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Abstract

In the present paper a fully–analytical framework is outlined to investigate the effects of cable–suspended loads on
rotorcraft. In particular, the dynamics of an isolated multirotor is first investigated by including the complete model
of the electric propulsion system. Then, system description is extended to the presence of a suspended load, thus
generating non–actuated degrees of freedom. In order to provide the complete slung–load system with a closed–
loop desired behavior, an auxiliary controller is proposed to restore or even improve the initial multirotor dynamics,
while stabilizing load oscillations with prescribed behavior. To this end, closed–form expressions are derived
to design the auxiliary controller gains, based on the knowledge of a limited set of parameters which include
the position of the cable hook point. A test case is proposed relative to a commercial–off–the–shelf hexarotor
whose propulsion units have been characterized by an experimental campaign performed at University of Bologna
premises.

1. INTRODUCTION

There is an increasing interest in the use of highly–
automated manned or unmanned rotorcraft to carry pay-
loads, envisaging complex Air Mobility and Delivery
(AMD) scenarios with significant benefits in the fields of
cargo transportation, sensor deployment, fire fighting,
and construction.[1] In this respect, two approaches are
typically considered. The first one consists in equipping
the vehicle with graspers or a sufficiently large cargo
compartment, leading to increased take–off mass, com-
plexity, and cost. With regard to vehicle performance,
flight endurance and range would result to be typically
reduced, and attitude dynamics would suffer from de-
graded agility.[2], [3] The second approach consists in
the equipment of cable–suspended loads, which rela-
tively preserves the performance of the aircraft and the
simplicity of systems, but it introduces additional non–
actuated degrees of freedom inherently connected the
swing motion.[4], [5]

When carrying a suspended payload, rotorcraft mo-
tion and/or external disturbances induce payload swing.
On the one hand, the payload creates disturbance
forces and moments that can significantly affect the mo-
tion of the lifting vehicle. On the other hand, the oscil-
lations can damage the payload or its environment by
colliding with obstacles. To this aim, different control
strategies can be found in the literature for both con-
ventional helicopter and multirotor configurations. As an

example, an adaptive controller is proposed to cope with
changes to the multirotor center of gravity.[6] The ca-
ble is modeled as a series of interconnected links and
a nonlinear geometric controller is derived to asymptot-
ically stabilize the position of the vehicle and keep the
cable in its vertical position.[7] A quadrotor platform with
a cable–suspended load can be described in terms of a
differentially–flat hybrid system in order to address ca-
ble collapse. A controller regulating the aircraft attitude
and the position of the load on a vertical plane is finally
derived.[8] The nonlinear model of the system is decou-
pled into two subsystems:[9] the inner loop describes
vehicle rotational dynamics, and attitude state variables
are used an input to the outer loop, related to the re-
maining state variables. A nested saturation controller
is then derived for stabilizing both the aircraft and the
suspended load. Input–shape filtering methods are also
used to generate a reference trajectory that minimizes
residual swing during maneuvers.[10] An inverse simu-
lation approach based on an integration method is pro-
posed to determine the necessary control action that al-
lows a quadrotor platform to track a prescribed trajec-
tory.[11] In such a case, the effect of drag on the payload
is included in the model, which becomes a fundamental
feature when the vehicle is used for towing a payload im-
mersed in water. Finally, in a recent work by some of the
authors,[12] a nonlinear controller is proposed with the
aim to ensure simultaneous trajectory tracking and pay-
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load swing damping, according to a point–mass model-
ing of both the rotorcraft and the load. In such a frame-
work, the structure of the controller is chosen so that the
coupled slung–load system exhibits a two–time–scale
behavior, with fast dynamics for the pendulum motion
and slow dynamics for the positioning task.

In order to properly address the design of novel
rotorcraft configurations and stabilization control laws,
a deep comprehension of the vehicle open–loop and
closed–loop dynamics is required.[13], [14], [15] In the
present work, a completely analytical framework is thus
developed with the aim to describe the effect of sus-
pended load oscillations on the dynamics of a multiro-
tor, defined by 1) a rigid–body configuration and 2) an
electric propulsion system made of a battery pack, elec-
tronic speed regulators, three–phase brushless motors,
and fixed–pitch propellers. As a first step, it is assumed
that the unloaded multirotor is characterized by closed–
loop dynamics with known properties, which can be ei-
ther obtained by a native control system (in the case of
a commercial–off–the–shelf platform) or by the deploy-
ment of custom control laws, specifically designed for
the particular application (in the case of an open source
platform). In both cases, information about closed–loop
dynamic properties can be indeed estimated by means
of simple identification techniques.[16] In the latter case
only, a dedicate analysis can be alternatively performed
with the aim to relate selected control gains to the de-
sired behavior, based on the exact knowledge of con-
troller structure. To this end, an analytical framework
is here developed that allows to exactly determine the
control gains of a sample PID controller as a function
of desired closed–loop dynamic modes. In particular,
an attitude control system is developed for roll and pitch
angles, while speed regulators are designed to control
the yaw rate speed and the vertical speed. After the
multirotor is equipped with the payload through a sus-
pended cable, the combined system is shown to be un-
deractuated over the oscillatory dynamics while unsta-
ble modes may appear. In this framework, an outer–loop
auxiliary controller is developed with the aim to drive the
loaded system back to the original stability properties
or to improved ones, with the additional stabilization of
the oscillatory dynamics. The novelty of the approach is
found in the derivation of a set of closed–form equations
that allow to exactly size the outer–loop control gains as
a function of the desired closed–loop dynamic features
and a reduced set of parameters respectively character-
izing the lifting platform and the suspended load.

For the purpose of the present analysis, the cable
is considered to be elastic and the suspension point is
located in a distinct position with respect to the vehicle
center of gravity, with the result that a coupling effect

is produced between load oscillation and attitude mo-
tion. In this respect, the vertical displacement of the
suspension point H is discussed as a design variable.
In order to stabilize load oscillations according to the
given requirements, the measurement of load position
and velocity with respect to the hook point is needed.
To this end, a recursive algorithm can be adopted to au-
tonomously measure the swing angle and rate by means
of the data available from the multirotor Inertial Mea-
surement Unit (IMU), without the need to rely on extra
sensors. Provided the multicopter is subject to known
control inputs, data–fusion is performed through a Fad-
ing Gaussian Deterministic approach, whose theoretical
background was recently investigated by the one of the
authors.[17]

In what follows, reference frames and system dy-
namic equations are derived in Section 2. The definition
of the companion controller is given in Section 3, where
the analytical framework allowing the sizing of control
gains is outlined. The approach is numerically validated
in Section 4, where multirotor description is detailed
in terms of electric propulsion system components and
Blade Element characterization of propellers.[18] The re-
sults of an experimental campaign are provided with the
aim to describe the considered powerplant, then show-
ing the application of the gain–sizing technique to a real
case. A section of concluding remarks ends this paper.

The procedure developed in the present work has
the merit of relative simplicity and the application of the
proposed method proves to be encouraging in all those
cases where the flying qualities of the lifting vehicle and
the accuracy of the load positioning task both represent
a fundamental requirement. Although the final equa-
tions of the auxiliary controller are derived for the par-
ticular case of an electric multirotor, the philosophy has
general validity and can be easily extended to both con-
ventional and innovative rotorcraft configurations.

