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ABSTRACT

The derivation of a system of general, nonlinear coupled f£flap-lag-
torsional equations of motion for mederately large deformaticns of an
elastic rotor blade, in forward flight, are described. The aerocelastic
stability of the blade in forward flight is investigated using a linearized
system of equations of motion. The equilibrium position about which the
equations are linearized is obtained by considering the trim state of the
helicopter, in true or simulated forward flight conditions.

1. Introduction

In recent years the hingeless rotor, in which the blades are canti-
levered to the hub, has become an increasingly attractive concept due to its
mechanical simplicity of comstruction and favorable control characteristics.
A number of successful hingeless rotored helicopters have been bullt and
are in service, both in military and civilian applications, clearly indica-
ting that the hingeless rotor is starting to fulfill its initial promise,

A growing acceptance of hingeless rotor systems for conventional helicopters
flying at high speeds has intensified the need for additional fundamental
research in this area of rotary-wing aeroelasticity,

Recent researchl has clearly indicated that the fundamental problem
in rotary-wing aercelasticity is the coupled flap, (out of plane of rotation
bending), lead-lag, (inplane of rotation bending) and torsional aerocelastic
probleml=10. Another aspect of the rotary-wing aeroelastic problem which
has recently gained wide acceptance is the fact that rotary-wing aeroelas-
ticity is dinherently nonlinear.l Thus the correct treatment of a wide class
of problems in this area requires a consistent development of a mathematical
model, for the particular aercelastic problem being considered, which results

*Thils work was supported by Langley Directorate, U.S, Army Air Mobility
Research and Development Laboratory and NASA lLangley Research Center,
Hampton, Virginia under NASA NGR 05-007-414.
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in a system of nonlinear equations of motion.lalo The nonlinear terms in

these equations are due to the inclusion of moderately large deflections

in the elastic, inertial and aerodynamic operators of this aeroelastic pro-
blem, Physically these moderately large deflections correspond to a situa-
tion where one has small elastic strains combined with finite rotations
(Large slopes).

The coupled flap-lag-torsional equations of motion for a single
blade are the basic building blocks from which the more complicated aero-
elastic problems such as the coupled rotor/fuselage or the coupled rotor/
fuselage/control system formulations can be developed.l

During the past few years a number of equations for the coupled flap-
lag-torsional motion of hingeless rotor blades have been derived by a pum~

ber of authors.3’4’6_14

A fundamental set of equations for blades having no droop, sweep and
precone has been derived by Houbolt and Brooks.® All three flap, lag and
torsional degrees of freedom were taken into account, the final equations
obtained were intended to represent only the linear problem. Furthermore
the aerodynamic loading terms were left in a general unspecified form.

Following this work other researchers presented derivations of
equations of motion which included additional nonlinear terms, due to
moderately large deflections, in the structural inertia and aerodynamic
3,4,6-14

operators of this aeroelastic problem.

The basic geometry and parameters of a general hingeless rotor blade
are illustrated in Figures 1A and 1B. Figures 2 and 3 illustrate various
geometric aspects of the blade configuration which is the subject matter
of this paper.

A number of studies have derived equations capable of simulating
the motion of this configuration with varying degrees of sophistication.
The equations developed by Hodges and Dowell, 8,9 and more recently by
Hodges and Ormiston are capable of simulating the complete coupled flap-
lag-torsional motion of a rotor blade with, distributed torsion, variable
structural coupling, precone and no offset between elastic axis, the aero-
dynamic center and cross-sectional center of mass. Furthermore, the aero-
dynamic and inertia loads corresponding to these equations are restricted
to the case of hover. A recently derived version of these equations, des-
cribed in a preliminary report by Hodges,14 has been generalized to include
the effects of pitch link flexibility, twist, precone, droop, sweep and
torque offsets. However, the equations are still restricted to the case
of hover and have no capability of simulating the various cross-sectional
offsets between elastic axis, aerodynamic center and cross-sectional center
of mass shown in Figure 1B (which occur in practice). Furthermore these
equations are also restricted to the case of uniform mass and stiffness
distribution. Some solutions to these equations showing the effects of
precone, droop and pitch link flexibility were presented in Reference 10.
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Another set of equations derived by Friedmann and Tong3 has under~
gone considerable modification’/ so that it could simulate the coupled flap-
lag~torsional motion of blades having built in twist, precone, distributed
torsion and root torsion (or pitch link flexibility) and offsets between
aerodynamic center, elastic axis and blade cross-sectional center of mass
shown in Figure 1B. The aerodynamic loads presented with these equations§
were also limited to the case of hover.

Ancther advanced and comprehensive set of equations of motion aimed
at modeling a particularly complicated comgosite bearingless rotor blade
has been rvecently developed by Bielawa.lls12 These equations which are
applicable to both hover and forward flight are intended to model structural
redundancies and nonlinear twist present in the bearingless, hingeless rotor
and were not intended to simulate conventional, arbitrary hingeless blade
configurations.

Another relatively general set of equations of motion has been pre-
sented in Reference 13, These equations are capable of simulating the
coupled flap~lag~torsional dynamics of a blade having: precone, droop,
pretwist, distributed torsion, root torsion (or pitch link flexibility),
various blade root offsets and also offsets between the elastic axis, aero-~
dynamic center and the blade cross-sectional center of mass shown in Figure 3.
Furthermore the aerodynamic loads derived for these equations are applicable
to both the case of hover and forward flight.l3 Detailed solutions to these
equations for the case of hover were presented by Powers.lS Typical results
illustrating the coupled flap-lag-torsional dynamics in forward flight were
Presented in Reference 16. The main emphasis in Reference 16 was the com-
parison of the results obtained including the effect of forward flight with
results obtained previously for the case of hover. Furthermore the results
presented in Reference 16 can be alsc viewed as an extension of previously
published coupled flap~lag results in forward flightl7 te the case of com-
plate coupled flap~lag-torsion. The most important conclusions presented
in Reference 16 were: (a) significant degradation in blade stability margins
can occur due to forward flight and (b) the torsional dynamics are very
important for the correct modeling of rotor blades in forward flight.

