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Abstract 

The three-dimensional Navier-Stokes equa­
tions are solved to analyze the flowfield around 
blade tips of hovering rotors. The eddy vis­
cosity is calculated by employing the q - w 
two-equation turbulence model developed by 
Coakley. An implicit finite-difference method 
is used to solve the equations and the alge­
braic method is adopted to generate the grids. 
The effect of wake outside of the grid is taken 
into calculation by correcting the equivalent 
geometric angle of attack along the blade ra­
dius. Its value is estimated by using Local 
Circulation Method (LCM). The pressure dis­
tributions of rectangular tip shape predicted 
by the present method are in good agreement 
with the experimental data. The computed 
results for swept or tapered tip shapes by the 
present NS code are compared with our Euler 
results at subsonic col)dition. Differences be­
tween the results obtained by the viscous and 
inviscid analyses are shown. In addition, the 
effects of the swept or tapered tip shapes on 
the performance of helicopter rotor are also 
analyzed for various tip speed by using our 
Euler code. Some properties of such the tip 
shapes are comprehended both in subsonic and 
transonic conditions. 

Introduction 

The tip shape of a helicopter blade at­
tracts more and more interest in order to im­
prove the performance of helicopter at high 
speed range. Westland Lynx made the world 
speed record ( 400km/h) of helicopter by using · 
the advanced tip shape called BERP blade[l]. 
For such a blade tip of high speed helicopter, 
the transonic shock is generated at the ad­
vancing side and the separation occurs at the 
retreating side of the rotor. In order to ana­
lyze the flowfield around high speed helicopter 
blade tip, following methods have been devel­
oped. 

The governing equation used in the first 
stage of the research was the small distur­
bance potential equation[2] because of its sim­
plicity of the calculation. The governing equa­
tions ,then, progressed from the full poten­
tial equation[3-7] to the Euler equations[8-16]. 
The advantage of solving the Euler equations 
instead of the full potential equation is that 
the Euler equations allow vorticity as well as 
entropy gradients. By using the Euler equa­
tions, however, it is impossible to analyze the 
viscous-generated phenomena such as shock 
boundary-layer interaction and separation. The 
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Navier-Stokes (NS) equations[17-19] are solved 
to improve the Euler analysis at Georgia In­
stitute of Technology, McDonnell Douglas and 
NASA Ames Research Center. These analysis 
use zero-equation algebraic turbulence model. 
This type of turbulence model can not fully 
represent the phenomenon of deep separation 
which occurs at the retreating side of heli­
copter rotor. 

In this study, Euler and NS codes, which 
were originally developed for the calculation 
of ATP[20,21], are extended for the analy­
sis of helicopter rotor blades. This Navier­
Stokes code has the q-w t\vo-equation turbu­
lence model developed by Coakley[22] which 
can represent the feature of turbulence more 
precise than zero-equation turbulence model. 
The fiowfield of steady hovering rotor is an­
alyzed as the initial stage of the research by 
using time marching technique. The induced 
velocity generated by the vortices outside of 
the grid is taken into calculation by correct­
ing the equivalent geometric angle of attack 
along the blade radius. This induced veloc­
ity is calculated by using Local Circulation 
Method (LCM)[23] which has been well ap­
plied to predict the aerodynamic performance 
of helicopter rotor. 

The calculated results for a rectangular 
tip shape of model helicopter rotor are com­
pared with experimental data. In addition, 
the computed results for swept or tapered tip 
shapes by the present NS code are compared 
with the results by our Euler code at a sub­
sonic condition. The effects of the swept or 
tapered tip shapes on the performance of heli­
copter rotor analyzed by using the Euler code 
in transonic conditions are also presented. 

