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Abstract

A new boundary integral formulation is presented
for the evaluation of the noise radiated in an uniform
medium by generic sources. The method requires the
knowledge of pressure, velocity, and density distur-
bances on a smooth closed surface surrounding the
source, and assumes that the propagation is linear
outside the surface itself. When applied to the predic-
tion of transonic rotor noise the method can be used
in the same manner as Kirchhoff approach, but the
new integral equations are derived releasing the non
penetration condition in the Ffowcs-Williams Hawk-
ings equation. The method is therefore referred as
Kirchhoft-F'WH. The main advantage of the proposed
formulation in respect of Kirchhoff method is that it
does not require the knowledge of the surface pres-
sure normal derivative. Two different formulations
are presented that differ in the way in which a time
derivative is handled. Comparisons with experiment
and with Kirchhoff method are presented for a hover-
ing rotor in transonic conditions at various tip Mach
numbers.

Introduction

The reduction of helicopter external noise has re-
ceived in the last years a greal attention from indus-
tries, both for the more stringent certification rules,
and for the increased sensitivity of community and op-
erators. The availability of fast and robust prediction
codes is clearly a required step towards the develop-
ment of quieter helicopters. Nowdays two different
groups of methods are available, one based on the
Computational AeroAcoustics approach (CAA), and
one based on integral formulations. The first method
permits to solve at the same time the aerodynamic
and aeroacoustic problem, and is based on the solu-
tion of the fluid motion equations with classical field
methods (finite volume, finite difference, finite ele-
ments) [1. The main problem of CAA is that, in order
to avoid the introduction of excessive dissipation, the
required computer resources greatly increases with
observer distance, and nowadays the solution can be
obtained at a reasonable cost only for observers at a
distance of about three times the rotor radius. The

distances that are usually required in realistic calcu-
lations are however 2 or 3 order of magnitude greater
than the rotor radius, and, even considering an in-
crease in computer speed, it is certainly not practical
to apply directly CAA methods for these distances,
The integral methods, instead, require the knowledge
of the aerodynamic flowfield around the rotor, and
permit to obtain the acoustic pressure in any point
of the fleld executing a certain number of integrals.
One of the interesting aspect of integral methods is
that the required computational time is independent
on the observer distance. Typical calculations of rotor
noise are therefore executed in two steps, in the first
one a CFID/CAA code is used to evaluate the nero-
dynamic field, and then an integral method is used to
propagate the pressure disturbance in the far field. It
is important to note that the computational time re-
quired by the integral methods is usually much lower
than the time required to obtain the aerodynamic so-
lution. Nowadays two different integral methods are
available based respectively on Ffows-Williams Hawk-
ings (FWH) and Kirchhoff equations. The FWH for-
mulation is usually referred as a linear approach sim-
ply becsuse in the great part of the implementations
the volume quadrupole terms, that take in account for
the non linearities, are neglected. However, introduc-
ing the volume terms, good results can be obtained
below delocalizasion [2, 3, 4], and there are also some
indications [8, 6] that, if the sonic singularity and the
multiple emission times are correctly handled, good
results can be obtained also at higher Mach numbers.
On the other side the Kirchhoff formulation, obtained
in its actual form by Farassat and Myers [15], permits
to solve linear wave propagation problems once some
flow quantities are g'ven on a closed fictitious surface
surrounding the source. In order to be applied to
transonic rotor noise [10, 11, 12] the surface has to be
placed at a sufficient distance from the rotor in order
to ensure that the propagation be governed by the
linear wave equation outside the surface itself. The
main advantage in respect of FWH approach is that
it is generally faster since only surface integrals have
to be evaluated.

