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ABSTRACT

In recent work, an actuator-disc theory was used to obtain the dvnamic
inflow derivatives for rotors. The fundamental assumptions of that work
are examined in the present research through comparisons with more sophis-
ticated induced-flow descriptions. One description involves a general,
unsteady actuator-disc; and the other involves a prescribed-wake, discrete-
vortex analysis of a four-bladed rotor. The results reveal the strengths
and weakness of previous formulations.

1. Introduction

It has been known since the early days of the helicopter that the induced
flow field of a rotor responds in a dynamic fashion to changes in control set-
tings, blade motions, or hub motions. The dynamic character of the rotor wake
implies that the expected rotor dynamics can be significantly altered due to
angle-of-attack changes created by the transients in induced flow. The mathe-
matical modeling of induced-flow response has been called rhe theory of dynamic
inflow.

The early work in dynamic inflow, References 1-5, starts with Amer noting
that the pitch and rol]l damping of a rotor depend on the blade pitch setting.
Subsequently, Sissingh” used a2 quasi-steady momentum theory, where he assumed
the induced flow transients instantanecusly follow the lift transients, to
describe the dynamic inflow experiences of Amer. In particular, the change
in pitching moment due to pitch rate {(the pitch damping) creates a corraspound-
ing change in the induced flow field which, in turn, alters the development of
that pitch moment. In Reference 3, however, Carpenter and Fridovitch show
that there is a measurable time lag between the inception of blade life and
the subsequent development of induced flow. They gquantitarively explained
the time lag in terms of the apparent mass of the induced flow {as approxi-
mated by the apparent mass af an impermeable disk in still aix). Similar
work by Rebont corroborates the results in Reference 3, but he must double
the apparent mass used in Reference 3 in order to correlate his own experi-
mental data with analysis.4 In the unsteady aerodynamic theory of Loewy,
the vortex system of the rotor is treated by layers of vorticity; and a
Theodorsen—-type Lift-Deficiency Function is obtained. 1In the limit of zero
reduced frequency, such a theory produces a quasi-steady inflow theory for
climb; and, if exercised at moderate reduced frequencies, it could cenceivably

provide apparent mass terms.

More recently Shupe6 shows that the Sissingh model is equivalent te
the use of a reduced Lock number (i.e. a lift-deficiency function) for cwvelic
modes. In addition, the reference attempts to extend the dynamic-inflow model



into the forward-flight regime. Lastly, he introduces the inflow dynamics
as an integral component of rotor aervelasticity aand rotor-bedy stability
modeling.

Ormiston and Peters compare theoretical and experimental values of
steady control derivatives under various quasi-steady inflow assumptions.7
The results for hover corroborate earlier findings that quasi-steady momentum
theory is adequate. The results for forward flight, however, show large dis-
crepancies between theory and experiment. In response to this discrepancy,
Ormiston and Peters postulate a more general formulation of the inflow law;
it assumes that three induced-flow distributions (uniform, fore-to-aft, and
side-to-side) are linear functions of three aerodynamic loading ronditions
(thrust, pitch moment, and roll moment). Uanlike the previous theory, however,
the new one allows for all possible linear couplings between loads and inflow
(9 derivatives), whereas the old theory allows no couplings (3 derivatives).
An empirical flow moedel is used to successfully correlate hover and forward

flight data.

In References 8-10, the theory of dynamic inflow progresses from a quasi-
steady theory into a truly unsteady formulation. Crews, Hohenemser, and
Ormiston introduce a dynamic-inflow medel for hover that includes three un-
coupled, first-order equations that daescribe the magnitude of the induced flow
distributions {(uniform, fore-to-aft, and side-to-side). The gains and time
constants in these three equations are chosen on the basis of correlation with
experimental frequency-response data (as in Reference 7). It is interesting
that even though Reference 8 does not consider the work of Reference 3, the
identified time constant for cyclic modes in Reference 8 is within 1% of the
value that would result from the_apparent inertia of an impermeable disc, as
outlined in Reference 3. Peters” introduces the apparent mass terms of Reference
3 inte both the momentum—-theory formulation of Reference 2 and the empirical
formularion of Reference 1 The results are used to correlate rotor frequency
response {(te both hub and swashplate inputs) in hover and forward flight. In
hover, the apparent-mass terms with momentum theory provide excellent correla-
tions. Furthermore, the same apparent mass terms, when combined with the
empirical model, give equally good correlation in forward flight, despite the
fact that the empirical model is identified only on the basis of hover data.

In addition, Reference 9 formulates the momentum theory in a unified way that
allows smooth transitions betwe hover, climb, and forward flight. Finally,
Banerjee, Crews, and Hohenemser attempt parameter identification of the entire
3X3 inflow matrix from transient rotor data, but no clear conclusions are

reached.

The effect of dynamic inflow on rotor stability and transient response
are investigated in Reference 11-14. Ormiston studies the hover dynamics of a
three-bladed rotor with dynamic-~inflow degrees of freedoml£three second—-order
rotor equations plus three first-order inflow equations). He finds that the
reduced Lock number approximation is adequate for the regressing mode but not
for the collective and progressing modes. Peters and Gaonkar include dynamic
inflow for rotor flap-lag dynamics in hover and forward flight.l2 They find
that, with an inplane degree of freedom, one must define an equivalent Lock
number égg an equivalent profile drag coefficient in order to approximate the

damping of regressing modes. Finally, Peters and Gaonkarl3 and Johnsonl% show
that dynamic inflow accounts for most of the observed discrepancies between

theory and experiment for air and ground-rescnance dynamics of helicopters in
hover.

