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For the calculation of the loading, vibrations and the insta­
bility of counter rotating coaxial helicopter rotors and pro­
pellers, the knowledge of the aerodynamic forces on each blade 
element at every time step is essential. For the aerodynamic 
calculation of these interfering rotors a method was developed, 
which on hand should be inexpensive in computer time and on the 
other hand should represent the complicated flowfield as rea­
listically as possible. The method should apply in hovering and 
forward flight with uniform and nonuniform inflow. Also the 
method is built up in such a way that besides the relatively 
lightly loaded helicopter rotors also heavily loaded single 
rotating and counter rotating propellers can be calculated. 
Because of the inherent aerodynamic advantages the coaxial 
arrangement is becoming more and more important in this field. 

Notation 

a 

A1 
AF 
AR, A 
b 
c 
C?S 
CD 
Cdi 
Cl 
CL 
CM 
Cp 
C I 

du 
Cq 
CRP 
CT 
CT' 
D 
DRF 
E 
F.M. 

Distance, non-dimensional pitch oscillation amplitude 
= t1' max/ (H/c) 
Disk area of rotor 1, A1 = Az M 
Activity Factor = 1 DO. 000/16 fc/2R(r/R)3 d(r/R) 
Aspect Ratio ~2 

Span 
Chord length 
Chord length at 0,75 Radius 
Drag coefficient 
Coefficient of induced drag 
Lift coefficient ~ 
Rotor rolling moment coefficient = L/(f1i .Jl"l.'l( ) 
Rotor pitching moment coefficient = M/ (f7r.J2 z. ~) 
Rotor power coefficient = P/(S¥1./ J)S) 
Oscillating wing power coefficient = P/(f/2. Vo 3 H b ) 
Central Processing Unit 
Rotor torque coefficient = Mq/(J1f.J21RS) 
Counter Rotating Propeller 
Rotor thrust coefficient = T/(j -n.s3 .J>'I) 
Rotor thrust coefficient = T/(f7l.!2.:a.'R~) 
Rotor diameter, Drag 
Drag of oscillating wing 
Wing element 
Figure of Merit =V27ifCT1,5Jcp= 0,707 q•1,5Jcq 
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H Height, oscillation amplitude of wing 
i Number of time step 
IA Influence Area on second rotor 
J Advance ratio = V/nsD 
L Rotor rolling moment, wing lift 
LRF Lift of oscillating wing 
m Mass flow through rotor plane 
M Rotor pitching moment 
MQ Rotor torque 
n Revolutions per minute, number of wing elements 
ns Revolutions per second 
P Power, station point 
r Radial station 
R Rotor radius 
rc Vortex core radius 
Rw/R Contraction of tip vortex 
SRP Single Rotation Propeller 
T Rotor thrust 
V,V0 (Vx,Vy,Vz) Onset flow (Components) 
Vd1 2 Velocity through Rotor 1,2 
L'>Vdz Downwash correct.ion in plane of second rotor 
L'>Vd2B Downwash correction at blade of second rotor 
Vm1 ,2 Mean downwash velocity of Rotor 1,2 
Vmx Average value of mean downwash velocities of both rotors 
Vmxo Average downwash velocity according to axial momentum 
VR Resulting velocity 
VRF Onset flow of oscillating wing 
Vt Swirl velocity 
Wi(~'>wi) Induced velocity (increment) 
w~ Oscillation velocity 
x,y,z Cartesian coordinate system of rotor 
XB,YB,Z Coordinate system of blade 
Zb Number of blades 
Zw/R Axial displacement of tip vortex 

~ Angle of attack 
~ Effective angle of attack 
oci Induced angle of attack 

Non-dimensional circulation = CL · c/2b 
F,/6/;l Circulation, bound, free 
0 Pitch oscillation angle, inflow angle of blade element 
e Inflow angle of oscillating wing 
~s Swirl angle 
~ Non-dimensional span 
"'l,.Y.I Cartesian coordinate system of oscillating wing 
~v Propulsive efficiency= T ·V/P = J · cy/cp 
,J- Twist angle 
~r$ Blade chord angle at 0,75 Radius 
f Density of medium 
tJ Solidity = Zb · qs/1TR 
7 Phase angle 
w,Jl Frequency 
w Reduced frequency = w · c/V 
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1. INTRODUCTION 

In order to calculate the loading, vibrations and the insta­
bility of counter rotating coaxial helicopter rotors and pro­
pellers, the aerodynamic forces on each blade element must be 
known in every time step. The whole task of the dynamic cal­
culation of a coaxial rotor or propeller is not yet completed, 
therefore here only the aerodynamic part of the calculation of 
the rotor forces will be discussed. 