From a physical point of view it is important to real-
ize that Kirchhoff formula is valid for any phenomenon
(optics, acoustics, electromagnetism, ... } governed by
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the linear wave equation, while FWH equation is spe-
cialised for aeroacoustics problems. As a consequence
the Kirchhoff equation is written in term of a single
fluid quantity {the pressure disturbance p’ == p — pg),
while FWH require not only p’ but also the fluid den-
sity p and the fluid perturbation velocity u. Clearly
in order to reconstruct the propagation the Kirchhoff
formulation require some further information that is
provided by the knowledge of the pressure normal
derivative %’;—J. The necessity of specifing %"f:— is cer-
tainly a disadvantage for rotorcraft problems, since,
if discontinuities are present, the numerical evalua-
tion of %% can introduce undesidered smoothing. The
other difference between the two formulations is that
the surface integrals of FWH equation are executed
on a well defined physical surface (the surface of ro-
tor blades), while the Kirchhoff surface is completetly
fictitious being subject to the only restrictions of be-
ing smooth and of enclosing the source with all the
non linear terms. Except from the above limitations,
the surface can be placed anywhere in the field, and
can have a generic motion eventually different from
the motion of source itsell. The degrees ol freedom
allowed in the definition of the Kirchhoff surface rep-
resent certainly an advantage in respect of FWH ap-
proach. For example, in calculation of High Speed
rotor noise in delocalized condition, it is possible to
use a non rotating Kirchhoff surface in order to avoid
problems with surfaces in supersonic motion.

A question arise now spontaneously, if it is possi-
ble to develop an integral formulation specialised for
acroacoustics problems, but that permits the same
flexibility of Kirchhoff formulation. The answer is
yes, and in this work the new formulation is derived
and applied to transonic rotor noise problems. Since
the formulation combines aspects of both FWH and
Kirchhoff approaches it is here referred as Kirchhoft
FWH formulation (KFWH). Two different formula-
tion are presented that differs in the way in which
time derivatives are handled. At the end some com-
parisons with classical Kirchhoff and experiments are
shown for the UH-1H rotor in hover for tip Mach num-
ber up to 0.95.

The FWH Approach

In order to obtain the new formulation the deriva-
tion of FWH and Kirchhoff equation is here outlined
trying to point out the differences and the similarities
between the two approaches.

Consider a generic body immersed in a fluid,
and whose surface Sy be described by the equation
Fo(x, t) = 0, being f, < 0 for points inside the body
(for semplicity we also assume that the function f,
be scaled in such a way that |V(fy)| = 1 for f = 0},
The problem can be modelled replacing the body with
Quid a rest {p’ == 0, p = pg, u = 0}, and the governing

equations can be written as:

dp a
3_t * 835_

(pusi) =0 1

8 3]
Bt (pus) + 3_:(:,,- (Pij + pusug) =0 (2)
Where Pj; is the fluid compressive stress tensor, p is
the density, and u; is the fluid perturbation velocity.
The above equations represent respectively mass and
momentum conservation, and are valid, with the re-
spective boundary conditions, in the two regions sep-
arated by the surface Sp. In order to obtain a single
equation valid both for f, < 0 and f, > 0 the surface
S, has to be considered as a discontinuity surface, and
all the fluid quantities have to be regarded as gener-
alized functions. Exploiting the properties of gener-
alized derivatives we can obtain a non homogeneous
version of the continuity equation that can be written
as [9:

idp 3
ot + Oz

(pus) potind(fs) (3)

- (o~ po) (un = vn) 6(fs)

The second term on the right hand side disappears
in the classical formulation since the non penetrat-
ing condition states that (uyp — vy) = 0. In a similar
way the generalized version of the momentum equa-
tion can be obtained:

a 8
Fn {pus) -+ oy (Pij + pusuz) = Pimn;6(fs)

-+ (P’U'i) (“n - '”n) 6(fb) (4)

Whaore P'ifj = Pj; —poéi; is the perturbation stress ten-
sor, and d;; is the Kronecker delta. Also in this case
the sccond term on the right hand side vanishes since
flow is not allowed accross 5. It is now possible to
assemble egs. (3) and (4) following a standard proce-
dure as outlined by Brandao [9]. The first step is to
take the generalized derivative of eq. (4) with respect
to xz; and to subtract the generalized time derivative
of eq. {3). Then the term 02%(;; can be subtracted
from the result of the previous operations. With some
further manipulations, and considering that pg and po
are constant accross Sj the final form of FWH equa-

tion can be written as:
a

02 [2(p — po)| = 5 [potend(fs}]
g

~ B {Pims6(fs)]
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(5)
Where T Pl -+ pugug — (o — po)di; is the
Lighthill’s stress tensor. If the perturbations are small
the term ¢?(p—po) can be substituted by p’ and there-
fore eq. (5) can be used to evaluate the pressure dis-
turbance. It must be pointed out that the hypotesis
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of small perturbances has to be verified only at the
observer location, while no restriction in posed near
the body. Using standard Green function approach
eq. (5) can be rewritten as an integral equation where
the first two terms on the right hand side represent
integrals on the surface Sp of the body (Thickness
and Loading), while the last term generates a volume
integral that describe the quadrupole contribution.

