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ABSTRACT

A complete and detailed derivation of a finite—-time arbitrary-motion
cascade theory is presented for both Laplace and frequency domains. This
theory includes the effect of returning wakes for both single- and multi-
bladed rotors. The generalized cascade 1ift deficiency function, C", is
shown to be consistent with the generalized Theodorsen's 1lift deficiency
function when the wake spacing approaches infinity or when the reduced fre~
quency tends to infinity. This function predicts correct zero-reduced-fre—
quency limit. Accurate and efficient numerical procedures are presented
for the evaluation of the cascade C". Numerical examples comparing the
cascade 1lift deficiency function with Loewy's 1ift deficiency function in
frequency domain are presented. Accurate Pade approximants of cascade
lift deficiency function are constructed using Bode Plot approach which
allows for complex poles.

Nomenclature

a = Lower limit of integration for frequency domain
cascade theory

a = Coefficients in the numerator of the ratiomal approxi-
mation for the lift deficiency function

abR = Cross sectional elastic center (E.C.) offset from
midchord
bm = Coefficients in the denominator of the rational

approximation for the 1lift deficiency function
bR = Blade semichord length

C”(E,TRE,THE), = Cascade-wake 1ift deficiency function in the Laplace
and frequency domains
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Denominator polynomial of ratiomal approximation for
the lift deficiency function

Real and imaginary parts of cascade lift deficiency
function

Family of double integrals

Real and imaginary parts of ratiomal approximant to
the 1liftr deficiency function

Basis functions for the Glauert series

Vertical displacement of elastic center of the airfoil,
positive downward

Vertical wake spacing beneath the rotor in Loewy's model
for single and multi-bladed rotors:

h, = h/Qsh=[2nu, /2]; ()=( ) /bR

Vertical wake spacing beneath the rotor in cascade wake
model for single and multi-bladed rotor

Imaginary part of the denominator pelynomial in a
rational approximation to the lift deficiency functiom

Imaginary part of the numerator polynomial in a rational
approximation to the lift deficiency function

s

The influence function of a vortex lying on the ath
vortex sheet at £ on the mth Fourler component of the
wake induced downwash velocity Km

= Family of double integrals associated with the numerator

of the cascade-wake 1ift deficiency function

= Family of double integrals associated with the denomi-

nator of the cascade-wake lift deficiency function

Modified Bessel function of the second kind of the
order n

Reduced frequency: k = MbR/UTO
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Total, circulatory and noncirculatory components of
the lift

Quasisteady and wake components of the circulatory
Iift: L_ = L +L
ft c 9w

Numerator polynomial of the ratiomal approximation for
the 1ift deficiency function

Number of wake lavers beneath the rotor included in
the cascade-wake 1ift deficiency function

Number of poles in the Pade approximant of the 1ift
deficiency function

Pressure

Pressure on the upper and lower surfaces of the airfoil,
respectively

Dowvnwash velocity at the 3/4~chord point:

Q(s) =2(Q(t))
Number of blades
Blade radius

Real part of the denominator polynomial in a rational
approximation for the 1lift deficiency functiom

Real part of the numerator polynomial in a rational
approximation for the lift deficiency function

Radial station of blade section:
r = (r/Q () =()/bR
Laplace transform variable: s = (sbR/UTO)

Time required for a fluid particle to travel one wake
spacing with the mean oncoming flow velocity:

* w*
Ty = B MUngsTye = B, /Upg

Time required for a fluid particle to travel the dis-
tance between identical airfoils on consecutive blades
with the mean oncoming flow velocity:

TR = 2Wr/UTO;T = 2wre/UTO

Re
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Time required for a fluid particle to travel the
semichord length bR with the mean oncoming flow
velocity:

Tsc - bR/UTO

. . , T
Nondimensionalized TH’?HE’ R’TRe
With respect to T_ : () = ( )/(Tsc)

Time

%

Free stream velocity in x*, and negative z* directions

respectively:

UT(t) = UTO+AUT(t); UP(t) = UP +AUP(t)

0

= Upwash wvelocity distribution over the airfoil

Fourier coefficients of Wa

Downwash velocity distribution on the airfoil induced
by the bound vortex system

Location of trailing edge of the wake behind the refer-
ence airfoil at time

t =T

Location of trailing edge of the wake behind the nth
imaginary airfoil below the reference airfoil at
time t = T for cascade model

Coordinate axes in plane of the airfoil

Offset between the elastic center and the aerodynamic
center in blade cross section:

XA = XA/bR

Time variant angle of incidence of the airfoil at the
elastic center, measured clockwise from the horizontal

%
x axis: oft) = a0+Au(t)

Various integrals of bound vortex over the airfoil im
cascade-wake theory

Total, quasisteady and wake induced circulation about
the airfoil
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1. Introduction

= Bound vortex strength distribution, positive clockwise

Circulatory and noncirculatory portions of bound vortex
strength distribution

Trailing edge vortex strength shed at time t = t'

Shed wake vortex strength distribution, behind the nth
imaginary airfoil at time t = T, positive clockwise

Induced downwash velocity due to shed wakes behind and
below the airfoil

Fourier coefficients of the shed wake induced downwash
velocity over the airfoil and its time derivative

Location of the vortex shed from behind the nth imagi-
nary airfoil at time t = t' observed at time t = T

Air demsity

Azimuth angle of blade measured from straight aft posi-
tion, also nondimensional time: ¥ = Ot

Rotor speed of rotation

Partial derivative
Laplace transform

Differentiation with respect tec time t

Proper modeling of unsteady aerodynamic effects is an important ingre-
dient in aeroelastic stability and response calculations for rotary wing

applications.

