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Abstract

The theoretical prediction of running-time measurements is part of an in-
vestigation concerning various blade tip shapes of rotor blades. The results
are intended to give a better understanding of vorticity formation and con-
centration in the wake of a blade. The particular aim of the theoretical re-
search is a closer understanding of vorticity production on a lifting surface
and an appropriate description of convected vorticity in unsteady flow. The
physical assumptions for the flow are infinitely high Reynolds number and in-
compressible flow, which lead to a simplified vorticity transport equation.
An essential part of the theory is the analytical solution of the three-
dimensional wake integral in unsteady flow permitting fast and precise compu-
tation of induced velocity fields. The theory describes running-time measure-
ments in front of a profile as well as downstream of it. For various
parameters such as reduced frequency, amplitude and steady angle of inci-
dence, theoretical and experimental results are compared for two different
profiles.

1. Introduction

The theoretical prediction of running-time measurements is part of an in-
vestigation concerning various blade tip shapes of rotor blades. The results
are intended to give a better understanding of vorticity formation and con-
centration in the wake of a blade. The corresponding experiments have been
performed in recent years at our research center. The experiments also in-
cluded unsteady pressure measurements. Some of these results are presented at
this forum by my colleague W.J. Wagner [1].

The particular aim of the theoretical research was a closer understanding
of vorticity production on a lifting surface and an appropriate description
of convected vorticity in unsteady flow. The velocity field induced by the
downstream vorticity determines the typical shape of running-time signals.
The mathematical model applied to describe the three-dimensional fiow around
a profile of finite thickness was introduced in a paper presented earlier at
this forum [2]. The physical assumptions for the flow are infinitely high
Reynolds number and incompressible flow, which lead to a simplified vorticity
transport equation. Harmonically varying motion produces harmonically varying
vorticity. The interaction between vorticity and the velocity field is traced
thoroughly and is illustrated in a 6-minute computer movie.

An essential part of the theory is the analytical soluticn of the three-
dimensional wake integral in unsteady flow permitting fast and precise compu-
tation of induced velocity fields. The solution of the integral is now pub-
lished in full length [3]. The theory describes running-time measurements in
front of a profile as well as downstream. For various parameters such as re-
duced frequency, amplitude and steady angle of incidence, theoretical and ex-
perimental results are compared for two different profiles. A comparison
shows reasonable agreement between theory and experiment. Fortunately the
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most difficult magnitude, the phase lag of the signals, is hit in most cases
and gives some confidence in the mathematical model. Moreover independent
calculations of total vorticity based on a Hamel-Oseen model for the tip vor-
tex also agree with the predicted calculations within certain limits.

At the present, efforts are being made to extend the still quite re-
stricted geometrical input to a more flexible program. The intended version
should be able to allow systematic investigations of wvarious tip shapes and
profiles with respect to their influence on the downstream vorticity distri-
bution and induced drag.

2. Theoretical model

The basic idea of the theoretical model is to describe the flow arcund a
body by the vorticity field resulting from an infinitely thin boundary layer.
The concept leads to a simplified vorticity transport equation [2,3]. Am-
pere's theorem, e.g. in [4], relates the well-known doublet potential to the
vorticity sheet. The relation is frequently used to compute pressure distri-
butions. However, V. Carstens [5] has proved that umsteady pressures may be
calculated without the use of any scalar potential. To demonstrate the rela-
tion between vorticity and doublet sheet for the reader more familiar with
the doublet potential method, Figure 2 shows the doublet distribution for a
plunging plate. The aspect ratio is 5 and the reduced freguency &* = 0.5,
based on half chord length. The induced potential experiences a jump of pre-
cisely the local doublet strength along a line crossing the wake domain or
the plate surface.

In Figure 1 the first case (a) shows the domain of viewpoint coordinates,
on which the x-component of the induced velocity field v, is computed. Im
Figure 3 the real and imaginary parts of vy are given for this case. The jump
in vy is equal to the local vorticity field perpendicular to the x-direction,
i.e. in spanwise direction. In a domain such as case (b) in Fig.l neither the
induced potential nor the induced velocity field contains any discontinui-
ties. The functions show the time-behaviour of waves travelling downstream.

Separate calculations for steady and unsteady flow contribute their share
to the complete solution by the principle of superposition. It is fairly ob-
vious that increasing amplitudes and steady angles of incidence magnify the
differences between theoretical and experimental results. The theoretical
model is linear with respect to both the angle of incidence and the amplitude
of the unsteady motion, which in addition is assumed to vary harmonically in
time.