2. SYSTEM MODELING

Starting from the definition of reference frames, a 6
degrees–of–freedom mathematical model is adopted to
describe the rotorcraft, with general expressions for the
kinematics and dynamics of a rigid body with center of
gravity CG.

2.1. Reference frames

Three right–handed orthogonal reference frames are
introduced, according to the definitions in:[18]

1. an Earth-fixed North-East-Down frame, FE =
{OE ;xE ,yE , zE}: the origin, OE , is arbitrarily
fixed to a point on the Earth’s surface, xE aims



in the direction of the geodetic North, zE points
downward along the Earth ellipsoid normal, and
yE completes a right-handed triad. This frame is
assumed to be inertial under the assumption of flat
and non–rotating Earth;

2. a Body–fixed frame, FB = {CG;xB ,yB , zB}: the
longitudinal axis xB is positive out the nose of the
rotorcraft in its selected plane of symmetry, being
parallel to the plane containing the rotor hubs. zB
aims in the direction of the local vertical when the
vehicle is at hover, pointing downwards, and yB
completes a right–handed triad;

3. a rotorcraft structural reference frame, FS =
{OS ;xS ,yS , zS}, used to locate CG and all vehi-
cle components: the axes are parallel to the body–
fixed frame axes, such that xS = −xB , yS = yB ,
and zS = −zB . The origin is located ahead and
below the rotorcraft at some arbitrary point within
the plane of symmetry. Stations (ST ) are mea-
sured positive aft along the longitudinal axis. But-
tlines (BL) are lateral distances, positive to the
right, and waterlines (WL) are measured verti-
cally, positive upward. A sketch of the rotorcraft
including the selected FS frame is reported in Fig-
ures 1–2.
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Figure 1: Sketch of the rotorcraft slung–load system.

Let s (·) = sin(·), c (·) = cos(·). Vector transformation be-
tween FE and FB is provided by the rotation matrix[17]

(1) TBE(α) =

 cθ cψ cθ sψ −sθ
sφ sθ cψ − cφ sψ sφ sθ sψ + cφ cψ sφ cθ
cφ sθ cψ + sφ sψ cφ sθ sψ − sφ cψ cφ cθ


obtained by a 3-2-1 rotation sequence where α =
[φ, θ, ψ]T describes the attitude of the rotorcraft in terms

of the classical ’roll’, ’pitch’, and ’yaw’ angles, respec-
tively. The following notation is adopted: if w is an arbi-
trary vector, its components are transformed from FE to
FB through the relation wB = TBE wE . In what follows,
the subscript B will be dropped for simplicity.
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Figure 2: Multirotor configuration and selected structural reference
frame.

In addition to the reference frames introduced above,
a fourth useful definition is provided for a particular
Local–Vertical Local–Horizontal frame, FH = {CG;xH ,
yH , zH}, with origin in CG. Vector transformation be-
tween FE and FH is provided by rotation matrix THE =
TBE(α0), where α0 = [0, 0, ψ]T is determined by an el-
ementary rotation about zE with amplitude ψ. Although
the definition of FH does not provide additional infor-
mation to attitude characterization, which is defined by
TBE , it will be useful in Section 3 for the outline of aux-
iliary controller.

2.2. Multirotor dynamics
Multirotor dynamics is described by Newton–Euler

equations of motion projected in FB , namely:

(2) v̇ = −ω × v + F /m

(3) ω̇ = J−1 [−ω × (J ω) +M ]

where v = [u, v, w]T is the linear velocity, ω = [p, q, r]T

is the angular rate vector, J = diag (J1, J2, J3) is the
inertia tensor about CG with respect to FB , and m is
the total mass of the rotorcraft. F = [F1, F2, F3]T

and M = [M1, M2, M3]T are, respectively, the external
force and moment vectors.

Rotorcraft attitude kinematics, which relates the gen-
eralized velocity α̇ to the angular velocity ω, is given
by:[17]

(4) α̇ =

1 sinφ tan θ cosφ tan θ
0 cosφ − sinφ
0 sinφ/ cos θ cosφ/ cos θ

ω
while the position of the lifting vehicle pE =
[xE , yE , zE ]T , with components expressed in the iner-
tial frame FE , is obtained from the equation:

(5) ṗE = TBE(α)Tv



The external force and moment vectors are made of
gravity, aerodynamic, and cable contributions, namely
F = F (g) + F (a) + TBE F

(c)
E and M = M (a) + M (c).

Taking into account Eq. (1), the gravity force vector ex-
pressed in the body frame is

(6) F (g) = TBE(α)

 0
0
mg

 = mg

 − sin θ
sinφ cos θ
cosφ cos θ


where g is the gravitational acceleration, described by
means of WGS84 Taylor series model.[19] The aero-
dynamic forces and moments are generated by the air-
frame and the set of propellers, namely F (a) = F (f) +
F (r) andM (a) = M (f) +M (r). Airframe aerodynamics,
restricted to drag modeling, is assessed by the equiva-
lent flat plate area model. The force vector, expressed
in the body frame, is

(7) F (f) = −1

2
ρ
[
A1|u|u A2|v|v A3|w|w

]T
where A1, A2, and A3 are the equivalent flat–plate drag
areas facing the three body–frame axes and ρ is the
air density. The moment generated by F (f) is given
by M (f) = dCP × F (f), where dCP = [STACG −
STACP , BLCP −BLCG, WLCG −WLCP ]T is the vec-
tor directed from CG to the center of pressure CP of
the airframe, simply assumed to be a fixed point in the
body–frame. The effect of rotor induced velocity on air-
frame drag is neglected.[13]

Without loss of generality, a planar vehicle configu-
ration with N = 6 rotors is considered where the thrust
Tj , j ∈ 1, . . . , N , generated by the j–th rotor is directed
along zB , pointing upward. Generated forces and mo-
ments are obtained as

(8) F (r) =

N∑
j=1

F
(r)
j , M (r) =

N∑
j=1

M
(r)
j

provided the j–th rotor has radius R, area A =
π R2, and position dRj = [STACG − STARj , BLRj −
BLCG, WLCG −WLRj ]

T , with components expressed
in FB . Under the assumption of incompressible flow,
the j–th rotor aerodynamics is described by Momentum
Theory (MT) and Blade Element Theory (BET) accord-
ing to the model detailed in,[18] whose nomenclature is
adopted in the present framework. In particular, the fol-
lowing assumptions are made: a) rotor blades are rigid
in bending and torsion with null hinge offset ratio, ε = 0,
flapping spring constant, Kβ = 0, and pitch–flap cou-
pling ratio, tan δ3 = 0; b) blade flow stall is disregarded;
c) no inflow dynamics is modeled; d) the blades do not
flap and the pre–cone angle, a0, is treated as a preset
constant.