Recently a general set of nonlinear equations of equilibrium for
elastic helicopter blades undergoing moderate deformations has bheen derived
by Rosen and Friedmann.18 These equations are general and the loads asso-
ciated with the inertia and aerodynamic operators of this aeroelastic pro-
blem are left unspecified and presented in a general symbolic form. The
most important and convenient feature of these equations is the fact that
they are more consistent than the equations which have been used previous-
ly.3’7’l3

The present paper has a number of objectives. First, starting from
the general equations given in Reference 18, the inertia and aerodynamic
operators will be derived for the case of coupled flap-lag-torsional dynam-
ics of a rotor blade in forward flight. Next some typical results for
stability boundaries in forward flight will be presented and differences
between these results on previous resultsl® are identified and discussed.

24-3



Finally the importance of the time dependent equilibrium position about
which the equations of motion are linearized will be illustrated by com~
paring stability boundaries which are obtained by linearizing the equations
about an approximate, linear, time equilibrium position with the aercelastic
stability boundaries obtained by linearizing the equations about a nonlinear,
more accurate, time dependent equilibrium position.

2. Brief Description of the Equations of Motion
2.1 General

The structural part of the equations of motion upon which this study
is based are described in detail in Reference 18. As shown in Reference 18
only a limited number of assumptions are required in this derivatiom, when
the inertia and aerodynamic loads are written in a general symbolic form.
When deriving aerodynamic and inertia loads consistent with these equations
additional assumptions are required and a more detailed ordering scheme has
to be stipulated. These ingredients, together with the final partial,
nonlinear, differential equations describing the coupled flap~lag-torsional
aeroelastic problem in forward flight are presented in the following sections,
Due to the relatively cumbersome nature of these equations the presentation
will be concise. Additlional details will be avallable in Reference 19,

2.2 Assumptions and Ordering Scheme Used in the Aerocelastic Analysis

2.2.1 Assumptions

The geometry of the problem is shown in Figures.l, 2, and 3. The
following assumptions were used in the treatment of the coupled flap-lag-~
torsional aercelastic stability problem in forward flight: (a) the blade
1s ipnitially straight and has no angle of sweep, droop or torque offset
(see Fig. 1), The blade is cantilevered at the hub, its feathering axis
is preconed by an angle B8 which is assumed to be small. Furthermore the
blade root is offset by a distance ej from the axis of rotation (b) the
blade has an angle of bullt in twist GB(x), occuring about the undeformed
elastic axis. An additional contribution to the total pitch angle of the
blade is due to the collective and cyclic pitch contributions given by

er = 80 + elc cosp + 6, siny (1)
(c) cross section of the blade is symmetrical with respect to the major
principal axis of the cross section (d) the blade cross sectional center
of gravity (C.G.), aerodynamic center (A.C.) and elastic axis (E.A.) are
distinct points. However the blade cross sectional area centroid and
elastic axis are assumed to be coincident (e) the blade is built of an
isotropic, linearly elastic material (f) during the deformation the Euler -
Bernoulli assumptior’ is used, i.e., cross sections remain plane and normal
to the deformed elastlc axis; that 1Is the effect of shear deformation is
neglected (g) the blade can bend in two mutually perpendicular directions.
The torsional deformations of the blade consist of two parts: distributed
torsional elastic deformation ¢p which occurs about the deformed elastic
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axls of the blade and root torsional deformation ¢p» due to pitch Iink
flexibility or control system stiffness Ky, which is assumed to occur about
the feathering axis of the blade (h) the blade is assumed to have moderate
deflections, which implies small strains and finite rotations or slopes.
These elastic rotations are assumed to be of order ep (e,= 0.20) so that
terms of O(E%) are negligible compared to terms of order one, 0(1l). (i)
structural damping forces are assumed to be of a viscous type (j} the

blades are attached to an aircraft of infinite mass and no coupling between
the blade and fuselage degrees of freedom exists, Hence the stability of

a single blade can represent the aercelastic properties of the complete rotor
(k) the blade i3 rotating at constant angular speed !, furthermore the heli-
copter is flying at a constant speed of forward flight V. (L) two dimensional
quasi~steady aerodynamic loads are used and apparent mass terms are neglected.
Furthermore compressibility and stall are also neglected. A detailed dis-
cussion of the importance of some of these assumptions in rotary wing aero-
elasticity, for the case of hover,were given in Reference 20 (m) the effect
of reversed flow is included in the calculations in an exact mannerZl (n)

the representation of the inflow in the aerodynamic loads is general having
the functional form given by

(2)

A= Aokl(E) + A k2(§) cosy + Alsks(i) siny

1c

2.2.2 The Ordering Scheme

The flutter boundaries obtained in thils study are based upon a systenm
of linearized equations of motion from which the dynamic stabllity of the
rvotor blade in forward flight is determined. The linearized aeroelastic
equations are obtained by first deriving a set of nonlinear equations which
are subsequently linearized in a consistent manner. The nonlinear equations
are obtained by introducing the assumption of moderate elastic deformations,
which implies that strains are small and negligible compared to terms of
order one, while elastic slopes are of order ¢p (ep = 0.20) and terms con-
taining the squares of the slopes are neglected when compared teo terms of
order one, i.e.

0(1) + 0(€D2) 2 0(1) (3)

In the process of deriving these nonlinear equations a
of small terms are encountered; several of these terms
assigning an order of magnitude, in terms of a typical
each important parameter in the problem. Equations of

obtained by applying assumption (h) of the previous section,

considerable number
are neglected by
elastic slope ep, to
manageable size are
The orders of

magnitude assigned to the various parameters in this study are given below:

(uf2) = 0(3D2) ; dw/dx = Ov/fox = ¢ = Bp = Ao = O(ED)
(x/2) = u = 3/3 = §A = 3/8x = 0(1)
. , - 2
Alc = Als b O(ED) : Cdo/a = X7 D(€D )
- - 2
8 = 81, = 034 = 0lep™ 3 K, =k 4= 0(ey7)
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The main advantage from using an ordering scheme, such as described
above, is the ability to neglect higher order terms in a systematic manner,
80 as to obtain a set of simplified equations which contain the most impor-
tant terms governing this aerocelastic problem. It should be noted however
that since the ordering scheme is primarily a result of a combination of
experience and common sense it should be used with a certain degree of
flexibility so as tc enable one, when necessary, to retain certain higher
order terms even though they may appear negligible when considered strictly
in the 1light of the ordering scheme.

