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ABSTRACT

A hierarchy of thirteen unsteady and quasisteady inflow models is
generated for predicting £lap-lag damping in hovering and forward flight. It
comprises the development of 5x3 inflow-gailn matrices in analytic form from
available numerical data. It is based on a time-delayed, unsteady momentum
theory according to a first-order harmonic description of inflow and om an
unsteady actuator-disk theory according to both first and second-order
harmonic descriptions of inflow. In the absence of test data, the analytical
model from the umsteady actuator-disk theory with a second-order harmonic
representation is takem as a base-~line model for comparative purposes ounly.
For typical flight regimes (advance ratio .2 < u < ,4), the quasisteady
treatment of a simplified actuator-disk model adequately predicts lag regress-
ing and collective mode damping, albeit several unexpected subtleties do
occur. -

NOMENCLATURE
a Lift curve slope, radwl

[A(t)],B(t),[F(t)]} Typical state, multiblade transformation and coupling

[c(e)], [N(£) 1[G(t)]) matrices, periodic with 27

CL Harmonic perturbation of roll-moment coefficient (roll
moment/pwﬂst),'positive advaneing blade down

cM Harmonic perturbation of pitch-moment coefficient (pitch
moment/ prQ RS), positive nose-up

ChrsC Second~harmonic pressure perturbation coefficients for

2L 72M :
roll and pitch

cT Harmonic perturbation of thrust coefficient (also staady
thrust coefficient (T/anZRA) in eqn. (9) and figures)

%

€y9%4 Profile drag coefficient, equivalent profile drag coeffi-
cient

i Dimensionless helicopter flat plate area

§B Dimensionless force per unit length, perpendicular to
blade and direction of rotation '

{F} Harmonics of disc loading

L Lift on actuator disc
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[L], [M] Dynamic inflow and apparent mass matrices

N Numbe£ of blades or coupling matrix

P Dimensionless rotating flap frequency

r . Radial distance/Rotor radius R

T Rotor thrust

t Dimensionless time (identical with blade azimuth position
of first blade, wl)

U,x5Y Typical state.vectors

{v} Inflow vector

v Flow rate parameter

W Lead~lag stiffness

Z Flap~-lag coupling

a Wake skew angle

ag Rotor shaft angle, positive nose down

B Perturbation‘flapping angle

Bo(go),ss(;s) Multiblade flapping (lead-lag) coordinates: Coning, and

and B,(z.) first order cyclic flapping (lead-lag) components

B Equilibrium flapping angle = Eo + Es sin ¢ + Ec cos ¢

Y,y* Lock number, equivalent Lock number

0 Damping or real portion of characteristic exponents

a Rotor solidity -

X Stea&§ inflow (free-stream plus induced f£low)

u Rotor advance ratio

v Inflow ferturbation

VgiVgiVasV2as Components of inflow perturbations

and Voo

v Induced f£low due to steady rotor thrust

wk Azimutgﬂposition of the k-th blade (idemtical with tk),
b ™ G k-1) + ¢

L Spacial azimuth position

@, Dimensionless inplane frequency

) d/dt



1. Introduction

Dynamic inflow refers to_the low-frequency properties of the rotor
wake under unsteady conditions.l=3 It does not comprise conventional unsteady
airfeil aerodynamics which is usually applied to high-frequeocy phenomena
such as flutter.}™3 Given the wake complexity, even for steady flight condi-
tions, a thorough and yet tractable treatment of the complete wake is unlikely
for f£light dynamics applications.1‘3 Therefore it is often treated approxi-
mately on the basis of a momentum theory {(a time-delayed unsteady momentum
theory)2‘4 or a potential theory (an unsteady actuator-disk theory).>
Irrespective of the theoretical basis, dymamic inflow at a point in the rotor
disk is assumed to have a firstl-%4 or gsecond-order harmonic representation’
in terms of inflow distributions (uniform, fore-to=aft etc.).2"5 These
distributions assume the role of degrees of freedom. They are related to
perturbations in rotor air loads by linear, first-order models involving only
matrices of inflow gain and time constantsi'5 (i.e. the L and diagonal M
matrices). The quasisteady formulation, in which the effects of apparent
inflow mass are neglected, provides a means of accounting for inflow without
increasing the system dimension. With momentum theory as a basis and with
the axial flow (e.g. hovering) approximation, quasisteady theory leads to the
method of equivalent Lock number vy~ and drag coefficient e’ -8