The Kirchhoff Approach

In oxder to better understand the common aspects
of the two approaches we will start the derivation of
Kirchheff formulation a little upstream of what is usu-
ally dome. Also in this case we consider a body B
whose surface S} is described by the equation fp = 0,
and immersed in a fluid medium. The motion is
clearly governed by the continuity and momentum
equations (1}(2}. Let’s now consider a generic closed
and smooth surface S of arbitrary shape and motion,
defined by f(x,¢) = 0 (|V(Nl = 1 for f == 0), and
try to evaluate the noise radiated by the body B for
observers placed outside 5. If the surface S is far
enough. from the body B, then the fluid outside S can
be considered to be inviscid, the motion isoentropic
and irretational, and the perturbances small. With
these hypothesis egs. (1}(2) can be rewritien as the
standard wave equation:

2,/

%aanZ _ V‘Zpr = I:]Zpt = ) (6)
being ¢ is the speed of sound in the undisturbed
medium. The sound propagation outside S can there-
fore be modelied replacing the volume inside § with
fluid at rest (p’ = 0}, and intreducing a discontinuity
surface accross 5. At this point, exploiting the prop-
erties of generalized derivatives, the non homogeneous
version of eq. (6) can be obtained [15]:

20 op' My o'
Wy = _(8n ¢ 6t>6(f)
19 ,
- T [(Mnp'8 ()] (7)

- % Ip'nss (1))

Where n is the unit vector normal to the surface 5 and
pointing outwards, M, = vn:/c is the Mach munber
in the normal direction. The integral formulation can
be easily obtained from eq. {7) using Green function
approach.

The first KFWH Equation

From the above derivations it is clear that FWH
and Kirchhoff can be seen as different descriptions
of the same phenemenon since they can be obtained
starting from the same physical problem described

with the same equations (1)(2). The differences be-
tween the two formulations are due to some choices
that are made in the derivation process. The first
choice is that for the Kirchhoff equation some simplif-
ing hypothesis are introduced in the early stages of
derivation, while no assumption is made for the FWH
equation. The second difference is that the disconti-
nuity surface S is imposed to be coincident with the
surface Sp of the body in the FWH equation, while no
limitation is given for § in the Kirchhoff method. A
new formulation, that combines the positive aspects of
FWH and Kirchhoff approaches, can at this stage ob-
tained in a few steps, and the procedure for its deriva-
tion can be interpreted in two different ways. From
one side one can think to follow the same aproach
used for the derivation of the FWIH equation, using
hovewer a fictitious discontinuity surface § not nec-
essarily coincident with S,. On the other side one
can think to start from the continuity and momen-
tum equations and to follow the same procedure used
in the derivation of Kirchhoff formulation with the
difference that the simplifing hypothesis are no more

introduced. Clearly from a practical point of view

the approach is exactly the same. Starting from egs.
(1) (2), we introduce therefore a generic discontinuity
surface S, and replace the volume inside & with fluid
at rost {p’ = 0, p =0, u = 0). The non homogeneous
versions of egs. (1) (2} are simply obtained from egs.
(3) (4} once fp is replaced with f. It is however very
important te note that, since the surface S is ficti-
tious, the non penetration condition is no more veri-
fied, and, in order to obtain correct results, we have
to allow a fluid flow accross S. Equations (3} and (4)
can therefore be assemblesd adopting the same pro-
cedure used above with the only attention that now
the terms containing (1, ~ vn) = 0 can no more be
neglected. The result can be written as:

02 [cz(p - po)] = _{;% lpound(f)]

8 . d%Ty;

(8)

2 [(p = po) (an = 90) 6(1)]
il

G, o (un —vn) 8(f)]

Where Ty = P{j o pusug — 32(,0 - pp)d;; is the
Lighthill’s stress tensor. Iiquation (8) can be inter-
preted a medified version of FWH equation extended
to the case in which flux flow is allowed on the discon-
tinuity surface. Clearly if the surface 5 is concident
with the body surface Sy, the flow is zero and the clas-
sical FWII equation is obtained.