Let Ωj be the j–th rotor angular rate, such that
Vtipj = Ωj R is blade tip speed. Differently to some of
the assumptions provided in,[18] rotor blades are char-
acterized by airfoils with lift–curve slope a < 2π 1/rad
and profile drag coefficient, averaged along the blade,
estimated as

(9) Cdj = 0.1166 Re−0.2
j + 0.3

(
6CT j
σ a

)2

The first term in Eq. (9) accounts for the blade para-
sitic drag, where Rej = ρ c75 V75j/µ is the Reynolds
number at 75% blade radius,[20] c75 and V75j ≈√
vi2j +

(
0.75 · Vtipj

)2

respectively represent the local

airfoil chord and the relative airspeed, vij is the induced
speed at the j–th rotor disc, and µ is the dynamic viscos-
ity of the air. The second term in Eq. (9) accounts for the
blade induced drag and is a function of thrust coefficient,
CT j = Tj/(ρAVtip

2
j ), and rotor solidity, σ. With respect

to the characterization of rotors inflow, a number of non–
ideal effects, including nonuniform inflow, wake swirl and
contraction, and blades interference are accounted for
by an induced power factor kind > 1, assumed to be a
constant.[21] In–ground effect is provided by the model
in[22] and the inflow iterative scheme is solved accord-
ing to Halley’s method with damping coefficient equal to
0.01.[23] Air parameters are calculated from the Interna-
tional Standard Atmosphere (ISA) model as a function
of rotorcraft altitude.[24]

Control of the j–th rotor speed is performed by
varying the duty–cycle value δj of the pulse–width–
modulated (PWM) signal to the j–th motor driver. In
particular, Ωj is assumed to be a function of δj , namely

(10) Ωj = kΩ δ
n
j

where kΩ > 0 and 0 < n < 1 are experimental coeffi-
cients while δj = PWMj − PWMidle is the command
increment with respect to the idle condition PWMj =
PWMidle, for which Ωj = 0. Control signals are gener-
ated by the onboard computer according to the following
motor–mixing scheme:

δ1 = −δroll + δpitch + δyaw + δv + δfwd(11)
δ2 = −2 δroll − δyaw + δv + δfwd(12)
δ3 = −δroll − δpitch + δyaw + δv + δfwd(13)
δ4 = δroll − δpitch − δyaw + δv + δfwd(14)
δ5 = 2 δroll + δyaw + δv + δfwd(15)
δ6 = δroll + δpitch − δyaw + δv + δfwd(16)

which is based on the particular configuration depicted
in Figure 2. The doubling of δroll contribution on mo-
tors 2 and 5 is adopted to avoid unbalanced yawing ef-
fects induced by roll dynamics corrections near hover.



The signals δroll, δpitch, and δyaw are the outputs of 3
different controllers respectively aiming at the stabiliza-
tion of roll, pitch, and yaw dynamics. The contribution
related to δv is used to regulate the speed of the mul-
tirotor along the Earth–fixed vertical axis. Finally, the
additive term δfwd is a feed–forward signal adopted for
rapid trimming purposes and is typically tuned to allow
a near–hover condition with 50% throttle command (for
example in a RC device), thus providing sufficient ma-
neuvering margin along the vertical axis. Disregarding
the particular rotor configuration, the proposed control
strategy is representative of many applications where
the multirotor is piloted through high–level commands
in terms of desired attitude and climb speed (inner–loop
stabilization). Such commands are, in turn, generated
by the pilot or by a dedicated guidance and navigation
loop to perform trajectory or waypoint tracking, with ma-
jor use of positioning systems and obstacle detection
devices.[25]

2.3. Suspended load dynamics
The load is assumed to be a point with mass mc,

connected by a cable to the multirotor at the suspension
point H with coordinates h = [STACG−STAH , BLH −
BLCG, WLCG − WLH ]T = [h1, h2, h3]T in FB . Pay-
load dynamics is described by Newton–Euler equations
projected in FE , namely:

(17) mc v̇cE = F cE =

 0
0

mc g

+ F c
(d)
E + F c

(c)
E

where F c
(c)
E = −F (c)

E is the force exerted by the multi-
rotor on the load through an elastic cable with Hooke’s
constant K > 0 and nominal length L. F c

(d)
E is the aero-

dynamic force acting on the payload, here calculated as

(18) F c
(d)
E = −1

2
ρAc Cdc ‖vcE‖vcE

where Cdc is the payload drag coefficient and Ac is a
reference area for drag computation. The cable is as-
sumed to be mass–less and its aerodynamic drag is
disregarded. Provided pcE is the position of the load,
obtained from the equation

(19) ṗcE = vcE ,

the vector describing the actual orientation and length of
the cable in FE is cE = pcE − pE − T

T
BE h. According

to Hookes’ model, the force F (c)
E results from the linear–

elastic equation

(20) F
(c)
E = K ∆L ĉE

where ∆L = ‖cE‖ − L is the elastic deformation and
ĉE = cE/ ‖cE‖ is the unit vector directed along the ca-
ble. Finally, the moment generated by force F (c)

E on the
multirotor, expressed in FB , is M (c) = h×

[
TBE F

(c)
E

]
.

3. CLOSED–LOOP SYSTEM STABILIZATION

In what follows the system described in Section 2 is
linearized about the hovering condition in both the un-
loaded and the loaded configuration. In the latter case,
an auxiliary controller is designed to stabilize the under-
actuated system with almost–desired dynamics. To this
end, some preliminary assumptions are made:

Assumption 1 Rotor forces and moments are gener-
ated only by thrust and torque contributions which are
respectively calculated as

(21) Tj = kT Ω2
j , Qj = kQ Ω2

j

being kT and kQ positive constants determined experi-
mentally.

Assumption 2 The aerodynamics of the airframe and
of the suspended load is disregarded.

Assumption 3 The suspension point has coordinates
h1 = h2 = 0 and h3 6= 0 in FB , which is obtained when
STAH = STACG, BLH = BLCG, and WLH 6= WLCG.
In addition, a balanced configuration with STACG =
BLCG = 0 is reasonably considered.

3.1. Unloaded configuration
Let eφ = φd − φ, eθ = θd − θ, er = rd − r, and

ev = żd− ż be error vectors respectively calculated from
the desired values of roll and pitch angles, yaw rate,
and Earth–fixed vertical speed. A set of inner–loop con-
trol signals δv = δ

(inn)
v (ev, εv), δyaw = δ

(inn)
yaw (er, εr),

δroll = δ
(inn)
roll (eφ, εφ), and δpitch = δ

(inn)
pitch (eθ, εθ) is as-

sumed to stabilize the origin of the error system with
state vector x ∈ R10:

(22) x = [ev, εv, er, εr, p, eφ, εφ, q, eθ, εθ]
T

provided

(23) ε̇v = ev, ε̇r = er, ε̇φ = eφ, ε̇θ = eθ

The stability of the error system is evaluated by lin-
earization about the hovering condition, where Tj =
mg/N , and the feed–forward contribution to each mo-
tor results to be

(24) δfwd =

(
mg

6 kT k2
Ω

) 1
2n



for N = 6. By imposing żd = 0, rd = 0, and φd = θd = 0,
the standard linear form ẋ = Ax can be obtained with
A ∈ R10×10. The following assumption is made on the
dynamic properties of A.

