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Abstract

This paper summarises a recent smudy into the design
of MIMO gain-scheduling controllers (in an LPV form)
for the longitudinal flight control of helicopters. Based
on Linear Matrix Inequalities (LMIs) and quadratic H*
performance objectives (Ref. 1), the study proposes a
2-degrees of freedom (2-DOF) gain-scheduling control
configuration to achieve both good robustness and
required flight handling qualities within a whole
specified region of operation. Relevant issues such as
the choice of the weighting functions are discussed.
The paper also provides a description of a new
technique for affine LPV system modelling and its
application to helicopters.

1. Introduction

A helicopter system can be generally modelled in the
following non-linear and parameter-dependent form:

Plant P(t, 0(1)):

&)= f(x(1).u(1).w(1).8(1)),
2(t) = hy (x(1).u(t),w(1).8(1)), (1
¥(2) = hy(x(2),u(t),w(1),8(1)).

where x(z) € R" the states, u(z) € R™ the plant inputs,
¥t} € R? the measurable plant outputs, w(t) € R7 the
exogenous inputs including reference input r(z), and
z(t)e R is a measured error (system performance)
output. The parameter variables are defined as an /-
dimensional parameter vector, 6(r), which, in most
cases, may just be of the state variables x(z) and/or the
system output variables y(z).

With such a model, the control objective becomes to
find a gain-scheduling control, defined as the control
u(t) from the parameter (8(2))-dependent controller
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Controller K{t,6(t)):

Xp = fr(xp(thy(1),0(1)),

2
u(t) = hy (xg (1), 3().8(2)). @

which maintains performance throughout the whole
operating region (See Fig. 1).
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Fig. 1 Gain scheduling control --- general case

For a long time, the design of gain-scheduled
controllers has mostly followed a classic two-step
approach. First linear contollers are designed for
linearised plants at frozen points (frozen 0) and then a
schedule is designed which links the linear controllers
normally by ad-hoc interpolation. Overall qualities
such as stability and robust performance are then
evaluated through simulation.

The classic synthesis of a gain-scheduled controller
from a group of linear controllers has the advantage
that a variety of up-to-date linear control methods can
be used. However, the disadvantage is that there is no
guarantee of satisfactory performance and robustness
along all possible trajectories of the scheduling
parameters 0(z).

During recent years, significant progress has been
made in gain-scheduling control and a comprehensive
survey study on the frameworks used has recently been
made (Ref. 2). Among these so called ‘one step
synthesis' (simultaneons control and scheduling)



methods for gain-scheduling control, there is the
Lyapunov  function/quadratic = H~  performance
approach based on a Linear Parameter-Varying (LPV)
model of the plant (1).

2. Framework for ZPV Model Based Gain-
Scheduling Control

Generally, an LPV system is a linear time-varying
system in which the state-space matrices are fixed
functions of some vector of parameter variables, i.e. in
state-space form,

LPV System P(0):
x(1) A®) B,®) B,0) [x(t)
z(2) |={ C;(8) D, (0) D,,@0) | wi)| (3)

¥(t) Cy®) Dy(®) Dy ()] uf1)

where A(e): R'—R™, Be): R'oR=E™, (C(e):
RIoREPR and Die):R'—>REPX™ are continuous,
bounded functions of the parameters £.

From LPV system modelling, an obvious choice for the
structure of the associated gain scheduling controllers
would be the LPV form of controllers, i.e., in state
space form,

Controller K(0(1)):

X = Ap(B(1))xg + B (0(1))y, @
u=Cy(0(t))x, + Dp(0(1))y
where Aife): R=R™ Bife): R'oR™2, Cyfe):
RSR™* and Dyfe):R'>R™ ere continuous and
bounded functions of 6.

In terms of Linear Matrix Inequalities, the quadratic
H” performance gain-scheduling control of LPV
systemns can be expressed as:

For the LPV plant P(68) (3), find an integerm > 0, a
mamix X, = X.>0, and a contimious and finite-
dimensional (nk-states) coniroller K(0)(4), such that
for all admissible parameters 6(z):

ALB)X, +X.A.(0) X.B,(0) C.L(0)
BL(8)X, I Du®)l<0
Ce(8) D.®) i

3

which is sufficient to ensure that the closed-loop
matrix function A, is quadratically stable over the
parameter domain £  (the Lyapunov function
V(x)=x'X,x gives global asymptotic stability) and
the L,-induced norm of the input/output map (w—z) is
bounded by v: Jz[? < v]w|®.

