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Abstract

The objective of the present work is to present a unified
analysis which will take into consideration the effect of
non linearity between the bending moment and curvature
in long composite drive shaft which become important at
high speeds even while transmitting uniform torque. Weak
formulation used here is the well-established version of the
nonlinear dynamics of moving beams developed by Hodges.
The shaft is modeled as a spinning tubular beam using the
non-linear cross-sectional stiffness matrix, which captures
the brazier effect in an asymptotically correct manner. The
critical speed of the thin-walled composite shaft is depen-
dent on the stacking sequence, the length-to-radius ratio
(L/R) and the boundary conditions. The present analysis
is verified by comparing the numerical results with those in
the literature and very good agreement is obtained. Both
forward and backward precession mode shapes are also cap-
tured for spinning drive shafts.

Nomenclature

bi unit vectors of undeformed beam
Bi unit vectors of deformed beam
C direction cosine matrix
F column vector containing the axial (F1)

and shear forces (F2 and F3)
f, m external forces and moments
H cross-sectional angular momentum
I section inertia matrix
K deformed beam curvature
l length of shaft
M column matrix of torsional moment (M1)

and bending moments (M2 and M3)
P cross-sectional linear momentum
R mean radius of shaft
S33 nonlinear bending stiffness
t wall thickness of shaft
u column matrix of displacement measures
V inertial velocity vector
γ column vector of beam axial and transverse

shear strains
κ column vector of beam torsional (κ1) and

bending (κ2 and κ3) curvatures
ρ bending curvature (either κ2 or κ3)
Ω inertial angular velocity vector
θ column matrix of Rodrigues parameters
∆ Identity matrix
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µ beam mass per unit length
δu, δθ virtual quantities
( )′, ˙( ) spatial and temporal derivatives

Introduction

Fiber reinforced shafts have been sought as new poten-
tial candidates for replacement of the conventional metal-
lic shafts in many applications like commercial drive shafts,
for helicopter rotors, aircraft propellers, and inboard mo-
tor propellers for luxury yachts and fishing boats. They are
gaining lot of popularity because of their many advantages
over metallic shafts like significant weight reduction, re-
duced bearing and journal wear, assured dynamic balance
with symmetric layups and increased operating speeds, tai-
lorability of electrical conductivity, corrosion resistance, re-
duced noise, vibration and harshness (NVH) and long fa-
tigue life. This in short means improved performance of
the shaft system resulting from the use of composite ma-
terials. In many engineering systems, we have to design
rotating members which are capable of smooth operations
under various conditions of speed and load. In some sys-
tems, specially for machinery with members rotating at
high speeds, it is extremely difficult to ensure stable and
smooth operation. Although this subject is still in the de-
veloping stage, nevertheless, because of its importance, it
is necessary for designers to have some understanding of
the behavior of rotating members. The motivation for re-
viewing models for critical speed comes from the Brazier
effect (i.e the non-linear behavior of thin tube in bending).
Critical speed which is a function of bending stiffness which
reduces with increasing bending curvature. This effect be-
comes very important at high spinning speed in helicopter
drive shafts. Earlier researchers studied the dynamics of
shafts by considering a linear cross-sectional analysis and
a non-linear beam analysis through the longitudinal direc-
tion.
Most of the shaft models in the literature are based ei-
ther on the shell theories, on beam theories combined
with strain-displacement relation of shell theories or on
thin walled beam theories. One of the main difficulties
sprouts from the large variety of structural responses of
a general shell, depending on its geometric shape, on the
applied loads and the boundary conditions. A reliable
shell finite element must capture all possible behavior of
the structure. Generally composite shafts are thin tubu-
lar shafts, and thus, studying cross-sectional deformation
both inplane and out-of-plane is important. Most of the
formulations based on beam theories fail to predict shaft
cross-section deformation. Though, formulations based on
shell elements are most suitable for studying shaft cross-