3. TFormation and convection of vorticity

Incompressible flow may be described completely by the vorticity trans-
port equation. The boundary conditions require vanishing relative velocity on
the surface of any moving body. The resulting boundary layer profile of the
velocity field expresses the presence of vorticity. In an aerodynamic envi-
ronment the domain of non-zero vorticity is confined to a very thin envelope
covering the whole body, provided that the geometrical shape of the body is
streamlined and the curvature of the flow field does not exceed a moderate
magnitude. Vorticity, once it has been created, adheres to the particle car-
rying it, except that diffusion takes place. The particles loaded with vor-
ticity are washed down and form what is called the wake. Several basic as-
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sumptions are adopted now to simplify the extremely complicated requirements
of the vorticity transport equation which, in fact, is a nonlinear integro-
differential equation.

The first assumption concerns the thickness of the domain of non-zero
vorticity. The domain is mathematically treated as 1if it were infinitely
thin. The spatially distributed vorticity is flattened to a sheet of vortici-
ty: The simplification is justified by the ratio of two velocities forming
the Reynolds number: the velocity of diffusion, i.e. the time in which vor-
ticity is spread out significantly, and the velocity of convection, i.e. the
time in which vorticity is carried significantly downstream. The assumptiocn
of an infinitely high Reynolds number simply means that there is no time for
vorticity to diffuse in the vicinity of the body considered. Diffusion takes
place far downstream. The approximation of an infinitely thin wake acting on
the moving body may be interpreted as the far-field solution of a thickened
wake. The fact that the diffusion term in the vorticity transport equation is
omitted does not imply that vorticity plays no role.

Considering the first assumption discussed above the vorticity transport
equation still reads:

- R > -
é%-g(r,t) + v(r,t) + grad }(r,t) = ?(?,t) - grad v(r,t) (1)
v(r,t) = curl K(r,t)
+
T _ 1 J(',t) '
Alr,t) i J |? : ?' dv
Vol

In terms of the doublet potential method it is argued that div ? =0 in
incompressible flow will be fulfilled by v = #grad . The equation A% = 0 to-
gether with the well-known Kutta condition is finally solved assuming a flat
and undistorted wake. In fact this is a remarkably good approximation in many
cases of thin profiles and small angles of incidence, as can be seen later
on. Commonly ignored are the severe limitations this approximation imposes on
the vorticity transport equation which has not changed its nonlinear proper-
ties by merely omitting the diffusion term.

If the procedure just mentioned is translated to the vorticity transport

equation, it finally reads

(2)

where 1, is the velocity of onset flow. Its application rests on several
further assumptions. The following basic phenomena are excluded from the
theoretical description if equation (2) is adopted:

o change of the prescribed line of detachment (i.e. the trailing edge)},
o occurrence of additional separation lines {e.g. at the wing tip),

e distortion of the wake by its influence on itself (roll-up of the vortex
sheet),
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e nonlinear effects by large angles of incidence or large amplitudes in
unsteady motion.

The well-established "Kutta condition" is replaced by the condition of
continuity for the vorticity vector along any line of detachment. Figure 4
shows L. Prandtl's idea of a two-dimensional unsteady wake [6] and the
three-dimensional complement used in this paper [3]. Some confidence in the
shape of the vorticity field is given by an experimental study of S. Taneda
on the structure of the vortex street behind a circular cylinder of finite
length [7]. He describes very carefully the way he found the directions of
the velocity field (Figure 5). Though in his case the wake is triggered by
the instability on the cylinder surface and not by a forced unsteady motion,
the principal appearance of the wake phenomena is quite similar. Placing the
thumb of the right hand on the vortex lines in Figure 4b, the bent fingers
point in the direction of the flow field. Figure 6 and Figure 7 show the
real and imaginary parts of j, and j, for the example of the plate already
introduced. The solution is obtained by dividing the plate surface into
30 x 5 panels and solving the corresponding integral equation of the first
kind. A similar procedure leads to the solution for thick profiles. The
graphic presentation of the spatially distributed vorticity field on a thick
profile causes some difficulties and does not give much more insight into the
creation of vorticity. Therefore the plate solution is preferably used to il-
lustrate the mathematical properties. Overall information about the concen-
tration of vorticity is given by a plot of vorticity density on the plate
surface and downstream of it. In Figure 8 two shots have been taken from the
time-dependent process of vorticity creation and transport. The O-degree po-
sition is the maximum deflection of the plate surface; at 90 degrees the
plate passes its position of rest. The maximum vertical speed at this time
leads to a strong vortex. There is a slight phase shift depending on reduced
frequency and chordwise position. In the computer movie the complete sequence
for one cycle can be seen.