This means, before we come to the question of adequacy of an inflow
model with minimum degrees of freedom, a hierarchy of unsteady and quasisteady
models, including the method of 'y* - c*',4’6'8 must be generated. The
hierarchy of inflow models to be considered in this research is outlined in
Figure 1. Each formulation is classified according to its analytical basis
(momentum theory or potential theory) and according to the assumed inflow
descriptions (first and second-order harmonic representations that lead to
three and five degrees of freedom, respectively). The justification of these
various inflow models is as follows. In hovering, unsteady momentum theory
with three degrees of freedom provides forced-response results?»9 and transient~
rasponse resultg’+1% 1l that correlate with measured test data. However, in
forward flight, momentum theory gives less than adequate correlaticn with
test data2s1l, Despite the inadequacies of momentum theory, and in the
absence of a viable alternative, it has been used in the analysis of flap2
and flap-lag instabilitiesl®s 1l 35 well as in conjunction with the parameter
identification of rotor-inflow systems.lo’ll Although other possibilities
have been pursued, such as a simple.vortex model?s12 and an empirical model,z’4
until recently none of these have been a satisfactory replacement for momentum
theory.s The recent development that may change this, however, is the intro-
duction of an unsteady inflow model based on potential flow theory.5’13 This
inflow model is derived from first principles and is very promising, although
it has not yet been applied to rotor or flight-dynamics problems. Further-
more, the model has several possible formulations (based on number of harmonics,
radial distribution, or unsteady versus quasi-steady) that likewise have not
been applied to rotor dynamics, but which are utilized in the inflow hierarchy
to be studied here, Figure l.

The crux of the problem then boils down to the adequacy of each inflow
medel in this hierarchy, rather tham to the development or use of a particular
inflow model on an ad hoc basis, The question naturally arises as to how to
assess this adequacy. In other words, '"how sophisticated an inflow model is
needed?™ With emphasis on non-axial flow conditions (e.g. forward flight),
we attempt to present such an assessment for predicting damping levels of
multiblade flap and inplane modes ('flap-lag damping' for short).
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Fig. 1. HIERARCHY OF THIRTEEN INFLOW MODELS.



2. Dynamic Inflow Models

Here, we introduce the dznamic inflow models in detail. They are
based on both momentum theoryZ’ +8 and potential theory,5=l3 including the
corresponding quasisteady approximations and the Y* - ¢* formulation.%6-8
The dynamic inflow v is perturbed with respect to-the steady inflow A such
that the total induced flow A is given by

A=)+ (1

where X 1is the average inflow. At any point on the rotor disc {r,y), the
dynamic perturbations in induced flow are approximated by a truncated Fourier
saeries with prescribed radial distributions.

2 ) 2
Vo=V + vsrsinw + vcrcosw + Voo T gin2y + Voo T coaly (2)

The component v, in equation (2) is a uniform component, vg and YV, are side-
to-side and fore-to-aft variatioms, and vp5 and vg. are higher-harmonic
variations. The coefficients in equation (2) are umspecified functions of
time and are taken as a state vector, {vs}

Vo fivl}lx]_\
Vg {Vs}3x1 vy >
T IR @
V2s V2e V2s
‘Vae \“Zc

Further truncations, {V.} and {Vl}, are defined by elimination of (vzs,uzc)
and (“s’“c)’ respectively.

The elements of {V}, in dynamic inflow theory, are assumed to be
linearly related to the harmonics of the disc loading on the rotor. Im other
words, potential flow theory and momentum theory assume an actuator disc
across which is a pressure drop that varies continuously with radius and
azimuth (i.e. an infinite number of blades). For rotors with a finite number
of blades, however, blade leoading rather than disc loading must be defined.
Therefore, we approximate the disc-loading harmonics by the following instan-
taneous functions of the blade loading, F

B
N 1
ag -
ey = + 2 cosg kgl (]; Fo dx) (4b)
N 1
ag -
c, -2 _kgl (j; (Fy)x dx) siny, (4¢)
N 1
c, = -2 (F,), x dx} cosp (4d)
L O kgl (]; Bk ) k
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N 1
ag = 2 ,
C2L = - N 2 (j; (Fs)kx dx) 31n2¢k (4e)

(fs)kgz dx) cos2y, (4£)

These loadings are also placed in vector form, {F5}

C {F.}
7 ) 1
{F.}
) % 3 a1 “
{F.} = > a{ ¢ = > (5)
5l 'CM 2L <'°u
Car, Com Cor,
\ Copg \Cpy

with correspondingly truncated versions {F4} and {F;l.