Governing Equations 

Navier-Stokes Equations 

The governing equations are the three­
dimensional Reynolds-averaged N a vier-Stokes 
equations in the rotating Cartesian coordinate 
system (x,y,z) shown in Fig.l. In order to 
conduct the calculation with a1:bitrary curved 
grid, these equations are transformed from the 
Cartesian coordinate system to the arbitrary 
curvilinear coordinate system (~ ,1) ,() shown in 
Fig.l. The transformed equations are written 
as 

where 

z 

Fig.l Coordinate system and grid. 
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In these equations, ( ) ,t = gt, ( ) ,j = 
&~·,and (x1,xz,x3) = (x,y,z), (E,,6,6) = 

J 

(~,1],(),(u1 ,u2 ,tt 3 ) = (1t,v,w),(U,,Uz,U3) = 
(U, V, W). The quantity pis the density, the 
quantities tt, v and w are the velocity compo­
nents of Cartesian coordinate system, and the 

!.4.1.2 



quantities U, V and tV are components of the 
contravariant velocity. The quantity \l is the 
angular velocity of the rotation. The metric 
terms are conventionally defined as follows. 

The quantity pis the pressure which is repre­
sented as 

1 
p = b- 1)[e- 2P"~] 

where --y is the ratio of specific heats and e is 
the total energy per unit volume. The vari­
ables r;j' and q; are the stress tensor and the 
heat flux vector respectively. The hypothesis 
of eddy-viscosity gives 

2 

q i = ( _!:!_ + ..!!::_) .!:..L 
Pr PTt --y- 1 

where p and flt are the molecular and tur­
bulent eddy viscosities, and Pr and Pr1 are 
the laminai· and turbulent Prandtl numbers 
which are assumed to be constant values 0.72 
and 0.9 respectively. The quantity J is the 
Jacobian of the transformation andRe is the 
Reynolds number based on the rotor radius. 
The quantity a is the speed of sound. 

Turbulence Model 

The turbulence eddy viscosity mentioned 
above is calculated by employing the q - w 
two-equation model developed by Coakley in 
this section. Both zero-equation model and 
two-equation model are classified as the eddy 
viscosity model which defines the Reynolds 
stresses as a multiple of the eddy viscosity and 
the mean strain rates in accordance with the 
Boussinesq's hypothesis. 

Although zero-equation models have high 
numerical compatibility and are effective in 
attached or weakly separated flows, it is diffi­
cult to estimate the algebraic length-scale for 
complex separated flows. In addition, they 
are not· able to account for flow-history or 
stress-relaxation effects because of their as­
sumption of equilibrium turbulence. 

In contrast, two-equation models over-

come these difficulties because the partial dif­
ferential equations for both velocity and length 
scales of the flow are solved. In spite of the 
assumption of isotropic turbulence, it is veri­
fied that two-equation models work well even 
for anisotropic complex flows including sepa­
ration. 

Though some kinds of two-equation mod­
els have been proposed, q -w model developed 
by Coakley is selected here clue to its numeri­
cal compatibility and practical ability to pre­
dict transitional phenomena. The following 
equations are solved in the q- w model in or­
der to get the field variables q and w which 
are respectively related to turbulent kinetic 
energy k and dissipation rate E via q = Vk 
and w = Ejk. 

8Qt 8Ft; _ R _1 8St; H 
at + 8(; - e 8(; + t 

where 

Qt=J-l[pq], 
pw 

F.= J-1 [ pqU;] 
tt pwU; ' 

and 

!I' = 1- exp( -o:R), 

R = pqs Re 
p 

where s means normal distance from the wall 
and gij = \7(; · V~j· The velocity field D and 
the strain rate invariant S are represented as 

D = ttk,k , 

2 ? 
S = (tt;,j + ttj,;)tt;,;- 3D-

Turbulence constants used here are 

c1 = 0.405fl' + o.o45, 

C2 = 0.92, C1, = 0.09, 

0: = 0.0065, O'q = 1.0, O'w = 1.3 
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Numerical Method 

The numerical method to solve the gov­
erning equations is an implicit finite-difference 
scheme. The Navier-Stokes equations are dis­
cretized in the conventional delta form using 
Euler backward time differencing. A diag­
onalized ADI method which utilizes an up­
wind flux-split technique is used for the im­
plicit left-hand-side regarding the spatial dif­
ferencing. In addition, a higher-order upwind 
scheme based on TVD by Chakravarthy and 
Osher[24] is applied for the inviscid terms of 
the explicit right-hand-side, and the standard 
second-order central difference is used for the 
viscous terms of the explicit part. Each ADI 
operator is decomposed into the product of 
lower ahd upper bidiagonal matrices by using 
diagonally dominant factorization. The TVD 
scheme has a good capability of capturing the 
shock without adding artificial dissipations. 
The transport equations of q - w turbulence 
model are solved by the same method which 
is used in solving the Navier-Stokes equations 
because the transport equations are similar to 
the Navier-Stokes equations. 

