not appre­
Clably different from the prev~ous case wit~ W~ = 2,5:11. This poi'.'ts to 
the fact that second flap bend1ng, lag bend1ng and tors1on modes lntro­
duce appreciable effects which cannot be captured in the simplified ,. 
models, It should also be mentioned that nonlinear effects in the CLFT 
momel with N = 2 ate relatively more premodinant when compared to the 
CLFT model with N = 1. 

Figure 19 with w~ = 2.5 and 10.0 which uses time variant trim 
solutions depicts the same three points observed earlier. In Figures 20 
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and. 21, we consider the same four models for OJ, = LS. Figure 20 shows 
that simplified models fail even to depict qualitatively correct trends 
for w~ = 2.5, .This matter is further pursued in Figure 21 for Wt = 5,0 
and 10.0 which shows that for wt = 5.0 the rigid blade model is a poor 
approximation even to the CLFT model with N = 1, Only for high values 
of Wt (W¢ :2: 10,0), the three simplified models depict qualitatively 
correct trends, Thus, the gist of the data presented in Figures 18 to 
21 that the rigid blade model with quasisteady approximation to torsion 
can at best predict valid trends only for soft inplane configurations, As 
for the stiff inplane configuration this model provides useful approxima­
tions only for high torsion frequencies (wt 2 10,0), This means that 
most of the multiblade lag mode stability analyses under hub-fixed and 
hub-free conditions warrant further validation on the basis of the MFL or 
the base-line configuration, 

Finally we. come to Figure 22 for a qualitative insight into effects 
of dynamic inflow on the first lag mode damping, Since it is a low- . 
frequency mode~ the damping levels are expected to be affected by dynamic 
inflow4, 9 ,ll,lj, However, with the present state-of-the-art there is no 
viable dynamic inflow model applicable to a single bladed rotor which 
lacks polar symmetry1 3 , The method of equivalent Lock number and drag 
coefficient or the 1 Y1' - c* 1 method is applicable only to low-frequency 
regressing modes, In thedpresent case, in .the absence of the regressing 
modes, the application of the 'y* - C"' 1 method should be viewed as an 
empirical approach" In spite of sucg limitations, the data presented in 
Figure 22 (for R" 0,0 and LO in combination with Wt = 10.0) do indicate 
that with increasing advance ratio. the effect of dynamic inflow decreases, 
an observation consistent with the physics of dynamic inflowl3, It is 
also seen that the effects of ·dynamic fnflow are not, negligible, parti­
cularly in the low advance ratio range (O ::; \l :5 0.25) . 

. V. Concluding Remarks 

The modified elastic lag-flap or the MFL model is based on the fact 
that in the torsion equations, torsional structural t!Orms dominate the 
torsional dynamic terms (inertia and damping). Numerical results in 
forward flight (0 :5 \l :5 0.4) show that this model goes well beyond the 
rigid lag-flap· model with quasisteady approximation to torsion and that 
it provides a viable alternative to the base-cline model (CLFT model with 
N = 2) for soft inplane rotors, This means, as a conceptual model, it 
is satisfactory practically for all hingeless rotor blade configurations 
which usually have soft inplane rotorsl6, By comparison to the base-line 
model, it has fewer degrees of freedom and is so much simpler. Therefore, 
the additions of important effects from control flexibility,, control 
feedback, dynamic inflow, airframe coupling etc., in multiblade analyses 
in forward flight become manageable, 

Numerical res.ults further .demonstrate the following: 

(1) For soft inplane rotors, only the CLFT model with N = 1 is 
to the rigid lag-flap model with quasisteady approximation to 
These tw? models can at hes.t provide only qualitative approxi-

the base-line modeL However, their tractability in multi-

comparable 
torsion. 
mation to 
blade lag 
outweigh~ 

mode stability analyses with airframe coupling etc., may 
this fact. 
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(2) The inclusion of dynamic inflow by the empirical use of 
'y* - c~' 1 method indicates that the inflow effects may be appreciable, 
particularly in the low advance ratio range (0 ~ ~ ~ 0.25). 

(3) For stiff inplane rotor blades, except for w~ ~· 5.0, it is 
difficult to characterise the effect of torsion dynamics in a simpler 
manner. For such cases, a coupled lag-flap-torsional model may be 
necessary to account fo.r torsion dynamics in a reliable manner. However, 
for W~ 2 5.0, the MFL model is satisfactory. Only for high values of w~ 
(w~ 2 10.0), the rigid blade model with quasisteady approximation to 
torsion is qualitatively accurate. 

(4) For the base-line configuration with stiff inplane blades, 
which are excessively flexible torsionally (say, ·:w~~ 3.0) the sudden 
degradation in stability margin in the high advance ratio range (~ ~ 0.25) 
merits further investigation. And so is the case for matched stiffness 
frequency values of the base-line configuration for all values of w~ 
(2.5 :5 w~ :5 lO.OL For this matched stiffness case, in hover2 ,15, the 
lag mode damping values though agree with those of reference 2, indicate 
subtle differences with those of reference 15. 
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Symbols 

a 

c 

Airfoil lift curve slope 

blade chord 

airfoil profile drag coefficient 

equivalent drag coefficient 

thrust coefficient 
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kA 
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kml' km2 
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R 
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u, v, w 

v. 
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W· 
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vo. ' J 

woj 
x, y, z 

x' , y I> z' 

rl 

e 

y 

y* 

A 

p 

eo 

e s; ec 
]J 

(J 

Young's Modulus 

Shear modulus 

torsional stiffness constant 

polan~radius of gyration of blade cross-section 

mass radius of gyration of blade cross~section 

principal mass radii of gyration 

mass of blade per unit length 

number of non-rotating modes for flap bending, lag 
bending and torsional degrees of freedom (equal 
number of modes for flap, lag and torsion), 

blade radius 

flap-lag coupling parameter 

displacements of the elastic axis in the x, y, z 
directions respectively 

generalized co-ordinate for lag degree of freedom 

generalized co-ordinate for flap degree of freedom 

time pependent equilibrium quantity of lead-lag mode 

time dependent equilibrium quantity for flap mode 

undeformed co-ordinate system 

deformed co-ordinate system fixed to blade 

angular velocity 

pitch angle 

Lock number 

equivalent Lock number 

inflow ratio 

density 

collective pitch angle 

cyclic pitch components 

advance ratio 

blade solidity 
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equivalent kinematic pitch-flap and pitch-lag 
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non-rotating flap. and lead-lag bending mode shapes 

rion~rotating torsional mode shape 

time dependent equilibrium quantity of torsion mode· 

elastic torsion deflection 
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Appendix A 

As an illustrative example, we present in the sequel the lae equation 
in which sin e and cos e are not ae111igned a opecifio order ot' magni h4i, 
although e is O(G ). The manually generated equations agree with the 
symbolically generated equations ±':com the method ct' ret'erance 1.8. 
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