It is obvious from the previous work that dynamic inflow is important

in rotor dynamic and stability analysis. A requirement still exists for a
unified dynamic inflow theory that would adequately model both hover and forward
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flighr. There are several recent investigations of rotor inflow that contain
the ingredients necessary for an adequate quasi-steady model. In each case,
however, the investigations concentrate on the steady rotor loads and inflow;
but they do not investigate the consequences on the induced flow of systematic
load perturbations. Joglekar and Loewy find relationships between rotor loads
and induced flow fgom a potential-flow model of a pressure discontinuity across
an actuator disc. Landgrebe models the induced flow by a discrete representa-
tion of rotor shed vorticity, and he allows for either a prescribed wake or a
free wake.l Ormiston uses a simple actuator~f%sc theory coupled with rigid
blade dynamics to estimate rotor induced flow.

Pitt and Peters take the actuator-disc model in Reference 15 and extend
it, as necessary, in order to formulate a general, quasi-steady inflow theory.
In particular, the authors perform the necessary integrations of the loads
and induced flow and develop closed-form expressions for the 9 elements of
the inflow-derivative matrix, [Lj. The elements of [L] are found as functions
of the free-stream velocity (air speed plus average, steady induced flow) and
the disc angle-of-attack (90° for hover, 0° for edgewise flight).

Before making a final conclusion on the universality of the Pitt/Peters
model, rhere are two major assumptions in Reference 18 that must be critically
examined. First, there is the assumption that a rotor can be modeled as an
actuator disc. To test this assumption, the quasi-steady inflow model needs
to be compared with an analysis that includes the vortices shed by each
individual blade. Second, there is the superposition assumption which (as
shown in Reference 18) is equivalent to the assumption that all velocities
are in-phase. To test this assumption, we must compare results with a more
sophisticated analysis that does not assume in-phase wvelocities., It is the
purpose of this paper to test these assumptions in the manner indicated above.
Finally, to complete the development of this dynamic inflow model, the results
in Reference 18 will be generalized so as teo be applicable to nonlinear analy-
ses. It should be noted that the results presented here arve based on a Dgctor
of Science Thesis by the first author under the direction of the second.

2. Mathematical Formulation of Inflow Models

The details of the actuator-disc models are given in References 18 and
19, but the basic equations will be repeated for clarity. First, the nondimen-
sional induced flow is represented by five assumed inflow distributions with
undetermined magnitudes.

v ovow vs?sinw + v _Tcosy + vzs?zsinw + uzc?ZCOSZw (D

The first term, V,, represents a uniform digtribution; the second term, Vg,
represents a side-to-side distribution; the third term, Vo s represents a fore-
to-aft distribution: and the last two terms represent second-harmonic inflow
variations. The induced-flow distributions in equation (1) are assumed to be
linear functions of five gemeralized loadings on the rotor. These loading
factors are defined in terms of nondimensional coefficients expressed as inte-
grals of the disc loading per unit area, F(z,}).

1 2t R
C. = —f Frdrdy
T pﬁQzR4 olg
CZL = Fr 51n2wdrdw
1 2m R 7 pﬁQ R
Cc, = - —F f Fresinydrdy (2)
L DTTQZRS-fD s, 27 3
CZM = - w—lz‘—;l—[ f Frocos2ydrdy
pTQ"R jo /o

Cy = - E} Fr coswdrdw
m’Q R 55~3



Other radial weightings and higher harmonics are possible; but these
have physical significance as well as mathematical simplicity.

If we now define a vector of induced-flow coefficients {v} and a vecror
of loading conditions {F}

UO CT
vS .
y = vc , F £ Cy (3a,b)
vZS Ca1
ch Com

then a general formulation of dynamic inflow can be written (for a given reduced
frequency) as follows,

v} = [LK] {F} {F} = [LaO] v} (4a,b)

where L(K) is a matrix {(dependent on reduced frequency, K) that relates induced
flow to loads. In general, L(K) is complex and giXes both magnitude and phase.
In previous work, it has been assumed that [L(K)]™" can be represented by a

quasi~steady matrix, (L(Q)] ~ = [L]_l, plus an apparent mass term.
-1 -1
[L(K)] = ikvlm] + [L] (5)

Since K = w/v, where w is the frequency of response, equation > implies an
induced-flow law in either of the following forms.

0 {v) + (L] v} = {F) (62)
{v} + [1M] _l{v} = [M] _l{F} (6b)
(LM {v} + {v; = [1] {F} (6c)

The L,M, and L(K) matrices can be found from either an analytic or an
experimental representation of the rotor wake. Apply any one of the loadings
in equations (2) for a given K and measure the normalized induced flow field,
q(r,y), due to that loading. If one then extracted {v} from that flow field,
he would have a column of L(K). 1In this present paper, the extraction of the
{v} is accomplished by rhe following integrals

1 Zn 1
v_= ——L f q rdrdy
0 0t o
6 FT — =3 . -
Vae T 7 g 7 sin2ydrdy
- o /o
vs = %fo ﬁ q rzsinwdrdlb (7)
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where ¢ could have real and imaginary (in-phase and out-of-phase components).
The computation of V, is clearly the average of §. The other v's are Fourier
harmonics. The T weightings in equation 7 are not unique, but are consistent
with the other definitions used in this work. In this present paper two ver-
sions of an actuator disc theory are used to find q for the various loading
conditions, thus giving L(K). In addition, a préscribed-wake, discrete-vor-
tex theory is used to find the quasi-steady L for comparison. The actuator-
disc theory is based on pressure distributions developed by Kinnerl® that solve
Laplace's equation, ¢’ii = 0, in an ellipsoidal coordimate system and that also
gives a pressure discontinuity (i.e. 1lift) across a circular disc. Over the
area of the rotor disc, the 1ift density will correspond to the difference in
the pressure P below and sbove the actuator-disc. Thus, the thrust of the
rotor disc is an area integration of the lower pressure minus the upper. The
thrust in the ellipsoidal coordinate system is

2n
T = QE. sz[)( (Cﬁcosmw + Dﬁsinmw)dr,b])B Pg(v)Qg(iO)rdr
m,n 0 ol
m<n

(8)
(lower - upper)

where P™ and Qm are, respectively, associated Legendre functions of the first
and secSnd kings; C? and DE are arbitrary constants; and v, N, and ¥ are ellip-
soidal coordinates defined in reference 15 and 19. When the integration and
summation of equation 8 are performed, the find value of the rotor loading (i.e.,
C;, Cy, etc.), is used to evaluate the constants C® and Dg. This process and

t%e value of the constants are given in reference 9.