Because of the strong mutual rotor interference the calculation 
of the forces of coaxial rotors is a quite complex aerodynamic 
problem. To solve this problem a method was to be developed, 
which on one hand would use as little computer time as possible 
in order to afford many time steps in the dynamic rotor cal­
culation, but on the other hand would represent the complicated 
physical flow field as realistically as possible to catch the 
main effects. 

First of all a review was made of the available literature on 
the calculation of coaxial rotors (/1/ - /7/). In the theories 
which use the local momentum concept (/1/ - /6/), each rotor­
blade is essentially treated as a series of elementary wings, 
each of which has an elliptical circulation distribution. The 
forces of interest are calculated from the instantaneous momen­
tum balance of fluid and blade elementary lift at any local 
station point in the rotor plane. To represent the timewise 
variation of the local induced velocities following a blade 
passage a more or less sophisticated vortex theory has to be 
introduced. A vortex strip theory for coaxial rotors in hover 
has also been reported in /7/. 

After consideration of these theories a method was built up 
accordln'g to the curved lifting line - vortex wake - blade ele­
ment - momentum - concept in such a way, that besides the rela­
tively lightly loaded helicopter rotors also heavily loaded 
single rotating and counter rotating propellers can be calcula­
ted (Fig. 1). Also nonuniform inflow was to be treated. The 
method was tested first on fixed and oscillating wings, then on 
single rotating and counter rotating rotors and propellers. Re­
sults will be shown for two fixed and one oscillating wing,for 
a single and counter rotating helicopter rotor in hover and for 
single and counter rotating advanced General Aviation propel­
lers at very high advance ratio. 

2. OUTLINE OF THE ADOPTED METHOD 

Because of the complexity of the problem different aspects of 
the calculation procedure were tested first on fixed and oscil­
lating wings, since a blade of a hovering rotor is comparable 
in some respects with a fixed wing in general onset flow and a 
blade of an advancing rotor in skewed flow resembles to some 
degree an oscillating wing. 
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2.1 Local aerodynamic characteristics 

To represent the local aerodynamic characteristics of the 
blades as accurately as possible, the lift and drag of several 
definition airfoils can be introduced as 2- or 3-dimensional 
arrays depending on angle of attack, Mach number, Reynolds num­
ber, or momentum coefficient (for blown airfoils), or cavita­
tion number (for water propellers). 

2.2 Curved lifting line 

Since swept blade tips or swept propeller blades were also to 
be taken into account and since the systematic error in re­
presenting the rotorblade by a set of elementary elliptical 
wings according to Fig. 2 (see I 1 /)) was to be avoided, the 
blade element - curved lifting line - vortex wake - concept ac­
cording to Fig. 3 was introduced for a wing in general onset 
flow. In the calculation of the downwash distribution according 
to Fig. 3 a second term was introduced in the brackets, which 
accounts for the effect of the s.w.ept lifting line. The set of 
equations according to general wing theory is solved 
iteratively until a stable distribution of the induced downwash 
(Fig. 3) is obtained. After 8 - 12 iterations the variation in 
the results. is less than 1 I. 

2.3 Blade-vortex encounter 

In vortex theories a problem arises, when the distances between 
trailing vortices and local station points on the blades are 
very small. In this case usually numerical instabilities occur. 
This problem is especially severe in the case of a coaxial 
counter rotating rotor, because it happens periodically, that 
the blades of the second rotor encounter and cut the vortex 
wakes of the blades of the first rotor. To avoid numerical 
problems, all trailing vortices are represented according to 
the LAMB-Vortex concept /8/ (Fig. 4). A suitable core radius is 
the smallest distance between a local station point on the 
blade and the adjacent trailing vortex. 

2.4 Calculation of fixed wings 

First the method mentioned above was tested on a fixed rectan­
gular wing as in /1/ (Fig. 2). The results for different num­
bers of station points are compared with the MULTHOPP-theory in 
Fig. 5. The results show no systematic deviation and the 
differences for different discretizations in lift distribution 
and force coefficients are quite small. 

In Fig. 6 the results obtained for a swept tip wing are com­
pared with the results according to vortex lattice theory. The 
distributions of local induced drag and lift coefficient to­
gether with the local circulation differ very little and the 
force coefficients for different discretizations are all within 
2,3 % of the vortex lattice values. 
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2. 5 · Calculation of an oscillating wing 

Then, as a pre-check for the rotor performance calculation, and 
expecially to identify the difference in performance with an 
instationary and a quasi-stationary vortex wake, the perform­
ance calculation of an oscillating swept tip wing was carried 
out for the case in which the oscillating wing extracts power 
out of the fluid. Fig. 7 shows the representation of an oscil­
lating wing. In Fig. 7 a) the instationary wake for the time 
step i ~ 3 is depicted with up to 3 instationary shed vortices, 
which contain the differences in bound circulation between the 
current and the previous time step respectively. Fig. 7 b) and 
c) denote how the time steps are counted and how the oscilla­
tion velocity is introduced into the blade element concept. 