It is interesting to note that eq. (8) can be rear-
ranged in order to have the same formal aspect of the
classical FWH equation. Defining the quantities U;
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and L;; as:

Uy =

1%+<£—d)@r—w) 9)

Lij = Py pug(uj —vy) (10)

eq. {8) can be rewritien as:

0 [P po)] = o lpoUnd(f)]

- % (Lign;6(f)]

8%

+

(11}
that is identical to the classical FWH equation if u, is
replaced with U, and P, with L,.;. The terms U; and
L;; here introduced can be interpreted respectively as
a modified velocity and a modified stress tensor, that
take in account for the flux flow acros: S. It is so
possible to conclude that FWII equation is still valid
for permeable surfaces if the modified + =locity and
stress tensor are introduced.

The Green funciion G of the unbounded three di-
mentional space is defined as ¢ = §(g./r, where
r =[x —y¥|, g =t—7 —rfe, and where x,y rep-
resents respectively observer and source pesition and
t,7 observer and source time. Executing a convolution
of eq. (8) with the Green function G it is possible to
recast the above equation in an integral form, that,
for a not deformable surface S, can be written as:

4 (o~ po) =

. 2 [ﬂoun + (p — po) (un = Un)] s
83 5 J‘ll - M’r| ret

+ l_‘g_/ [P:v + pur (un — ’”“)} 15
cdt jgs :,,.| 1 — M, ret

Pl A puy (uy — 'Un):|
-+ LA ds 12
fs [ 2|1 — M| ot (12)

B, m

I O T
2 Ot? v 'rll - M?'g et
12 8T~ T

+ __f ST gy
¢ 8t Jy |31 — My ret

IR e
v 7'3|1MM7'% ret

Where M, = w;r;/c is the Mach number in the ob-
server divection, Ty = Tyjriry, and Ty = T + Tag -+
Taa. Besides V' is the volume external to the surface
§ (f > 0), and the symbol [, means, as usual, eval-
uation at the retarded time 7% =t — r/c. In order to
obtain eq. (12) the following formula [15}:

g [8(g) 1o i) mﬂﬂ
e[, e ], 0

cdt | r2
has been used to transform space derivatives in time
derivatives. Equation (12) can be seen as a bound-
ary integral equation that, for any point external

]
—-
H

to a generically moving surface 3, relates the den-
sity disturbance with the values of pressure, veloc-
ity, and density on the surface itself, and with the
Lighthill stress tensor in the volume external to the
surface. This equation has been derived directly from
the equation of conservation of mass and momentum
without any further assumption and so can be applied
to a generic surface independently if the propagation
is linear outside the surface or not. If the surface S
is placed on the body the classical FWH equation is
obtained and the non linear propagation effects are
taken in account by the quadrupole volume terms.
Instead if the surface is far enough from the body,
then the Lighthill stress tensor outside § can be ne-
glected and, using the relation ¢?(p — pg) = ', valid
if perturbations are small, eq. (12) can be rewritten

as:
o) potn -+ (P - PO) (Un - Un)
drp’ = — ds
r 8t Js [ 1 = M) ot
o .];..{:)._ P':Lr + Pty (tiy ~ Un ) dg
cdt Jg Tl — M| et

+ f ‘:P;w A prup {Un — ”n)} ds (14)
" 8 7“‘(2!1 - MT! ret

This formula together with eq. (18} is the main results
of ‘his paper and is here referred as first Kirchhoff-
FPWH equation (KI'WH).

It can be interesting to note that, if the surface S is
placed near the body, then a sort of mized formulation
can be obtained, in which part of the non linearities
are taken in account by the quadrupole volume terms,
and part by the surface integrals.