Until very recently all unsteady aerodynamic theories used

in rotary-wing applications were based on the assumption of simple har-

monic motiomn.

An important shortcoming of these theories is that they are

suitable only for determining aeroelastic stability boundaries, since the
assumption of simple harmonic motion holds only at the stability boundaries.
Therefore, these theories are not capable of predicting damping levels in
the subcritical condition. Also, standard stability analysis techniques
such as root locus method cannot be used in conjunctien with these theories
and special techniques representing variations of V-g method have to be
devised, TFurthermore, in the forward flight regime, where the blade equa-
tions of motion are governed by equations with periodic coefficients, the
use of time domain unsteady aerodynamics is required for the inclusion of
unsteady aerodynamic effects. Similarly the modeling of aeroservoelastic
systems in which an active comtrol system is modeled in conjunction with
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the aercelastic system, such as higher harmonic control system for vibra-
tion reduction in forward flight or for stability augmentation, requires
finite-state time—-domain unsteady aerodynamics.

In this paper the term finite-state time-domain aerodynamics refers
to theories which express unsteady airloads in the time-domain in terms
of a finite number of augmented state variables in addition to the airfoil
(or blade) physical degrees of freedom. The role of these augmented state
variables is to carry the effects of the unsteady wake. The term arbitrary
finite-time motion is used here to refer to a motion which has commenced
at some previous finite time and has an arbitrary form. The arbitrary
form of motion includes both growing and decaying oscillations with a cer-
tain frequency.

In Reference 1, three incompressible finite~time arbitrary-motion air-
foil theories, suitable for coupled flap-lag-torsional aercelastic analy-
sis of rotary wings in hover and forward flight were briefly outlined.
These are:

(1) A generalized version of Greenberg'52 theory, which does not
include the effect of returning wakes, and its finite-state time-
domain approximation for hover and forward flight. This theory
was also applied to a simple rotary wing aercelastic problem in
Ref. 3.

. . 4 R ..
(2) A generalized version of Loewy's theory and its finite-state
time~domain approximation for hover. This theory includes the
effects of the returning wakes beneath the rotor.

(3) A generalized cascade theory with infinite or finite number of
identical staggered airfeoils flying beneath the reference blade,
separated by appropriate wake spacing, for the case of hover.
The airfoils of the cascade model represent wakes shed from
the same blade in previous revolutions or different blades in
the same revolution.

The generalized version of Greenberg's theory is restricted to a single
unsteady wake layer which extends behind the airfoil for a length correspond-
ing to the time elapsed from the begimning of motion. Although this theory
is frequently used in rotary wing applications, it neglects the effect of
returning wakes beneath the rotor. For low inflows the wakes shed from
other blades in the same revolution and wakes shed in previous revolutions
tend to remain in close vicinity of the rotor disk, and the effect of the
returning wake has to be accounted for, particularly in the case of hover.
The first theory to account for the influence of the layers of the shed
vorticity beneath the rotor for the case of hover was developed by Loewy .
This theory represents a generalization of Theodorsemn's theory to rotary
wing applications, and thus is based on the assumption of simple harmonic
blade motion. The intertwined helical wakes (Fig. 1) shed by previous
blades or the reference blade in previous revolutions was idealized by
series of vortex sheets, infinite in number, parallel to rotor disk which
extend to infinity on both sides of the airfoill representing a blade cross
section, as shown in Fig. 2. Recently this theory was extended to the
arbitrary motions in Refs. 1 and 5. However, it was pointed out in Refs.

1 and 5 that Loewy's wake model is not entirely compatible with the finite-
time arbitrary-motion representation of the blade dynamics, because each
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wake layer beneath the rotor is assumed to extend to infinity on both
sides (Fig. 2). Thus, a generalized Loewy theory cannot be obtained from
basic governing equations of fluid mechanics combined with the assumed
wake model for this case. Furthermore, the techniques employed in Refs. 1
and 5 for constructing Pade approximants (a Pade approximant is the ratio
of two polynomials in iw) for Loewy's lift deficiency function failed to
capture the oscillatory behavior of the real and imaginary parts of this
function. The techniques used in Refs. 1 and 5 were based on the assump~
tion of real poles. In References 1 and 5 three different techniques were
used to construct the Pade approximants for Loewy's 1lift deficiency func-
tion: (1) Dowell's quadratic least squares technique (Ref. 6), (2) Vepa's
quadratic least squares technique (Ref. 7), and (3) General nonlinear
least squares approach using Fletcher-Reeves unconstrained optimization
algorithm.