2.3 The Equations of Motion

This study is based upon a set of consistently derived, nonlinear
partial differential equations describing the coupled flap-lag-torsional
dynamics of an isolated rotor blade in forward flight. A general version of
these equations, with the inertia and aerodynamic loads left in a general
symbelic form has been presented in Reference 16. These general equations
of equilibrium which serve as the starting point in this study are given be-
low:

T,X + (V,qu),x - (w,qu),x + px =0 (4)

2 2
_{E(Izcos 8G + IBSin BG)v,xx + E(IZ—IB)q;w’xxcosZGG

+E(12—I3)sinBGcoseG(w,xxw2¢v’xx)—TxII(cosecw¢sin8G)]’xx

"(GJ¢’XW’XX)’X + (v,xT),x +(w _q) _ -q +p =0 (5)

2
'-[E(122--13)s:Lnch:os@G(\r”xx + 2¢w,xx) + E(Izsin GG +

2
I3cos eG)w,xx + E(12~13)¢v’xxc0828G - TXII(SineG+¢COSBG>},xx

. a o o o =
X + (W,XT),X (v,qu),x + qy,x pZ 0 (6)

+(GJ¢,xv,xx)

2

ysind .cosb
S XX

G G

2
[GJ(¢’x + v,xxw,x)] x + E(12—13) {(V,xx"""

-V W cosZGG} + Tx

Lxx”xx (w cosBG -y XsinBG)

IT » XX o X

+q +v q +w g
qx v,qu w,xqz

‘ The last three equations represent respectively blade equilibrium in
the lagwise, flapwise and torsional degrees of freedom. These equations
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are written in the undeformed coordinate system, furthermore according to
assumption (d) the offset Xrp = 0, in the present study.

The distributed force and moment vectors per unit length of the un-
deformed elastic axis may be expressed as

p=

=]

<&y + pyey + P8, {(8)

q=q28 + qyéy +q.8 (9)

These general loading vectors consist of three contributions, inertia
loads, aerodynamic loads and damping loads which are symbolically represented

by

hv)
|

£
]

The derivatilon of the inertia, aerodynamic and damping loads per unit
length is described briefly below, additiconal details can be found in
Reference 19.

Inertia Loads are obtained by using elementary mechanic522 to derive
the acceleration vector for a mass point in the blade, rotating with con-
stant angular speed

a=R+20 xR+ Q x ({xR) (12)

T o= . e a A At At
where R e i + (x0+u)ex + vey + we, + yoey + 248, (13)
Q= 0k (14)

the various unit vectors, or coordinate systems used are shown in Figures 2
and 3, and the transformations between them are given by

@ = cosB i + sinB k

b p~ P~

s =

y = 4

e = -sinB 1 + cosB_ k (15)
p~ P ~

and
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e' =8 +v e +w e

X X ' X ¥ X %

~ ~ ~ ~
e = =(y +ow e + e -+ pe

y (’ ¢), x ¢z

A F -~ " ~

e = = - v e - + w y + 1

z (W,x ¢ ,x) X (o v,x ,x)ty ez (16)

The last transformation, Equation (16) represents the relation between
the deformed and undeformed coordinates of the blade, which has been derived
in Reference 18, Use of Eqs. (12) through {(16), applying D'Alembert's
principle and using the ordering scheme presented in the previous section
vields

pI = pxIex + pyley + szeZ - A/;adA an
5 = mal(2v + (18
<I = mQ” {2v X, + el) }
5= mal (- -20 N+ v+ T st (19
pyI = mQ " (-v ~2u + Zwﬁp v xICOSGG + X 88 n@G) )

- 7 kk %k *k
P, = m [ -w -ZVBP - Bp(xo + el) - XI(3GCOSGG] (20)
where BG = BB(x) + Br (21

“o 2 2
u = -k f [(v D)%+ (w Y"1ax (22)
9 X s X

Equation (22} represents the assumption that the blade is inexten-
sional in the axial direction which is commonly made in rotary wing aero-
elasticity,

The inertia moment per unit span of the blade is given by
alznfpﬁxEdAmi'é +q .8 +4q.e (23)
- Py | ~
where Rp = Yooy + oz (24)
Substitution of the Eqs. (13), (16) and (24) into Eq. (23) yields

lengthy expressionsl9 for q_., I and g I Fortunately when these terms
are substituted into Eqgs. (f} th¥0ugh (7?, and the ordering scheme 1s used,
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a considerable number of small terms can be neglected. Thus, while detailed
expressions for Yy qu and qu and q,1 are not presented in this paper,

it should be understood that the final equations of motion in partial dif-
ferential form, given at the end of .this section, contain aill the non-
negligible contributions of the distributed inertia moments per unit span,

Aerodynamic Loads The aerodynamlc lcads and moments are calculated
ugsing an interpretation of fixed wing quasisteady aerodynamics which 1s
similar to conventional blade element theory. It should be emphasized that
the application of any unsteady aerodynamic theory to rotor blades has to
be done carefully and will usually require the introduction of certain small
and not very significant, approximationszo.

The important ingredient required for the calculation of the aero-
dynamic loads is the velocity vector at the elastic axis of the blade given
by

V., =R, +& xR (25)

where R, is given by Eq. (13) when y. = z. = 0. Using the hubplane coor-
dinate system, and small angles of preéecone one has

REA = (XO + u + el-wsp)é + vj + [(xO + u)BP + W]lf (26)
combining Eqs. (24) and (25)
_ * & * . *
VEA = Q(V—WBP—V)% + Qv + %4 + el)z + aw k (27)

In order to calculate the aerodynamic loads the velocities of the
blade elastic axis, in the deformed coordinate system are required. Thus
Eq. (13) has to be used together with the inverse of the transformationl8
represented by Eq. (16)

by gy} g} ol

e, = e, + 821 eY + 831 e,

oy A ot

ey = S12 e' + e’ + 832 ez

A, ) g 9

e, = 8,5 e + 5y, ey +e) (28}
wherel8
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12 s 21 7 WX s X 13 Y,x

Spq = ¢ 3 831 = —(w,}c - d>v’x) H 532 = -(¢ + v,xw,x) (29)