Let’s now compare the above equation with both
FWI and Kirchhoff approaches. The advantages of
eq. (14) in respect of the Kirchhoff formulation are
due to the fact that KEWI approach is more closely
related to the nature of the sound propagation, while
the Kirchhoff formulation is valid for any phenomenon
governed by the wave equation, independently on the
nature of the phenomenon itself. This is the reason
for which the Kirchhoff approach describes the sound
propagation ouiside S using a single fluid quantity,
namely the pressure p’, and requires over S the knowl-
edge not only of ¢, but also of its normal derivative.
On the other side KFWH uses not only p’ but also
u and p, and these quantities permit to reconstruct
the sound propagation outside § without the need
of any normal derivative. The main practical advan-
tage is therefore that KFWH only contains quantities
that are directly available from CFD codes, without
the need of executing derivation of CFD data. This
aspect can be of a certain importance if shocks are
present in the field around the surface S, as happens
in dciocalized conditions. In this case, in fact, the
evaluation of the pressure derivative can easily be a
source of undesidered smoothing that can degrade the
guality of the acoustic result.

In respect of FWH the first clear advantage of
KFWI is that, like the Kirchhoff method, it permits
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to avoid the evaluation of the volume integrals, and
therefore reduce the computational cost reducing a
volume integration to a surface one. The other inter-
esting aspect is that KF'WH can be applied to any ra-
diation problem independently if the source is a body
in motion in the fluid, or any other mechanism. In
fact, once p’, v, and p are known on a proper surface
surrounding the source, the method can be applied
independently on the source itself.

The Second KFWH Equation

The presence, in the integrals of eq. (14}, of time
derivatives of quantities depending on the retarded
time is a critical aspect that can generate problems
if the numerical derivation is not executed with gyeat
care. In fact, in order to numerically execute the time
derivative, there is the need to evaluate twice the re-
tarded times, and this fact, joined with the higher
accuracy required in each retarded time evaluation,
almost double the computational time in respect of
other methods in which the numerical derivative does
not appear {7]. The time derivatives can however be
easily moved inside the integrals following the same
procedure used by Farassat in deriving his formula-
tion 1A [17].

Taking in account that, for a generic function @ =

@y, 7):

T s = S

and using the relations:
Pom =0y Py == -y (16)
R O e

being £; == 7;/r, then eq.{14} can be rewritten as:

Agp’ = /
S
et
pollin K
/ { ML LC LA } ds
ii - M., E ret
1 F,;f'i- .
Ay
€Js | r ret
/ [1"1'7“‘1'*17'51\4&] ds
J5 7-2‘1_Mrl2 et

1 Fif; K
= / [M} a8
¢ Js LT |1 - M?l ret

1n1 FUTL)

ds
ll—M &

(18)

Where :
K = Mg+ M- M2 (19)
Fio= Lyng (20}
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Figure 1: UH-1H M=0.88, Comparison of fixed sur-
face KI'WH (solid line), fixed surface Kirchhoff (dot~
ted line}, and experiments (dots).

Even if this formulation is more complex then eq.
{14), it has the great advantage that it does not re-
quire any nurnerical evaluation of derivatives of quan-
tities depending on the retarded time, and this is a
great advantage from the computational point of view

Another usefull version of formula (14) can be ob-
tained if the integration is executed on the acoustic
surface ¥ leading to:

drp’ = a__ poltn -+ (P - PO) (un — Up) g5
8t Jv rA et
12 Pk pug (vg — vy) i
¢ It rA et

f [P’I" Ivmz(u”_v”)} s (21
b¥ A ret

Being A = \/i 4 M2 —2M, cosf. It is possible to
show that, with an appropriate numerical approach
(6, 8, 16], this formula has the great advantage that
can be appliecd when the surface § is moving super-
sonically, while eqs. (14), (18) presents a singulazity
in this case.

Results

[n order to check the validity of the proposed formu-
lation some calculatinns have been conducted, com-
paring the results of the Kirchhoff-FFWH formulation
with classical Kirchhofl and FWH approaches. The
test case considered here is the well known UH-1H
retor in hover for tip Mach numbers equal to 0.88,
(.90, and 0.95. The acrodynamic data used as input
were provided by DLR and were obtained using a fi-
nite volume Euler code [13]. In all the comparisons
the geometry and the discretization of the Kirchhoff
and Kirchhoft-'WH surfaces is exactly the same, and
the same aerodynamic results are used to provide the
different input data. The observer is always placed in
the rotor plane at a distance of 3.08R.
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Figure 2: UH-1H M=0.88, Comparison of rotating
swface KEWH (solid line), rotating surface Kirchhoff
{dotted line), and experiments (dots).
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Fipure 3: UH-1H M=:0.88, Comparison of rotat-
ing sueface KEWH (solid line), FWIL Thickness -4
Leading - Quadrupole {dotted line), and experiments
{dlots).