4. Description of the experiments

4.1 The running-time measurement

The investigation of flow patterns by means of ultrasonic pulses in
steady flow has been developed by D.W. Schmidt [8} and R.H. Engler [9]. The
method was extended to include measurements in unsteady flow for the first
time in 1980 [11]. The technical background and some initial applications
were recently published [10].

The physical principle of the measurement is shown in Figure 9. An ultra-
sonic pulse is transmitted a fixed distance through a flow field. The given
spatial distance of D = 0.5 m between transmitter and receiver produces a
time shift of about 0.0015 s under normal atmospheric conditions. A slight
variation of these conditions is not as important as the variation of the lo-
cal velocity by the flow field itself. The pulse is retarded or accelerated
due to the velocity field variation tangential teo the direction of travel.
The expected order of magnitude of the running-time difference At can be es-
timated easily by a simple calculation.

The signal is propagated with the velocity vp

(s) , (3)

S

Vp(S) = ¢, + Vool
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where cg is the constant speed of sound. The velocity relative and tangential
to the signal path is given by

T, -T
T -
B R 'E
vrel(s) - rel(x(s) tO) |r _ 2 | (&)
, R~ 'E
with
0<s<D, . = 1(0) , T, = T .

E R

The arc length s parameterises the signal path from the emitter point s = 0
to the receiver point s = D. The flow pattern is assumed to be "frozen" at
the time ty during the short period when the signal passes the fluid.

The assumption is justified as long as changes in the flow are small dur-
ing the time t, = D/cg. The frequency f of the harmonic motions does not ex-
ceed 12 Hz, so that the period for ome cycle is large compared to tg (t -£50.02).
From ds/dt = Vo (s) follows the total running-time tp for the pulse

£ = | —nds5
D v_(s) + ¢, ° (53
2 S
0
The running-time difference At is defined as

At = ty ~ tg - (6)
In all cases considered later on the direction of the pulse is nearly perpen-
dicular to the onset flow. An example gives the order of magnitude of At:

Let u, = 20 m/s and o = 340 m/s. The flow may be inclined by ¢ = 1°. Then

D o _
Ata T uw_sino + c tg © 1.5 ps . (7)
o S

The order of some microseconds for the running-time difference At is typical
of all experiments discussed here. The comparison of experimental and theo-
retical results does not require further explanation. The experiment gives
for any configuration and any location of the test beam a well-defined wvalue
which is compared to the theoretical result for equivalent conditions.

The average accuracy of the experiments is about *#0.1 ps [9]. The limited
accuracy is not due to the electronic equipment, but is mainly caused by
asymmetries in windtunnel flow. These experiments were all carried out in the
3 x 3 m® Low-Speed Windtunnel at the DFVLR in Gottingen.

The accuracy of the theoretical results is not primarily defined by the
numerical integration of equation (5), which can be assumed to be exact. The
physical simplifications discussed in Chapter 3 form the intrinsic and un-
avoidable inaccuracies.
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4.2 The models

The theoretical results refer to two different experiments. The NACA 0010
wing was investigated by Engler {9]. The size of the model is given in
Figure 10. The wing was suspended from wires comnected to the model at the
peints Py, Py and Pj.

" The second model is a NACA 0012 half model with a chordlength of 0.4 m
and a span of 0.8 m. The model was mounted on a splitter plate to achieve
nearly two-dimensional flow on one side. Theoretically the model was treated
as a freestream model with an aspect ratio of 4. The experimental results are
partly yet unpublished. Some of the data are reported in [10,11].

5. Results

5.1 NACA 0010, steady flow

The wind speed u_ is 20 m/s. Figure 11 shows the running-time difference
six chordlengths downstream of the wing for two angles of incidence -4° and
-8°. The region near the tip shows interesting details which are not covered
by the present theory. The roll-up of the vortex sheet will affect that do-
main. Based on a semi-empirical Hamel-Oseen model for the tip vortex, Engler
has calculated the strength of the tip vortex [9]. The total circulation of
the theoretical model exceeds the experimental data:

a '  [m?/s] (Tip) T [m?/s] (Total)
exp. theor.
(8)
-4° -0.42 ~0.55
-8° -0.84 -1.10

It should be pointed out that the basis of the calculations is very dif-
ferent for the two models. The tip vortex will not contain all of the washed
down vorticity. But the the theoretical model gives merely an ambiguocus an-
swer to the question, which part of the vortex sheet belongs to the region of
the tip vortex. The lift coefficients for the 4° case (based on ¢ and chord-
length c) are

_ 2Xp.
e T TTEuTgE T 3

..

exp.