Here the matrix function 4:(0) B.(0) represents the
Ce(0) De(®)

closed-loop system from w—2. In terms of the
conventional open-loop plant (3) with D,,(0)=0, and a
nkth-order scheduling controller K(8) (4), we have

Ac(0)=A%0)+B,*(8)K(0)C,*®)
B.(8)=B,*(0)+B,*(0)K(8)Dy,°(®)
Ce(8)=C,%(0)+ D, (8)K(8)C,%(8)
Dc(8) = Dy, (8) + Dy, *(6)K(8) Dy, % (8)

where:
A9(8) = A(8) 0
[ 0 Onkxnk :|’

B, (© 0 B,®
Bw“(8)={ WO( )} Bua(9)=[1 s 0( )}
NEXR AN

0 I,
A ®)=[C,0) 0} Cy"ce)=[cyce) kgnk}

0
Dzua(e)=[0 Dzu(e)]’ Dywa(e)m[D (S)il‘
w

When compared to the conventional two-step synthesis
framework for gain scheduling control (Ref. 2), the
LPV description is clearly a good basis for one-step
synthesis and the framework introduced here possesses
a strong form of robust stability with respect to time-
varying parameters and has the clear advantage over
the others in exploiting the realness of the parameters,
thus preducing a less conservative design.

However, a principal difficulty in solving the LMIs
problem appears to be the infinite number of
constraints imposed by (5); a convex feasibility
problem with an infinite number of comstraints. For
feasibility, one must normally resort to finding a grid
of the parametric space # on which to solve for
approximations to the infinite problem.

A particularly interesting case is the class of LPV
plants where the state space matrices depend affinely
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on a time-varying parameter 0 that varies in a polytope
Pof vertices ©;, ®z,..., @, ie. B €Colwy,0,...0,}

i=1
assumptions on Dy(0), Bu,Cy,Dzu,Dyw and the
pairs (A(9(z)),B.) and (A(©(1)), Cy) (Ref. 1), the plant
systern matrix P(0) can be defined to be in a matrix
polytope with vertices P{®;), i.e.

r r
::{}:afc)i:a >0, Yo, =1}. Under some feasibility
1

A®) B,@0) B,
P®):| C,(0) Dy, (0) Dy, |.
CJ’ DJ’W DJ’U
4 By B;| [Aw) Bfey) B,
€| G Dy Dyl=Glay) D) Dy li=L...rt ()
G Bw Bu) \ G Bw DBy

It therefore seems justified to design a polytopic form
of the controller along the same projections of 6(z) on
the vertices @; (with the same o, {i=1,...,r}, which are
measured on-line):

(4r(0) B(©)
o3 o)

A Bl . Lo L (A B
e@{( G, Dﬁ}z-],...,r}——éazﬁ} -i);“,{a{cﬁ Dkz] €9,

Routine for gain-scheduling controller svithesis

The basic design routine for the affine LPV based
quadratic /~ performance gain-scheduling controller
comprises:

e Compute a single Lyapunov matrix X.=X.>0
satisfying all the r convex constraints (5) for the
vertices wgi=1,...,r) of the parameter polytope;

¢ Define the LPV controller K/0) as affine and
therefore an 'interpolation’ of the vertex controllers
K;. Once the Lyapunov matrix X. has been
determined, adequate vertex controllers Ki{i=1,...r}
can be calculated (off-line) by solving the
corresponding convex optimisadion at each of the
vertex points ;fi=/,..,r}, employing standard
LMIs routines.

e The gain-scheduling control X(0}(4) is updated on-
line in real time¢ based on the measwrement of
parameter 0(z) and its decomposition (o),
enforcing the expected quadratic performance over

the entire parameter polytope # and along arbitrary
parameter irajectories.

This particular control synthesis procedure is included
in the recent Matlab LMI Conirol Toolbox (Ref. 3)
from which some principal m-functions have been used
in our design work.

A __ configuration for 2-DOF
confroller svnthesis

gain-scheduling

In most cases, control synthesis is based on an
angmented open-loop plant model plus various
auxiliary weights, through which different closed-loop
control strategies, e.g. model-tracking, 2-DOF (Ref. 4,
5) control etc., can be realised through the optimisation
of a designated input/output response.