Substitution of Egqs. (153), (28) and (29) into Eq. (27) and applying
the orderiag scheme yields an expression for VEA in the deformed

e;, e§ and e; coordinate system

* *

* * ~
= ™y : t
Vpa = 8lu we + v) + v+ ox, + el)w’x +w (BP + w’x)lex .
+ ol + +ede + v
(v xy + e ey + Q[vw,x VSP - v -
+ + + ule! 30
- (xy + e} (¢ v’xw'x) wle) (30}

In addition to the contribution to the veloclty vector resulting from
the deformation of the blade and its rotation, another contributicon due to

inflowl7’19’21 has to be also taken into account. This contribution to the
velocity can be written as

VA = ufR cosy % - urR siny j - QRAk (31)
Using Bgs. (28) and (29), i.e. transforming to the deformed blade
coordinate system, and applying the ordering scheme

= - T — _ At
YA R (ucosy usinww,x)éx + OR( ucoswv’x usinw)ey

_ et
+ QR[—ucosw(w’x v x + Bp) + usiny (¢ + v,xw,x) A]ez (32)

s

Thus the total velocity felt by a point on the elastic axis of the
blade is given by

U=V, -V_, =U'a'+0U' e +1U'e

1
A ~EA X X vy oy z =z (33)

In two dimensional unsteady, fixed wing, aerodynamics the load and

moment per unit span are given by 20,23

2414



|
H

LQC(k) + o.5pA(bR)2[ﬁ + Vi = (x,-0.5bR)H] (34)

0

=
H

3 " .
C(k)LQxA + O.SDA(bR) (xA—O.SbR)[h-(xA—O.SbR)a]
. 2 4..
- 0.5p,V,&(bR=x,) (BR) -(a/ls)pA(bR)*a (35)
where the quasisteady lift is given by

L. = ap

Q

AbRVO[VOU. + h + {bR*XA)a] (36)

For quasisteady aerodynamics Theodorsen's lift deficiency function
C(k) = 1. Furthermore acceleration type noncirculatory terms, sometimes
denoted as apparent mass terms will be also neglected, with the exception
of the term representing damping in pitch, as is commonly done in rotary
wing aercelasticity. To apply Eqgs. (34) through (36) to the present pro-
blem it is comvenient to consider a system of unlt vectors e', &' and e,
where the double prime system is obtained from the deformed Bladé coordinate
system by performing a rotation -~ ¢e;, that is

e [ cos -sin e!
y ¢ ¥ y
= (37
L . ~y
e, sing cosd e,
The velocities in the two systems are then related by
Ut o= gl - ¢U!
y ¥y ¢ z
" = L] + !
Uz ¢Uy Uz (38)
Next, by identifying the following relations
= U s fh o= U s = (39)
Vs Uy ph=U2 5 a=06,+¢ |
the aerodynamic loads and moments per unit span can be writtem in the
following manner
3 - % *
= 1 1 S £ 11 R . A 8 + 9] 40
L apAbeR[Uy(BG +¢) = Uy - (G - %, )bR(6, + #)] (40)
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1Al
Pn — -1 UZ >
A Lcos {tan i =L (41)
y
P" = - Lsin |tan" T (E-‘«z'-ﬂ bRC.. [ U")2 + (u" 2]
A " sin [tan U; -j- p,BRC 4y ( v ( z) (42)
UIF 2
= . - 1"
= " L DAbRCdO (Uy)
2 2] - 1 - ; °
Gy =M= p,a(bR)U y{xA[Uy(8G+¢) -unl o+ (0.5-x,)bR(® +¢)} (43)

To obtain the final aerodynamic loads in the undeformed coordinate system,

the following transformation has to bhe used

[ i
pr
Pyap = Vox
pzA w,x
“

and similarly

Der 1
Iya = V.x
qu Lw,x

-

-V

» X

X

had

-
s X

-V W

X

w
$ X

» X

s X

4

0
"

pyA {44)
1t

P zA.

dxa
0 (45)
0

It should be noted that the aerodynamic load in the e_ direction

Pyea given by Eq. (453) is negligible as shown in Ref, 24,

Substitution of the appropriate velocity components inte Eqs.

(41)

through (43) and use of Eqs. (44), (45) and the ordering scheme, results

in the final expressions for the aerodynamic loadsl9®

below
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2 2 . - -
apAbRBQ {(GG + ¢y [2u v,xcosw51nw o+ ZV,X(XO + el)(E/R)ucosw

pzA T
%
+ uzsinzw + 2uv(%/R)siny + 2u(§0 + 51)(£/R)sinw
*
+ 25 G+ e (/R (R + El)z(Q/R)Z]—uzcoszwv’x(w’x +8)
* *
+ ucosw{-v,xk- w V,X(Q/R) - (w’x + BP)G(Q/R)-(W’X + Bp)(EO + El)R/R]
muzsinwcosw(w + B8 + uzsin2¢v w o+ usiny[-A-
s X P 1 X X
*
~v(2/R)=v(&/R) (w’x + sp)-ﬁ(z/a) + ZV’XW,X(R,/R) (§O + El)}
* R ok .
~AW{L/R)~v w(ﬁ/R)-A(Q/R)(xO + el)—v(w’x + Sp)(xo + el)(R/R)
x 2 2 *
—G(EO + El)(n/R)+(§0 + El) (2/R) w,xv,x-!-(l.S-EA)bBG[usinw +
(2/R)(x0 + el)] } : (46)
~ _ 3.2 2 2
pyA = -ap,bR"Q <:(6G+¢){u cos w(v,xw,x + v,xsp)

* %
7 _ ol z
+u sim!)cosv,b(w’x+f:31:,}—-u<:oszp[?\v’X + v,xw(R/R) + (&/R)v W,x +

*
Gsp(z/a) + (w’x+sp)(§0 + 51)(2/R}]+usinw[k+ Gw,x(z/a) +

* % *k
+ Gsp(n/a)+ TR 1+ ANL/R)T + va(R/RYZ + MFy + ) (U/R)

*
I ) Gy él)(z/R)2 +aE, + El)(z/a)z}
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2

2 2 2 2 -
ucos w(w’x +2w’XBP+8p ) ucosw[Zhw,x+2ABpf2w’x v{&/R)

* *
- 9m z il
+4w’prV(2/R) + ZBP v(/R) + 2w,xv + ZBpw]

% *
—12-2)\;(w Lt BP)(RIR)—ZAG(&IJR)-—ZG v x(sz,/R)2 -

* *
,ZQGBP(R/R)Z_GZ(R/R)Z + fusiny +(§0 + El)(Q/R)]w’xv’x[pcosw(w,x+8p)