Grid Generation 

For simplicity of the calculation, algebraic 
method is adopted to generate the grids. These 
grids consist of 105 x 51 x 39 points for NS 
calculations and 105 x 41 x 27 points for Eu­
ler calculations. On the blade surface, 75 x 29 
and 75 x 19 points are distributed respectively 
and the grid is orthogonalized. The minimum 
grid spacing of 11 direction is set to 10-6 and 
10-3 respectively. 

Boundary Conditions 

The grid has six types of boundaries. For 
simplicity, all boundary conditions are explic­
itly specified. 

On the blade su~face, non-slip and adi­
abatic conditions are applied. All the quan­
tities are set to the values of free stream at 
the far-field boundaries and they are extrapo­
lated from the interior at the outflow bound­
ary and the inboard station of the blade. The 
grid has cuts that lie from the trailing edge to 
the outflow boundary and beyond the blade 
tip. Along these cuts, the flow properties are 

averaged between above and below. 

Wake-Correction 

It is important to estimate the effect of 
wake especially for helicopter because the vor­
tices shed from the preceding blade become 
close to the blade under consideration and be­
cause they have strong influence on the blade 
airloading. · However, the computational re­
gion used here covers only one blade. The 
effect of wake outside of the computational re­
gion is taken into calculation by correcting the 
equivalent geometric angle of attack along the 
blade radius. Its value is estimated by using 
LCM. In the calculation of LCM, the effect of 
compressibility is included by using the two­
dimensional experimental data of airfoil aero­
dynamic characteristics obtained in the range 
from subsonic to transonic[25]. The calcula­
tion is conducted in the thrust coefficient in­
put mode in which the collective pitch angle 
is modified in order to give the same thrust 
coefficient as the measurement[26]. 

. Results and Discussions 

The method described above is applied 
to analyze the flowfield of a model helicopter 
rotor in hover. The rotor has two untwisted 
blades. The aspect ratio is equal to six and 
the airfoil section is NACA 0012. 

Rectangular tip shape 

Calculations are performed for the fol­
lowing three cases to a rectangular tip shape. 

(a) subsonic nonlifting case 
(Oc = 0°, Mr = 0.52, ReR = 1.3Sx107

) 

(b) subsonic lifting case 
(Oc = S0

, Mr = 0.44, ReR = 1.17x107 ) 

(c) transonic lifting case 
(Oc = S0

, Mr = O.S77, ReR = 2.33x107
) 

The quantity Oc is collective pitch angle, 
the quantity Mr is tip Mach number and ReR 
is Reynolds number based on the blade radius 
and tip velocity. 

Fig.2( a)-( c) shows the pressure distribu­
tion on blade surface for case (a)-(c) respec­
tively. The quantity yjc is the chordwise dis­
tance nondimensionalized by chord length and 
x / R is the radial station nondimensionalized 
by the blade radius. In these figures, our 
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Fig.2( a) Pressure distribution on blade surface for case( a). 
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Fig.2(b) Pressure distribution on blade surface for case(b). 
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Fig.2( c) Pressure distribution on blade surface for case( c). 
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Fig.3 Effect of wake-correction on blade pressure distribution for case(b). 

NS results are compared with the experimen­
tal data[26]. For lifting case, a constant in­
duced angle of attack 3.8 degree along the en­
tire blade radius is assumed. This induced 
angle of attack was used in the previous re­
search(17], and is useful for the verification 
of the present results. Fig.2(a) indicates that 
the present result for nonlifting case is in good 
agreement with the experimental data in ev­
ery radial station. In Fig.2(b ), the good agree­
ment with the experimental data is again indi­
cated. However, there is some discrepancy be­
tween measured and predicted value near the 
leading edge. As will be mentioned in the fol­
lowing paragraph, wake-correction has possi­
bility to improve this discrepancy. In Fig.2( c), 
the present result shows the reasonable pre­
diction even in the transonic condition. These 
results show that the present computer code 
has capability to predict the flowfield around 
blade tip. 