The relationship between the inflow harmoniecs {V} and the loading
harmonics {F} is given in dynamic inflow theory by first-order
equations in either of the following forms

mj{v} + [L17tv) = (FL (6a)
(L] [m}{v} + (v} = [L]{F} (6b)

where [m] and [L] may assume 5*5 forms, 3*3 forms, or even 1x1 forms depending
upon the choice for {V} and {F}. In the truncated versiom, it is the trun-
cated {L] matrix that is to be inverted in equation (6a); one should mot
truncate the inverted matrix [L5]“l. {The former implies a constraint on
higher inflow harmonics whereas the latter implies the less physical concept
of constraining higher-harmonic loads.)

The various inflow models discussed in this paper may be thought of as
different expressions for the [L] and [M] matrices of egquation (6). For
example, the ¢lassical momentum theory of references 2 and 4 may be defined
by diagonal matrices for {L;] and [M3],

16

- -—8- = e ———
Mg TR o Byp T Wizt T 43w (7a)
L, ===, L., aL, =-2/v (7b)
11 2v * 722 33
where the inflow parameter v is given by
2 4T
v = ue + X4V (7¢)

N uZ4x?

Other 1nflow models used here are primarily based on the actuator-dise theory
of references 5, 13, and 14. From that theory, several alternative versions
of [L] and [M] are given. Two of the altermative [M]-matrices, labelled
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"oorrected" and "uncorrected,"” are given in Table 1. 4 third version of [M],
"partially corrected," is formed by setting Mj; = 128/75y in the uncorrected
version of Table 1. In a similar manner, corrected-and partially corrected
[L] matrices are used, as given in Table 2. (An uncorrected [L] matrix is
also defined in Reference 13 but is not used here.)

The physical significance of "corrected" and "uncorrected” is as
follows. In the uncorrected results, the radial distribution of lift is
taken to be the simplest possible distribution that is allowed within the
framework of actuator-disc theory. In the corrected results, extra terms are
~added to the formulation of rotor lift in order to enforce special boundary
conditions at the rotor center. For rotor thrust, Cr, the uncorrected distri-
bution has finite 1ift at r = 0 whereas the corrected distribution has zero
lift at r = 0. For moments, Cp and Cy, even the uncorrected distribution has
zero lift at the center; but the corrected distribution has, in addition,
that the derivative of 1lift (with respect to r) is zero at the centexr. For
gsecond moments, the "corrected” and "uncorrected" models are identical to each
other; and they satisfy both L = 0 and dL/dr = 0 at the center. From the
above definitions, we see that the corrected thrust distribution is physically
more reasonable than the uncorrected, because a rotor cannot develop lift at
the hub. On the other hand, the corrected moment distributlons are no more
reasonable than are the uncorrected distributions. The two models merely
provide a range of possibilities. Because of this, a third type of [L] or
[M] matrix is defined in reference 13 with a corrected first column (to give
more accurate thrust) but with uncorrected second and third columns (to
capitalize on the simplicity and symmetry of the uncorrected model). This
third model is what we have defined in Tables 1 and 2 as "partially corrected."
It is interesting to note that the elements of [L] inm Table 2 vary continuously
with a from 0° (edgewise flow) to 90° (axial flow), and they agree exactly
with momentum theory in the latter case. Another interesting agpect of
Table 2 is that all elements of the corrected and uncorrected {L] matrices
have been assigned closed-form, analytic expressions. This is not the case
in previous work, in which some elements are given by numerical plots only.
Here, we have been able to develop accurate, closed-form expressions by
judicious combinations of base functions in order to fit the numerical data.?»13,14
We also note that closed-form values for the corrected Lg; and Lp3 elements at
a = 0° are incorrect in reference 5, but are correct here and in reference 13.

All in all, a hierarchy of thirteen inflow models is used, as shown in
Figure 1. By stipulation, model no. 1 is the reference or base line model.
A scheme of assessing the adequacy of different inflow models is outlined in
Figure 2., Its raison d'etre and basic aspects are delineated below:

1. The reference model is based on a rigorous potential theory with a
‘second harmonic inflow distribution. Given the spatially-averaged nature of
dynamic inflow, Fourier representation beyond the second harmonic is not
required.5’12’i In the absence of test data on flap-lag damping, model no. 1
provides a natural base-line model for comparing different inflow models,
although it is not necessarily the "best" model.