For the affine model based quadratic A~ performance
gain-scheduling controller design, one has to bear in
mind that if a basic LPV plant model is affine in 8(z)
(fortunately, this exists in many practical situations),
the angmented open-loop configuration developed has
normally to maintain the affiness property to achieve
the polytope form of gain-scheduling control.

A confrol configuration suitable for 2-DOF gain-
scheduling control is shown in Fig. 2.

For w (w; wy) — z (z; 25), this set up has the following
state-space (system) description:

B[40 0 0 0 5O 387
ll 0 49 0 m® 0 0o |?
sl o 0o am o o e ¥
2 HGG G0 0 ¥RO GO oo™
|| 0 0 G® 0o o0 pp |’
wll 0 0o o o o o |?
2| G0 o o o 1o o |-

E))

where:

[Ap(8) Bp(®) .
4 =|:C0(8) Dy(@ )} a tacking model,
_[4n(®) By(®)
& ‘[cm(e) Dy (8)

W,= pl is a performance weighting, pilor = pi, and

]is an uncertainty weighting,

Cser is an output selection matrix.
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Fig. 2 2-DOF Control Configuration
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As the description (9) reveals, when the performance
weight W, is chosen as a constant gain p/ (or some
other parameter-independent dynamics), the augmented
open-loop configuration is readily made affine,
provided the basic plant model is affine. However, the
modelling uncertainties may 0ot be precisely
incorporated into the model, {(and hence into the
synthesis), throughout the whole operating envelope,
owing to the heuristic and constrained design of W,.(0).

3. Affine LPV Modelling of Helicopters

Modelling of the helicopter longitudinal dvnamics

Our study starts with a family of 6th-order (4th order
plant + 2nd order actuator dynamics) linearised models
representing helicopter longitudinal dynamics. The
models are derived from a non-linear helicopter model
of the Westland Lyax wimmed at a series of even-
interval forward {flight velocities {(the scheduling
variable U) thronghout the flight envelope, ranging
from 0 to 160 knots.

The family of linear models can be put into a

parameter ({/)-dependenmt model, which, in this
particular case, has the form:
x=An(U)x+ By (U)u
H(U) w7 (U) (10

y=Cu(U)x+Dy (U

where the six states: x={u; w;, ¢ T Oy Bl ]/, the two
control inputs u=/®, B}, and u,;, w; are the forward
and vertical linear body velocities, respectively, g is
the body pitch angular velocity, ¥ is the body pitch
angle, ®, is the main rotor collective input and @y, is
the state from its associated Ist-order actuator
dynamics, Bl is the longitudinal cyclic control input
and BI, is the state from its 1st-order actuator
dynamics.

As expected, the introduction of the actuator dynamics |
in the two control channels makes the control matrix
Bu(U}) parameter-independent. Suppose the actuator
dypamics modelled for these two channels are

parameter-independent with 1st-order models ~me__
S+ me

and e . Then Ay(U) and By(U) in (10) become:
s+ a
fap(U) apll) a) aul) asl) asU))
ay(U) an(U) axl) ay(U) axs(U) ax(U)
A= ay(U) apl) aml) ay(U) aslU) axU)|
0 0 g g ] 0
0 0 0 0 -a, 0
0 0 0 0 0 -
0 01
0 0
0 0
Bu=| , ol 11
Ame 0
0 aj.

The matrices Cy(U) and Dy(U) in the output equation
are apparently dependent on the choice of the output
variables, for which two factors are taken into account:
1) the systern should be detectable/observable from the
output variables, 2) the output wvariables should
comprise those to be controlled under a handling
specification.

With reference to the handling qualities specification
for rotorcraft, ADS33C (1989), for the basic handling |
mission modes in longitndinal flight [{1) Attitude
Command with Aftinde Hold (ACAH), (2) Rate
Command (RC) and (3) Transitional Rate Command
with Position Hold (TRCPH)] three principle output
variables are selected: the vertical velocity w,, the
angular pitch rate p and the pitch angle 9. These define

a simple and parameter-independent form of the output
equation in (10):

010000 00 0
Cy=l0 0100 0} Dy=l0o 0 0| (2
000100 000

An analysis of the un-augmented helicopter plant
models reveals that;
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¢ The helicopter has a natural instability in the
longitudinal dynamics throughout the whole flight
envelope.

¢ The open-loop plant has a considerably low transfer
gain in the body pitch control channel.

© There is a considerable change in the enries of the
parameter-dependent system matrix Agp(U) as the
scheduling variable {7 varies from 0 to 160 kuots,
which results in a large variation in the plant
dynamics, in terms of the eigenvalues, across the
operational region.