Assumption 4 The control system is designed and
tuned such that the state matrix A is block diagonal,
namely:

(25) A =


Av 0 · · · 0
0 Ayaw . . . 0
...

... Aroll 0
0 0 . . . Apitch


Each decoupled subsystem, respectively represented
by

Av (λv1, λv2) ∈ R2×2, Ayaw

(
λyaw1, λyaw2

)
∈ R2×2,

Aroll (λroll1, λroll2, λroll3) ∈ R3×3,

and
Apitch

(
λpitch1, λpitch2, λpitch3

)
∈ R3×3

is characterized by a set of prescribed stable eigenval-
ues λv1, λv2, λyaw1, λyaw2, λroll1, λroll2, λroll3, λpitch1,
λpitch2, and λpitch3.

Remark 1 Different control strategies can be
adopted to comply with Assumption 4. In what follows,
sample regulators are proposed which are based on
proportional–integral–derivative approach:

δv = kpv ev + kiv εv(26)
δyaw = kpr er + kir εr(27)
δroll = kpφ eφ + kiφ εφ + kp p(28)

δpitch = kpθ eθ + kiθ εθ + kq q(29)

Let ∆ = 4 k2
Ω n δ

2n−1
fwd . It is straightforward to prove that

1) matrix A is block diagonal and 2) subsystems state
matrices are, respectively:

(30) Av =

[
3 kT ∆

m
kpv

3 kT ∆

m
kiv

1 0

]

(31) Ayaw =

−3 kQ ∆

I3
kpr −3 kQ ∆

I3
kir

1 0



(32) Aroll =


3 b kT ∆

J1
kp

3 b kT ∆

J1
kpφ

3 b kT ∆

J1
kiφ

−1 0 0
0 1 0



(33) Apitch =


√

3 b kT ∆

J2
kq

√
3 b kT ∆

J2
kpθ

√
3 b kT ∆

J2
kiθ

−1 0 0
0 1 0


Control gains required for correct pole placement to
each subsystem are, according to Assumption 4,

(34) kiv = −Πv δfwd
2 g n

, kpv =
Σv δfwd

2 g n

(35) kir =
J3 Πyaw kT δfwd

2mg nkQ
,

(36) kpr = −J3 Σyaw kT δfwd
2mg nkQ

(37) kiφ = −J1 Πroll δfwd
2 bmg n

, kpφ =
J1 Ξroll δfwd

2 bmg n
,

and

(38) kp =
J1 Σroll δfwd

2 bmg n

where Σv = λv1 + λv2, Πv = λv1 λv2, Σyaw =
λyaw1 + λyaw2, Πyaw = λyaw1 λyaw2, Σroll = λroll1 +
λroll2 + λroll3, Πroll = λroll1 λroll2 λroll3, and Ξroll =
λroll1 λroll2 + λroll3 (λroll1 + λroll2). In order to rea-
sonably provide the multirotor with the same dynamic
behavior about the roll and the pitch axes, namely
λpitch1 = λroll1, λpitch2 = λroll2, and λpitch3 = λroll3,
the remaining control gains must be scaled as follows:

(39) kiθ = J2/J1

√
3 kiφ, kpθ = J2/J1

√
3 kpφ,

(40) kq = J2/J1

√
3 kp

With the proposed control strategy, subsystem matrices
in Eqs.(30)–(33) respectively become:

(41) Av (λv1, λv2) =

[
Σv −Πv

1 0

]

(42) Ayaw

(
λyaw1

, λyaw2

)
=

[
Σyaw −Πyaw

1 0

]

(43) Aroll (λroll1, λroll2, λroll3) =

Σroll Ξroll −Πroll

−1 0 0
0 1 0

 ,
and Apitch = Aroll.



3.2. Loaded configuration with active swing–control
Consider the isolated multirotor platform described

above under Assumptions 1–3. In the presence of a
suspended load, the hovering condition is recovered by
imposing Tj = (m+mc) g/N , which is obtained by the
feed–forward contribution:

(44) δ̄fwd =

[
(m+mc) g

6 kT k2
Ω

] 1
2n

In the same equilibrium, the load rest condition is de-
scribed by the desired vector cEd = [0, 0, Ld]

T , where
Ld = L + mc g/K is the actual cable length. Let
ηE = cEd − cE = [η1E , η2E , η3E ]T be the error vector,
expressed in FE , between the desired and the actual
load position, with respect to the suspension point. The
dynamics of the cable error vector is expressed as

(45) η̇E = νE

where νE = [ν1E , ν2E , ν3E ]T follows from

(46)
ν̇E = T TBE F /m− F cE/mc

+ T TBE [ω̇ × h+ ω × (ω × h)]

and νE = −ċE .
Consider the system described by the extended

state vector x̄ ∈ R16:

(47)
x̄ = [ev, εv, ν3E , η3E , er, εr, p, eφ, εφ,

ν2E , η2E , q, eθ, εθ, ν1E , η1E ]
T

Let ηH = [η1H , η2H , η3H ]T be the load–displacement
error vector, expressed in FH , obtained as ηH =
THE ηE , with THE given in Section 2.1. Also, define
νH = THE νE .

Assume that the control signals in Eqs. (11)–(16)
are expressed as the sum of 2 contributions, namely
δv = δ

(inn)
v + δ

(aux)
v , δyaw = δ

(inn)
yaw + δ

(aux)
yaw , δroll =

δ
(inn)
roll + δ

(aux)
roll , and δpitch = δ

(inn)
pitch + δ

(aux)
pitch , where δ(inn)

v ,

δ
(inn)
yaw , δ(inn)

roll , and δ(inn)
pitch are inner–loop contributions de-

signed under Assumption 4. The terms δ
(aux)
v , δ(aux)

yaw ,
δ

(aux)
roll , and δ(aux)

pitch are a set of auxiliary controllers in the
form:

(48) δ(aux)
v = k̄pv ev + k̄iv εv

(49) δ(aux)
yaw = k̄pr er + k̄ir εr

(50)
δ

(aux)
roll = k̄pφ eφ + k̄iφ εφ + k̄p p

+ k̄η2 η2H + k̄ν2 ν2H

(51)
δ

(aux)
pitch = k̄pθ eθ + k̄iθ εθ + k̄q q

+ k̄η1 η1H + k̄ν1 ν1H
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Figure 3: The control strategy proposed for the stabilization of multiro-
tor slung–load system.

The following results provide the values of control
gains that allow the regulators in Eqs. (48)–(51) to stabi-
lize the origin of the extended–state system in Eq. (47)
with almost–desired dynamic behavior, according to the
strategy in Figure 3.

Theorem 1 Consider the dynamic system identified by
the extended state in Eq. (47) under Assumptions 1–3.
Assume that a set of controllers δ(inn)

v , δ(inn)
yaw , δ(inn)

roll , and
δ

(inn)
pitch is designed under Assumption 4 and is supported

by the auxiliary controllers in Eqs. (48)–(51). Then, the
linearized extended system, described by state–matrix
Ā ∈ R16×16, assumes the block–diagonal form:

(52) Ā =


Āv 0 · · · 0
0 Āyaw . . . 0
...