In a recent study by Venkatesan and Friedmann the Bode plot was used
to identify the number of complex poles and their approximate locations.
High quality approximations to Loewy's lift deficiency function were
obtained in Refs. 8 and 9. These approximations were successful in cap-
turing the oscillatory behavior of Loewy's lift deficiency Ffunction. How-
ever, these approximations required the use of higher order polynomials.

This paper has a numberof objectives: (1) to present a complete deri-
vation of the finite-time arbitrary-motion cascade theory, which was briefly
outlined in Ref. 1l and compare it to Leewy's theory (2) to develop an accu-
rate finite~state time-domain representation of the loads using the
improved Pade approximant techmique developed in Refs. 8 and 9.

The results indicate that the 1lift deficiency function obtained for
the cascade theory, are consistent with the generalized Theodorsen's lift
deficiency function when the wake spacing approaches infinity, and when
the complex reduced frequency approaches infinity. The cascade model always
predicts the correct quasisteady loads for zero reduced frequency.

Accurate closed form binomial approximations are used to develop an
efficient combined analytical and numerical technique for the evaluation
of the lift deficiency function in the frequency domain. A detailed com-
parison of the cascade theory with Loewy's theory is presented.

Accurate Pade approximants of cascade lift deficiemncy function are con-
structed using the Bode plot approach described in Refs. 8 and 9 which
allows for complex poles. The resulting approximate functions accurately
model oscillatory behavior of 1ift deficiency functiom due to returning
wakes.

2. {Concise Derivation of the Cascade Theory

2.1 Overview of Wake Model

The finite~time cascade wake model consists of a wake in which a finite
number of identical staggered imaginary airfoils which are assumed to be
flying beneath the rotor. 4 schematic representation of the wake models
for single-bladed rotors and multi-bladed rotors where all blades perform
the same motion (collective mode) are shown in Figs. 3 and 4. The cascade
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wake model for finite-time arbitrary motion utilized in this derivation is
very similar to the wake structure assumed by Hammond and Piercell. Ref.
10 uses an acceleration potential approach to obtain the compressible un-
steady aerodynamic loads acting on two dimensional rotor blade cross sec—
tions, undergoing simple harmonic motions in hover. In the finite-time
cascade wake model each airfoil is leading the previous one by the distance
(2mr) /Q. The wakes behind the reference airfoil and each of the imaginary
airfoils are of finite length corresponding to the time elapsed since the
motion has commenced.

Using this wake model the integral equation of downwash is formulated
for an airfoil undergoing coupled flap-lag—torsional motion about a nonzero
pitch angle in a stream having time-varying oncoming and inflow velocities.
It should be mentioned that the position of shed vortices behind the air-
foil in each parallel wake layer are assumed to be determined by the mean
velocity, whereas their imstantaneous velocity is given by the time-varying
oncoming velocity. This is similar to the wake assumption made in the
derivation of generalized Greenberg's theory, described in Refs. 1 and 5.
Therefore, the fore and aft excursions of the wake are partially accounted
for.

The approach used to formulate the integral equation of the downwash is
similar to the approach used by Johmnson to derive Theordorsen's theory
{Sec. 10, Ref. I11). The integral equation of downwash is solved using
Sohngen inversion integral and a Fourier series method.

The unsteady aerodynamic loads are obtained using the Laplace trans-
form. The resulting generalized lift deficiency function is shown to be
consistent with the generalized Theodorsen 1lift deficiency function when
the wake spacing approaches infinity, and when the complex reduced frequency
approaches infinity on the imaginary axis.

Next the generalized cascade 1ift deficiency function is specialized
to the frequency domaln. In the frequency domain the wake is restricted
to vortices contained within an azimuth angle straddling the reference
blade, Certain numerical aspects associated with the evaluation of the 1ift
deficiency function are also discussed in detail in the paper. A more de-
tailed derivation of the cascade theory is provided in Ref. 5.

2.2 Formulation of the Theory

The geometry of motion of a typical airfoil is shown in Fig. 5. The
governing equations for this problem consist of the boundary condition of
zero disturbance upstream at infinity, tangent flow velocity over the ref-
erence airfoil, Kutta condition at the trailing edge of the reference air-
foil, zero pressure discontinuity on the wake, and the condition of conser-
vation of circulation,

The condition of tangency of flow to the airfoil surface leads to an

expression for the upwash veleocity of fluid particles on the surface of
the airfoil im a Fourier series form

W@, = > W_(t) cos (md) (1)

m=0
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b = c:tos“1 (x*/bR); (0 < $ <m, -bR = x* < bR)

In addition to the upwash velocity W (5 £) at the reference airfoil,
there is also a downwash velocity component A (%’ ,t) due to the shed wake,
Yo (E",t), n=0, NL, and a downwash velocity component Wy, (x * t) due to
vortlces representlng the airfoil surface (i.e., the bound vortex) ,

Yb(g

Using the Biot-Savart law gives

bR
W R = om [ [y €0/ ER ] ae®
* ~-bR (3)
NL o X (D
o n o e & e 2 . 2 ] *
VR = e 2 Yo E50 (E™ / [ET T+ (an) )

n=0 bR—Znﬂrl

where H¥ represents the dimensional wake spacing between successive wake
layers. The wake airfoils are purely imaginary and are introduced only to
model the effects due to their wake. In essence the imaginary wake airfoils
are only visual aids to help one write a relationship between the vortex
strength in the wake layers beneath the reference airfoil and the wake vor-
tices directly behind it. These airfoils do not represent physical sur-~
faces over which discontinuities are produced, nor is there a bound vortex
system associated with these wake airfoils.