(9

theor. : c, (computed) 3.49 .

The values differ by about 9%. The computed solution follows the method de-
scribed in [2]. There are 30 panels in circumferential direction times 7 pan-
els in spanwise direction.

In Figure 12 At is plotted ahead of the leading edge. The 8° case shows a
small systematic difference of about 0.2 us. However, the slope of the de-
crease in At is represented very well. The 4° case seems to have an error of
a factor of 2 in the experimental data. The original values (o) are plotted
as well as the corrected ones (c).
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5.2 NACA 0012, steady flow

Figure 13 is similar to Fig.ll. The angle of incidence is 5° and the
downstream position is changed from x/c = 0.5 to x/c = 3. Unfortunately
measurements have been taken only in the tip region. The case x/c = 0.5 again
shows a systematic difference of about 1.5 pus. The reason might be a normali-
sation error. It is also possible that the description of the tip region is
incomplete quite close to the trailing edge. The case x/c = 3 also tends to
deviate slightly from the theoretical curve. However, the overall behaviour
of the functions agrees quite well with the experimental results and proves
that the theoretical model is a reasonable description of some bhasic proper-
ties of the flow.

5.3 NACA 0012, unsteady flow

The most interesting aspect of the measurements in unsteady flow is -
from a theoretical point of view - the variation of phase shift. Data are
given for two different frequencies 4 Hz and 12 Hz. In the 12 Hz case
(w* = 0.75) the downstream positions x/c = 0.5 and x/c = 3.0 are compared
again. In Figure 14 and Figure 15 the variation of At during one cycle of a
pitching motion at two fixed positions is plotted. The two spanwise positions
are half a chordlength inside and outside the wake. The tip vortex is located
at y = 0 and the positive y-axis points into the wake. As expected the vari-
ation of At almost vanishes outside the wake domain for the small amplitude
of Ao = 1°. The steady angle of incidence is 5°. TFigure 16 is a combination
of the last two graphs for the y-position inside the wake. It shows the true
velocity of the wake. To calculate the wake velocity, the maximum of At may
be considered. At x/c = 0.5 its phase is about 320°. At x/c = 3.0 the phase
changed to 180°. The increase is A$ = 220°. One cycle is completed in
T =1/12 s. The spatial distance between the two positions is exactly
As = 1 m. Therefore the relative velocity of the wake is

- As -
Vel = T R67360° - 19.6 m/s . (10)

The result is very important for the justification of a basic assumption in
the theoretical model: the velocity of the wake is assumed to be approximate-
ly u,. Secondly the result reflects the loss in momentum; the wake is slight-
ly accelerated with respect to an observer at rest.

Lastly, Figure 17 exemplifies the influence of a large amplitude. The
4 Hz case (w* = 0.25) has zero angle of incidence and an amplitude of
Ao = 8°. The predicted running-time differences differ considerably from the
experimental results obtained. The wake is presumably distorted.

6. Conclusion

A suitable approximation of the vorticity transport equation gives immed-
iate insight into the creation and transport of vorticity on a lifting sur-
face. In incompressible flow vorticity is the basic variable governing the
whole flow field. Experimental results can be interpreted very easily in
terms of vorticity.
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The mathematical model of unsteady flow around three-dimensional wings
allows the prediction of running times of ultrasonic pulses. The predicted
results agree fairly well with experiments carried out in recent years at the
DFVLR in Gottingen. The ultrasonic method is very sensitive to small varia-
tions of the flow field. It admits a fast and cost-effective investigation of
flow patterns in steady and unsteady flow. The further extension of the theo-
retical approach to a more flexible geometry should be able to allow syste-
matic research on optimised tip shapes with respect to their influence on the
downstream vorticity distribution and induced drag.
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Figure 16: Running

time in unsteady flow,
NACA 0012, o = 5°,

Ao = 1°, w* = 0.75,

(two different positions
downstream of the pro—
file)

Figure 17: Running

time in unsteady flow,
NACA 0012, a = 0°,

Ao = 8°, wkx = 0,25,
xfe = 1.75

a) position outside

the wake (y/e = -0.5)
b) position inside

the wake (y/c = +0.5)
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