2. This hierarchy includes seven typical unsteady models including
the momentum theory model (no. 7 in figure 1) and model no. 6, which is
recommended recently3:13 as being "probably adequate for rotary-wing dynamics'.?,13
According to reference 13, when the inflow parameter v and the wake skew
angle o are appropriately chosen, the 3x3 L-matrix of model no. 6 "shows
excellent agreement with prescribed wake results."” Model no. 3 is included
as a 5x5 analogue of model no, 6,5313 both models having uncorrected second
and third columns.
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Table 1

Elements of M-matrices (Diagonal)

Element Corrected Uncorrected
m - 228 - 543 = = .849
Tyy = Wag - %%%F = -,086 - %§E'= -.113
my, = m - 22 - - 052 -2 - os2

Note: For partially-corrected model, use corrected my and
uncorrected Wogs Magy Wy, Mg

3-11-8




6-TI ¢t

Corrected

5x5 L-matrix
for model
nos. 1, 2
and 8

&
3x3 L-matrix
(partitioned
3x3 matrix) for
model nos. 4,
5 and 10

Parcially
Corrected

{Uncorrected
second and
third columns)
5x5 L-matrix
for model nos.
3 and 9

&
3x3 L-matrix
{partitioned
3x3 matrix)
for model nos.
6 and 11

—

1/2

0

157 J(1-sina)
64 (1+sina)

0

_ 3 (i-sina)
7 (1+sing)

oy

1/2

0

157w {1-sina)
64 (1+sina)

0

_ 3 (1-sina)
7 (1+sina)

Note: 1.

Table 2

Elements of I, Matrices

0 5257 (1—sina)
2048 (1+sina)

__—h 0
(I+sina)
0 _ 1 sina(7+sina)
2 {(1+sina)
_ 22057 (l-sing) o
2048 (l+sing)
0 -2 sina(l-sina)
0 157 [{1-sina)
64 (1+sina)
=4
{1+sina) 0
0 -4 sing
1+sing
_ 451 (1-sing) - o
32 (1+sina)
0 -2 sina(l-sing)

Multiply all elements by 1/v

0 0
1057 (l-sina) o
128 (i+sina)
0 2sina(l-sina)
-sina(1l-5 sina) 0
(1l+sina)
6 2
0 =6{1+sin" )
(l+sina)2
0 0.
1057 (l-sina) 0
128 (1l+sina)
0 2 sina(l-sina)
~sina{l1i-5 sing) 0
{1+sina)
o —6§1+sin2u!
(Ltsinm)?

2. 3x3 L-matrix for model nos. 7 and 12 is given by equation (7)
which is partially corrected 3x3 L-matrix with o = 90°,



flap-lag model
of the rotor with
reference inflow
mode! with five
degrees of
freedom

Stability anglysis : Floquet
theory and constant parameter
approximation (CPA ). Primarily
through CPA identify muitiblade
lag and flap modes. Compute

Inclusion of successive mode damping .
inflow models as identified ¢ -
in Fig. 1.
) Y
Stability analysis
for the
selected inflow model

Whether
all inflow models

agre covered

by comparing lag-flap
damping levels fromthe
hierarchy of models

with those from the

FIG. 2. FLOW CHART FOR ASSESSING THE ADEQUACY
OF DIFFERENT DYNAMIC INFLOW MODELS.
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3, For model nos. 1 and 2 with five degrees of freedom, the same 5x5
L-matrix from the potential theory is used, whereas the 5x3 M-~matrix is based
on the corrected lift distributions for medel no. 1 and on the uncorrected
distributions for model no. 2. A similar patterm is followed for the two 3x3
unsteady models, nos. 4 and 5, in order to assess the effects of appareant -
mass.