Affine LPV modelling

Here the aim is to determine an ZPV model in the form
of (11) which is 1) affine in the scheduling variable U,
and 2) a good representation of, or a close
approximation to, the family of linear Lynx models.

One general and direct method of affine modelling is to
treat each of the parameter-dependent entries, g{U), in
the matrix Ag(U) (11) as an independent parameter
variable with a bound ajiowa defined on U, which
results in the following affine LPV model with the
parameter vector 9={a;; a;; ... ay ...J (i =1~3, j =

parameters in the Ay this modelling process will bring
about 2'9=262144 vertices! Since this number is also
that of the sets of LMIs involved in the convex
optimisation process, the approach will inevitably
result in a massive or even impractical computational
task with current resources.

Also, for many practical LPV systems (such as
helicopters) where the parameter variations are
dependent on, or defined by a few parameter variables,
the actual parameter variation domain can only form a
very limited subspace in the convex hull of the vertices
from the above modelling process. Therefore any
ignorance of this special dependence or constraint will
inevitably produce a conservative design. This has
been seem in some of our earlier gain-scheduling
designs where some designated handling cuality
objectives could hardly be reached. It would therefore
seem semsible to reduce the mumber of independent
parameters (from 18 in the helicopter example) to a
reasonable level.

At the other exweme, if each of the dependent
parameters can be put, or approximately put, into an
affine function of the independent parameters, in our

1~6): case for example, a(U)=Kp;+Ki*U (i=1~3, j=1~6),
(11) will be transferred into a very simple affine model
AH(P)=AH0+[AHA]2...A5J;...]6’ (13)
Kor Koz Koz Kora Kops Kogs'|
where: Kopi Koz Koz Kpe Kpps Kpps
00 0 0 0 0 7 for(U) = Kosr Koo Koz Kozt Kpss Kpss
000 0 0 0 =g 0 ¢ 0 0 0
AH0=00000 0 o 0 0 0 -a, 0
00 ¢ 0 0 0 0 0 0 0 0 -g
0 0 0 0 -a,, O b 4
0000 o _a, Ky Kpp K3 K Kis Kpg
0 - 0 - Ky Koz Kzz Kz Kzs Kps
J K3 K32 K33 Kz Kszs Kz
Ay = 4 (i=1~3j=1~6). + 0 0 0 0 0 0 voQa4
o (T g o 0 0 0 o0 0
0 0 ¢ 0 0 0 |

The major advantage of this kind of modelling clearly
lies in the exact match between the affine model and
the original LPV model. However, a fundamental
problem in practice is the fact that for large, or even
reasonable, sized parameter-dependent systems, it
produces a large number (of the order of 2™, where m
is the total number of the independent variables taken
into account) of vertices upon which the polytope of
the parameter vector is defined. Even in our example
of a simplified longitudinal system, for the 18

where the only parameter variable is U and the number
of vertices is 2, comresponding to the minimum (0
(knots)) and maximum (126 (knots}) bounds of 7.

Clearly, the feasibility of this modelling approach will
depend on the extent to which each U/-dependent entry
in Ax(U} can be approximated by an affine function of
U, assuming that the associated derivations can be
tolerated by the robustness properties of the controller.
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An examination of the feasibility of fitting each of the
U-dependent entries in the state mamix Ax(U) with a
proper affine function was made through a specially
developed Mariab m-function. It demonstrates that the
majority of these entries can be reasonably
approximated by linear/affine fittings.

Following this approach, a trial gain-scheduling design
was made based on the affine LPV model of the
helicopter with 44(U) (11). Due to the very simplified
model, the control synthesis became feasible and
effective. However, the resuiting gain-scheduling
design had very poor robustness with regard to the
original plant model. It was observed that once the
affine design model was replaced by its corresponding
real plant model at an operating point, the closed-loop
performance deteriorated and in some cases even went
unstable.