... Āroll 0
0 0 . . . Āpitch


The decoupled subsystems

(53) Āyaw

(
λ̄yaw1

, λ̄yaw2

)
∈ R2×2,

(54) Āroll

(
λ̄roll1 , λ̄roll2 , λ̄roll3 , λ̄roll4 , λ̄roll5

)
∈ R5×5,

and

(55) Āpitch

(
λ̄pitch1

, λ̄pitch2
, λ̄pitch3

, λ̄pitch4
, λ̄pitch5

)
∈ R5×5

are respectively characterized by a set of prescribed sta-
ble eigenvalues

(56) λ̄yaw1
, λ̄yaw2

,

(57) λ̄roll1 , λ̄roll2 , λ̄roll3 , λ̄roll4 , λ̄roll5 ,

and

(58) λ̄pitch1
, λ̄pitch2

, λ̄pitch3
, λ̄pitch4

, λ̄pitch5



such that λ̄pitch1
= λ̄roll1 , λ̄pitch2

= λ̄roll2 , λ̄pitch3
=

λ̄roll3 , λ̄pitch4
= λ̄roll4 , λ̄pitch5

= λ̄roll5 if auxiliary con-
trol gains are selected as follows:

(59) k̄ir =
J3 kT δ̄fwd

2 kQ (m+mc) g n

(
Π̄yaw − Γ Πyaw

)
(60) k̄pr =

J3 kT δ̄fwd
2 kQ (m+mc) g n

(
Γ Σyaw − Σ̄yaw

)

(61)
k̄η2 =

1

Ld + h3

{
−ΛG1 +

J1 δ̄fwd
2 b (m+mc) g n

·
[
G3 − g

J1 (m+mc) + h3mmc (Ld + h3)

J1 Ldm

]}
(62) k̄ν2 = Λ

[
m2 L2

dG0 −m (m+mc) g LdG2 + (m+mc)
2
g2G4

m (m+mc) g Ld (Ld + h3)

]

(63) k̄iφ = ΛG0 +
J1 Πroll δfwd

2 bmg n

(64) k̄pφ = ΛG1 −
J1 Ξroll δfwd

2 bmg n
+ k̄η2 Ld

(65) k̄p = − (m+mc) gΛG4

mLd
− J1 Σroll δfwd

2 bmg n
+ k̄ν2 h3

(66)
k̄η1 = −

√
3 J2/J1

Ld + h3

{
−ΛG1 +

J1 δ̄fwd
2 b (m+mc) g n

·
[
G3 − g

m+mc + J2 h3mmc (Ld + h3)

Ldm

]}
(67) k̄ν1 = −J2/J1

√
3 k̄ν2

(68) k̄iθ = J2/J1

√
3 k̄iφ , k̄q = J2/J1

√
3 k̄p

(69) k̄pθ = J2/J1

√
3 k̄pφ − Ld

(
k̄η1 + J2/J1

√
3 k̄η2

)
provided

(70) Π̄yaw = λ̄yaw1
λ̄yaw2

, Σ̄yaw = λ̄yaw1
+ λ̄yaw2

,

(71) Γ =
(

1 +
mc

m

)1− 1
2n

, Λ =
J1 Ldm δ̄fwd

2 b n (m+mc)
2
g2
,

and

(72)

G0 = −λ̄roll1 λ̄roll2 λ̄roll3 λ̄roll4 λ̄roll5
G1 = λ̄roll5

{
λ̄roll4

[
λ̄roll3

(
λ̄roll1 + λ̄roll2

)
+λ̄roll1 λ̄roll2

]
+ λ̄roll1 λ̄roll2 λ̄roll3

}
+ λ̄roll1 λ̄roll2 λ̄roll3 λ̄roll4

G2 = −λ̄roll4
[
λ̄roll3

(
λ̄roll1 + λ̄roll2

)
+ λ̄roll1 λ̄roll2

]
− λ̄roll1 λ̄roll2 λ̄roll3
− λ̄roll5

[
λ̄roll3

(
λ̄roll1 + λ̄roll2

)
+ λ̄roll1 λ̄roll2

+λ̄roll4
(
λ̄roll1 + λ̄roll2 + λ̄roll3

)]
G3 = λ̄roll3

(
λ̄roll1 + λ̄roll2

)
+ λ̄roll1 λ̄roll2

+ λ̄roll4
(
λ̄roll1 + λ̄roll2 + λ̄roll3

)
+ λ̄roll5

(
λ̄roll1 + λ̄roll2 + λ̄roll3 + λ̄roll4

)
G4 = −

(
λ̄roll1 + λ̄roll2 + λ̄roll3 + λ̄roll4 + λ̄roll5

)

Proof See Appendix 1.
Remark 2 The pole placement problem discussed

in Theorem 1 is obtained through the feedback of state
variables characterizing the dynamics about the yaw,
the roll, and the pitch axis. From a practical stand-
point, rigid–body attitude and angular rate information
are obtained as a typical output of the onboard Iner-
tial Measurement Unit (IMU). On the converse, the esti-
mation of payload oscillatory state is a challenging task
that, however, was recently investigated by the one of
the authors.[17] In particular, a method was validated
to autonomously estimate the swing angle and angular
rate in multicopter slung load applications, with no need
to rely on sensors different from the available (typically
low–cost) IMU. Accelerometer readings and dynamic
model information can be fused by means of a Fading
Gaussian Deterministic (FGD) filter, in the presence of
model uncertainties and measurement errors, thus in-
ferring full–state observability/controllability to Āroll and
Āpitch.

Remark 3 It must be noted that the FGD method dis-
cussed above is based on the assumption of a rigid ca-
ble with constant (nominal) length L, with the result that
the estimation of oscillation angles and angular rates
is uniquely related to the components of ηE and νE .
On the converse, the elasticity of cable cannot be dis-
regarded in the present framework and a residual de-
gree of uncertainty characterizes the problem. From
a practical standpoint, the use of sufficiently rigid ca-
bles drastically reduces model uncertainty, provided that
Ld ≈ L. From a theoretical standpoint, the vertical sub-
system Āv assumes a two–time–scale dynamic behav-
ior: 1) multirotor motion along the local vertical repre-
sents the low–frequency mode observable through ev
and εv, with behavior principally determined by λv1 , λv2 ,
k̄ih , and k̄ph ; 2) cable elongation dynamics, mostly ob-
servable through ν3E and η3E , which is representative
of a high–frequency mode with properties strictly related
to K and mc. In this respect, the following Corollary is
provided to formulate the frequency analysis of Āv.

Corollary 1 Consider the decoupled subsystem matrix
Āv obtained in Theorem 1 with the following control
gains:

(73)

k̄iv =
Πv δfwd − Π̄v δ̄fwd

2 g n
, k̄pv =

Σ̄v δ̄fwd − Σv δfwd
2 g n

where Π̄v = λ̄v1 λ̄v2 and Σ̄v = λ̄v1+λ̄v2 . Then, the eigen-
values of Āv approximately track λ̄v1 , λ̄v2 , λ̄v3 , and λ̄v4



for sufficiently high values of K/mc. Using standard no-
tation,[26] λ̄v3 and λ̄v4 are, in particular, characterized in
terms of natural frequency and damping expressions as

(74) ωf ≈
√
K/mc (1 +mc/m)

(75) ωf ξf ≈ −Σ̄vmc/ (2m)

Proof See Appendix 2.