Each loading integral, equations 2 and 8, is uniquely determined by a
single coefficient of the Kinner distribution and is independent of all others.
Differing pressure distributions can result in identical average loadings. One
of the purposes of this research is to determine if such pressure distributions
will also result in identical averaged values of the induced flow. To do this,
we consider two types of pressure distribution. The first, called "uncorrected",
contains only the single coefficient of ¢ necessary to create the appropriate
loading. The second distribution, called "corrected”, includes just enough of
the next-higher pressure term to enforce the conditions ¢ = 0, d9/dr = 0, at
r = 0, which is a reasonable distribution for a rotor. Figure 1 shows the
corrected and uncorrected thrust distributions. The roll/pitching moment and
higher harmonic loadings are not shown due to the brevity of this paper, but
can be found in reference 18 and 19.

Using potential theory the steady velocity distribution,.ﬁ, due to a
given pressure distributiom can be determined using the Kinner pressure dis-
tribution, ¢, as follows,

P 2 ) 2 "
. o -n(l-v®) _ 38 -v(1+n”) | 3¢
W(K' ,Y',2 ) = 'V/ 2( ) 3V * an ag (9)
o vEen veen

The variable £ is a dummy variable of integration. Thus, the integration is
performed from the disc to the infinite field along the streamline parallel

to the X axis in the wind system where v and n are functions of £. The above
expression is algebraically complex and is evaluated numerically. The result-
ing steady induced velocities from equation 9 are imtegrated as in equation

7 to vield the quasi-steady L matrix.

One of the accomplishments of this present work is the extension cof the
above actuator-disc theory to the unsteady case. The unsteady theory is
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developed from the nondimensional, linearized, unsteady momentum equation as
follows

* -
g, VYi,x T 0
where
~ : 10
v o= at b~ o
4 pPQ"R
(*) = T
Y q =
v, T ax
v = _FS
QR x = X/R

The above equation can be solved by either of two different methods. 1In the
first method, we assume that the pressure field can be expressed as a "mutually
in-phase" simple-harmonic function. This will be referred to as "superposition
of velocities"”. In the second method, we assume that the inflow velocities can
be represented as in-phase simple harmonic motion. This will be referred to as
"superposition of pressures'.

In the superposition of velocities method, all the compoments of pressure
are assumed to be in-phase. Thus, we use the complex-number notation:

-~

§ = gelu¥ q=7q el

where the pressure term ¢ is assumed to be a real function. The velocity field
is represented by a complex expression, § = w + ju and represents a superposit
of the complex velocity field. Substitution of equations 11 and 12 into
equation 10 results in the following two equations for the real and imaginary
portions.

2 2 t Yy

wu, + Vv lli = we

1 si

(13 a & b)
2 yA

.+ VoW = V!
w W, 1 $

.1
If one takes the derivative of equatioms 13 2 & b with respect to i and employs
the continuity equation one obtains

(14)
ve =0

Thus, we note that, for the complex frequency response problem, the
pressure distribution in equation 10 must satisfy the Laplace eguation, i.e.
14, This is wvery significant in that it allows the use of the Kinner static
pressure distirbution for the unsteady theory. Equations 13 a & b can be
treated by a Laplace transform in £ followed by application of the convolution
theorem. The final solution for unsteady induced flow at the rotor disc is,
therefore,

wp =2 [ ¥, cosxD)aE  (in-phase) 15 a 6 b)
u,, = “% fz 3’2, sin{Xg§)dg (out-of-phase)
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where K is a reduced frequency based on air speed, not tip speed, K = w/v.

Several interesting aspects of these equations should be pointed out.
First, these are identical to the integrals in the steady aerodynamic theory,
equation 9, except for the weighting functions rhat have been added. (Note:
$,z' in equation 15 is equal to the bracketed term in equation 9). Second,
these weighting functions, cos(KEZ) and sin(Kf), have direct physical interpre-
tation. They can be associated with an oscillatory pressure field that varies
as a wave traveling at velocity v and frequency w. Third, the effect of un-
steadiness is only a function of K. Thus, for a given rotor angle-of-attack,
a single sweep of K will suffice to give the behavior for all w,v combinationms.
Lastly, the similarity of equations for the steady and unsteady induced velo-
cities allows the utilization of the same numerical quadrature technique for
either case.

The second assumption used with the solution of equation 10 is called
the superposition of pressures. 1In this method it is assumed that the inflow
distribution varies harmonically but is in-phase. Thus, the induced velocities
and pressures are expressed as
. ~ - _Jwy
- juwd = A el
. . e (16) ¢ 17

q; = Q3 (175
where § is assumed to be a real number and the pressure distribution is repre-
sented by the complex expression, & = A+ B j, hence the name superposition of

pressures. Substitution of equations 18 and®17 into the momentum equation 10
yields the feollowing Ltwo equations.

REAL COMPONENTS vai x A

(18 a & b)

IMAGINARY COMPONENTS  wg; = - By i

when one takes the derivative of equations 18 a & b with respect te 1 and employs
the continuity equation, one has

2 2, 4 19
véB, = 0 VA, = 0 (19)

Thus, each pressure function (A, or B,) can be represented by the steady pressure
series seen earlier. (They each solve the same equations and boundary conditions.)
It follows directly, under the assumption of in-phase velocities, that the relation-
ship between the induced velocities and the in-phase pressure (AO) is identical

to that of the steady theory, equation 18a. The out-of-phase pressure distribution
(B,) on the other hand, is given by equation 18b which states that the velocity
equals -1/w times the derivative of pressure (with no integration from 0 -+ =

as previously required). Equation 17 implies that the pressure from gq and ¢

(i.e., A, and B,) can be superimposed!! This has been an underlying assumption

in all dynamic inflow work to date. Furthermore, since Ty = -1/w By.is the out-
of-phase (apparent mass) is independent of either the magnitude or direction

of the free-stream velocity {(another assumption of previous work in dynamic
inflow).