sectional deformation, they are computationally costlier
compared to beam formulations. Hence, the optimal ap-
proach would be to use a thin-walled beam theory based
on a rigorous shell theory.
The dynamic analysis of rotor-bearing systems for isotropic
shafts has been covered by many researchers 1-6. Litera-
ture survey shows that there are few models developed for
the anisotropic shafts. In literature, the bulk of the work
on cylindrical shell is on non rotating shells. The work of
Greenberg and Stavsky 7, for example, presents the vibra-
tion analysis of non-rotating laminated composite cylin-
drical shells. Accompanied by the development of many
new advanced composite materials, various mathematical
models of spinning composite shafts were developed by re-
searchers. Rand and Stavsky 8 studied the dynamic char-
acteristics of rotating laminated filament-wound cylindrical
shells by using a closed-form solution of a general type of
field equations and arbitrary boundary conditions. Kim
and Bert ? have presented the most significant work re-
lated to the whirling of composite drive shafts including
the bending-twisting coupling and transverse deformations.
They have shown that in the case of relatively short shafts,
transverse shear deformation can be important. Singh and
Gupta 10 presented two composite spinning shaft models
based on an EMBT (Equivalent Modulus Beam Theory)
and a layerwise theory. Chen and Peng 11 studied the sta-
bility of rotating composite shafts under axial compressive
loads. Most recently Chang et .al . 12 developed a simple
laminated composite shaft model based on a first order
beam theory. They assumed that the composite shaft is
supported by bearings, which was modeled as springs and
dampers. They derived the governing equations of systems
starting from Hamilton’s principle.
As a thin walled circular cylindrical shell is subjected to
bending deflection, it will tend to ovalize according to Bra-
zier effect 13. In doing so, the diminishing cross-sectional
second moment of area of the tube reduces the flexural stiff-
ness of the structure. This effect was captured by Harur-
sampath and Hodges 14 for long anisotropic tubes. The
Variational Asymptotic Method (VAM) 15 was used to find
the one dimensional strain energy of the beam. This tool
(VAM) is a powerful mathematical tool which takes a long
3-D body and represents it as a 1-D body motivated by
some small natural parameters arising from the geometry
itself. In the case of thin-long tubes, the radius-to-length
(R/l) and thickness-to-radius (t/R) ratios may be consid-
ered as small parameters. No adhoc assumption is taken
into consideration. However, the strains are assumed to
be small though large deformations are allowed. Starting
from the Classical Laminated Shell Theory (CLST), VAM
was used to obtain a beam theory, for circumferentially
uniform stiffness tubes, which captures the Brazier effect
analytically.
A non-linear formulation for the dynamics of initially
curved and twisted beams in a moving frame 17 is used
for this analysis. These equations are written in a compact
matrix form without any approximation to the geometry of
the deformed beam reference line. Earlier, Danielson and

Hodges 18, have expressed the 3-D strain field in the beam
in terms of one dimensional generalized strains. These
relations were used to derive the intrinsic equation from
Hamilton’s principle where one dimensional strain energy
per unit length was taken from the expressions derived in
14. These equations are most simple in their intrinsic form
and can be conveniently cast in a mixed finite element 19
form.
Analysis is carried out after modeling to determine the dy-
namics of spinning composite drive shafts taking into con-
sideration the Brazier effect which is then shown to be im-
portant for high speed spinning shafts. Clamped-clamped
boundary condition is considered for the drive shaft. Modal
analysis is done for composite drive shafts both under non-
rotating and rotating conditions. Influence of Brazier effect
in shaft transmitting uniform torque is taken up for study.
Analysis shows that earlier theories fail to capture the Bra-
zier effect which becomes important at high speed spinning
conditions.

Cross-sectional analysis

Calculation of natural frequencies for a composite beam re-
quires two different operations. These two different opera-
tions together represent the three dimensional modelling
of composite beams by combining efficiency with accu-
racy. The first one is the determination of non-linear cross-
sectional stiffness by solving the two dimensional cross-
sectional problem for use in the non-linear one dimensional
equation by using variational asymptotic analysis. The sec-
ond one is the solution of the one dimensional beam equa-
tion for the natural frequencies and mode shapes. Here,
the objective is to study how the non-linear changes in
stiffness affect the dynamics characteristics of the beam.
Asymptotically correct beam model derived by Harursam-
path 14 for a long, thin-walled, circular tube with circum-
ferentially uniform stiffness (CUS) and made of fiber rein-
forced materials was derived.
The final expression for the beam strain energy density of
composite tube as given in 14 is

U1D = 1
2
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where

S33(ρ) = πR3A11

[
1− 9(Rρ)2

144µ + 10(Rρ)2

]
(2)

As expected, due to circular symmetry of the tube, there is
no bending-torsion or bending-extension coupling. Hence,
extension-torsion and bending could be treated as two inde-
pendent problems for spanwise uniform, CUS tubes made
of generally anisotropic material. Fig.(2) shows that even
for a small range of ρ the second term in Eq.(2) for S33

reduces the bending stiffness with increasing bending cur-
vature and is the source of the well-known non-linearity.
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Fig 2. S33 vs curvature of beam