When a new time step is begun, the calculation starts with the 
results obtained in the previous time step. So the following 
time steps need only about 60 % of the computer time required 
for the first step. 

In Fig. 8 the power coefficient of an oscillating wing at high 
pitch oscillation (+ 17°) - i. e. the ratio of the extracted 
power by the wing to the energy content of the swept streamtube 
- is compared with results gained by two dimensional flutter 
theory (reduced by the lift slope ratio of this specific wing 
compared with the two dimensional value) in dependence of 
reduced frequency. These results show on one hand a quite 
reasonable correlation with flutter theory, on the other hand 
they indicate, that the difference in the results for an 
instationary or a quasi-stationary wake is only 2 - 3 I. It is 
therefore concluded, that the coaxial rotor calculations can be 
made with quasi-stationary wakes and with practically no 
significant loss in accuracy at only a fraction in computer 
time. 

Also calculations were made for cases in which the wing imparts 
energy to the fluid (oscillating wing propulsion). In these ca­
ses also reasonable results were obtained. 

2.6 Coaxial Rotor Calculation 

Using the described basic procedures the coaxial rotor calcula­
tion method was built up according to the curved lifting line -
vortex wake - blade element - momentum - concept. The rotorbla­
des are represented by a number of blade elements (Fig. 9) 
which work under twodimensional flow conditions. The threedi­
mensionality of the rotor flow field is represented by the in­
duction of the whole wake vortex field which varies with every 
time step. Similar to /9/ every blade has a relatively short 
vortex wake consisting of several elementary vortices emanating 
at the blade element boundaries. A rolled-up tip vortex extends 
further downstream up to a certain length specified by 
dissipation considerations. Only the radial contraction of the 
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tip vortices is given for the first and second rotor using in­
formation from /5/, /7/, /9/ together with the change in axial 
displacement due to the following blade. The radial contraction 
of the elementary wake vortices being proportional to the 
respective tip vortex a basic wake vortex model is built up in 
every time step for a given onset flow. So Fig. 10 shows the 
basic vortex model of an advancing two blade coaxial helicopter 
rotor in three time steps. The fourth time step would be iden­
tical to the first one. 

The calculation procedure in every time step is outlined in 
Fig. 11. At a certain station point P (Fig. 11 a) a wake vortex 
element AB induces a certain velocity increment according to 
the BIOT-SAVART law. The totality of all wake vortices produces 
a certain induced velocity at the point P and together with the 
onset flow and the geometric properties the effective angle of 
attack of the blade element denoted by P is specified. With the 
effective flow direction and aerodynamic characteristics given 
at every blade element, the aerodynamic forces can be calcula­
ted according to Fig. 11 b) for all blade elements. With the 
effective flow direction at every blade element now being known 
a correction of the basic vortex model according to Fig. 10 is 
introduced in such a way that the axial displacement of all 
blade wake vortices is adjusted according to the downwash dis­
tribution of the generating blade. 

The rotor forces and moments at the considered time step are 
found by integrating all blade element forces according to Fig. 
11 c). An overview of the calculation procedure is given in 
Fig. 11 d). Essentially, in an iterative procedure at every 
time step the induced downwash distribution at each blade on 
each. rotor is determined as illustrated in Fig. 12 a). This is 
the base for the force calculation. 

Since the blade wakes are represented quite realistically, the 
tip effects and the blade - vortex - encounters show a realis­
tic behaviour, but the swirl and downwash distributions have to 
be corrected for truncation errors because only short vortex 
wakes are considered. 

The swirl velocity Vt is corrected according to Fig. 11 b) with 
the Eulerian turbine equation, for the distribution of the 
swirl velocity must correspond to the rotor torque distribu­
tion. 

The downwash distributions are corrected in two ways. First the 
downwash distribution of the second rotor is corrected accord­
ing to Fig. 12 b) within the influence area IA, where the down­
wash of the first rotor hits the rotorplane of the second 
rotor. The downwash correction is such, that the downwash dis­
tribution of the first rotor is increased according to the 
downwash contraction (l\Vd2i) and that for the momentary blade 
position on the second rotor the actual downwash correction is 
interpolated (l\Vd2iB). Secondly, the downwash distributions must 
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be corrected in such a way, that the rotor thrust is compatible 
with axial momentum theory. As is shown in Fig. 12 c) the aver­
age of the mean downwash velocities of both rotors has to ful­
fill the axial momentum equation. 