*
- - * "
+ A+ W(QIR)]"(l.S"XA)b(QG + ¢) [-ucosw(w’x + Bp)

*
- ~§(2/R)]+(Cd0/a)[2u2v xcoskbsim,b + 2(£/R)u(§0+gl)v xcosdr

* *
- I - -
+ el)+2(E/R) v(xo + el) +

¢

+ uzsinzw +2(%/R)usinp({v + §0

+/R) P (E, + 5132};> (47)

_ 222 /- 2
= pAa(bR) R™D <:xA{(BG + ¢)[2u v’xcoswsinw +

®
+2v x(§0 + El)(QIR)ucosw + uzsinzw +2uv (L/R)siny

*

¥u(E, + ) @/Rsiny + 259Gy + 5) (/R + G, + & A

2 2 2
-4 cos w(v,xw’x + v’xsp)-u sinwcosw(w,x%p)
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~using (A + w KG(R/R) + BPG(R/R) + §(£/R)]

* &
~pcosylw T(L/R) + B V(A/R)+(w  + 8)(xy + &) (4/R) +

* * * %
A (L/R)w V’X]—AG(R/R)—G a(z/R)-A(io + al)(z/a)

¥

*
~vGe 48 ) Gy 4 al)(z/R)z-G(QO + El)(R/R)Z

b

o v x[gzsinzw + 2u(§0 + El)(llR)sinw +(§0 + El)zcz/R)zl}

3 3

+<o.s—§A)(1-§A)b(3G + $)[—usin¢ - (x/a)(%o + 81)];> (48)
qu - ,quA (49)
zA - W,quA (50)

Damping Loads which can represent the structural damping present in
the system, or a certain amount of mechanical damping introduced by dampers,
are assumed to be of a VlSCOUS type. As indicated above the equations are
formulated in the e ,e and e system rotating with the blade, thus the
damping loads are formalated %n the same system

E

Pp = quLﬂv ey - qSFQw s (L)

Furthermore a distributed structural damping moment is alsc assumed to
exist

Ha
9p = = Bgr ey 52

Final Equations of Motion in nonlinear partial differential form are
presented below, These equations are obtained by performing the wvarious
algebraic manipulations for the inertia loads and application of the order-
ing scheme, together with the substitution of Egs. (46) through (52) into
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iato Eqs. (4) through (7)

2
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+Im3[—(l+2v,x)51neccoseG + ¢sin BG + (ZV,XW’X +
Sk . 2* ) * N 28 43 =0 ]
v"xw’x Vo ¢v’x - ¢ BPV,X)COS G] Ay = (56)

Where Eqs. {54) through (56) represent, respectively, the lag, flap
and torsional equations of dynamic equilibrium. The exact boundary con-
ditions corresponding to these equations are presented in Ref, 18. Within
the context of the ordering scheme it can be shownl9 that these boundary
conditions are equivalent to

Vo= W= v’x = w’x = (O and K¢¢ = GJ¢’K at X, = 0

A number of comments regarding these equations should be made. First
it is important to note that these equations are more consistent than the
equations which have been used previously7’l3' because distinction he-
tween the deformed and undeformed state of the blade is carefully done.
Distinction between the undeformed and deformed states is achieved by
using a moderate deflection type of beam theory such as derived in
Reference 18, Such a theory is a prerequisite for a consistent formula-
tion of the inertia and aerodynamic loads.

Finally it should be mentioned that a careful comparison of these
equations with Reference 13 is presented in Reference 19, The differences
between the two sets of equations have been found to be gquite small,

(i.e. very few terms) when the same ordering scheme is applied to both
sets of equations.
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3. Solution of the Equations

3.1 Modal Substitution

The system of general, coupled, partial differential equations of
motion presented in the previous section is transformed into a system of
ordinary nonlinear differential equations by using Galerkin's method to
eliminate the spatial wvariable. 1In this process the elastic degrees of
freedom in the problem are represented by the uncoupled free vibration modes
of a rotating blade. The elastic degrees of freedom w, v and ¢ are repre-
sented by

=)
red

£
[

g, (WIn, (x.)
M D

[y
1§

<
I

1th (1#)11j (xo) ' 57

[N
I

g
= 3£ (¥)¢, (x.)
et AR Y

Rl
I

The various algebraic details as well as the final equations are not
presented in this paper and can be found in Reference 19.

3.2 Linearization and Solution of the Equations of Motion

The equations of motion described in the previous section are a system
of coupled, nonlinear, ordinary differential equations with pericdic co-
efficients., It is possible to obtain solutions to these equations by
direct numerical integration, however in order to extract explicit infor-
mation on the aeroelastic stability of the system, in terms of eigendata,
the equations have to be linearized. 1In this paper the nonlinear differ-
ential equations of motion are linearized about a time dependent equili-
brium position of the helicopter in forward flight 17,19,31,24 (See Figure
4.}

In order to simulate two possible configurations two different trim
procedures are used:

(a) Propulsive Trim which simulates actual forward flight conditions.
The weight coefficient (approximately equal to the thrust coefficient) is
given and horizontal and vertical force equilibrium is maintained. In
addition zero pltching and rolling moments on the rotor are maintained,

24-18



When using this trim procedure, p and Cw are specified and els’ Blc’
, @, and A are computed from this trim procedure.

0 R

(b) Wind Tunnel or Moment Trim simulates conditioms under which a
rotor would be tested in the wind tunnel. Horizontal and vertical force
equilibrium is not required for this case because the rotor 1s mounted on
a supporting structure. Only the requirement of zerc pitching and rolling
moments on the rotor is imposed.

8

When using this trim procedure yu, 80 and ap are specified and CT’ 815,

Blc and A are computed from the trim procedure.

The details of these trim calculaticns together with the assumptions
used can be found in References 21, 24. It should be noted that this trim
calculation is somewhat different from a previous version used in Refer-
ence 17, The main difference is due to the fact that here direct aerodynamic
moment considerations are used.

The linearized modal equations of motion are written as a set of per-
turbation equations about a time dependent equilibrium position arising
from the cyclic pitch variations required to trim the rotor in forward
flightl9, The time dependent equilibrium position of the blade can be de-
termined from wvarious considerations, in this study, In order to keep this
process reascnably simple some simplifying assumptions were made.