The present calculations were performed 
on FA COM VP-400 vectorized supercomputer 
at the National Aerospace Laboratory(NAL). 
It takes about 3 hours to obtain a converged 
solution which needs about 1500 time steps. 

Effect of Wake-correction 

Fig.3 shows the difference of the blade 
surface pressure distribution obtained with the 
different estimation of wake effects. Calcu­
lations are performed for case (b) by using 
present NS code with the two wake-correction 
methods. The one uses the constant induced 
angle of attack 3.8 degree along the entire 
blade radius. The other is LCM and it gives 
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~ 
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RADIAL STATION 

LO 

Fig.4 Induced angle of attack along 

blade radius calculated by using LCM. 

the variable induced angle of attack along the 
blade radius shown in Fig.4. LCM predicts 
the similar induced angle of attack to 3.8 de­
gree near the blade tip, and larger induced 
angle of attack near the root. As shown in 
Fig.3, this difference of the induced angle of 
attack distribution causes some improvement 
of the pressure distribution at the mid-radius 
region. This indicates that the estimation of 
the wake effect plays important role in this 
type of calculation. 

Regarding to the computational time, it 
takes only about 20 seconds on the FACOM 
M-780 scalarcomputer at NAL to obtain the 
distribution of induced angle of at tack by LCM, 
which is less than 1/10 computational time by 
our vortex lattice code. It is indicated that 
LClvl is an effective method to estimate the 
wake effects. 
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Wake visualization 

Fig.5 shows the tip vortex described by 
particle paths and vorticity contours. behind 
a blade for case (b) using the wake-correction 
by LCM. Vorticity contours are obtained in 
the planes of Fig.6. In this case, the tip vor­
tex is not so clear because of its small effec­
tive angle of attack( e. = 4- 5degree). Fig.7 
shows the condition of large effective angle of 
attack (e. = 14degree). In this case, the tip 
vortex can be clearly seen and the difference 
of descending speed between the tip vortex 
and inner vorticity sheet is observed. In com­
parison with the Euler result(Fig.S), the NS 
result(Fig.7(a)) indicates the more dissipated 
tip vortex because of viscosity. In addition, 
the NS results predicts the stronger inner vor­
ticity sheet because it is generated as a result 
of the viscosity of the boundary-layer. Al­
though the results have not been compared 
with measurements yet, it is indicated that 
the feature of the helicopter rotor wake is cap­
tured somewhat by the present method. It is, 
also, observed that the coarse grid in the wake 
region and conventional boundary conditions 
should be improved in future. 

Modified tip shape 
NS analysis So far, our interests are 

3rd PLANE 

2nd PLANE 

1st PLANE 

I 
BLADE 

1 CHORDJ 
j 

2 CHORD l 
I 

3 CHORD J 

Fig.6 Planes in which vorticity contour 

is obtained. 

focused to analyze the effect of modified tip 
shapes on the flowfield at the retreating side 
by solving the Navier-Stokes equations. There­
fore, as a basic case, the hovering condition 
with s~bsonic(J11y = 0.44) and moderate col­
lective pitch angle (ec = 8.0degree) is calcu­
lated by the present NS code and the results 
are compared with those of Euler code in or­
der to understand the difference between the 
results of viscous and in viscid analysis. 

Fig.9(a)-(b) show the effect of the blade 
tip shapes on the aerodynamic performance in 

IA.l.7 



BLADE 

contours obtained by NS, 

MT = 0.44, () • = 14degTee,. 
(particle from tip end) 

BLADE 
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BLADE 

Fig.8 Particle paths and vorticity contours obtained by Euler , MT = 0.44, 0, = 14deg1'ee . 

comparison with NS and Euler calculations. 
In this figure, CT and CQ are the thrust and 
torque coefficient respectively and u is the so­
lidity. The subscript 0 means the value of 
rectangular tip shape. In order to obtain CT 
and CQ, the computational region is extended 
to the root of a blade in the following cal­
culations. The modified tip shapes have the 
straight 114 chord line and the every blade 
section is 0012 airfoil section. The dimensions 
of these tips are given in Table 1. 