After all necessary results have been found in every time step, 
the overall rotor coefficients are determined according to Fig. 
12 d) . 

3. CALCULATED EXAMPLES 

With the described method several single and counter rotating 
rotors were calculated and compared with experimental and other 
theoretical results. First, results of a full-scale helicopter 
rotor in hover are shown, and later results of propellers at 
high advance ratios will be presented. 

3.1 Helicopter rotor 

First the full scale helicopter rotor according to /10/ was 
cons ide red. The rotor geometry is depicted in Fig. 1 3. The 
blades of the two blade rotors have relatively thick symmetri­
cal airfoils and are untwisted. The aerodynamic characteristics 
of the most inboard and the most outboard definition airfoil 
are shown in Fig. 14. It has been extracted out of wind tunnel 
results. 

3.1 .1 Single rotating rotor 

This rotor was first calculated as a single rotation rotor. The 
definition of the tip vortex can be seen in Fig. 15. Fig. 16 
compares the calculated and measured performance. The theoret­
ical values lie within around 2 % of the measurement except in 
the case of maximum thrust, even with the relatively crude re­
presentation of the rotor. The hover efficiency according to 
Fig. 17 is similar in trend. For the point S of maximum effi­
ciency in Fig. 18 the distributions for the local lift coeffi­
cient and downwash are shown, and in Fig. 19 the wake vortex 
system together with the coefficients of interest. This case 
took 2 sec CPU-time on a IBM-3083 computer. In this stationary 
case only one time step is needed. 

3.1.2 Counter rotating rotor 

In the calculation the blade angles were always varied such 
that each rotor would absorb the same power (i. e. trimmed con­
dition). Fig. 20 shows the definition used for the tip vor­
tices. The comparison of the calculated and measured perform­
ance according to Fig. 21 shows good agreement only for low and 
medium thrust (curve with point B). For high thrust the calcu­
lation falls below the measured values. In order to represent 
the measurements better in the high thrust cases a modification 
of the downwash correction according to Fig. 12 c) was studied 
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(curve with point A). As indicated in the hover efficiency re­
sults of Fig. 22, a good correlation with measurements for high 
thrust loading is achieved, when the mass flow of the first ro­
tor is smaller than that through the influence area IA of the 
second rotor for the present contraction according to Fig. 20, 
i. e. a relatively strong radial inflow between the rotors is 
present at high thrust (arrows in Fig. 22). These results seem 
to indicate that in hover a variable contraction of the tip 
vortex of the first rotor dependent on thrust loading should be 
incorporated into the calculation procedure. 

In Fig. 23 the distributions of the local lift coefficients and 
downwash are shown for the two rotors in condition A which cor­
responds to the theoretical maximum in hover efficiency. Since 
the second rotor works in the downwash field of the first 
rotor, it produces less thrust than the first rotor for the 
same absorbed power. Its thrust share of around 80 % of the 
first rotor corresponds with the results in /6/. One reason for 
the relatively low hover efficiency of 61 % can also be conclu­
ded from Fig. 23, i. e. the negative lift in the inner part of 
the second rotor which is due to the untwisted blades. 

Fig. 24 shows the wake model in working condition B (Fig. 22). 
The side view (Fig. 24 a) shows that in spite of the lower mean 
downwash velocity on the first rotor, its tip vortex moves 
faster downstream than that of the second rotor. In Fig. 24 b) 
the wake model is depicted in three time steps. In these steps 
the thrust variation is between + 1 and - 1, 4 % of the mean 
value, the torque variation is between - 3, 7 and + 2, 5, which 
causes an appreciable vibratory loading for the drive system. 

3.2 Propeller 

The growing interest in propeller propulsion in recent years is 
based on its propulsive advantages as can be seen in Fig. 25 
/11/. Here especially the advantage of high speed coaxial pro­
peller propulsion over current turbofan propulsion is evident. 
In the following some results of single and counter rotating 
General Aviation propellers forM = 0.6 cruise Mach number are 
shown (compare points A and C in Fig. 25). 