4. NUMERICAL RESULTS

In this Section, the validation of the proposed ap-
proach is addressed by means of numerical analysis.
A DJI F550 Flamewheel hexarotor is considered, with
relevant parameters listed in Table 1.

Table 1: Multirotor slung–load system parameters

Parameter Symbol Value Units
Multirotor
Mass m 2.15 kg
Moments of inertia J1 0.0319 kg m2

J2 0.0287 kg m2

J3 0.0633 kg m2

Arm length b 0.275 m
Slung load
Mass mc 0.5 kg
Cable length L 0.6 m
Hookes’s constant K 4 900 N/m

The planar rotor configuration is characterized by
STAR1

= STAR6
= −STAR3

= −STAR4
= −0.2382,

STAR2
= STAR5

= 0 m, BLR1
= BLR3

= −BLR4
=

−BLR6
= 0.1375 m, BLR2

= −BLR5
= 0.2750 m, and

WLRj = 0.0320 m.
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Figure 4: DJI 8×4.5 propeller characterization (angular rate vs. PWM
command).
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Figure 5: DJI 8×4.5 propeller characterization (a) thrust and b) torque
vs. angular rate).

Propulsion is provided by a set of DJI Opto 30A elec-
tronic speed regulators and DJI 2212 brushless motors
powered by a 25C LiPo battery pack by Tattu with nom-
inal voltage 14.8 V. Thrust is generated by DJI carbon–
fiber reinforced nylon propellers with diameter D = 8
in and nominal pitch Γ = 4.5 in. As a first step, the
slung–load system description is simplified according to
Assumptions 1–3. The thrust and the torque gener-
ated by the j–th rotor are thus respectively calculated
as Tj = kT Ω2

j and Qj = kQ Ω2
j , provided kT and kQ

are evaluated by an experimental campaign performed
at University of Bologna premises. To this aim, the
propulsion system was mounted on a RCbenchmark
Series 1585 thrust stand tailored to small and medium
size drone optimization analysis. The test bench sup-
ports thrust and torque measurement up to 5 kgf and
1.5 Nm, respectively, and an optical RPM probe for
propeller angular rate estimation. The load cells are
temperature–compensated and a preliminary calibration
procedure allows for accurate measurements over the
full operating range. Each experiment was conducted
at room temperature τ = 24 ◦C and static pressure
p = 100 877 Pa, with estimated air density ρ = 1.1827
kg/m3 and air dynamic viscosity µ = 18.32·10−6 Pa s and
the PWM throttle signal was progressively incremented
from PWMidle = 1100 to PWMmax = 2000 (namely
δ ∈ [0, 900]

T ), respectively generating zero and maxi-
mum thrust, with steady–state measurements taken at
intervals of 100. In Figure 4 the rotor angular rate Ω is
reported as a function of control signal δ. Curve fitting
of experimental data points is performed according to
the model proposed in Eq. (10), with kΩ = 14.92 and
n = 0.6359 (Root Mean Square Error, RMSE = 13.65
rad/s). In Figure 5 the thrust T and the torque Q are de-
picted as a function of Ω. Data points are fitted accord-
ing to the simplified models provided in Assumption 1,
where kT = 7.074 · 10−6 N s/rad (RMSE = 0.1276 N)
and kQ = 1.326 · 10−7 Nm s/rad (RMSE = 0.0018 Nm).



Consider the isolated (unloaded) multirotor. In the
hovering condition it is Tj = mg/6 = 3.514 N, where
g = 9.80665 m/s2, and the feed–forward contribution
to each motor results to be, according to Eq. (24),
δfwd = 430. It is assumed that stabilization is performed
by the sample inner controllers provided in Eqs. (26)–
(29), with the control gains suggested in Eqs. (34)–
(39). Let λv1 = −3.5 + i 1.4 and λv2 = −3.5 − i 1.4
be the desired (complex–conjugate) eigenvalues for an
underdamped vertical dynamics, such that Πv = 14.21
and Σv = −7. Required control gains result to be
kiv = −489.35 and kpv = −241.06. A critically–damped
behavior is prescribed to the closed–loop yaw dynam-
ics, such that λyaw1

= λyaw2
= −3.5, Πyaw = 14.21, and

Σyaw = −7. It follows kir = 662.60 and kpr = 378.63.
With respect to the dynamics about the roll axis, one
real pole and a pair of complex conjugate poles are
assigned, respectively corresponding to λroll1 = −5,
λroll2 = −3.5 + i 1.4, and λroll3 = −3.5− i 1.4. Provided
Πroll = −71.05, Ξroll = 49.21, and Σroll = −12, one
derives kiφ = 132.01, kpφ = 91.43, and kp = −22.30. In
order to reasonably provide the multirotor with the same
dynamic behavior about the roll and the pitch axes,
namely λpitch1 = λroll1, λpitch2 = λroll2, and λpitch3 =
λroll3, the remaining control gains are scaled according
to Eq. (39), such that kiθ = 205.78, kpθ = 142.53, and
kq = −34.76.

The multirotor is equipped with a suspended load
whose parameters are listed in Table 1. In the hov-
ering condition it is Tj = (m+mc) g/6 = 4.33 N and
Ld = 0.601 m. The feed–forward contribution to each
motor results to be, according to Eq. (44), δ̄fwd = 506.
Consider now the dynamic system identified by the ex-
tended state vector in Eq. (47), under the hypotheses of
Theorem 1. It is assumed, without loss of generality, that
the auxiliary controllers in Eqs. (48)–(51) are required to
provide the rigid body with the same dynamic behav-
ior of the isolated multirotor, while prescribing the pay-
load a desired oscillatory dynamics. With respect to the
rigid body, this implies λ̄yaw1

= λyaw1
, λ̄yaw2

= λyaw2
,

λ̄pitch1
= λ̄roll1 = λroll1 , λ̄pitch2

= λ̄roll2 = λroll2 , and
λ̄pitch3

= λ̄roll3 = λroll3 . With regards to the degrees
of freedom in oscillation, a pair of complex–conjugate
poles is prescribed, namely λ̄pitch4

= λ̄roll4 = −1.2 +
i 1.7 and λ̄pitch5

= λ̄roll5 = −1.2 − i 1.7. As a first step,
the parameters defined in Theorem 1 are evaluated, in-
cluding Γ = 1.0457, Λ = 0.0833, and the polynomial
coefficients G0 = 307.65, G1 = 383.60, G2 = 241.11,
G3 = 82.34, and G4 = 14.40. Given Π̄yaw = Πyaw and
Σ̄yaw = Σyaw, control gains for the updated closed–loop
yaw dynamics respectively follow from Eqs. (59)–(60)
as k̄ir = −28.96 and k̄pr = −16.55. Control gains re-
quired for pole–placement stabilization of Āroll are ob-

tained from Eqs. (61)–(65) as k̄η2 = 63.94, k̄ν2 = 8.04,
k̄iφ = −104.83, k̄pφ = −19.12, and k̄p = −2.49. Taking
into account Eqs. (66)–(69), control gains for closed–
loop Āpitch stabilization are, respectively, k̄η1 = −91.80,
k̄ν1 = −12.53, k̄iθ = −163.42, k̄pθ = −34.53, and
k̄q = −3.88.