{a) In the calculation of the time dependent equilibrium position only
the first harmonic terms are considered., Thus the time dependent equilibrium
position is written as

{q(y)} = {qo} + {qlc} cosy -+ {qlS} siny (58)

Furthermore while the modal equations were derived for an arbitrary
number of modes, the actual number of modes for which results are obtained
in this paper is limited to one mode for each elastic degree of freedom.

(b) For most cases an apprpximate time dependSnt equllibrium position
is defined by neglecting combinations of the type 93950 qlqlsj and
qlciqlcj’ or higher combinations, for i, j-~1,...,n, which are nonlinear
combinations of terms defining the equilibrium position. For a limited
number of cases the full nonlinear time dependent equilibrlum position was
usedl?, For this case determination of the nonlinear time dependent equi-
librium position leads to the solution of a set of nonlinear algebraic

equations for qg, qlsj’ qlci...etc. These equations are solved by iterative

methods similar to that described in Reference 7. It should be noted that
more accurate, numerical, methods for calculating the time dependent
equilibrium position could be implemented, It should be emphasized,
however, that all calculations of an equilibrium position about which the
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equations are linearized have to be approximate in one way or another,
otherwise one attempts to solve directly the stability problem of the
coupled nonlinear periodic system.

The process of linearization of the equations of motion consists of
expressing the generalized coordinates by

{fq)} = {q@@)} + {aq()} (59)

Substituting thils expression into the nonlinear equations of motion and
neglecting terms which contain squares of the perturbations Aq, (¢)

yilelds a second order, linear periocdic system, which is rewritfen in first
order state variable form to yield

5 = [AW)] {y) (60)

The stability investigation of this periodic system is based upon
multivariable Floquet-Liapunov theory. The transition matrix at the end
of one period is evaluated using an efficient numerical scheme2 and the
stability of the system is determined £rom the characteristic exponents

Ak = Ty + iwk (61)

The system is stable when Ck < 0.

4, Results and Discussion

4.1 Assumptions and Numerical Values Used in the Computations

The equations of motion described in the present study are general
and capable of simulating arbitrary blade configurations., However the
results which are presented in this section were obtained by using a number
of simplifying assumptions which were introduced primarily in order to
facilitate the algebraic manipulations and the programming effort required
to obtain these numerical results.

The most important simplifying assumptions are listed below:

(a) Mass and stiffness distributions were assumed to be constant
along the span of the blade.

(b} Built-in twist BB was assumed to be zero

(c) Cyeclic components of the inflow were assumed to be zero, i.e.,

Alc = Als = 0.
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(d) One rotating mode shape is used to represent each elastic
degree of freedom. The fundamental rotating mode shapes
in flap, lag and torsion, respectively, are uncoupled modes
defined at zero pitch setting. FEach of these modes 1s obtained
by solving the appropriate free vibration problem by using
Galerkin's method based upon five anon-rotating appropriate medes
of a uniform beam in bending or torsion. The integrals required
for the scolution of the free vibration problem are evaluated
using sixteen point Gaussian integration.

(e) The various integrals resulting from application of Galerkin's
method and associated with the structural inertia and aero-
dynamic operators are evaluated using seven point Gaussian
integration.

Finally for all cases except when otherwise stated, on the plots illus-~
trating the various results, the following numerical values were used in the
calculations:

O = Xy = Yp = Kpg = Meps = Mgry T Mgrz < O
ka = 0.02; (Cdo/a) = 0.0015915; CDP = 0.01
a = 2m; b = 0,0313; K, = = (root torsion locked out)

¢

4.2 Results

The results presented in this section have two main objectives:
(a) to show the effect of forward flight on the coupled flap-lag-torsional
problem (b) to illustrate the importance of the nonlinear terms, due to
moderate deflections, by considering similar blade configurations which are
linearized about time dependent equilibrium positions based on different
assumptions.

Figures 5 through 8 illustrate the effect of forward flight on the
coupled flap-lag-torsional dynamics of the blade using an approximate,
linearized, time dependent equilibrium position, obtained from the propul-
sive trim procedure, These figures illustrate the variation of the real
part of the characteristic exponents associated with the flap, lag and
torsional degrees of freedom, respectively. The values of g are shown as
a function of the advance ratio u for a number of blade configurations and
loading conditions.

Figures 5 and 6 illustrate the behavior of a soft in-plane blade con-
figuration under two loading conditions. Tor a very high weight coefficient
(approximately equal to the thrust coefficient) C, = 0.01, three configura-
tions are shown corresponding respectively to a blade having very high, high
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and an average amount of torsional stiffness. The case of aTl = 15.033
represents virtually the case of flap-lag in forward flight. The results
clearly indicate that this configuration is significantly destabilized by
introducing the torsional degree of freedom. However at the same time it
is important to note that the degree of freedom which becomes unstable is
the lag degree of freedom. As shown in the figure the value of p., at
which the blade can become unstable is very sensitive to the amount of tor-
sional stiffness present in the system.

Figure 5 can be also used . to illustrate the effect of forward flight
on the coupled flap~lag-torsional dynamics of the blade., At u = 0, which
represents hover the blade is stable, propulsive trim at such high values
of C, introduces significant changes in the collective and cyclic pitch
requirements resulting in a less stable blade configuration. Thus it is
important to realize that the combination of the trim requirement due to
forward flight is the primary source of the degradation in aeroelastic
stability due to forward flight.

Figure 6 illustrates a similar blade configuration under a much more
reasonable loading condition represented by Gy = 0,005, As shown the re-
sults for this case are much less sensitive to the gradual introduction
of the torsional degree of freedom. At the same time the degradation in
stability associated with forward flight effects is still clearly evident.

Figures 7 and 8 illustrate the behavier of a stiff inplane blade
under two loading conditions. Figure 7 shows the behavior of this config-
uration under high loads, C,; = 0,01, as indicated by the plots this con-
figuration is less sensitive to the gradual introduction of the torsional
degree of freedom. Again the degradation in the aercelastic stability
margins, due to the introduction of effects associated with forward flight
is clearly evident from the figure.