It is reasonable to consider the correlation between the two above
theories (pressure in-phase, velocity in-phase) and the true solution. One
would expect the actual case to have neither in-phase pressure nor velocity.
Thus, a comparison of results under the two assumptions can be used to obtain
reasonable bounds on the variability of unsteady effects.

In the superposition of velocities method, in-phase pressure field, the
general form of the wvelocity can be written as
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{F} = [L(K)] M) (20)

In the superposition of pressures method, in-phase induced wvelocities, the

general form of the equation after substituting the assumed induced velocity
{v} = (V&Y i

(L)°l o+ M1jwl (v} = {F} (21)

Thus, the unsteady aerodynamic research is concerned with the equivalence of
equations 20 and 21 i.e.

-3

-1
L) ¢ Lt o+ Miw (22)

A second aspect of this research is a study of the applicability of an
actuator~disc analysis to a physical rotor system with a finite number of
blades. To this end, we will compute the L matrix (steady case) by use of
a rotor model that inlcudes blade dynamics and the finite number of blades.

In particular, we use the Prescribed-Wake Program of the United Technologies
Research Center, Ref. 16, This program was modified to obtain the upper 3X3
matrix (9 elements) of the L-matrix. The precedure required the independent
perturbation of the collective, pitch, and roll contrel about a trim conditiom.
The pertrubed induced velocity and rotor lift are integrated both radially

and azimuthally to yield the perturbed vectors {v} and {F} with the resulting
static [L] matrix

3. Results

A Fortran computer has been written to calculate both the steady and
unsteady induced velocities for the actuator-disc theory. The induced velo-
cities are integrated on the rotor disc to obtain the induced flow perturba-
tions according teo equation 7 and the L(K) matrix results from equaticn 4.

3.1 Steady Actuator

The first step in the numerical integration of the induced velocity
equation 9 is the transformation of the disc coordinates into ellipsoidal
coordlnates. The 1ntegrat10n is performed along a streamline where the poly-
nomials Pn(v) and Qn(ln) and their derivatives are evaluated at each integration
point. Generally, the program integrates to a final N of 15 to 20 before the
integral converges. The induced velocities are then integrated in the radial
and azimuthal direction for each separate loading condition to obtain the 5X5
and 3X3 [L} matrix. See reference 19 for a more detailed account of this pro-
cedure.

As noted in reference 18, there exists two special cases for the calcu-
lation of the steady induced velocities, TFor these cases, O = 90° and 0°, the
induced velocities are calculated by hand (in a closed-form solution) and serve
as a check on the numerical accuracy of the computer program. This is an impeor-
tant verification since almost the identical program is used for the unsteady
results.

In general, the 5%5 [L] matrix is dependent on angle-of-attack and the
corrected/uncorrected pressure loadings. The 5X5 matrix can be partiomed into’
the standard 3X3 by negating the higher harmonic loadings. The 5X5 [L] matrix
and its variations with o and loading distribution are given in detail in ref-
erences 18 and 19 where the first column was obtained in closed-form. Sub-
sequently, Gaonkar et al verified the results and obtained closed-form
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expressions for columns 2 through 5, reference 20. These values agree with
the numerical data of references 18 and 19 and are presented in table 1.

The first column of the L matrix is the induced velocity perturbations
for the corrected or uncorrected thrust loading. The L{1,1) term (UD due to

Cr) is 0.5 for the complete range of alpha and is also independent of lift dis-
tribution. This is the same value predicted by the momentum theory of reference
7. The L(3,1) term CVC due to C ) is zero for the case of axial flow and as o
approaches zero, the edgewise fl?ght condition, the term exhibits a nearly

linear variation. The uncorrected value of L(3,1) is approximately 60% larger
than the corrected value. Interestingly, this term is zero for momentum theory,
but is present in the vortex theories. Because the L(3,1) term is positive and
greater than L{1,1), it implies that there is an upwash at the front of the rotor.

The L(5,1) term is the second cosine harmonic of induced flow due to thrust
(v,. due to Cp). This term is zero at & = 90° and displays a smooth transition
to o = 0°, The L(5,1) changes sign as the thrust loading is varied from the
corrected thrust te the uncorrected thrust distribution, consequently, the L(5,1)
term is heavily dependent on the 1ift distribution. The uncorrected L(5,1) is
always positive and is relatively large; and, for o < 10°, it is larger than
the average value of the induced velocity, V5. The corrected L(5,1) is negative
for all values of o up to o = 90° where it is zero. A negative L(5,1) yields
an upwash at the front of the rotor disc.

Due to space limitations, the results for only the first column of the
[L] matrix are presented. However, the physical significance and results for
each column of the matrix is discussed in detail in reference 19. The inverse
of the steady L matrix 1s required when writing the induced flow model as
shown in equation 6. The inverse matrix is also required for the unsteady in-
duced velocity by the method of superposition of pressure. Both the 5X5 and
3X3 L matrices developed here are well-behaved and always invertiable.

3.2 JUnsteady Actuator

The computer code for the steady condition is extended to perform the
unsteady superposition of velocities caluclations of equation 15. The in-phase
induced velocities, w, and the out-of-phase induced velocities, u, are inte-
grated in the same manner as the steady calculations except that the weighting
functions, cos(K&) and sin(Kf) are included. The weighting functions cause
the function %,5, to oscillate as the sine or cosine function. As the reduced
frequency K 1s increased, the frequency of oscillation correspondingly increases.
This means that the streamwise integration increment must decrease as K
increases. Consequently, computer time increases with increasing K. The com-
plex induced velocity is integrated over the rotor disc to obtain the complex
[L(K)] matrix.