4, All corresponding quasisteady models are included--~Nos. 8, 9, 10,
11, 12 and 13. Model no. 13 is the simplest one in that inflow perturbatlons
can be included in the no-inflow models by a simple change of y to y* and
Cd to Cd‘

B e
¥ (1+ac/8v) (8)

C
(cd/a)* = (cd/a)(l+ac/8v) + Q%%)(G E%b (9)

3. Three or More Bladed Rotors with Inflow

We, now, briefly look into the state—varilable representation of the
rotor and dynamic inflow systems. The rotor system is represented by rigid
blades flexibly attached at the rotor centre. The blade executes only rigid
flap and lag metioms. Individual blade (airfoil) aerodynamics is based on
linear, quasisteady theory without the inclusion of stall, compressibility, or
other effects due to reversed and radial flow. A rotor schematic is shown in
Figure 3 which also includes two coordinate systems --— the rotating system,
small (x,y,z); and the non-rotating system, capital (X,¥,Z). By stipulationm,
the small (x,y,z) system rotates with rotor angular velocity @, the period of
one rotation being 2w. Therefore, with time unit 1/R, no distinction need be
made between the azimuth angle of the reference blade, ¥;, and dimensionless
time t. The elasticity of the hub (inboard of the blade location where pitch
change takes place) is simulated by introducing an elastic coupling or hub
rigidity parameter Ry which relates the rotation of the principal axes of the
blade-hub system and the blade pitch 8. The spring stiffnesses Kg and K
(Figure 3) are selected such that the uncoupled rotating flap and lag natural
frequencies coinecide with the corresponding first-mode rotating matural
frequencies of the elastic blade. As such, the rotor model is quite adequate
to study low-frequency, multiblade instabilities which are highly sensitive
to inflow dynamics. The inflow dynamics couple with the blade dynamics as a
feedback loop, as outlined in Figure 4.

For convenience, the completg rotor-inflow system is denoted by (Xp,U)
where Xp refers to Bk, Bys Cy» and L, of the k-th blade in the rotating
frame; and U refers to the inflow components v, Vg, Vq» Vogs and ¥o. in the
non~-rotating frame. When multiblade coordinates are used (mon-rotating frame)
). 1s replaced by ¥. TFor a three—-bladed rotor, reprasents (By>» Bk' Lo
gk) for k varying from 1 to 3; and Y represents (% By Boos B gr Pgs 5g»
Los Les Las Bgs 4g). Thus, for a rotor system wlth N blades and £for an
inflow System with five degrees of freedom, the rotor-inflow system has the
state variable representation:

Rp = A gy T ¥ N g5 U (10a)

The dynamics of the inflow system, as typified by equation (6), can be expressed
as

Mﬁ+L‘1U=F(t)xR+G(t)U



R'h' 8
Lead~lag spring
Flap spring. restraint

restraint

’ Flap
lead-lag

8 =Blade pitch
Ry = Elastic coupling or hub
rigidity parameter

FIG. 3. ROTOR SCHEMATIC
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which reduces to

-1 1

G it tewtoiventy X, (10b)
If B(t) represents the 4Nx4N multiblade coordinate-transformation matrix,8 we

have
XR = B(t) Y (10c)

The state equation for the rotor-inflow system can then be expressed as

¥ 57t 4 B-313 3l N (1

= (10d)

. -1 -1 -1, -1
U (4N+5) %1 M F B -M lL M G U (4GNS )1

In the quasisteady formulation, the second row of equation (10d) simplifies
to

Us[[I-LG6I t'LFB]Y (11)

Consequently, equation (10d) takes the form

1

taptas-sB+ewreltLraly (12)

(4Nx%1)

Basically, a study of a rotor system with unsteady inflgw reduces to
the treatment of equation (10d) which involves matrices A&, B,,B, B*l, N, M,
M?l, F, G and L. For the rigid flap-lag rotor model, (4, B, B, B1) are
generated as in reference 8. The matrix N(t) is given in Table 3. Observe
that the elements of N(t) pertaiming to vy, vg, and Vv, agree with those of
earlier studies#:6~8 in which an inflow model with three degrees of freedom
from momentum theory is used. The remaining two matrices--F and G--refer to
the air loads Cp, Cps Cy, Cpp, and Cpy. They are too cumbersome to reproduce
here.