Figure 8 illustrates the behavior of this configuration at a much lower
thrust coefficient, C, = 0.005 for this case the lower collective pitch
setting required reduces the values of the characteristic exponents assoc—
iated with the lag degree of freedom., This is a result of a reduction in
aerodynamic damping in the lag degree of freedom which contains a term pro-
portional to 8g. As shown, this configuration is quite sensitive to both
the amount of torsional stiffness and the effects associated with forward
flight.

It is also interesting to note that for all cases considered in Figures
5 through 8, the degree of freedom which becomes unstable is the lead-lag
degree of freedom. Clearly this behavior is due to the inherently low
aerodynamic damping present in this degree of freedom and its sensitivity
to destabilizing inertia, aerodynamic and structural coupling effects.

Figures 9 and 10 illustrate the combined effect of lock number and

blade loading on the coupled flap-lag-torsional dynamics in forward flight.
Comparing Figures 7 and 9 indicates that the results and conclusions shown
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in Figure 7 are relatively insensitive to a significant reduction in y.
The effect of decreasing the blade loading to C, = 0.005 is illustrated by
Figure 10. Comparing Figures 9 and 10 clearly illustrates that for lower
loading the configuration is more stable in forward flight. Comparing
Figures 8 and 10 indicates that for lower loading, C; = 0.005, the con-
figuration is more sensitive to a reduction in lock number. The combined
effect of torsion and forward flight is similar to the trends shown in the
previous figures,

Figure 11 illustrates the sensitivity of the results to the trim pro-
cedure, or to be more precise the time dependent equilibrium position de-
termined by the trim procedure. TFigure 11 should be compared to Figure 8,
the value of 6p = 0.1705 was chosen sc as to correspond approximately to
Cy = 0,005. From the sensitivity of the results to variations In torsional
stiffness it is evident that the effect of forward £light for this case is
quite different from the behavior shown in Figure 8, thus for the case of
moment trim there is much less degradation in stability with forward £light,
The different behavior iz due to the difference in equilibrium position
about which the equations are linearized, this reiterates the importance of
including the terms associated with moderate deflections in the equations
of motion. Another interesting aspect of these results iIs due te the fact
that the moment trim condition simulates blade behavior under conditions
resembling a wind tunnel test while propulsive trim simulates actual forward
flight behavior. These results indicate that wind tunnel tests conducted
on a rotor, have to be carefully interpreted before drawing conclusions re-
garding blade behavior in actual forward flight,

Figure 12 and 13 taken from Reference 24 are included in order to
emphasize a similar aspect of the problem. The forward flight results
presented in this paper are based upon an approximate linearized equilibrium
position which has been defined in Section 3.2, In reality a more accurate
nonlinear time dependent equilibrium position can be obtained where nonlinear
combinations in q g» 91p---€tc. are retained. The effect of such a more
accurate equilibrium position for the case of coupled flap-lag dynamics in
forward flight, is illustrated in Figures 12 and 13. The effect of the
nonlinear equilibrium position for the case of a soft in-plane blade con-
figuration is depicted in Figure 12, at a high collective pitch setting.
Figure 12 illustrates very well the fact that the use of a nonlinear time
dependent equilibrium position for this particular case significantly lowers
blade stability in lead-lag when compared to the results based upon the
approximate linear time dependent equilibrium pesition. For the stiff in-
plane blade the use of the nonlinear time dependent equilibrium positiocn
affects the characteristic exponents for lead-lag and flap in a different
manner. For this case, as shown in Figure 13, the nonlinear equilibrium
position changes the critical degree of freedom, from lag to flap, the lag
degree cof freedom is stable and its characteristic exponent is neot shown.
However the solution based upon the linearized equilibrium position appears
to be less stable than the one based on the nonlinear time dependent equili-
brium position. Similar results are in the process of being generated for
the coupled flap-lag-torsional case in forward flightlg.
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Figure 14 illustrates the effect of the offset between the elastic axis
and the aerodynamic center of the blade for the case of forward flight. The

effect of this offset has been documented in the literature for the case of
hover7, its effect in the presence of forward flight is relatively unknown.
Three offsets are compared in Figure 14 Xy = 0, %, = 0.05 (2.5% of chord)

and %, = 0.10 (5% of chord)., As shown the X, offset affects the flap and
torsional degrees of freedom significantly, while its effect on the lag
degree of freedom is minor., Additional resultsl? not presented here indicate
similar trends.

A number of concluding comments on the results presented in this paper
are in order. First a comparison of these results obtained with results
presented in Reference 16 indicate similar trends. Numerical differences
between the results are evident., These differences are due to some extent to
the improved set of equations employed in this paper. Secondly it is impor-
tant to note that blade behavior in forward flight will probably be con~
siderably affected by compressibility and time dependent and spatially de-
pendent inflow such as stipulated in Eq. (2). These effects however were
neglected in the numerical results. Next it is important to note that studies
of aeroelastic stability in hover have indicatedl, that two or three modes
for each elastic degree of freedom should be used to get good convergence,
These results based upon a single mode representation for each elastic degree
of freedom can be considered to be indicative of trends only.

5. Conclusions

The mailn cenclusions obtained in the present study are summarized below.
They should be considered to be indicative of trends and their application
to the design of a helicopter blade should be limited by the assumptions used
in obtaining the numerical results presented in this study.

(1) Coupled flap~lag-torsional analyses in hover, without precone and
with typical values of bending and torsicn frequencies, indicate
generally stable configurations for practical values of collective
pitch settings. Effects associated with forward flight and conse-
quent trim requirements can bring about a significant degradation
in the aercelastic stability margins computed for hover,

(2) Small amounts of offset between elastic axis and aerodynamic center
do not seem to affect blade stability in forward flight.