The only explanation for this appears to be that the
simplification went too far and the errors resulting
from the modelling were beyond the tolerance allowed
by the robust control. Actually, for some parameters,
e.g. anfl) (Fig. 3), use of linear fitings was indeed
very risky and, as observed, contributed to the major
errors in the modelling,

Comparizon between the parametar variation end its linear fitting {fn x)
0.05 r T v -

o

-0.08

O1p

paramelor variation

Fatal
-0,15F

Y . . . 2 . L c
a0 20 40 60 Ll 100 120 140
U (knots)

Fig. 3 Entry a,,(U) and its approximation

Based on these smdies and experience, a hybrid
method for finding an affine LPV model is proposed.
As a natural combination of the two approaches
introduced above, it pursues an affine LPV model by
fitting those of the matrix entries having, or
approximately having, a linear dependence on the
scheduling variables with affine functions, while taking
the others which not only cannot be quite so fitted but
also very influential, such as ap(U) and as(U7), as
independent bounded parameter variables.

This has proven to be a good and effective modelling
strategy for gain-scheduling comirol, and a useful

compromise between feasible modelling for controller
symthesis and accurate modelling. Following this
approach for the helicopter plant where ay was taken
as an 'extra’ independent parameter variable, making
m= 2 (I and ay;, 4 vertices), the affine model of the
state matrix Ax(L/) becomes:

Koy Koz Koz Kore Kgzs Kppg
0 Kpz Koz Kpa Kps Kpos
Kos; Kozz Kozz Kgse Kpzs K
L I S A
¢ o ) 0 —ay 0
00 0 0 0 -a
K1 K K3 K Kps Kyg
0 Kp Kz Ky Kys Ky ¢ - 0
Ksi Ko Kss Ksg Kss Kssp, |10 - 0)
¢ 0 o ¢ 0 0 R
0 0 0 0 ¢ 7] g - 0
0o 0 0 0o o o]

as)
where U and a,; vary within: Ue [0 160], az2;€ [@2imin

Q2 Imax)-

4. Synthesis for Gain-Scheduled Controllers

2-DOF gain-scheduling H” control objective

A generalised gain-scheduling A performance control
design based on LPV modelling can be described
within the framework of Fig. 4 below:

o(t)
— o
Ya Ya

W e %L@}'—"’Z

Uy @I— |yk

Fig. 4 H™ performance design framework

The conmol objective can be stated as the
minimisation, over all possible LPV controllers, K{(s,
8), of the H~ performance (the induced I?-norm) of the
closed-loop LPV system T.,.fs, 0), from w (the
exogenous input) to z (the plant oufput), under the
uncertainty perturbation block A(s, 8) and over the
whole compact parameter set O upon which the LPV
plant model, P(s, 8), is defined.

In the case when a 2-DOF K~ performance control
problem adopts the design configuration as in Fig. 2,
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the controllers consist of both a feedforward control,
k;, from y; (the pilot), and a feedback control, &2, from
the plant output y; (Fig. 5)

¥ -k

Y2 :J}jz

And the control objectives at each frozen parameter
vector, 0, can be further expressed in terms of the
standard A" norm optimisation:

|Zowzl.. — min. (® is omitted for simplification) ~ (16)

where one of the following modes of operation can for
example be selected:

Mode 1. For w (w; wo w3} — 2 (27 Z2p23):
ViCuI~Plo)™ Py~ Wl WClI-Ply P WiCooll-Plg)™
Lo Wll-kPlkpit  WAI-RPTIP W{I-kPl
W{1—Po) ™ Bozilt W(I-Pol P Wi-Fof”
(W,: the uncertainty weighting at the sensor point)  (17)

This is an overall synthesis mode aiming for
optimisation of model-following control (w; — z;), and
robustness with respect to multiplicative uncertainties
at both the actuator point (w: — z;) and at the sensor
point (ws — z3).

Mode 2: For w = (w; wg), 2 = (z; z3):

T {ﬂ@(cﬂ (I~Phy)™ Ply Wy )piot. WCoy (I—szrfp} (18)
" W, (I~kP) ™ ky pilot W (I-k,P) kP

aims at model-following commol (w;, — =z;) and

robustness with respect to multiplicative uncertainties

at the actuator point (w; — z;).

Mode 3: Forw = wy, Z = (2] 23);

7 o|WelCoalI=Phy )~ Pk; — W )pilor (19)
Ve W, (I - ko Py &, pilot

is the mode for model-following comrol and a

constraint on the control output.