When the inflow model is either momentum theory or the 3*3 potential
theory, and when the rotor has 3 or more blades, equation (12) represents a
constant-parameter system for y = 0. Furthermore, the periodic terms are not
large (even for ¢ < u < .3) due to the multi~blade representation. However,
when the inflow model iz the 5x5 potential theory (which implies the addition
of second-harmonics of leocads and inflow), then the equations have strong
periodic coefficients even for n = 0. Although these periodic terms initially
surprised us; in retrospect, they should have been expected. They are, in
fact, somewhat anmalcgous to the periodic terms that occur at ¥ = 0 when the
3x3 inflow model (first-harmonics of loads and inflow) is applied te a rotor
with less than 3 blades. In the latter case, the 3%X3 model requires instan-
taneous thrust, roll moment, and pitch moment; but a two~bladed rotor has
roll and pitch moments with large 2/rev oscillations due to the lack of polar
symmetry. In a similar manner, the 5%5 model requires instantaneous thrust,
roll moment, pitch moment, second-harmonic roll, and second-harmonic piteh.
For a three-~bladed rotor, however, only thres of these vary smoothly with
time. The second-harmonic components of blade loading vary erratically
yielding periocdic coefficients. Another way of looking at this problem is as
a result of trying to represent a continuous lift distribution by discrete
blade loadings. For a three~bladed rotor, at any point in time, the '"con-
tinuous” loading implicit in potential (actuator~disc) theory i1s represented

3.11~14



i

_(5;- + 2uSt)

+ 3¢ + 4uBCt

St

St = sin tk;

*4th row

-8 (% + 2uSt)

-1+ ‘3’ LSE)SE

(26 + % ufCt)st

-8(1 +% usSt)st

Ct = cos tk’

Table 3

Elements of N(tk)

~-(1 + %-uSt)Ct

(2% + % ugce)Ct

-8(1 + % ust)ct

k=l 2,000,N
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a'é(% + ust)c2t
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by only 3 discrete points on 0 < ¢ < 2n. These three points can be used to
uniquely define Cr, Cp, and Cy (as in a finite Fourier series); but one
cannot expect to consistently define five loadings from only three points.
We suspect, however, that a five-bladed rotor with the 5x5 potential theory
would provide a consistent model having constant coefficients at y = 0,

4, Numerical Results

The damping data given below are gemerated for the moment-trimmed con-
dition (f = Bg = Ba = 0) typical of main rotors as in reference 4. Base-
line and additional parameters are identified in Table 4. The details of the
ordering scheme are identical to those of references 4 and 8. The manually
derived rotor-inflow state equations have been found to agree with the computer-
generated ones for the ordering scheme 1 >> €2, where € is a small quantity

of the order of By, A, Ek, cqfa etc., for details see reference 15.

While computing the 'L' matrices given in Table 3, we have identified
the incidence angle o with the wake skew angle downstream of the rotor such
that

o = tan T [(F9)/u] (13)

When ag represents the shaft angle of attack, we have (with small angle
asgumption): A = agp + v for £ # 0, aud A = v for £ = 0, We should note,
however, that Reference 5 suggests that the wake skew angle at the rotor be
used in [L],

o f[at rotor] = tan-l A/ul (14)

and the value at the rotor seems to gilve good correlation with a prescribed
wake theory.13 The downstream a (rather than o at the rotor) was inadver-
tently used hera, but the resultant damping values are little changed by_this
difference. Figure 5 provides a plot_of «¢ downstream for two values of f as
well as a plot of a at the rotor for £ = 0. Other parameters pertinent to

the figure are Cp/o=.,2, ¢ = ,05, a = 2y. The results show that the difference
in the walues of o should not affect the comclusions to be drawn.

In the results to follow, damping curves are labelled as regressing,
collective, or progressing modes. When identifying frequencies in this
manner in a Floquet analysis, a degree of subjectivity capmot be avoided. As
a matter of fact, ome could get all the three multiblade inplane or flapping
modes practically for the same freguency value due to frequency ambivalence
inherent in the Floquet analysis.l In the present study, multiblade modes
have been more precisely identified with the help of the constant-parameter
approximation (CPA) for an advance ratio range of 0 < u < 0.4. In CPA, there
is less ambiguity concerming these frequencies, though such an approach is
not always foolproof, particularly for u > 0.25 or s0.8 Such an identifica-
tion has also been found to be consistent with the eigenvector analyses of
FTMSL6 and with the physics of the problem in that the lowest-frequency lag
regressing mode is usually the most affected by dynamic inflow. On the other
hand, we realize that, for u > .25, modes may be significantly coupled; and
the terms "collective, etc." may have diminished physical meaning.