3.2.1 Single rotating propeller 

First a high performance single rotation General Aviation pro­
peller is considered /12/, the blade definition of which is 
shown in Fig. 26. The blades are built up using the advanced 
transonic airfoils P1 - P4 /13/, /12/. The aerodynamic charac­
teristics of one of the definition airfoils (P1) is given in 
Fig. 27. For the cruise condition (point A in Fig. 25) with a 
very high advance ratio the influence of differeni discretiza­
tions can be seen in Fig. 28. The relatively crude representa­
tion according to Fig. 28 b) yields differences in the results 
well below 0,2 % and uses 60 % of the computer time when compa-
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red with Fig. 28 a). The propulsive efficiency of this propel­
ler SR-4BL in cruise condition in dependence of blade loading 
is shown in Fig. 29 and in dependence of power loading in Fig. 
30. With this propeller a propulsive efficiency between 79 % 
and 88 % is possible in the useful power range. 

3.2.2 Counter rotating propeller 

In the context of the present study the comparison of this pro­
peller with two counter rotating propellers is of special in­
teres, i. e. one with two two-bladed rotors of equal solidity 
(CR-2 + 2BL) and one with twice the solidity, where the orig­
inal single rotating propeller is doubled (CR-4 + 4BL). The 
propulsive efficiency of all these propellers can be compared 
in Fig. 29 and 30. When the single and counter rotating propel­
ler is compared at the same solidity and nearly the same power 
(points A and C in Fig. 29 and 30) an efficiency advantage for 
counter rotation of around 9 % is evident. This is in concord­
ance with the trend in Fig. 25 /11/. 

The propulsive efficiency of the counter rotating propeller 
with twice the solidity (CR-4 + 4BL) falls between the lines of 
the previously discussed propellers for a given blade loading, 
as can be seen in Fig. 29. This is due to the higher friction 
of twice the number of blades. But an advantage of 3 % to 5 % 
remains over single rotation. The advantage of the higher soli­
dity propeller is clearly evident from Fig. 30 in that a much 
higher power can efficiently be absorbed. 

For point D in Fig. 29 and 30 with the same blade angle of the 
first rotor as in point A (Fig. 28) the wake model and perform­
ance data are shown in three time steps in Fig. 31. The period­
ic change in thrust is from + 3 % to - 2,2 % and in power from 
+ 3, 5 % to - 2, 5 % of the average values. For equal power the 
blade angle of the second rotor needs to be 2, 5 deg. higher 
than that of the first rotor. The thrust of the second rotor is 
86 % of the value of the first one. This example needs 12 sec 
computer time. For more time steps a corresponding increase in 
computer time is needed, but when only overall performance data 
are of interest only a few time steps are sufficient. 

The corresponding results for point E in Fig. 2 9 and 3 0 are 
given in Fig. 32. This condition represents the highest power 
loading considered, where a propeller of only 1,85 m diameter 
absorbs around 1450 kW. The periodic change in thrust here is 
only~ 1,3% and in power~ 1,2% of the average values. So the 
more blades are used, the less vibration in thrust and power 
can be expected. In this case the computer time is 36 sec. 

To explain the propulsive advantages of counter rotation over 
single rotation the points B and C in Fig. 29 and 30 with an 
efficiency difference of around 11 % and nearly equal power are 
compared in Fig. 33. The main reasons for this difference can 
be concluded from the distributions of the local lift coeffi-
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cient (Fig. 33 a) and swirl angle (Fig. 33 b). The lift coeffi­
cients on the counter rotating rotors show relatively even dis­
tributions along the blades (Fig. 33 a) and the effective swirl 
angle is practically zero, whereas the single rotation propel­
ler shows - for identical blade geometry - an unloading of the 
inner blade area and an increased loading of the blade tip 
area. This change in blade loading is due to the relatively 
constant swirl angle of 5 deg. (Fig. 33 b), which is the prim­
ary cause for the efficiency loss. 

4. OUTLOOK 

As was shown by the different examples of fixed and oscillating 
wings, single and counter rotating rotors and propellers the 
described method proves to be an efficient tool for the design 
and perfomance calculation of counter rotating rotors and pro­
pellers. In the first design iterations and for the building up 
of performance charts relatively crude representations of the 
rotor blades can be utilized with good accuracy and relatively 
little computer time. 

To improve the accuracy of the calculation method in the high 
loading hover case the introduction of a thrust dependent wake 
contraction for the first rotor is intended. The validation of 
the method has to be done for advancing single and counter 
rotating helicopter rotors with flapping and lagging blades. 

Then the calculation of coaxial propellers in skewed flow (Fig. 
34) and in non-uniform onset flow is of great importance for 
high speed propeller integration problems. Also an introduction 
of compressible actuator disk theory in the downwash correction 
calculation is intended for propellers operating at high sub­
sonic cruise Mach number (Fig. 35). 
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FIG. 15: Definition of the Tip Vortex for the Single Rotation Upper Rotor 
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