The flow tangency and Kutta conditions can be written as

1
(rom [ [y €0 /E0] € = - [W (1) +A(D)]
-1

(4)
Y, (+1,T) = finite

where & = (E*/bR) and x = (x*/bR) are nondimensional chordwise variables.
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Application of S8hngen inversion integral yields

¥, (x%,7) = (-2/7) / (bR-%x¥) / (bR+x*) X
bR (5)

fb V (ORFEF) / (BR-E¥) [~(wa+;\) /
=bR

(x‘.’:_E ';‘:) :] dt ¥

This leads to the solution of Yb in a Glauert series form

o

@0 =2 3 [h@ o] @ (6)
where
N stan(d?/Iz) m= 0
£ @ = ] (7
lsin(mcb) mz1
Hence the expression for the bound circulation ¥ becomes
bR
- ¥ "=
'= JQR Yb(z ,T) dz¥ = =27(bR) [(Wa0+l/2wal) + (AO+1/2A1)] (8)

The bound vortex ¥y, can be separated into two parts corresponding to a
circulatory, Ypes and noncirculatory, Yhne» VOrtex distributions. The cir-
culatory vortex, Yp., accounts for the total circulation around the airfoil,
however it corresponds to zero downwash velocity, Wy=0.0, everywhere on the
airfoil. Therefore the circulatory bound vortex system will have no effect
on the flow tangency boundary condition over the airfoil, except at the
trailing edge. The noncirculatory vortex system, Yy,., accounts for the
total downwash velocity over the airfoil, however it produces zero cir-
culation I' around the airfoil.

Hence the following mathematical expressions can be written

bR % %

f Ypo (€ »T) d& =T

~bR

bR % %

f YigetE »T & =0

R (9)
bR

/) [ [ @0 65D [ ag® < 0
~bR
bR

(l/ZW)]‘ [ybnc(g*,f)ﬂx*—ﬁ*)] dg* = Wb(x*,f) = -(W_+})
-bR
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This leads to

Yoo (8,0 = [-2/sin(®)] [ (W +1/2w ) + (+1/22 ]
Y pne @51 = [2/51in(§)] [(waoﬂo)cos(&ﬁ)ﬂ/z(walml)cos(2$)] (10)

o . -
-2 I, (_+\ ) sin(md)

The unsteady Bernoulli's equation can be used to obtain pressure

difference (P,-Py) over the airfoil and expressions for the lift and
moment

*

X
k2 =, [0 6o r g [y @l e

~bR
. oo ) d [ (D) W, 71
ORI PR oa ) Ua® 1O - £[r& o -1 m]f (an
bR
M(t) = —be (B -Py) (x"~a BR) dx* = —DA{UT(T) rM gy

-2 g [réé) (1) + 8% (T)] ;

where the 1lift L and moment M are defined peositive when they are acting in
the upward and pitch-up directions, respectively.

The l1ift and moment expressions are expressed in terms of wvarious
. " 1 1 1 2 2
integrals of bound vortex T, F( ), Féc), Fé ), Péc) and Fé ). These
expressions together with certain auxiliary relations are provided below

bR
Mt = _be ch(E*,r)dE* = —(21) (bR) [(waoﬂfzwal) + (A0+1/211)]

bR
W = [ @ v 0’ - —czmcbmz%-(lma)
=bR

(12a)
[(waoﬂ/zwal) + (A0+1/2A1)] + (1/4) [(wa1+waz) + (J\l+x2)]}

bR
(L) _ * % * 2 _
NE@ = [ N0 - enen [ w1720 )

+ (1/2)(k0—1/2A2)]
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bR
r@ - [ ere®) v €0t = o 1@
~bR

bR
(2) ®2 .- * % 3
[’ () = (£77-2abR) v, (£7,7)dE™ = -(2m) (bR)
NC J;R bne (12b)

{5[(Wao—1/2waz) + (A0—1/2A2)] -{1/8) {(wal—waB) + (Al*k3)][
bR

@ = [ e mn v @h0et = 172 6R°T©

2.3 Aerodynamic Loads in the Laplace Domain

The expressions for the unsteady air loads derived in the previous
section are in terms of the Fourier coefficients of the induced downwash
velocity and their time derivatives. In turn, the wake-induced downwash
velocity is a function of the stremgth of the unsteady shed wake vortices
in the wake layers behind and beneath the blade. The complete solution
for the unsteady airloads requires the solution for the strength of the
shed wake vortices.