Most of the uncertainties resulting from the modelling
of helicopters are asscciated with the rotors and may
be put into multiplicative uncertainties at the front
actuating point, Py= P(I+A). For this reason, and also
for stmplicity, mode 2 was used for defining the
objectives of the gain-scheduling confrol. In this case,

the exogenous inputs are w; (reference inputs) and w»
(uncertainty perturbations), whilst the control outputs
are z; (weighied tracking errors) and z; (weighted
coniroller ontputs). From formula (18}, it can be seen
that by appropriate choices of the sensitivity
weighting, W,, which balances the demands for desired
handling and disturbance rejection, and the control
weighting, W, (on (I—kP) " kypilot  and
(I—kzP)'“I kyP), the gain-scheduling controller
generated will guarantee, in the sense of the H”
performance optimisation, a closed-loop system at
each operating point which follows the desired
performance requirements (in W), while maintaining
guaranteed robustness in the face of modelling
uncertainty within the piant.

Desion of weighting functions

Weighting function W, For helicopter conirol, the
open-loop interconnection for controller synthesis (Fig.
2) makes it possible for W, to adopt directly the
frequency-defined handling qualities specification that
the closed-loop system should follow. These are given
in ADS33C (Ref. 6) which formulates the specification
as a series of transfer functions relating pilot inputs
and vehicle responses of interest.

According to the qualities specification, for the RC and
TRCPH handling modes, the desired trausfer functions
for the vertical velocity (w), roll rate (p), pitch rate (g)
and yaw rate () can be modelled as first-order
systems, while for the ACAH mode, the pitch attitude
{ and the roll attitude ¢ are of great importance and
normally presented as second-order models.

A typical example of the function W, for control of the
longitmdinal flight, with output variables (w, g ), is:

sigﬂ 0 ?"_2:206 0
="y 43 L P/
212935+43 (s+40)
( pair(w,, O)for ACAHETRCPH)  (par(wy,q)for RCEIRCPH)
(20)

where a fast mode (M = 4 (rad.s"l)) is assigned to
pitch rate g for the demanded RC control. A, = 2 is
assigned to the vertical velocity for Level 1 heave
dynamics. For pitch angle ¥, standard Level 1
parameters of @, = 2.071 (rad.s”) and T , =0.707 are

used. The diagonal W, stucture also implies de-
coupled model following control.



Weighting function W, This weight has the role of
describing the model uncertainties and constraining the
control outputs (refer to (18}), both of which generally
require the weight to have a high-pass characteristic.

LTT controller synthesis suggests a weight with equal
emphasis on the uncertainty description and the control
constraint, e.g.

(s+0.1)
W = 05 75570) 0
m = ’ 5.5 (5+0:1) @D
' (s+10)

This defines good robustness at the actuating point for
all the L77 designs throughout the model range. But
experience with this weight for LPV gain-scheduling
control suggests a weight with much smaller gains, i.e.
a more relaxed constraint on the control outputs, e.g.

{(54+10)

Wn (s+0.1)

00500 0
= (22)

Weighting function W,: this is the so-called
performance weighting which is used to scale the
model-following criteria. A dynamic form of the
weighting was used in the synthesis to achieve a good
trade-off between the requirernents for model-following
and disturbance rejection.

For the longitudinal control case, W, adopts different
bandwidths for the vertical velocity (6 rad.s™) and the
pitch angle (10 rad.s'l), respectively, to cope with the
different racking models. Two sigps were involved in
this particular weighting development for gain-
scheduling control, step 1: search for a suitable
weighting W, for each of the linear models in the
family, through use of the standard linear time-
invariant (LT7) H~ control design and analysis for
these 'frozen' models; then step 2: evaluate and, if
necessary, modify the universal weighting from step 1
to generate an appropriate performance weighting for
LPV gain-scheduling control.

For step 1, a typical performance weighting design for
the ACAH/TRCPH mode is:
6
W, = 7546) x0.1 _;%

0 (23)

(s+10}

which, in view of the small singular value in the open- |
loop pitch control channel, has a relatively large gain
in the second channel to bring about satisfactory
control for all the L77 models throughout the
operational region.

However, as expected, direct use of this same
weighting in the LPV-model based gain-scheduling
control design revealed that the effort to stabilise the
plant within a much expanded polytopic space {owing
to the imtroduction of some extra independent
parameters) results in poor handling control in the
pitch channel over the mid-frequency range of interest.

To reduce conservatism and to improve pitch handling,
the weighting for the pitch was modified and, in
particular, an extra pole and zero were introduced to
make the weighting more centred and effective in the ¢
low/mid-frequency (0.1 rad ~ 10 rad.) range to boost
performance matching. A typical example of a
modified weight is:

6
—_ WXOI 0
e = 0 10(s+0.001) (24)
(s+10)(S+0.01)

As the later results show, this produces satisfactory
handling control in both the vertical and pitch
Manoeuvres.