Its reduction is more prominent for the case of the lower
value of θ, layup considered is [±θ5]. As seen in Eq. (2),
the only factor influencing this non-linearity is the ratio of
the square of the non-dimensional bending curvature, Rρ,
to µ = D22

R2A11
. The definition of µ shows that it is a non-

dimensional measure of the resistance of the cross section
to flatten/deform in its own plane. A small µ results in a
cross section which is very easily deformed causing highly
non-linear behavior. The limiting cases are: µ = 0 which
results in a semi-membranous (infinitesimally thin) tube
with 90% reduction from the linear value of S33 indepen-
dent of the bending curvature; and µ = ∞ which results in
a rigid cross section tube with no non-linearity.

Weak formulation and mixed finite element
method

Beam theory in terms of nonlinear intrinsic strain measures
γ and κ were developed by many researchers [16,17,18].
Beam reference line strain and curvatures are denoted by

γ =




γ11

2γ12

2γ13


 , κ =




κ1

κ2

κ3


 , (3)

The six generalized strain measures, γij and κi, functions
of the displacement measures, u of the beam reference line
and the relationship between orthogonal base vectors, bi

and Bi, of the deformed and undeformed configuration.
Then strain measures can be defined 17 as

γ = C(e1 + u′b)− e1 (4)

The components of Cij are direction cosine and define by

Cij = Bibj (5)

κ = KB (6)

where the elements of the curvature vectors are define by
the skew symmetric matrix

K̃B = −C ′CT . (7)

Here ( )′ denotes the derivative with respect to x1, e1 =
[1 0 0]T and (̃ ) denotes a skew symmetric matrix. Angular
velocity as defined in Kane and Levinson 16 for the dual
basis system is

Ω̃B = −ĊCT (8)

Linear velocity in the B basis can be defined as

VB = Cu̇b (9)

Detailed derivation of the dynamics of a moving beam can
be found in 17. Weak formulation used here is the lin-
earized mixed version of the mixed, weak formulation de-
rived in 19. The equations are written in a compact ma-
trix form without any approximations to the geometry of
the deformed beam reference line or to the orientation of
the intrinsic cross-section frame. The formulation is in the
weakest possible form because all the one dimensional field
equations, namely equilibrium equations, constitutive law,
strain displacement relationships and boundary conditions
are represented in the most basic form without differenti-
ation of any field variable with respect to the axial coordi-
nates. Although this formulation generates a large vector
of unknowns the coefficient matrix is very sparse ensur-
ing computational efficiency. For small strain, constitutive
equations implied in 17 are written here in the form

{
γ
κ

}
=

[
R S
ST T

] {
F
M

}
(10)

Similarly, the generalized momentum-velocity relations are
{

P
H

}
=

[
µ∆ 0
0 I

]{
V
Ω

}
(11)
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Here I and m are the section inertia and mass matrices
respectively. The governing equation 19 of the dynamics of
a moving beam with the reference axis coincides with the
axis of mass center is

∫ l

0

(δu′T CT FB + δψ
′T

CT MB − δψ
T
CT (ẽ1 + γ̃)FB

+δuT (CT PB). + δuT ω̃CT PB + δψ
T
(CT HB).

+δψ
T
ω̃CT HB + δψ

T
CT ṼBPB − δF

T
[CT (e1 + γ)

−e1]− δF ′
T
u− δM

T
(∆ + θ̃

2 + θθT

4 )κ− δM
′T

θ

+δP
T
(CT VB − v − ω̃u)− δP

T
u̇ + δH

T
(∆− θ̃

2

+ θθT

4 )(CT ΩB − ω)− δH
T
θ̇ − δuT f − δψ

T
m) dx1

= (δuT F̂ + δψ
T
M̂ − δF

T
û− δM

T
θ̂)

(12)
In Eq.(12), there are no spatial derivatives of any unknowns
and hatted terms indicates the boundary terms. This equa-
tion represents the weakest possible form for analyzing the
non-linear structural dynamics of a beam as an eigenvalue
problem. Eq. (12) is solved by mixed finite element method
for natural frequencies and modal solutions.
Since above formulation is already in the weakest form,
simple shape functions can be used and the beam dis-
cretized into N elements (see Fig.(3)) with nodes numbered
from 1 to 1 + N . We can use the shape functions 19 for
defining the virtual displacement, rotation, forces and mo-
ments as
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Fig 3. Beam element with unknowns