The coefficients of the Fourier series representation of A, are
calculated using

-
(2/m) jﬂ A0,1) cos(mﬁ) a8
0

/2y x (ol __g

A, (0
(13)

Ap(T)

The coefficients lm are given as

NL Xz(T)
S * 4
Am(r) = (-1/bRM) > fﬂ (& :n,m) Ywn(i ,T)dE (14)
n=0 iR —2anr

where the expression for the kernel funection I(E*:n,m) is
% 4 [ * Py o * =2 #y 2 l o
T(£":n,m) = (bR/m) jﬂ z[(g ~bRcosB)cosm8],/[(£ ~bRcosB)” + (nH™) ’de (15)
0

% . . ; .
I1(¢":n,m) is the influence function for a unit vortex lying on the nth
vortex sheet at Ek on the mth Fourier coefficient of the wake-induced
velocity over the airfoil chord.

The wake vortex Ywn(g*,r) can be related to the vortex shed at the
trailing edge vy at some previous time t'. The shed vortex Yy is only a
function of time. At time t = T, the vortex shed from the trailing edge
of the airfoil at time t=0 on the nth wake layer is located at Xn(T).
which is given by

T
x:_(T) = bR -2n7r + f U (e?) de’ (16)
0
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Also the location of a vortex shed from the trailing edge of the air-
foil at some previous time t=t', at time t = T is given by & (T t',n)
T

£%(t,t',n) = bR -2n71r + f U (t) ae (17)

In all unsteady aerodynamic theories the tangent flow boundary condi-
tion is imposed on the X" axis as opposed to the moving airfoil surface.
In a manner consistent with this assumption, the time varying wvelocity term
appearing in the positions of the wake vortices will be approximated by their

mean value.

%
Xn(T) = bR -2Znmr + (T) UTO

(18)

*
T,t',n) = bR -2nmr + (T-t'
£ (T,t",n) or + (T-t') Up
The condition of zero pressure discontinuity across the wake requires the
vortices shed at the trailing edge to travel downstream with the time-varying
freestream velocity. This condition will be imposed in its exact form.

dg¥/det = -U (t") or d§¥ = U (t") dt (19)
Therefore
NL 3
)\m(f) = (-1/bRm) HZO bf I{(T-t'):n,m] [Yt(t')UT(t')] dt' (20)
. L % '
)\m('r) = (-1/bRm) Z f ) l:(’f £t m]s[\' (t! )U (' )] dt’
0 (21)
~ (1/bRM) 1[ =0:0 ][y (U (r)]
where
T [Ct—t'):n,m] = [TSC/W] %
T —
f [[(r ~t")H(T, ) -n(Ty }-(T_ )cost] cos(me)]J /
0
l[(T—t )+G? )—n(T ) (T )cosBJ + {nT )2;] (22)

The parameters Tg., T and Ty are introduced because of convenience; T
iz the time required for a fluid particle to travel one semichord length
with the velocity Uy = [(bR)/UTO} Tp is Period of rotation of the
rotor, Tp = (27/Q) = (2ﬂr7UTO), and Ty is the time required for a fluid
particle to travel one wake spacing with the speed Upg, Tyg = [H /UTo]
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Introduction of a new kernel function for Am and performing its integrations
leads to

im(r) = [—UT(T)/H(bR)Z] jg; JE D [(T«t'):n,m] [Yt (t')UT(t')} dt’ (23)
- (m/TbR) = [r(T)]

where

™
D [(t-t")em,m] =[x )%/r] of H(nTH)z- [=t")+T__-nT,~T__ cosg]zj}/

{[(T—t')+TSC-nTR—TSCcos§]24~(nTH)Z%Z} cos(m@)d@

4

D[ (t-t"):in,m] = T.. Ie

I{(t-t"Yn,m] (24)

The expression for the lift in terms of its quasisteady, noncirculatory and
wake contributing becomes

L) = Ly(0) + 1y (1) + L () = LC(T)+L§(€) (25)
where
fT NL ]
L (T)/2p.U_(T)| = (1/2) (1/2)p | (t-t"):n,0
[Let/20,029)] I L& 100t
-(1/2)p [(t-t") :n,2] f - 1]
[v (£Du (") ] e (26)
Lo (D) = -(Tr)pA(bR)z u'aao (27)
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Using Helmholtz principle of conservation of the circulation, the
following relation for quasisteady 1lift can be obtained

T
NL
[chr)/ZpAUTm] = m(bR) Q(1) = —Of ngo % (/)1 [(t-t"):n,0]

+ (/)T [(t-t") i, 1 ¢ + (1/2)

_ [Yt(t')UT(t')] dt’ (28)
where Q(T) is the 3/4-chord-point downwash velocity given by
QYY) = ~(W_+1/2W_,) = {U,(7) [o +a(D)]

+ N:-I—Up(t) +bR(1/2-3) da(t)} (29)

It is important to note that both Egqs. (26) and (28} are in convolution
form, and they both invelve the unknown trailing edge vortex stremngth
multiplied by the time-~varying velocity, [Yt(t')UT(t')] . Therefore the
Laplace transformation can be used in order to eliminate the unknown

[re (€DUp(E ] .

z [L (0 /2mp, bRIU(D] = c"@{oD]} (30)

where the generalized cascade lift deficiency function C" which acts as a
Laplace domain operator for the loads is given by

- (W ‘ ? _
% 2 [(1/2)D(t:n30)“(1/2)D(t:n,2):| - 1s

n=0

C" = ~(1/2) =
9}% S [(I/Z)I(t:n,O)-!-(l/Z)I(t:n,l):r + (1/2)}

=0
- - (31)
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The expression for C'"(s) is further reduced in Ref. 5