Unless stated otherwise, all the subsequent numerical results in
Figure 6 to 12 refer to the base-line configuration identified in Table &,
In data presentation, the low-frequency (w = 0.3) lag regressing mode is
emphasized, since it is most affected by inflow. It is also the crucial mode
in several £light dynamics problems.1r7 Data for the collective and progressing
modes (w = 0.7,1.7) are also presented, however, for completeness.
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Rotor-Inflow System Parameters for

Table 4

Numerical Results

Parameters

Bage Line Values

Additional Values

Y

¥

Elastic Coupling

(R;)

Cd/a

Equilibrium
Condition

a

0.35
5

Nil (0)

1.15

0.7

0.2

0.05

3
0.01/27

Moment Trimmed
(£ = 0.0)

From Equation (13)
(see Figure no. 5)
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We begin with Figure & which gives the lag damping of the regressing
mode for each inflow model. First, let us consider the region of high advance
ratio. PFor large p (.25 < u < .4), we know from previous work? that the
dynamic inflow is virtually quasi-steady; and this is born out by the fact
that differences in apparent mass among models 1-3 (or among models 4-6) have
virtually no effect on damping. The high-p data further show that, in this
quasi-steady regime (in which the L matrix dominates), there is little effect
of the details of lift distribution {corrected versus partially corrected).
In other words, models 2 and 3 agree as do models 5 and 6. The high-u data
also show that there 18 a marked difference in damping levels between the 3x3
potential theories (4-8) and the 5x5 potential theories (1-3). The 18%
change in damping between the 3x3 and 5x5 models (at high u) was not expected,
and is difficult to ratiomalize physically. We will, however, return to this
phenomenon shortly, after studying more results.

In the low-u region of Figure 6 (0 < p < .15}, both quasi-steady and
unsteady terms are importamt. A comparison of models 1-6 shows that the Myj
term has negligible effect on regressing damping (2 and 3 have the same
damping, 5 and 6 the same) whereas the Mjo and My3 terms have a strong effect
(L differs from 2-3, 4 differs from 5-6)., This is to be expected due to the
decoupling of collective modes (including v,, Myj) in hover. Also in the
low-y region, we note that both momentum theory (7) and the 3x3 models with
uncorrected second and third columns (5,6) give nearly identical results.

This is to be expected since these potential-flow models reduce to momentum
theory in the limit as u + 0. What is surprising, however, 1s the agreement
between momentum theory (7) and the 3x3 potential models (4-6) as u becomes
large, The maximum error in the effect of inflow is 20%, and the maximum error
in total damping is about 10%Z. This agreement occurs despite large qualitative
differences among the [L] matrices at large p. We hasten to add, however, the
test data on forced response has previously showm large differences between
results with momentum theory and results with more sophisticated [L] matrices.
Therefore, we may not conclude from this one figure that momentum theory is
always adequate. A comparison of 3x3 potential flow models to 5x5 models at
low ¢ (i.e. compare 1 and 4, 2 and 5, or 3 and 6) shows only 11% difference as
compared to 18% difference at high pu. From this, we conclude that it is the
fourth and fifth rows and columns of [L] that cause the major discrepancies,
The My, and Mg5 terms, om the other hand, seem to alleviate the differences.
This further implies that the higher-frequency variatioms in Cgy and Coy, which
tend to dominate the quasi-steady results at high p, are somewhat filtered out
by the apparent mass terms, which come into play at low u.

Finally, we note that, despite the wvarious differences among the
results, all dynamic inflow theories give qualitatively similar results; and
all theories show large deviations (over 50%) with resgspect te the theory
without inflow for the damping of the regressing mode.

A similar plot for the damping of the collective mode is given in
Figure 7. Here, in contrast to Figure 6, the My1 term is seen to have the
major effect at low p. (Note that the Mjj of model 2 differs from that of
models 1, 3; and M;; of model 5 differs from that of 4, 6.) The semsitivity
to Mjy is to be expected because Mj; represents the apparent mass of vy which
should dominate the g, (collective) mode. It is interesting for the collective
mode that there 1s little difference between the damping from the 3x3 and 5x5
inflow models (1 agrees with 4, 2 with 5, and 3 with 6). Again, this is to
be expected since the 2/rev variation in ‘induced flow (introduced in:the 5x5
model) should have no average effect on a uniform (i.e. collective) mode at
low H. On an overall basis, the agreement amoung 1,3,4,6 and also between
2,5 are a consequence of the decoupling of the collective mode at low u.
Figure 8 provides the third plot, that of the progressing mode, to com~
plete the set of damping curves., The low-p values show similar trends to
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those of Figure 6 due to the fact that Mog and Mag provide the major influence
on damping. We also comment that the agreement between 2 and 4 seems a numeri-
cal coincidence, and it does not occur om other plots. The high-y portion of
the curves is also similar to that of Figure 6 with two marked differences:

1) the discrepancy between the 3%3 and 5x5 models is much larger for the
progressing mode than for the regressing mode; and 2) the 5x5 results do not
approach the NO-INFLOW theory as p becomes large. These two observations
_place serious doubts upon the consistency of the 5x5 model, as discussed below.