Robustness evaluation

A robustness evalnation of a closed-loop L7 system
with plant P and controller K can be achieved by use
of singular value(c) analysis, structured singular value
(W) analysis, and associated MIM(Q gain and phase
margins (Ref. 7). From robustness indicators at
various perturbation points of interest, guidelines for
the refinement of the controller synthesis can be
formulated.

Uncertainty Perturbation Structures. Two uncertainty
perturbation structures of interest were considered.
They are multiplicative uncertainty at the actuator side
of the plant (Fig. 6(a)), and multiplicative uncertainty
at the sensor side of the plant (Fig. 6(b)). The
robustmess evaluation considers the transfer functions
'seen’ by the mixed feedforward/feedback
multiplicative  uncertainty blocks, ie. transfer

functions M:(I-KP)(I+KP)'I for Fig. 6(a) and M=(I-
PK)(I+PK)" for Fig. 6(b).
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Fig. 6 Multiplicative uncertainty pernurbation
struchires

Svnthesis routine and software development

Gain-scheduling controller designs were performed in
Matiab using primarily the LM{ Control Toolbox
(Ref. 3). For transferring a practical helicopter control
problem into the standard gain-scheduling controller
synthesis module and incorporating the principles of 2-
DOF H” control within the design, sorne specified and
user-defined Marlab m-functions were developed.
These together with some other auxiliary m-functions,
made for setting up weightings, and various forms of
system evaluation (including Li-analysis) etc., are used
in the controller synthesis routine.

5. Application of Gain-Scheduling Control to
Helicopter Longitudirnal Flight

Following the various procedures introduced in the
previous sections for the modelling, controller
synthesis and closed-loop system evaluation and
analysis, the 2-DOF gain-scheduling conwol
methodology was applied to the design of a
longitudinal flight controller for a Lynx helicopter.

2-DOF configuration_and confroller svnthesis —
example

Here a synthesis for the gain-scheduling control is
presented, with the plant being modelled as (15), the
open-loop conirol configuration being the 2-DOF form
as in Fig. 2 and the performance objective as (18). The
relevant weightings were defined as (20) for W;
(ACAHI/TRCPH mode), (22) for W, and (24) for W.,.
The pilot input gain matrix pilor was unity and the

) ) 100
output selection mairix Cgy :{0 0 1l

The synthesis brings an optimal {minimum) solution
for the H” performance: Ymi» = 0.95.

Evaluation and simulation

Remember the synthesis process actually produces a
family of gain-scheduling controlier vertices
corresponding to the 2" parameter vertices (cormer
Ay Bu see (8). The gain
Cy Dm‘] - see () .
scheduling control, X(0), is a polytope of these vertices
and is formedfupdated on line in real time along the
same projections of the pelytope of 0(r) measured.

vectOI'S),mi(i=1,...n) = [

Case 1: evaluation of the time-varying gain-scheduled
conirol system. This is based on a known/pre-defined
time-varying trajectory €(z), upon which both the plant
P(Q) and coniroller K(9) are defined. Time-domain
simulation is mainly used for this case.

Case 2: evaluation of the closed-loop system under
gain-scheduling control at selected operating points,
with an assumption of frozen € at these evalnation
points. This brings the convenience of incorporating
any original LPV plant models and has the advantage
that .77 models and analysis can be used.

Evaluation case 1 -—— time-varying gain-scheduled
control

This was performed upon the linkup between the
designed gain-scheduled controller and the family of
Lynx LTT models. A Matlab function group, with the
main function PDSIMUT4.m, was specially developed
for this purpose.

Case description: suppose starting from a hover
(U= state, the belicopter undergoes 20 seconds of
constant acceleration (10.12ft/s®), with a change of
forward speed from hover (0 (knots)) to 120 (knots).
During the process, two step inpuis from the pilot, for
vertical velocity (5 ftfs) and pitch angle (5 deg.),
respectively, are imposed to the system for a 10
seconds period from the starting point of hover.

Fig. 7(a) shows the time-varying patterns of the two
parameter variables, the forward speed U(f) and the
entry azft}, which cover most of the parameter
polytope (convex hull).