C (s,TR,TH) =
M oo
Kl(s)-(s/Z) ;%l o R [F(s:n,O,TR,TH)—F(s:n,Z,TR,
[Kl(s)+K0(s)]+ ngl . R [F(s:n,O,TR,TH)+F(s:n,1 T Ty (32)
where the expression for F (E:n,m,fR,fH) is given by
e T
F(san f (I/'iT) fl:[t'—cosé:]cos(m’a_)/
1 0
- A |
‘ [t'~cosa J +~(nT ) E] dg t e st dt’ (33)

This Laplace-domain lift deficiency function involves two infinite
summations and integrals which do not lend themselves to closed form solu-
tions in terms of familiar mathematical functions. However several
important properties of C" can be analyzed analytically.

Reference 5 contains a mathematical proof that the limit of the 1lift
deficiency function for the cascade-wake theory approaches Theodorsen's
lift deficiency function when the wake spacing approaches infinity. It is
also shown that the cascade theory becomes identical to the generalized
Greenberg's theory (Ref. 5), when returning wake layers are neglected
(NL=0) .

The multibladed rotor is different from the single bladed rotor im that
the horizontal shift between successive layers will be reduced, This new
wake~layer shift is equal to the distance between two identical airfoils
on successive blades. Furthermore, the wake spacing is also reduced by a
factor equal to the total number of the blades of the rotor. Thus

TRe TR /Q

(34)

He TH /' Q

|
I
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3. TFrequency Domain Lift Deficiency Function

Accurate evaluation of the frequency domain lift deficiency function
for the cascade-wake theory is required, for several reasons. First, the
1ift deficiency function of the cascade-wake theory needs to be compared
with Loewy's lift deficiency function in the frequency domain. Next it
should be noted that finite state time domain models are based on the
Pade approximants of the lift deficiency function developed for the
frequency domain. 1In this section an efficient method for calculating the
1ift deficiency function for the cascade~wake theory in the frequency
domain is presented.

3.1 Derivation

The frequency domain lift deficiency function can be obtained by
replacing the nondimensional Laplace variable s by (ik). It is more con-
venient to treat the various integrals in the numerator and denominator
of C" separately. The combined integral for the numerator will be denoted
by IN (ik:n,TRe,Tge) s and the combined integral for the demominator will
be denoted as ID (ik:in,Tga,The) -

0 T
IN(ik:n,TRe,fHe) = [{:ni ] (1/m) ([ [[t'.-cos§] chos(Zé)]/
Re
{&'—cosé] 2-+(nTHe)2}] dg | eIt ger (35
] m
ID(ik:n,TRe,THe) = []Lf-ni (1/m) (}[ [ [tr - cos@] [1+cos(8)]/
Re
z[t'-coséjz 4—(nTHe)2 %]dé e—ikt' dat' (36)

It should be noted that the upper limits of the outer integrals in
"IN" and "ID" are infinity. This indicates the wake is allowed to extend
to infinity behind the imaginary airfoils. However only the wake con-
tained within a double azimuth angle straddling the blade has physical
meaning. An assumption will be made that only the vortices contained
within a double azimuth angle (2%/Q) straddling the reference blade are
important for the wake layers beneath the rotor. Therefore the limits of
integration for the outer integrals in IN and ID are adjusted so as to
reflect this assumption. The physical regions of the wake layers beneath
the reference airfoil lie on -(2rr/Q) =< Ei < (21r/Q). A change of vari-
ables from position of vortices Ei on the n—th wake layer in a Q-bladed
rotor, to a time variable t' can be obtained

gi = bR -(27rn/Q) + Qrt (37)

t = Tsc[t' - (1-nT, )] (38)
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Using these relations, one obtains

g

ES

2nr/Q corresponds to t' = TR
€ (39
*

g

~27r/Q corresponds to t' = "%Re

Therefore, the limits of integration for outer integrals in IN and ID
can be modified in the following manner

Re T
IN(ik:n,T e’THe) = ;£~ [(lfﬁ) Jﬂ [[t' - cos 5][1—cos(2§)]/

5

;[t'-cos 5}2 + (nTHe)Z{]dé} e"ikt'dt' (40a)

. TRe H _ _
ID(ik:n,Tp , Ty ) = ‘/. (1/m gfﬁ}'- cos 6 ][l+cos(B)]/

}[t'—cos §]2 + (ane)2 {]dé} e —ikt'dt' (40b)
where
a = TRe for n#l
(40c)
ool for n=1

The integrands in "IN" and "ID" are well behaved and have no singularity in
the region of the integration. Therefore, the integration in the rectangu-
lar region of 0 <= 6 <7, —a=<t'sT can be treated using any avail-
able numerical integration techniques, Such as Gaussian quadrature or adap-
tive Romberg extrapolation algorithms.