As in the steady case, a special case is used to verify the complex
induced velocity calculations of the computer program. For axial flight, o =
90°, equation 15 is integrated on the disc in closed-form to yield the exact
value of the apparent mass matrix [M] which are given in table 2. The computer
time required for the calculation of the (5.V.) unsteady induced wvelocities
and L(K) matrix increase drastically as O approaches 0 and K increases. These

large computing times reveal the tremendous advantage that is obtained if the
[L} and [M] matrices can be used rather than the complex L{K).

The first case to be presented is the case of axial or hovering flight.
The complex [L{(K)] matrix is a diagonal mftrix for ¢ = 90°, meaning that none
of the elements are ciupled. The [L(K)]1™* from superposition of pressure (S.P.)
is just ik M} + [L]7- . (Results are normalized to v = 1). This leads to a
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definition of apparent mass defimed as 1/k Im L{(K) for the superposition of
velocities ($.V.) method.

Due to the limited scope of this paper, only the first column of the
L(K) matrix and the apparent mass matrix will be discussed. A more detailed
discussion and classification of the results is presented in reference 19.
Figure 2 is a comparison of the apparent mass M(1,1) terms as calculated by
the 8.V. and S.P. method. The apparent mass elements calculated by the S.V.
method asymptotically approach infinity as K approaches zero. This is exactly
analogous to the case for an unsteady wing in which the log (K) term in the
Theodorsen function gives an infinite slope at K = 0, Ref. 18. As K is in-
creased, the apparent mass calculated by the method of S§.V. exponentially
approaches the apparent mass calculated by the 5.P. method. At a very high
frequency, figure 2 shows thalt the apparent mass of both methods agree. Even
though there is a large difference in the apparent mass terms calculated by
the superposition of pressures and velocities in the K < 50 range, the reduced
frequency is small and consequently the imaginary terms are relatively small,
and the effects of the different apparent masses are not great.

The other nonzero elements of the apparent mass matrix show similar trends
as figure 2. For large values of K, i.e., K > 250, all the apparent mass terms
predicted by the 5.P. and 5.V. methods agree. The values are presented in
table 2. Due to the symmetry of the airflow through the rotor for axial flow,

= 900, the M(2,2) and M(3,3) terms are equal and the M(4,4) and M(5,5) terms
are also equal. 71t is seen that the M(1l,1) term is larger than the M(2,2) and
M(3,3) terms which, in turn, are larger than the M{4,4) and M(5,5) terms.
The M(1,1) term is positive and the other terms are megative. It is interesting
to note that the apparent mass terms due to the corrected pressure distribution
are always smaller than the apparent mass associated with the uncorrected pres-
sure distributions. This can possibly be explained by the fact that with the
corrected pressure distribution the lift tends towards the edge of the disc,
while for the uncorrected pressure distribution it tends towards the hub.

To understand the difference between the complex L-matrix as calculated by
§.P. and S5.V. methods, it is better to compare the magnitude and phase angles of
the complex elements for each method.

Figure 3 presents the magnitude of the (1,1) element of the complex L-
matrix as calculated by each theory for a corrected thrust distribution. The
5.V. magnitudes are calculated for discrete K values over the range of interest.
The S.P. magnitudes are obtained form the square root of the sum of the squares
of the real and imaginary terms. The real part, shown on figure 3 as a dotw

dashed line, is the (1,l) term of the inverted steady L-matrix for o = 90°,
table 1. The imaginary term for the S5.P. method, shown as the large dashed

line, is the apparent mass M(1,1), table 2, multiplied by the reduced frequency
K. The combined magnitude of the real and imaginary parts are shown as the
dotted line. When the lines of the real or imaginary component coalesce with
the magnitude lime, then the perspective component is predominantly larger than
the other term. The maximum difference between the S.P. and §.V. theories is
for the case of corrected thrust loading in the range of 1 < K < 10. The max-
imum difference is close to 50%. Therefore, we conclude that either theory may
deviate by + 20% from the true value at K = 3. Although this is larger than
originally hoped, especially since this is the range of most interest, we recall
that the effect of dynamic inflow is itself a correction factor. Thus, error
of 20% in a correction term may be acceptable. The agreement between the two
methods improved for the uncorrected thrust loading which is not shown. Also
not shown, but noted, was that the agreement for the first harmonic terms,
columns 2 and 3, was better than that shown in figure 3, The best agreement
was for the second harmonic terms, columns 4 and 5.
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To fully understand the behavior of the inverted complex L-matrix, it
is beneficial to look also at the phase angle variation of each element as a
function of reduced frequency. The phase angle can be considered to be a time
lag between the in-phase and ouit—of-phase induced velocities. The phase angle
is the arc tangent of the ratio of the imaginary part to the real part., For
the S.P, method, the real part is the inverted, steady L-matrix; and the imagin-
ary term is the apparent mass multiplied by the reduced frequency. The phase
angle for 5.V. is defined as the arc tangent of the ratio of the imaginary
part Lo the real part of the inverted complex L-matrix obtained by integration
of the complex induced velocities of equation 15.

The phase angles for both the 5.P. and S.V. solutions of the (1,1) element
with a corrected thrust distribution are presented im figure 4. The S.V. method
phase angle is larger than that of the S.P. method for K < 5 and greater than
the S.P. phase angle for K > 5. The maximum deviation is i_SO, which is quite
acceptable; and the deviation is even less in the region of most interest 2 <
K < 8. 1t is interesting that the phase angles of the $.P. and $5.V. converge
more slowly (as K + 0 and XK + o) than do the magnitudes. The phase-angle
plots of the other element show similar trends, and are presented in greater
detail in reference 19.