δu = δui(1− ζ) + δujζ

δθ = δθi(1− ζ) + δθjζ

δF = δFi(1− ζ) + δFjζ

δM = δMi(1− ζ) + δMjζ

(13)

where subscripts refer to node number along the beam and
ζ is a local element axial coordinate so that 0 ≤ ζ ≤ 1.
The unknowns corresponding to the remaining two virtual
quantities (Pi and Hi) are assumed to be piece-wise con-
stant within the element (0 < ζ < 1).
The formulation is termed as mixed, since the unknown
include u, θ, F , M , P and H (where u, θ, F , M , P and
H are the displacement, rotation, forces, moments, linear-
momentum and angular-momentum, respectively) at each
node or for each element. Above discretization seems to
be crude but is sufficient for the weakest mixed, intrinsic
formulation. In this analysis, we have used equally space
elements. Substituting Eq. (13) in the Eq. (12)and rec-
ognizing independent of the remaining virtual quantities

results in sets of 30 equations 19. Eq.(12) yields a group of
equations which can be written in operator form as

Z(X, Ẋ, F ) = 0 (14)

where X is the vector of unknowns and Z is a vector of
functions. F is a vector containing the effective nodal loads.
Both X and Z are of dimensions 18N +12. In the case of a
clamped-clamped boundary condition, the unknown vector
will be

XT = [F̂T
1 M̂T

1 uT
1 θT

1 FT
1 MT

1 PT
1 HT

1 ....

uT
NθT

NFT
NMT

NPT
NHT

N F̂T
N+1M̂

T
N+1]

(15)

Z consists of the corresponding terms of Eq( 14) and forms
the set of nonlinear equations. Set of 18N + 12 non-linear
equations can be solved by applying the Newton-Raphson
method. Using the standard finite element technique, the
resulting algebraic equations (Eq.(14)) can be written in
matrix form for each element as a first order differential
equations in the following form

[M ]
{

Ẋ
}

+ [N ] {X} =
{

F̂
}

(16)

The above equation governs the dynamic response of the
system. Here the matrices [M ] and [N ] are defined as

[M ] =
∂Z

∂Ẋ
, [N ] =

∂Z

∂X
(17)

while F̂ contains the dynamic components of external
loads. Advantage of the above formulation is that the Jaco-
bian of Eq.(14) can be obtained explicitly and the matrices
defined above are tremendously sparse that ensuring the
computationally efficiency, without loss of accuracy.
Using the standard finite element technique, resulting al-
gebraic equation can be written in matrix form for each
element. These matrices can then be assembled producing
one large matrix equation where it can been seen that the
final coefficient matrix is simply a reorganization of indi-
vidual coefficient matrices which is unlike the displacement
formulation where the method requires additions during
assembly. Separating variables according to whether their
time derivative appears or not in Eq.(16), we can rewrite
the governing equation as

[
A B
C D

]{
xd

xs

}
+

[
0 0
E 0

]{
ẋd

0

}
=

{
0
0

}
(18)

where xd is the subset of the field variables which are dif-
ferentiated with respect to time, xs are the rest of the field
variables, A,B, C and D are coefficient matrices and fd

and fs are the external forces. It must be noted here that
this is a very sparse matrix equation. Also the matrix D
always contains nonzero diagonal, no matter how many el-
ements are used. After solving the above two equations for
free vibration analysis by eliminating xs, the matrix equa-
tion can be ultimately reduced to an eigenvalue problem is
defined by

−BD−1Eẋd + (A−BD−1C)xd = 0 (19)
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Above algebraic eigenvalue problem is of the order of 12N
and can be used to calculate the vibration characteristics
of the beam. Several methods can be used to determine the
critical speed of a rotating drive shaft. They include com-
monly known Campbell diagram method as well as whirling
frame method (suitable for undamped system) and sensi-
tivity method. Eq. (19) is solved for increasing values
of spinning speed that result in bifurcation of natural fre-
quencies into two sets of roots. One will increase with
increasing spinning velocity (called forward precision) and
the other will decrease (called the backward precision). For
long shafts, these roots are very close to each other.