Assume that the effect of the auxiliary controllers in
Eqs. (49)–(51) is modulated by weight ξ ∈ [0, 1], namely
δyaw = δ

(inn)
yaw + ξ δ

(aux)
yaw , δroll = δ

(inn)
roll + ξ δ

(aux)
roll , and

δpitch = δ
(inn)
pitch + ξ δ

(aux)
pitch . The eigenvalues of subsys-

tem matrices Āyaw and Āroll are depicted in Figure 6
for values of ξ ranging from 0 to 1.

payload
swing mode

Figure 6: The eigenvalues of a) Āyaw and b) Āroll respectively ob-
tained for ξ ∈ [0, 1].

In the case when ξ = 1, exact pole–placement oc-
curs, based on given requirements. When ξ = 0, namely
when the auxiliary controller does not provide contri-
bution, rigid–body dynamics is shown to be altered by
the presence of the suspended load. Concurrently, pay-
load swing develops with a pair of poorly–damped poles,
−0.41 ± i 3.79, characterized by a damping coefficient
equal to 0.107 and natural frequency 2.45 rad/s. The
effect of active payload stabilization, determined by k̄η2
and k̄ν2 , finally drives the poles of the swing mode to
the desired values, −1.2 ± i 1.7 characterized by an
improved damping ratio of 0.577, a natural frequency
of 2.08 rad/s, and reduced settling time. The desta-
bilizing effect determined by increasing values of h3 is
also evident. With regard to the yaw dynamics, the ef-
fect of the auxiliary controller arises in the transforma-
tion from real–distinct (over–damped) poles to the pre-
scribed critically–damped poles, characterized by faster
convergence.

Consider now the extended vertical dynamics. With
the aim to provide the rigid body with almost the same
dynamic behavior of the isolated multirotor, control gains
are selected according to Eq. (73) in Corollary 1. In
particular, it is k̄iv = −87.44 and k̄pv = −43.08, pro-



vided Π̄v = Πv = 14.21 and Σ̄v = Σv = −7. Us-
ing standard notation[26] and the two–time–scale ap-
proach discussed in Appendix 2, the resulting (rigid–
body) slow mode is thus characterized in terms of natu-
ral frequency and damping expressions as ωs =

√
Π̄v =

3.77 rad/s and ωs ξs = −Σ̄v/2 = 3.5 rad/s. Con-
versely, the (cable elasticity) fast mode is character-
ized by expected values ωf =

√
K/mc (1 +mc/m) =

109.90 rad/s and ωf ξf = −Σ̄vmc/ (2m) = 0.81 rad/s.
By substitution of the given control gains, Āv as-
sumes the form provided in Eq. (114), whose exact
eigenvalues are characterized by ω(exact)

s , (ωs ξs)
(exact),

ω
(exact)
f , and (ωf ξf )

(exact). In Table 2 percentage er-
rors between actual and estimated dynamic param-
eters are reported as a function of cable Hookes’s
constant K, provided εωs =

(
ωs − ω(exact)

s

)
/ω

(exact)
s ·

100, εξωs =
[
(ξsωs)− (ξsωs)

(exact)
]
/ (ξsωs)

(exact) · 100,

εωf =
(
ωf − ω(exact)

f

)
/ω

(exact)
f · 100, and εξωf =[

(ξfωf )− (ξfωf )
(exact)

]
/ (ξfωf )

(exact) · 100. It is evident
that, for high values of K, frequency separation unfolds
and the values estimated by Eqs. (110)–(113) reach a
higher degree of accuracy, even though the analysis is
limited to a zero dynamic residual L = L0 in Eq. (105).
Table 2: Extended vertical dynamics: evaluation of decoupled analy-
sis approximation.

Hooke’s constant [N/m] approximation error [%]
K εωs εξωs εωf εξωf
4.9 -11.04 -16.47 12.41 556.43
49 -3.13 -3.84 3.23 20.73
490 -0.33 -0.40 0.33 1.74

4900 -0.03 -0.04 0.03 0.17

5. CONCLUSIONS

The present paper investigates the effect of sus-
pended load oscillations on the dynamics of a multi-
rotor platform. As a first step, the isolated rotorcraft
is analyzed from a mathematical standpoint and a set
of (inner–loop) controllers is assumed to stabilize the
hovering condition with known dynamic behavior. Af-
ter the multirotor is equipped with the payload through
a suspended cable, the combined slung–load system is
shown to be underactuated over the oscillatory dynam-
ics. A set of auxiliary (outer–loop) controllers is thus
proposed with the aim to provide the complete system
with a set of desired dynamic properties, specified also
for the oscillatory mode. The approach is based on the
linearization of the complete mathematical model about
the hover equilibrium, which is a fundamental flight con-
dition of a typical multirotor mission.

A completely analytical framework is thus derived
that allows to design the outer–loop controller gains to
exactly obtain the required dynamic properties. A nu-
merical example is discussed relative to a small–scale
hexacopter whose propulsion system was characterized
experimentally. The approach can be easily extended
to different rotorcraft configurations and results to be
based on the knowledge of a very limited set of param-
eters, while guaranteeing satisfactory accuracy in the
prescription of flying qualities.

APPENDIX 1. PROOF OF THEOREM 1

The dynamic system identified by the extended state
vector in Eq. (47) is first linearized about the origin. Un-
der Assumptions 1–4, the state–matrix Ā ∈ R16×16 as-
sumes the block–diagonal form provided in Eq. (52). In
particular, the non–zero components of Āv are:

(76) Āv1,1 =
12 kT k

2
Ω n δ̄

2n−1
fwd

m

(
k̄pv +

Σv δfwd
2 g n

)

(77) Āv1,2 =
12 kT k

2
Ω n δ̄

2n−1
fwd

m

(
k̄iv −

Πv δfwd
2 g n

)
(78) Āv1,4 = K/m, Āv3,4 = −K/mc (1 +mc/m)

(79) Āv3,1 = −Āv1,1 , Āv3,2 = −Āv1,2
(80) Āv2,1 = Āv4,3 = 1

Provided Āyaw is described by matrix components

(81) Āyaw1,1
= Γ Σyaw −

2 kQ k̄pr (m+mc) g n

J3 kT δ̄fwd

(82) Āyaw1,2
= −Γ Πyaw −

2 kQ k̄ir (m+mc) g n

J3 kT δ̄fwd

(83) Āyaw2,1
= 1, Āyaw2,2

= 0

one can assign

(84) det
[
Āyaw

]
= −Āyaw1,2

= λ̄yaw1
λ̄yaw2

= Π̄yaw

and

(85) tr
[
Āyaw

]
= Āyaw1,1

= λ̄yaw1
+ λ̄yaw2

= Σ̄yaw

such that control gains in Eqs. (59) and (60) are respec-
tively derived.