3.2 Computational Aspects

In actual applications these integrals have to be evaluated numerically
for a large number of wake layers at each reduced frequency k, and this
calculation requires considerable amount of computer time to generate plots
of C" as a function of k. To reduce the computation time, approximate
expressions replacing the integrands of IN and ID for wake layers suffi-
ciently far from the rotor were developed. In Ref. 5 it was shown that the
integrand of the outer integral in IN is an odd functiom of t', and there-
fore IN for n # 1 reduces to
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T

Re m
IN(ik:n,TRe,THe) = -(21i) Ojr {(1/ﬂ) 6[ [[t' - cosﬁ][l—cos(ZQ)]/

}[t' - cos§]2 + (nTHe)zf] dé:'sin(kt')dt' form # 1 (41)

This equatiom reveals two separate important properties of IN:

(1) "IN" approaches zero as k approaches either zero or infinity, irre-
spective of the wake layer index n, i.e,

Lim o IN(ik:n,T ) =0

Re’THe
(42)

gim_, IN(ik:n,TR Yy =0

e’THe

This property becomes important in determining the limiting values of C" as
k approaches zero or infinity.

(2) The real part of "IN" is always zero, and "IN" is purely an imagi-
nary number.

For wake layers sufficiently far from the rotor disk a highly accurate

closed form approximate solution can be obtained by using binomial expan-
sion which eliminates the need for numerical integration (Ref. 5).

IN(ik:n,T, T ) = {21/(nTHe)4§ X

Re’ He

—z([(nTHe)Z-B/AJ(l/kz) + (6/xY) - [3(§Re)2/(k)2]]sin kiRe)J (43)

i

= = 4 2 =
,THE) = :2/(nTHe) E X [[3TRe/k ]cos(kTRe)

[@nTHe)zmsja)(l/k) + (6/k3)] TRe—(TRe)Blk} cos (I )

ID(lk:n,TRe

+ }[_(1/2)(nTHe)2 +(3/8)] (/0 ~(3/K%) + (3TRezf2k)% cos (T, )
-1 ;[(niﬁe)z-(s/z)] (1P + 63T, PD | sin(E )

|

For an allowable upper-bound error of 1 percent, this approximation is
valid for wake layers below nth wake layer.

n = [100] 174 [[%Re]/[nTHe]] (45)

i ;[(HTHE)Z_(S/Z)] (fRe/k) + (6§Re/k3),(ﬁRe3/k)l cos(kfRe)] (44)
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3.3 Comparison with Loewy's Theory

In this comparison two questions are addressed: 1) how does the cas-
cade lift deficiency function vary with the number of wake layers?
2) how does the cascade wake theory differ from Loewy's theory throughout
the complete range of reduced frequencies? The numerical results presented
in this section provide useful insight to these questions.

The nondimensional horizontal wake shift and nondimensional vertical
wake spacing parameters selected for the numerical examples presented in
this paper are:

TRe = 9.4248, THe = 1.5707

This case corresponds to a blade section of radial distance 0.3R of a four
bladed rotor with a semichord bR = 0.05R operating at an inflow ratio of
0.05 or thrust coefficient of 0.005. The corresponding parameters for
Loewy's theory are:

r = 1.500, h_ = 1.5707
e e

For this case the integer frequency ratio will occur at the reduced fre-
quencies k = 0.666, 1.333, 2.000, 2.666, .... (0.666m), where m is any
integer.

The real and imaginary parts of the cascade-wake lift deficiency func-
tion, for various values of reduced frequency, were calculated using a com-
bined analytical/numerical method. The contributions of the first 20 wake
layers were calculated using numerical integration, and approximate closed
form solutions were used for the remaining wake layers. The real and imagi-
nary parts of the cascade wake theory lift deficiency function are plotted
against the reduced frequency in Figs. 6 and 7, respectively, for an in-
creasing number of wake layers. The number of wake layers beneath the rotor
disk, NL, has been varied from 0 to 100. The case without returning wake
layers beneath the rotor, NL = 0, is identical to Theodorsen's theory.

Figs. 6 and 7 show that there is a large difference due to the inclusiom of
the returning wakes (i.e., NL > 0). The effects of the first 20 returning
wake layers are more pronounced than the remaining wake layers. In addi-
tion the imaginary part of the 1ift deficiency function seems to converge
faster than the real part with increasing number of wake layers. More im~
portantly the cascade 1ift deficiency function exhibits peaks and valleys
in the vicinity of the reduced frequencies corresponding to the integer
equivalent frequency ratios, for this case k = 0.666, 1.333, 2,000, 2.666,
..... (0.666 wm), where m is any integer.

It is also interesting to compare the cascade wake theory with Loewy's
theory. The real and imaginary parts of the cascade lift deficiency
function with 100 wake layers beneath the rotor are compared with Loewy's
theory in Figs. 8 and 9, respectively. The cascade wake theory lift defi-
ciency function agrees very well with Loewy's lift deficiency function
except in two regions: 1) in the vicinity of the regions where m_ = (k).
(fe) is an integer and, 2) near the origin where the cascade wake theory
tends to the correct quasi-steady value. From these plets it is also
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evident that Loewy's 1lift deficiency function tends to reduce Somewhat the
effect of the returning wakes near the integer frequency ratios when com-
pared with the cascade wake theory. One could speculate as to the possible
cause for this difference. One possibility is that the extension of the
wake to infinity on both sides of the rotor, as done in Loewy's theory,
could lead to wake cancellations at integer frequency ratios and hence re-
duced unsteady effects. Despite this difference both theories indicate very
large unsteady effects at integer frequency ratios.