Up teo ghis point, the unsteady results presented are for the axial-flow
case, & = 90 . A major part of this research is to determine the comparison
of the comp%ex L-matrix obtained by S.P. and S.V. as the angle of attack varies
from a = 90° to a = 0°. The inverted complex L-matrix obtained by the S.P.
method consists of the superposition of the inverted steady L-matrix and the
apparent mass matrix. The apparent mass matrix, is a diagonal matrix that is
independent of the rotor angle-of-attack and is the complex part of the inverted
matrix. The real part is the inverted steady L-matrix, which varies with angle
of attack and the imaginary part is only the diagonal terms which vary with K.

Each of the 13 non-zero elements of [L(K)] L has real and imaginary parts
(i.e. magnitude and phase) that vary with both angle-of-attack and reduced fre~
quency. Therefore, it is beyond the scope of this paper to study every element
in detail. 1Instead, we will discuss the diagonal elements only from a qualita-
tive standpoint (no figures); and we will present data for only the most important
of f-diagonal terms, (3,1) and (1,3). Quantitative results for all elements
can be found in reference 19. First of all, the diagomal elements of [L]_l,oas

calculated by the S.V. and $.P. methods, show similar comparisons for a # 90 as
they do for & = 90”. Therefore, deviations of only + 5% to + 207 are found.

The off-diagonal terms, however, are a different story.

We recall that, for o # 900, the §5.P. method giwves real off-diagonal
terms (due to the steady [L] ~; but it gives absolutely no imaginary off-diagonal
terms since the [M] matrix remains diagomal. The S.V. method, on the other
hand, produces fully complex off-diagonals. Figures 5 and 6 show magnitude
and phase for the S.V. method. Although the S.P. result is not explicitly shown,
it is easily inferred. For magnitude, it is a horizontal line rhrough the
K = 0 values (independent of X); and, for phase, the $.P, result is identically
zero. .The magnitude plot shows that the S$.P. and S5.V. methods give close
results for 0 < k < 10 (except for the "dips" in the S.V. curves); however as
K increases to 30, the magnitude shows a linear increase that is not predicted
by the S.P. theory.

The §.V. phase shows in figure 6 a significant deviation from the S.P.
method which predicts a phase angle of zero degrees. There appears to be an
unexplainable shift in the sign of the phase angle for KX = 3. For K » 5, kthe
§.V. result is a &0° phase shift (relatively independent of o) which camot
be accounted for by S.P.
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Although the above results tend to place the S.P. and §.V. comparisons
in a bad light, the discrepancies must be placed in perspective. In particu-
lar, how do the deviatioms in S.P. and 8.V. in the off-diagonal terms compare
with the overall magnitude of the dominant, diagonal elements. Figures 7 fnd
8 -plot the ratios of (3,1) and (1,3) elements to the (3,3) element of [L]1 " for
a corrected first column and uncorrected second and third columns. Figure 7
shows the magnitude of this gatio. The S.P. method predicts equal magnitudes
for the two ratios at & = 307, and the $.V. method shows relatively equal values
near the 5.P. result. The maximum deviation appears inm the (3,1) term near X
= 4 (50% difference) but the other points are all within .15 of each other {15%
off the (3,3) term). Figure 8 is phase angle relationship with both the o =
30" case and the limit as o + 90° are given. At o = 900, all phase angles are
in agreement with thg dominant portion coming from the (3,3} term in the denom-
inator. When o = 307 * little or no change takes place in the $.P. results, since
the off-diagonal remains purely real. For the $.V. method, however, the phase
deviates significantly for K > 3. The only positive note is that the phase
deviation becomes larger as the magnitude becomes smaller. For example, at K
= 20 the phase deviatiecn is 50° (quite large) but the magnitude is only 20%
of the (3,3) term. Furthermore, the most important applications of dynamic
inflow are in the range 0 < K < 5; and in this range, the phase agreement is
much better., Finally, we note that pitch-thrust coupling is not as important
te ground- and air-resonance as are the diagonal terms. Therefore, the varia-
tions shown in figures 7 and 8 might be acceptable, given the greab simplicity
of the $5.P. method over the 5.V, method. We conclude that the variations between
the 5.P. and S.V. method are not large enough to warrant abandonment of the
simple S5.P. model.

3.3 Prescribed Wake

The previcus results provide a measure of the accuracy of the assumption
of superposition of pressures. 1In this section, we assess the accuracy of the
assumption of an actuator disc. This is accomplished for quasi-steady (k = 0)
case by comparing actuator disc results to these from a discrete vortex analysis
(lifting-line theory) for a rotor with a finite number of blades., For such an
analysis of an actual rotor, the induced flow may not be small with respect
to the free-stream, consequently, there may be wake contraction and wake skew.
To account for this in the actuator-disc theory, we follow the suggestion of
reference 18 and replace the parameters v and o with generalized counterparts.
For very small 1lift (the actuator-disc case) we have a nondimensional free-stream
velocity, v, with components | and A in and out of the rotor plane

i

U = v cost

(24)

>
u

v sinc

v o= A s o= tan_l Alu (25)

We extend this to the lifting case by introducing a third parameter,'c, the
induced flow. The extended definitions of v and o (v* and a*) become

vk = uz + (AV) (AF2V)

; g 26
uz - (A+v)z (26)
Wk = tan * T4V

u

where equations 26 result from momentum considerations. Although o can bg
gquite small for a rotor in forward flight, a* is generally larger than i0°.

35~-12



A comparison of the lifting-line and actuator-disc results are given in
figures 3 through 11. Generally, results for disgc angle of attack (o¥*) greater
Q
than 207 are well-converged. Results for a* < 20, however, are very hard to
obtain {(due to the close proximity of the rotor disc and the shed vorticity).
Because of this, results a¥* < 20° are suspect.