In fig. (1) are reported the comparisons for M =
0.88. The results refer to a cylindrical surface kept
fixed in rvespect of the undisturbed air and surreund-
ing the entire rotor. The cylinder axis was e¢oincident
with the rotor axis of rotation, and the top and bot-
tom surfaces of the cylinder were not considered since
their contribution is neglegible. In each point of the
cylinder the acrodynamic quantities are unstzady due
to the rotor rotation, and a bilinear interpolation was
used to transform the aerodynamic results, criginally
given in the rotating frame.

The results given in fig. (2) refer instead to the
same case evaluated with a rotating surface kept fixed
in respect of the blade. The external surface radius is
the same of this of the fixed surface used in fig. {1),
and is equal to 1.153R. In all the figures the contin-
uous line is the KFWH approach, the dotted line is
classical Kirchhoff, and the dots are the experimen-
tal measurements. The agreement between the iwo
formulations and experiment is good and only small
differences exist in the case of the rotating surface.

The same case is considered in fig. (3) where the
sum of thickness, loading, and quadrupole terms of
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Figure 4: UH-1H M=0.90, Comparison of fixed sur-
face KFWH (solid line), fixed surface Kirchhoff (dot-
ted line), and experiments {dots).
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Figure 5: UH-1H M=0.95, Comparison of fixed sur-
face KFWH (solid line}, fixed surface Kirchhoff (dot-
ted line}, and experiments {dots).

the FWH equation is compared with the KFWH ap-
proach for M = 0.88. The KFWH surface § was in
this case placed on the external surface of the volume
used for quadrupole calculation, and, as it could be
sxpected, the two formulations provide almost identi-
cal results, since they neglect exactly the same terms
{the quadrupole sources outside S).

In figs. (4),(5) the results for M = 0.90 and
M = 0.95 are given for a fixed surface of radius equal
to 1.3K. Also in this case the agreement with experi-
ment is satisfactory, and the differences in the slopes
of the pressure disturbance are probably due to an
excess of dissipation imtreduced in the aerodynamic
gsolution. What is however important here is that,
also in these cases, KFWH and Kirchhoff produces
almost the same results.

At the end in Fgs. (6),(7) a convergence test for
M = 0.90 is showed respectively for the KFWH and
Kirchhoff formulations. The different curves are ob-
tained using different Wirchhoff cylinders placed at
different radius. It can be seen that the behaviour
of the results is similar for the two formulations. In
particular for /R == 1.1 the surface is too near to the
blade and some non linear terms are neglected. On
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Figure 6: UH-1H M=0.90, Convergence test for
KFWH method.

the other side for »/R = 1.3 the convergence is prac-
tically achieved since the results are almost identical
to these ones obtained for r/R = 1.4 with both the
methods.

Conclusions

A new boundary integral equation hs: been pre-
sented that permits the evaluation of the noise radi-
ated by arbitrary sources once pressure, velocity, and
density disturbances are known on a smooth closed
surface surrounding the source.

The main advantage of the proposed appre chinre-
spect of Kirchheff formulation is that it can be more
casily interfaced with CED codes. The new method
in fact does not require the numerical evaluation of
the surface pressure normal derivative, operation that
can be source of problems if the aerodynamic grid is
not sufficiently refined around the Kirchhoff surface.
Two different formulations have been presented. In
the first one a time derivative appears outside some
of the integrals and has to be evaluated nurnerically.
In the second one the derivative is taken inside the
integrals and is evaluated analitycally. Some calcula-
tions reveal that the KFWH method produces almost
the same results than Kirchhoff method, and also the
convergence properties in terms of surface distance
from the source seem te be similar.

Further work has to be performed to asses the accu-
racy required by the two approaches in terms of grid
definition for the aerodynamic calculation, in order
to understand if the use of KFWH formulation could
permit to use a less refined aerodynamie grid without
affecting the accuracy in the acoustic solution.
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