It should also be noted that the zero-frequency limit of Loewy's lift
deficiency function for this numerical example ig C' = (0.8667 + i 0.2667),
corresponding to 9.32 percent reduction and 17.10° phase lead in circu-
latory loads. However, the generalized cascade 1ift deficiency function
always approaches unity as reduced frequency goes to zero. The zero fre-—
quency limit for Loewy's 1ift deficiency function was calculated using the
expressions derived in Refs. 1 and 5.

C'" =7F' + iG'

7h
e
1l +
B2+ (2m)?
Lim |- F' = < =
|s]+0 o 2 T .2 7
e
1+ +
EZ + (27r )2 Ez + (2mr )2
e e’ e e
(46)
2
(27 re)
= - .2
h™ + (2rr )
fim|- G' = ; € e _
[51-+0 mh 2 2T :
e
1+ +
=2 - .2 -2 - .2
he + (2Wre) he + (2ﬂre)

4., Finite State Modeling of Cascade Lift Deficiency Function

The Bode plot of the cascade lift deficiency function is shown in
Fig. 10. Ten peaks and valleys are identified in ¥ig. 10, the odd numbers
correspond to the valleys and the even numbers correspond to the peaks.
In References 8 and 9 the following rules have been utilized for locating
the approximate location of complex poles and zeros. A -40 dB/decade
change in slope in the asymptotes' indicates the presence of either complex
poles or two equal real poles and a +40 dB/decade change in slope indicates
the presence of either complex zeros or two equal real zeros. Therefore
each valley in the Bode plot indicates the presence of a pair of complex
conjugate or repeated real zeros and each peak indicates the preseunce of a
pair of complex conjugate or repeated real poles. 1In addition, whenever
the slopes of the asymptotes of the transfer function are equal at low
and high frequencies (i.e., zero and infinity) then the transfer function
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has equal number of zeros and poles. Figure 10 shows five complex poles
and five complex zeros for the cascade 1ift deficiency function in the
frequency range of 0 =<k = 3.0. Furthermore the cascade 1lift deficiency
function has a known branchcut on the negative real axis. Hence an
approximate transfer function is constructed so as to capture the first
five complex poles and zeros and the branchecut.

15
aol®+ S am(ik)(w—m)
| L ey o _ N(ik) - RN(k)+iIN(k) _ m:]_
CM ks Tpe s Tye) = Dlaky ~ RD(OFLID(K) ~ 077 T o (47)
()77 + § b (k)T
m=1

In order to ensure that limit of C" approaches unity as k tends to zero,
bjs = 0.5 aj5. It also should be noted that four additional real poles
and zeros are added in order to model the branchcut. The coefficients
a1 ... 415, by ... by, are evaluated by minimizing the error function

NFR L N(ik,) || 2
= "es _ &
E 2 C"(ik s Tp s Tye) = DRSS (48)
j=1 3
This leads to a monlinear least squares problem which converges rather
slowly. The early numerical results for this case shows that this choice
of error function provided more accurate approximations than an error
function of the following form
NFR 2
E= > |[lc"bp(ik,) - N(ik,) (49)
j=1 3 J

The coefficients calculated are summarized in Table I, In Figures 11 and 12
the real and imaginary parts of the approximate cascade 1lift deficiency
function are compared with the corresponding exact wvalues. The resulting
agreement is very good up to k=1.5. However the procedure failed to model
the very large peak and wvalley in the vicinity of k=2.0.

5. Concluding Remarks

A cascade wake theory was developed in the Laplace domain and was
specialized to the frequency domain. A combined numerical aund analytical
scheme is developed to deal with various integrals and infinite summations
involved. The influence of the number of the returning wake layers beneath
the rotor is studied by presenting numerical examples.

The cascade wake model 1ift deficiency function in the frequency domain
was compared with that of Loewy. It was found that the cascade wake theory
predicts somewhat larger unsteady aerodynamic effects at integer frequency
ratios than Loewy's theory. Furthermore the low reduced frequency limit of
the cascade wake theory tends to the correct quasisteady limit, whereas
Loewy's theory predicts very large reductionms in loads near the zero
reduced frequency,
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Using a modified Pade approximant technique suitable for rotary wings,
accurate finite-state time domain representation of cascade theory are
developed. These time-domain models are useful for accurate modeling and
design of active control systems used for vibration reduction or eliminating
various type of instabilities such as ground resonance.
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Table I Coefficients of the Approximate Lift
Deficiency Function
N(ik) D(ik)
ay 0.449 bl .657
a, 1.25 b2 482
a, 0.0979 b3 .573
2, 2.01 b4 .09
ag 2.44 b5 .22
ag 0.684 b6 .883
aq 0.993 b7 .558
=a8 0.703 b8 .970
a4 1.61 b9 .48
210 1.20 bIO 02
a1y 0.764 b11 .135
ay, 0.690 b12 .560
a4 1.03 b13 .610
214 0.371 b14 .285
2 0.258 blS .129
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