Stability of rotating shafts

Zenberg and Simmonds 20 analyzed a composite shaft both
theoretically and experimentally with 10 layers and at dif-
ferent fiber angles. The critical speed was found by using
a finite element beam formulation in which beam element
was derived based on Donnell’s shell theory by Dos Reis
et. al 21. These results also take into consideration the
bending-stretching coupling effects. In the presents anal-
ysis, the results for the shaft were obtained by using the
stiffness matrix which is non-linear under bending. A com-
parison of results is given in Table II. It may be noted that,
because of the non-linear behavior of thin tube against cur-
vature, critical speed reduces with increasing bending cur-
vature. This effect is prominent for higher modes. The
critical speed predicted by Zinberg and Symmond using
EMBT is 5780 rpm and natural frequency of the shaft was
experimentally found to be 5500 rpm from the forced re-
sponse of the non rotating shaft. Using the present anal-
ysis the critical speed turns out to be 5195 rpm, close to
the theoretical analysis of Zinberg and Symmond. Earlier
researchers have not taken into consideration the deforma-
tion of the cross section to an oval shape which reduces the
flexural stiffness. But it has been found that at first critical
speed, cross-sectional deformation is negligible. Therefore,
it will not affect the solution significantly.
In the following example, first critical speeds of compos-
ite shafts are determined for various layups and compared
with those available in the literature to validate the present
model. For thin walled shafts with a given orientation ±θ,
the second moment of inertia which is used in the expres-
sions for the flexural stiffness is approximately proportional
to t, the thickness of the tube wall. Therefore inplane mod-
ulus can be used for calculation of flexural stiffness. Dur-
ing the flexural modes, one half portion of the tube is in
compression and other half will be in tension. Thus the di-
rection of stretching force induced in the mid-surface of the
tube wall is opposite in the two halves. Similarly, in case of
tension in CUS composite shafts, the induced bending mo-
ment due to bending-stretching coupling will be symmetric
about the cross section and will not cause any flexure in the
tube. Therefore, although the bending-stretching coupling
can be present in lamination construction, will not not af-
fect the bending behavior of the CUS tube. In conventional
beam analysis, it is also assumed that plane section remain
plane after bending and the shape of the cross section is

not deformed. However in reality and in the current model,
the cross section also deforms during bending, which can
affect the bending mode natural frequencies significantly.
For numerical simulation, the layup [±θ]5 with all 10 plies
of equal thickness and following properties is considered.

Boron/ Graphite/
Epoxy Epoxy

E1 (GPa) 211 139
E2 (GPa) 24.1 11.0
ν12 0.36 0.313
G12 = G13 (GPa) 6.90 6.05
G23 (GPa) 6.90 3.78
ρ (Kg/m3) 1967 1578

TABLE I

Properties of composite material used.

Variation of critical speed with ply orientation

The critical speeds calculated using present analysis are
plotted w.r.t. ply orientation in Figs. (6) and (7). In
Fig.(6), the first critical speeds are plotted w.r.t. to ply
angle for t/R = 1/50 (t is the thickness of the laminate,
R = 6.605 cm, the mean radius of the shaft). From
Fig.(6), it is noted that the first critical speed for clamped-
clamped boundary condition is almost constant in the
range 0o ≤ θ ≤ 15o and then decreases as we increase
the ply orientation. The bending rigidity is large in the
range θ = 0o − 15o and then reduces with increase in the
ply orientation of fibers. This is a combined result of many
known phenomenon. The shear modulus is maximum at
45o and minimum at 0o and 90o. Also longitudinal mod-
ulus is maximum at 0o and minimum at 90o. Shear de-
formation in beam reduces the natural frequency and will
be prominent for large value of longitudinal modulus and
smaller value of shear modulus. As the ply angle changes
from 0o and 90o, it thus reduces the critical speed. Also
the shear modulus increases from 0o to 45o, leading to re-
duce the shear deformation effect, which in turn increases
the critical speed. The latter effect dominates for smaller
value of L/R ratio. If we compare the two plots, it is found
that in Fig.(7), the maximum critical speed is shifted to-
wards the higher angles for lower value of L/R ratio.