The non–zero components of Āroll are:

(86) Āroll1,1 =
2 b (m+mc) g n

J1 δ̄fwd

(
k̄p +

J1 Σroll δfwd
2 bmg n

)

(87)

Āroll1,2 =
1

J1

[
12 b kT k

2
Ω n δ̄

2n−1
fwd

(
k̄pφ

+
J1 Ξroll δfwd

2 bmg n

)
−K h3 (L− Ld)

]



(88) Āroll1,3 =
m+mc

J1m δ̄fwd

(
2 b k̄iφ mg n− J1 Πroll δfwd

)
(89) Āroll1,4 =

12 b kν2 kT k
2
Ω n δ̄

2n−1
fwd

J1

(90)
Āroll1,5 =

1

J1

[
−K h3 (L− Ld)

Ld

+
2 b kη2 (m+mc) g n

δ̄fwd

]
(91) Āroll2,1 = −1, Āroll3,2 = Āroll5,4 = 1

(92) Āroll4,1 = −h3 Āroll1,1

(93)

Āroll4,2 = −h3

J1

[
2 b (m+mc) g n

δ̄fwd

(
k̄pφ

+
J1 Ξroll δfwd

2 bmg n

)
−K h3 (L− Ld)

]

− (m+mc) g

m

(94) Āroll4,3 = −h3 Āroll1,3 , Āroll4,4 = −h3 Āroll1,4

(95)
Āroll4,5 =

K (L− Ld)
J1 Ldmmc

[
J1 (m+mc) + h2

3mmc

]
− 2 b h3 k̄η2 (m+mc) g n

J1 δ̄fwd

Provided λ̄roll1 , λ̄roll2 , λ̄roll3 , λ̄roll4 , λ̄roll5 are the de-
sign eigenvalues, the desired characteristic polynomial
of Āroll assumes the form:

(96)
Proll(s) =

5∏
i=1

(
s− λ̄rolli

)
= s5 +G4 s

4 +G3 s
3

+G2 s
2 +G1 s+G0

where polynomial coefficients G0, G1, G2, G3, and G4

are explicited in Eq. (72). Let I5 be the identity matrix of
size 5. By equating Eq. (96) to det

[
s I5 − Āroll

]
, a set

of 5 equations is derived with unknown variables repre-
sented by control gains k̄η2 , k̄ν2 k̄iφ , k̄pφ , and k̄p. Solu-
tions are respectively given in Eqs. (61)–(65). The same
procedure holds for Āpitch, finally providing the control
gains in Eqs. (66)–(69).

APPENDIX 2. PROOF OF COROLLARY 1

Taking into account Eqs. (76)–(80), the vertical dy-
namics matrix can be expressed as:

(97) Āv =

[
C11 C12

C21 C22

]

where

(98) C11 =

[
Āv1,1 Āv1,2
Āv2,1 0

]
, C12 =

[
0 Āv1,4
0 0

]
(99) C21 =

[
Āv3,1 Āv3,2

0 0

]
, C22 =

[
0 Āv3,4

Āv4,3 0

]
Let C0 = C11 − C12C

−1
22 C21. Provided C22 is nonsin-

gular, the vertical dynamics equations are recast in the
two–time–scale standard form:[27]

(100) ẏ = C11 y +C12 z, ż = C21 y +C22 z

where y = [ev, εv]
T and z = [ν3E , η3E ]

T are the vectors
containing the slow and the fast variables, respectively.
Consider the following change of variable:

(101)
[
ys
zf

]
=

[
I2 −ML −M

L I2

] [
y
z

]
where I2 is the identity matrix of size 2, while L and M
are the solutions of the following nonlinear matrix equa-
tions:

(102) C12 −C22L+LC11 −LC12L = 02

(103)
(C11 −C12L)M −M (C22 +LC12)

+C12 = 02

with 02 being the null matrix of size 2. The system in
Eq. (100) is thus decoupled into the fast and slow sub-
systems:

(104)

[
ẏs
żf

]
=

[
Cs 02

02 Cf

] [
ys
zf

]
=

[
C11 −C12L 02

02 C22 +LC12

] [
ys
zf

]
The matrix L can be approximated as:[27]

(105)
Li = C−1

22 C21 +C−1
22 Li−1 (C11 −C12Li−1)

L0 = C−1
22 C21

The existence of a solution to the matrix equality in
Eqs. (102)–(103) and the validity of its approximation
in Eq. (105) is addressed in[27] by Lemma 2.1 and
Lemma 2.2. If one selects a zero dynamic residual
L = L0 in Eq. (105) and takes into account Eq. (104),
the approximations C(0)

s = C11 − C12C
−1
22 C21 and

C
(0)
f = C22 +C−1

22 C21C12 can be derived:

(106) C(0)
s =

Āv1,1 ( m

m+mc

)
Āv1,2

(
m

m+mc

)
1 0



(107) C(0)
f =

0 Āv3,4
mc

m

1 Āv1,1

(
mc

m+mc

)



Pole placement of λ̄v1 and λ̄v2 to the slow subsystem
matrixC(0)

s is performed by the same approach adopted
in Eqs. (84) and (85). Taking into account Eqs. (98) and
(99), and the definition of Π̄v and Σ̄v, it follows:

(108) k̄iv =
Πv δfwd − Π̄v δ̄fwd

2 g n

and

(109) k̄pv =
Σ̄v δ̄fwd − Σv δfwd

2 g n

Using standard notation,[26] the resulting slow mode is
characterized in terms of natural frequency and damp-
ing expressions as

(110) ωs =

√
det[C(0)

s ] =
√

Π̄v

(111) ωs ξs = − tr[C(0)
s ]/2 = −Σ̄v/2

while the fast mode is related to:

(112) ωf =

√
det[C

(0)
f ] =

√
K/mc (1 +mc/m)

(113) ωf ξf = − tr[C
(0)
f ]/2 = −Σ̄vmc/ (2m)

It is important to note that, unlike C(0)
s , the eigen-

values of C(0)
f (and, thus, of Āv) cannot be arbitrarily

assigned. In particular, by substitution of Eqs. (108) and
(109), Āv assumes the form:

(114) Āv =


Σ̄v (1 +mc/m) −Π̄v (1 +mc/m)

1 0 0 0
−Σ̄v (1 +mc/m) Π̄v (1 +mc/m) 0 −K/mc (1 +mc/m)

0 0 1 0


The eigenvalues of Āv in Eq. (114) are generally char-
acterized by different properties than the ones provided
to the decoupled parameters in Eqs. (110)–(113). The
matrix decomposition described above, in fact, allows
to exactly perform pole placement only to the low–
frequency dynamics while obtaining, as a by–product,
the decoupled fast mode parameters. However, the er-
ror between the coupled and the decoupled vertical dy-
namic modes is bounded and reduces in the measure
in which frequency separation occurs. Provided a suf-
ficiently rigid cable is used, that is a high value of K
is considered, a sufficiently high natural frequency ωf
results for the subsystem in Eq. (112). Hence, decou-
pling occurs and the eigenvalues of Āv in Eq. (114)
approximately track the results separately provided in
Eqs. (110)–(113).
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