Fig. 7(b) and 7(c) show the control and stabilisation of
the two major system variables, the heave velocity and
pitch angle, from the time-varying gain-scheduling
controller, with Fig. 7(b) for the step control input
wi=/{5 0] and Fig. 7(c) the control w;={0 5]".
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Fig. 7 Simulation of LPV gain-scheduling control

This can be viewed as an exireme evaluation, in view
of the variations of the parameters and LPV model
covers large parts of the polytope. The time-domain
simulations demonstrate the ability and effectiveness of
the gain-scheduling control on stability and almost
perfect handling of the time-varying helicopter
longitudinal dynamics. As far as the flight handling
quality specification is concerned, both the vertical and
pitch controls reach the level-I handling quality for the
ACAH{TRCPH mode.

Evzluation case 2 —
frozen operating points

gain-scheduling control at

This was based upon the L7/ closed-loop systems !
generated by interconnecting the original LPV plaot
models of the helicopter with the corresponding gain-
scheduled controllers at a series of frozen operating
points selected throughout the operationat range. For
example, for evaluation of the LTI closed-loop
helicopter system at hover, firstly find 8 at U= 0, 8,,
then get the particular controller, &(0y), from the gain-
scheduling controller polytope and link it with the
linearised plant model for this point taken from the
family of plant models given.

Evaluation of control: In response to pilot inputs,
both the time- and frequency-responses of the two
longitudinal output variables of most interest, the

vertical velocity wy, (= —# for level-off flight) and the
pitch angle ¥, were evaluated at various operating
points.

The evaluation reveals that due to the very small gain
in the pitch control channel at low frequency, special
measures such as the magnification of the performance
weighting, W,, as (24) are required to boost the pitch
contro}l effect.

Fig. 8 shows both the frequency and time-domain
responses of w, to step &, (main rotor collective
control), and of O to step Bl (longitudinal cyclic
control). It can be seen from the frequency response of
¢ in Fig. 8(a) that its mid-range frequency response
has been enhanced to match the desirable response (in
-}, bringing satisfactory handling control in both
heave and pitch, see Fig. 8(b).

Fig. 9 and 10 show the same responses for a medinm |
forward speed, U= 60(knots), and a high speed, U=
120(knots), respectively. Both present good handling
conirol qualities of the two important output variables
representing the ACAH/TRCPH mode. Systematic
evaluation of the control from low speed to high speed
also reveals that hover can be the most delicate state
for control augmentation and demands some strong
performance weighting to match the required
performance objectives. However, along with the
forward speed increase, there should ideally be a
decreased performance weighting to match the
increased plant gain in the pitch channel; this is clearly
shown in the high speed case (Fig. 10) where some
unexpected high gain respomse occurs at low
frequency. This suggests the use of a parameter(/)-
dependent  weighting function to effect an
improvement. {
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Evaluation of robustness: Finally, the robustness of
the closed-loop system was examined, based on both
singular value and [ analyses.

For robustness in the face of multiplicative uncertainty
perturbations at the actuator side of the plant (Fig.
6(a)), and having the block (A) defined as: A=
{diag[d; 0,;]: &€ C}, the evaluation indicates good
robustness, as expected from the design objectives
(18), across the operating envelope in terms of the
maximum stability tolerance for both structured and
unstructured uncertainties. Results of analyses at some
points of interest are shown below in Tabie 1, using a
guaranteed MI/MQO gain and phase margin analysis
(Ref. 7 ):

Table 1 Robustness at the actuator side.

UGnots) | Tymga Comin) | GMu(GM.) | PM,(PML)
(&dB) &9)
0| 0770.63) |17.83(12.96) | 75.36(64.65)
40 0.77(0.77) | 17.67(17.64) | 75.10(75.05)
80 0.76(0.75) | 17.31(16.74) | 7447(73.44)
120 0.59(0.56) | 11.83(10.99) | 61.25(58.74)
160 | 037(033) | 6.68(6.05) | 4025(37.02)

For the evaluation of robustmess in the face of
multiplicative uncertainty at the sensor side of the
plant (Fig. 6(b)), the structured perturbation blocks for
W analysis are defined as A:= {diag{d; 0, B3], 8, C}.
The results for the selected points are listed in Table 2.

In summary, the evaluation indjcates that the designed
H” performance gain-scheduling controller enables the
closed loop helicopter system to possess good
robusmess throughout the whole operational region. At
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the semnsor side of the plant, although inspection of the
singular values show relatively poor robustness, W-
analysis does suggest that the robustness can be much
improved if the perturbations can be made de-coupled
(i.e. confined to individual channels).

Table 2 Robustness at the sensor side.
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