Variation of the critical speed with L/R and t/R

This section illustrates the variation of the critical speed
with respect to L/R and t/R. As discussed earlier, the
shear modulus tends to shift the peak towards the higher
ply angle and is shown in Fig.(8) also. Critical speed re-
duces at a rate faster with increasing L/R (Fig. 8(a)) as
compared to the case of increasing t/R (Fig. 8(b)). It
is found that critical speeds is less sensitive to t/R ra-
tio because the cross-sectional deformation is negligible for
thicker shafts.
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Spinning drive shaft under the action of external

forces/disturbances

This section considers the composite drive shaft transmit-
ting uniform torque. Transmitted force at the shaft pe-
riphery is resolved into a transverse force and a torque
acting though the centroidal axis. In the following exam-
ple, we consider the composite drive shaft under the action
of external force/disturbance both with and without Bra-
zier effect. Graphite/ Epoxy shaft with of R=0.0605 m;
R/t=50 and L/R=40 is considered. External disturbance
of -50 kN is considered at the mid-span (at 7th node) of
the beam in all cases while spinning at an angular veloc-
ity of 100 rad/sec. Displacement curves of the shaft both
with and without rotation are shown in Fig.(9). It has
been found that rotation effect increases the deformation
of the shaft further . Observing the figures for different
ply orientation shows that the effect of orientation angle
is significant. Percentage difference of max displacement,
Fig.(9(h)), is found to be substantial with hoop plies. Fig.
(10) shows the variation of the displacement curve of shaft
with and without Brazier effect. It is found that if we ne-
glect the cross sectional deformation, it may lead to wrong
estimation of displacement of the drive shaft. Brazier ef-
fect is found to be more prominent for [0o]10 and goes on
decreasing in importance as the ply-layup angle increases.
Therefore, optimal design of the ply to resist Brazier effect
will be to choose higher angle of ply.
Since the bending stiffness depends on the unknown, ρ,
an iterative procedure is require to determine it. Fig.(4)
show the no. of steps required for convergence of ρ for
the different ply layups, [±θ]. It has been found that it
converges faster for larger θ.
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Fig 4. Convergence of nonlinear bending

Natural frequencies and normal modes

This section deals with the natural frequencies and mode
shapes of the composite drive shafts as they are impor-
tant structural dynamic characteristics and are required in
the solution of resonant responses and for forced vibration
analyses. Of particular interest here are practical situa-
tions pertaining to a spinning beam of finite length with
clamped-clamped and clamped-free boundary conditions.

The free vibration response of stationary beams with gen-
eral boundary conditions are well known, but for a spin-
ning composite shafts have not been investigated by many
researchers. Fig. (5) shows the results of numerical simula-
tion for the mode shape of composite drive shafts spinning
at 60 rad/sec, along with those of non-spinning shafts. It
can be clearly observed that with rotation, deformation of
the shaft increases further. As discuss in an earlier sec-
tion, if a beam is put into a spinning motion, its natural
frequencies split into two components: forward and back-
ward precession. In case of cantilever (see Fig. (5)) it is
observed that backward mode deflection exceeds those of
the forward mode, and both precession mode shapes are
far from that of the non-spinning shaft.
Graphite/Epoxy shaft of L=2.47 m; R=63.45 mm and
t=1.321 mm is considered for numerical simulation indi-
cated in Fig.(5).
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Conclusion and Discussion

A beam model is presented in this work for a composite
spinning shafts. Rotor blade analysis carried out previ-
ously by Hodges is extended here for the case of laminated
composite shafts. Having validated with a few beam the-
ories for shafts in the literature, the present continuum
based shaft beam model can serve as a viable alternative
for the vibration analysis of spinning laminated composite
shafts. The governing equations obtained by this formu-
lation are in a compact matrix form and are without any
approximation in the geometry of the cross-section or the
deformed beam reference line. The present finite element
results match well with those in the literature. The crit-
ical speed of the composite laminated shaft is not always
at the ply angle θ = 0o. It is dependent on the L/R ratio
and the type of the boundary conditions. The composite
shaft having a proper stacking sequence would have better
dynamic performance than a conventional steel shaft. It
has been found that rotation effect increases the deforma-
tion of the shaft further. Brazier effect which is believed
to be important for high speed rotating shaft is found to
be significant for the case when shaft is transmitting large
uniform torque. It is found that there is not much cross-
sectional deformation for the case of the first critical speed.
Both forward and backward precession mode shapes is also
capture for spinning drive shafts. It is also found that
distinction between forward and backward precession be-
comes more obvious at higher modes and at larger spinning
speeds. Another feature which is expected is that the more
restrained a boundary condition represents, the closer are
its forward and backward precession curves to that of the
non spinning shaft.
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Investigator Method of determination Critical speed
Zinberg and Theoretical 5780
Symmonds Experimental 5500

Bert Bernoulli-Euler beam theory 5919
Bert and Kim Bresse-Timoshenko beam theory 5714

Henrique dos Reis FEM with beam element 4950
Present MFEA with non-linear bending 5195

TABLE II

Comparison of critical speed of a composite drive shaft reported by different researchers
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