Figure 9 compares the first column of the actuator disc L-macrix to
that determined by the presecribed wake method. The actuator-disc theory predicts
the (1,1) term to be a constant 0.5, and the lifting-line results support the
result. There is also good agreement between the corrected actuator-disc and
the lifting-line results for a* > 20°. TFor low o's however, the correlation is
lost, with the lifting-line predicting less fore-to-aft gradient as a* -+ 0°.
The (2,1) term is zero for all theories. Experimental data, however, has never
shown a reduction in fore-te-aft gradient with edgewige flow. Therefore, we
tend to discount the lifting-line results for o* < 20°.

Figure 10 gives the (2,2) and (3,2) elements. The (2,2) element, one of
the most important, seems well-modeled by the actuator-disc theory. Interest-
ingly, the (2,3) term has fairly constant value (,2) from lifting line, although
it is zero in actuator disc. This is clearly a wake rotation term.

Figure 11 presents the (1,3), (2,3), and (3,3) terms. The (1,3} term shows
excellent agreement (except at 18°) between actuator-disc and lifting-line results.
The (3,3) term (one of the most important for ground resonance, shows excellent
comparison). The (3,2) term is the counterpart te the (2,3) wake rotation. It
is consistent with a typical wake rotation, but is probably not important for
dynamic inflow. Thus, there is a very encouraging agreement between actuator-
disc and lifting-line theories.

4, Summary and Conclusions

Four different inflow models are used to calculate dynamic inflow
derivatives, The model are:

{1} Steady Actuator Disc-Corrected and Uncorrected radial load
distribution.

(2) Unsteady Actuator Disc-Superposition of Pressure (5.P.) for
both the corrected and uncorrected radial load distributions.

{3) Unsteady Actuator Disc-Superposition of Velocities (S8.V.)} for
both the corrected and uncorrected radial load distributions.

(4) Prescribed-Wake Model

The induced-velocity distribution for each inflow model is numerically inte-
grated over the rotor disc to obtain the L-matrix. Models 1-3 provide both
a standard 3X3 nonuniform inflow L-matrix, and an extended 5X5 L-matrix that
ineludes second-harmonic velocities and loadings. The fourth model includes
wake contraction, wake rotation, and finite number of blades and serves as

a measure of accuracy for the simpler, actuator-disc models.

From the steady actuator disc research we can conclude:
(1) In axial flow (e.g. hover), the gains (elements of the 3X3 L-matrix)
are identical to those obtained from simple momentum theory, and are independent

of the radial 1lift distribution. The magnitude of the elements increase with
increasing harmonic loading, i.e., Lgs & L44> L3y & Lgyy > Lyq.
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(2) For a thrust loading and edgewise flow, the cosine harmonics of
induced velocity, L{3,1) and L(5,1), are large with respect to the average
value 1,{(1,1). For the other loading conditions, at o = 00, all the higher-
harmonic elements of the L-matrix are small save for L(5,5).

{(3) Both the 5X5 and 3X3 steady L-matrices are well behaved and inver-
tible as o varies from 90° to 0°,

In the unsteady, actuator-disc research, the inverted complex L-matrices
of the $.P., and 5.V. methods are compared. The following are the conclusions
from this phase of the research:

(1) The apparent mass terms (the M-matrix) for the uncorrected pressure
distributions are identical to the apparent mass terms of an impermeable disc,
but vary significantly with lift distribution. The uncorrected terms are always
larger than the corrected values.

(2) The apparent mass terms are more sensitive to the 1lift distribution
than the corresponding terms in Ethe L-matrix.

(3) The apparent mass magnitude (for either corrected or uncorrected
distributions) decrease with increasing harmonics of induced velocity,

(4) The apparent mass terms of the §.V. method approach those of the
5.P. method at high reduced frequencies (K). However, for small K, the §.V.
and S5.P. apparent mass terms are considerably different.

(5) For a # 90° and K > 0, the S.V. method predicts imaginary terms
for some of the off-diagonal elements while the S.P. method does not. However.
these are small wilth respect to the diagonal terms.

The conclusions of the prescribed-wake program are:

(1} The prescribed-wake L-matrix agrees favorably with the L-matrix
from the actuator-disc model, provided that the V and & parameters are
considered.

(2) The prescribed-wake L-matrix has antisymmetric or cross coupling
terms, L(3,2) and L(2,3), which are constant with a. These are not predicted
by the Actuator-Disc Theory. These are due to the wake rotatlon associated
with lifting rotor. For realistic values of rotor power, however, these are
only 10 percent as large as the diagonal terms.
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L-MATRIX ELEMENTS

ELEMENT UNCORRECTED CORRECTED MOMENTUM
Ll 1 /2 1/2 .5
L -4 -4
22 i¥siney (Treinm) -2
L -45in0 —4sing -2
53 i e
L -sine(li-5sing) ~sing(l1-5sinz) 0
qq (1+sing) {1+sina}
2 2
-6 (L+sin“a) ~6(1+sinca) 0
L55 {Ltsing) e
31 (1-sin®) 151 {1=-sina) 0
L31 i (1+sinn} 64 {l+sina)
L1 157 {1-sing) $25%  (l-sinm) 0
3 “E&F  (lFsine) 2048 (lisina)
L 3 (l-sina) _ 3 {1-sipa) o
51 5 (l+sino) 7 (I¥sina)
L.le 457 (i-sino) 22057 (1-sinm) o
- ] —51nd
42 (l+sinn) “ 72048 (1+sina)
L2 1057 (1-sinw) 1051 (1-sina) 0
4 128 (l+sina) 128 (1#sinq)
L53 -nsino(l-sina) _ Jnsina{l-sina) 0
LSS 2sina(l-sing) 2sina{l-sina) i]

Multiply ali elements by l/v
All other elements not shown are zero




Elements of M-Matrix

Eiement Uncorrected Corrected
M, < - sass 22 s
Myy = My - - s - :igr . -.0862
M = Moo - E%%%? - -.0817 -
Hij' 19§ [i] 0

TABLE 2

LEGENDRE. POLYNOMIRLS - P(M/N)