(3) Effect of the moderate deflections is significant for blade sta-
bility in forward flight as indicated by the sensitivity of the
stability boundaries to the time dependent equilibrium position
about which the equations are linearized.
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Appendix A, List of Symbolsg

[A(y)] = periodic matrix used in the state variable formula-
tion of the aercelastic stability problem given
in Reference 19

a = two~-dimensional lift-curve slope

a = acceleration vector

A = cross sectional area of the blade

b = gsemi~chord, nondimensionalized with respect to R

c (k) = Theodorsen's lift deficiency function

Cw = W/pAﬂ(RQR)2 = weight coefficient

CT = f/pA'n(RQR)2 = thrust coefficient

CH = ﬁ/pAﬂ(RQR)z = horizontal force coefficient

Cdo = profile drag coefficient

CDP = parasite drag coefficient

DP = parasite drag of the helicopter

e = offsets of the blade root from the axis of rotation,

shown in Fig. 2
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kl(x),kz(x),k3(x)

k ..k (kmz,km3)

m2® m3

unit vectors in the directions of the coordinates
XY 20> respectively before the deformation

a

the triad éx,ey,éz after the deformation

triad defined by Egs, (37)

Young's Modulus

generalized coordinates for ¢ degree of freedom
generalized coordinates for w degree of freedom
torsional stiffness of the blade

viscous structural damping coefficients in flap,
lag and torsien respectively

plunging velocity, in Theodorsen's theory
generalized coordinates for v degree of freedom
principal moments of inertia of the cross section

unit vectors in the directions x,y and z, respec-
tively

flapping mass moment of inertia pf blade about its
root

given by I__ = J‘pnsz; I, = JﬂoCsz
m2 m3
A A
V=1

yoot torsional spring stiffness

arbitrary functions governing the spatial distribution

of the inflow components

radii of gyration of cross sectional mass; bars indicate

nondimensionalization w.r.t. 2
reduced frequency (wbR/VO)

quasisteady 1ift, per unit span, in Theodorsen's
theory

unsteady 1lift, per umnit length, according to
Theodorsen's theory

length of elastic part of the blade
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{q(w)}

{qqu}

{qlc}’{qls}
{qo}
{Aq(y)}

9xa

R

w4

b=l

==t

unsteady moment, per unit span, accordiang to
Theodorsen's theory

distributed external force vector per unit length
of the axis of the blade, subscripts I, A and D
represent inertia, aerodynamic and damping con-
tributions, respectively

components of the distributed external force in

the directions é_,& and & respectively, subscripts
I and A denote ifertia andzaerodynamic contributions
respectively

AT

aerodynamic loads per unit length in the é; and &
directions, respectively

distributed external moment vector per unit length
along the axis of the blade, subscripts I, A and D
represent inertla, aerodynamic and damping contri-
butions, respectively

components of a in the & ,2 and & directions
respectively, subscriptsxl dnd A rgpresent inertia
and aerodynamic contributions respectively

vector of generalized coordinates, having a number
of elements equal to the number of elastic degrees
of freedom (=n)

vector defining time dependent equilibrium position
of the blade

cyclic components of {q{y)}

constant part of {a(w)}
perturbation vector of {q(y)} about {q(y¥)}

aerodynamic moment, per unit length in the é;
direction

blade radius

position vector of a mass point in the blade cross
section, from the axis of rotation

position vector of a mass polnt in the blade cross
section, from the elastic axis

position vector of a point on the elastic axis of
the blade, from the axis of rotation
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1]

=]

ur,ut,u!
x’ y! z

UH ,U” ’UH
7y’ 2

v

XO:yO:zo

xA,(xA=xA/bR)

11

{y}

elements of the matrix which describes the trans-
formation between the triads (& ,& ,& ) and
(ar,8',8") XNy oz

x*y’z
component of the resultant force which acts in the

At

& direction {(axial tension)

average thrust used in trim calculations
components of the displacement W of a point on the

elastic axis of the blade in the direction
éx,éy and éz , respectively

total velocity vector at the elastic axis of the
blade

At

velocity vector components in the ex,é§,é; system

velocity vector components in the é;,é;,é; system
velocity of forward flight of the helicopter

velocity vector of a point on the elastic axis of
the blade

contribution to the velocity wvector, at the elastic
axis, due to forward flight and inflow

oncoming free stream velocity, in Theodorsen's
theory

rotating coordinate system (Figure 2)

(x/%)

initial coordinate system of the blade (Figure 2)
blade cross-sectional aerodynamic center offset from
elastic axis, shown in Figure 3; positive for A.C.
before E.A,

blade cross-sectional mass center of gravity from
the elastic axis, shown in Figure 3; positive when
in the positive direction of n.

offset between the elastic axis and tension center
of the cross sectlon of the blade; positive when in

the positive direction of n

state variable vector, having 2n elements, where n
is the total number of degrees of freedom
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Greek Symbols

=V cosaR/QR

UCI‘

angle of attack of the whole rotor
harmonic pitching angle used in Theodorsen's theory

preconing, inclination of the feathering axis with
respect to the hub plane measured in a vertical plane

(2 pAbRsa)/Ib; lock number
flight path angle measured from horizontal
shape functions for v degree of freedom

symbolic quantity having the same order of magnitude
as the elastic slopes of the blade

real part of the k~th characteristic exponent
viscous structural damping coefficients in percent
of critical damping, for the flap, lag and torsiomal
mode respectively

cross-sectional coordinates, see Figure 3

shape functions for w degree of freedom

total pitch angle, nonelastic, at pitch bearing
about feathering axis

blade pretwist, built-in about elastic axis
collective pitch angle
cyclic pitech components

critical value of collective pitch angle at which
the linearized system becomes unstable in hover

constant part of the inflow ratio
cyclic components of the inflow ratio

characteristic exponent associated with the kth
degree of freedom

advance ratio

critical value of the advance ratic at which the
system becomes unstable
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¢k(xo)

Y

Wppo¥L1r¥ry

Special Symbols

*

("
()

y 5

~

)
M, Q)
() = ()

L]

density of blade material
density of air
blade solidity ratio; blade area/disk area

the rotation of a cross section of the blade around
the elastic axis

root torsional elastic deformation, occurs about
feathering axis

spanwise distributed torsional elastic deformation,
occurs about elastic axis

shape functions for ¢ degree of freedom

azimuth angle of blade (y=Qt) measured from straight
aft position

imaginary part of the kth characteristic exponent

first rotating natural frequencies in flap, lag
and torsion respectively, nondimensionalized w.r.t.

speed of rotation

angular velocity vector

differentiation with respect to ¢

differentiation with respect to Xy

unit vector

vector

vector cross product
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Figure 9. Combined Effect of Lock
Number and Blade Loading on a Stiff
In-plane Configuration (Propulsive
Trim, Cy = 0.01, v = 5, all other
data identical to Fig. 7)

Figure 10. Combined Effect of Lock
Number and Blade Loading om a Stiff
In-plane Configuration (Propulsive
Trim, Cy = 0.005, all other data
identical to Fig. 9)
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