(1) Swept tip 
The different characteristics are observed 

between NS and Euler analyses. In the NS 
analysis, the value of CTiu is maximum for 
the straight tip and decreases both for the 
swept-back and swept-forward tips. The value 
of Cqlu is minimum for the straight tip and 
increases both for the swept-back and swept­
forward tips. In contrast, the both values of 
CTiu and Cqlu obtained by the Euler anal­
ysis increase as the swept back angle becomes 
larger. These differences are caused by the de­
velopment of the three-dimensional boundary­
layer, which changes the pressure distributions 
on the blade surface ai; well as the profile drag. 

(2) Tapered tip 

Although the small difference is observed , 
the similar qualitative characteristics of CT I u 
and Cqlu are obtained for the variation of the 
taper ratio between NS and Euler analyses. 
Except for the CT I u by the NS analysis for 

the taper ratio above 1.0 , the value of CT I u 
and Cqlu increase as the taper ratio becomes 
larger. 

Euler analysis Fig.10(a)-(b) show the 
thrust and the torque caused by the modified 
tip shapes in various tip speeds. 

(1) Swept tip 
It is observed that Cqlu in subsonic con­

dition slightly increase as the sweep-back an­
gle becoines larger(see Fig.10(b)). This is be­
cause the larger CTiu increases the induced 
drag( see Fig.lO(a)). In contrast, CQiu in tran­
sonic condition becomes smaller as the sweep­
back angle increases(see Fig.lO(a)). This is 
because the wave drag decreases owing to the 
reduced intensity of shock wave. 

(2) Tapered tip 
It is observed that Cq I u in subsonic con­

dition becomes larger as the taper ratio in­
creases(see Fig.10(b)). This is because the 
larger CTiu increases the induced drag(see 

Fig.10(b)). In transonic condition, Cqlu shows 
the different tendency from the subsonic re­
gion(see Fig.lO(b)) because of the complex 
mechanism of shock generation near tapered 
tip. The tapered tip of the taper ratio above 
1.0 weakens the intensity of shock wave at the 
tip end and strengthens it near the station 
starting the taper. In contrast, the tapered 
tip of the taper ratio less than 1.0 shows the 
opposite tendency. 
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Fig.9 Effect of the blade tip shape on the aerodynamic performance in comparison with 

NS and Euler calculations. 

Conclusions 

A three-dimensional N avier-Stokes code 
in conjunction with the q - w two-equation 
turbulence model developed by Coakley is ap­
plied to analyze the f!owfield around a model 
helicopter rotor in hover using wake-correction 
by LCM. As a result, following conclusions are 
drawn. 

A. The calculated results for rectangular tip 
shape using the N avier-Stokes code pre­
sented here are in good agreement with 
the measured pressure distributions on 
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Table 1 Dimensions .of modified tips. 

Shape No. Sweep-back Angle 
(S-1) -30 degree (from xf R = 0.95) 
(S-2) 20 degree (from xjR = 0.95) 
(S-3) 40 degree (from xfR = 0.95) 

Shape No. Taper Ratio 
(T-1) 1.4 (from xf R = 0.95) 
(T-2) 0.6 (from xj R = 0.95) 
(T-3) 0.2 (from x/R = 0.95) 
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Fig.lO Effect of the blade tip shape on the aerodynamic performance in various tip speed 

by Euler calculation. ation of taper ratio, the similar charac­

blade surface for both nonlifting and lift-
ing cases. 

B. The estimation of wake effects is impor­
tant for the analysis of rotor flowfield, 
and LCM is an effective method for this 
estimation. 

C. The following results are drawn by NS 
analysis for swept or tapered tip shapes. 
For the variation of the sweep back angle, 
the different characteristics of CT I a- and 
Cql a- are observed between NS and Euler 
analyses. This is caused by the develop­
ment of the three-dimensional boundary­
layer on the rotating blade. For the vari-

teristics ofCTia- and.CQia- are observed 
between two analyses. 

D. The following results are drawn by Euler 
analysis for swept or tapered tip shapes. 
In subsonic condition, Cqlo- grows as the 
increase of sweep-back angle or taper ra­
tio, because the larger CT I a- increases the 
induced drag. In transonic condition, as 
the increase of sweep-back angle Cqlo­
becomes smaller because of the reduced 
intensity of shock wave. In addition, the 
tendency as the increase of taper ratio 
in transonic condition is different from in 
subsonic because of the complex flowfield 
around tapered tip shape. 
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