1B . (I AL THRUST
!
ea |
p.s
lﬁj -
= R
=4 -
> g2 L
2 i
= B.A S
2 1
-8.2 .
g 1 ®a
T -84 1
-85 1 AL
-p.8
1.8 |

RADIUS STRATION -~ NONDIMENSION

‘igure 1. Corrected (Thrust) and Uncorrected (P?) Lift Distribution for CT:
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Figure 3. Magnitude of the (1,1) Element of Inverted Complex L(K) Matrix at
& = 90° with Corrected Pressure
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Figure 4. Phase Angle of the (l,L) Element of Inverted Complex L(K) Matrix at
¢ = 90° with Corrected Pressure Distribution
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Complex L(X) Matrix at o = 30©

55-20



ALPHA = 90. DEGREES

Ly———5 §,Y,
G S.g. ALPHA = 38. DEGREES

5 ALPHA = 9@. DEGREES
------------ S.P. ALPHA = 3@. DEGREES

nMmmnpoMme

-100

PHASE ANGLE CMPLX LINU(3,1)/LINU(3,3)

Figure 8. Phase Angle

I!lli'[_rlll‘i_rilllllIE_I_"II;]‘IPI

5 10 1§ 28 25 30
REDUCED FREQUENCY - K

of Complex (3,1)/(3,3) for Analytical L and M Matrices

-------- L(i,t) aL(l,1) WAKE
e — ,(3,1) CORR. 0O L{3,1) UAKE
———r—- L(3,1) UNCORR.
1.5
™
.
1.9‘"" \t
- \t
\l
1 S
T~ ~
4 T ~
9‘5_.--__..-Z§-.‘.::.._..A:_‘-..,: ...... 9..._---......9
pu . e
d -E-""-._ .\‘\
i a a "'-...___‘_‘:.::.\-
- a --._____h
8 — -4
-9.5 T I T I T I 3 I T
0 2o 49 ce 8¢ 100

Figure 9. First

DISC ANGLE OF ATTACK - DEG

Column of the Prescribed-Wake L-tatrix

55~-21



———— L(2,2) CORR. & L(2,2) WAKE
............ L(2,2) UNCORR. B L(3,2) MAKE
@ & 3] o [
-2 —----—é“""“-'ﬁ“—
A .”“‘d—-
~ A i""
-‘."
4‘:’
gt
_4-— .f‘
|/
-6 T | T | L ] ! I !
] 20 49 60 80 180

DISC ANGLE OF ATTACK - DEG

Figure 10. Second Column of the Prescribed-Wake L-Matrix

............ L(1,37 CORR. A L{1,3) WAKE
——— L(3,3) CORR. D L(2,3) UAKE
~e——— L(4,3) UNCORR. € 1(3,3) URKE
""""" L.(3,3) UNCCRR.
2
1
1.-‘\u
I B B S
--1\'\\
4\
BN
=1 \_\\
-1 \.‘\\
- e
i ™
] e
] ~———_ o
-2 T | T T T T I:ILT T
e ce 49 68 39 100

DISC ANGLE OF ATTACK - DEG

Figure 1l. Third Column of the Prescribed-Wake L-Matrix

55-22




 
 
    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 3 to page 3
     Mask co-ordinates: Left bottom (514.03 516.01) Right top (544.73 550.67) points
      

        
     0
     514.0273 516.0104 544.7303 550.675 
            
                
         3
         SubDoc
         3
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     2
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 5 to page 5
     Mask co-ordinates: Left bottom (517.77 516.78) Right top (546.59 551.56) points
      

        
     0
     517.7687 516.7787 546.5888 551.5616 
            
                
         5
         SubDoc
         5
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 7 to page 7
     Mask co-ordinates: Left bottom (522.75 525.74) Right top (554.67 554.67) points
      

        
     0
     522.7477 525.7362 554.6712 554.6669 
            
                
         7
         SubDoc
         7
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 9 to page 9
     Mask co-ordinates: Left bottom (514.03 522.94) Right top (542.75 551.67) points
      

        
     0
     514.0273 522.9434 542.7495 551.6655 
            
                
         9
         SubDoc
         9
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 11 to page 11
     Mask co-ordinates: Left bottom (518.00 526.94) Right top (557.77 557.76) points
      

        
     0
     517.9965 526.9363 557.7659 557.7576 
            
                
         11
         SubDoc
         11
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 13 to page 13
     Mask co-ordinates: Left bottom (517.00 519.97) Right top (542.75 551.67) points
      

        
     0
     516.9985 519.9721 542.7495 551.6655 
            
                
         13
         SubDoc
         13
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     12
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 15 to page 15
     Mask co-ordinates: Left bottom (513.91 517.88) Right top (549.63 553.60) points
      

        
     0
     513.9145 517.882 549.6306 553.5981 
            
                
         15
         SubDoc
         15
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     14
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 17 to page 17
     Mask co-ordinates: Left bottom (498.18 503.13) Right top (552.65 558.60) points
      

        
     0
     498.1806 503.135 552.6536 558.5984 
            
                
         17
         SubDoc
         17
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 19 to page 19
     Mask co-ordinates: Left bottom (509.74 516.66) Right top (547.42 564.27) points
      

        
     0
     509.7376 516.6637 547.4225 564.2657 
            
                
         19
         SubDoc
         19
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     18
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 21 to page 21
     Mask co-ordinates: Left bottom (503.15 534.04) Right top (543.00 564.92) points
      

        
     0
     503.1497 534.0374 543.0032 564.9238 
            
                
         21
         SubDoc
         21
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     20
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 23 to page 23
     Mask co-ordinates: Left bottom (505.49 524.40) Right top (547.29 559.23) points
      

        
     0
     505.4932 524.4034 547.2859 559.2307 
            
                
         23
         SubDoc
         23
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1
     Quite Imposing Plus 2
     1
      

        
     0
     23
     22
     1
      

   1
  

 HistoryList_V1
 qi2base