We recall the earlier discussion concerning the use of three discrete
blade loadings to replace the continucus disc-loading implied by potential
theory. In that discussion, we stated that this approximation could result
in extraneous, large oscillatiom in Cp; and Cpy (and thus in vgg and vp.).
The results In Figures 6 and 8 indicate that indeed this is happening. These
axtraneous oscillations contaminate the low-frequency, regressing mode to
account for 18% error; and they comtaminate the high-frequency, progressing
mode by a much greater amcunt (100%). Further justification for this conclu~
sion is to be found in the results of the constant-parameter approximation,
not shown here. For those results, periodic coefficients (including the
extranecus periodicity at u = 0 in the 5x5 model) are neglected. The results
indicate a much closer agreement between 3%3 and 5%5 models than is found in
Figure 6, and many of the damping curves are virtually identical with the two
models. This points to the fact that it is periodicity, not the fourth and
fifth columms, that give the differences between 3x3 and 5x5 models. We
therefore believe that the 5x5 model should not be used for rotors with fewer
than 5 blades. Further calculations must be done to verify whether or not 5~
bladed rotors will have these problems. Meanwhile, since most conventlonmal
rotors have four blades or less, we recommend abandomment of the 5x5 models
and use only of the 3%3 models.

The following figures deal with further verification of the conclusions
in Figures 6~8.. Figure 9 shows damping results with the six quasi-steady
inflow models. The data, when compared to that of Figure 6, show that the
high-y results of that earlier figure are indeed quasi-steady. Figure 9 also
shows, in agreement with Figures 6-~8, that momesdtum theory captures the major
effects of inflow on lag damping. This is seen in the agreement between
momentum theory and the 3x3, partially-corrected model., In fact, all 3x3
madels (10, 11, and 12) are very close in Figure 9. Another interesting
aspect of Figure 9 is the agreement among quasi-steady models 10-~13 (3x3
models) and among quasi~steady wodels 8-9 (5x5 models) at y = 0. This is in
contrast to marked differences in their unsteady counterparts, Figure 6. The
conclusion is clear. At low p, it is entirely the effect of apparent mass
(not changes in [L]) that creates differences among the 3x3 (or among 5x3)
models. On the other hand, differences between the 3x3 group (10-12) and the
5x5 group (8-9) persist at p = 0, which indicates the [L)] matrix and period-
icity as the source of those differences.

Figure 10 pursues the effect of thrust coefficient on the regressing
damping at p = 0.35. 7The data show that the conclusions reached earlier are
independent of rotor 1lift, although the differences among theories do increase
slightly with Cp/g. In particular, the maximum error is 13% for Cp/g = 0.1,
16% for CT/U = .15, and 18% for CT/c = .20, Figure 11 repeats regressing
damping but for zero angle of incidence. Although ¢ = 0 is rot strictly
possible for y = 0, g can remain zero as p approaches zero, with proper
choice of shaft angle and rotor speed. Since g = 0 gives the maximum possible
deviation between momentum theory and potential theory, Figure 1l gives an
upper bound on this deviation for a retor with gz, = 0.7. Perhaps the most
meaningful comparison in the figure is that betweéen momentum theory (7) and
the partially corrected 3x3 model (6). At low u, the zero angle of incidence
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draws curve 6 away from curve 7 and closer to the no-inflow results (n = 7x1073
at p = ), The difference is a significant percentage of the total effect of
inflow. Therefore, we conclude that, under appropriate conditions, there
can be a large difference between the results with momentum theory and the
results with the 3x3 potential theory. Finally, Figure 12 presents damping
data for the regressing mode of a stiff inplane rotor, w,=1l.4. ALl of the
conclusion of Figure 6 (soft inplane rotor) are verified with one deviation.
The momentum theory results (for damping) show poorer agreement with the 3x3
potential model in Figure 12 than they do in Figure 6 (50% of inflow effect
versus 20%)}. Thus, momentum theory 1s not adequate for this particular
configuration.

Other results (not shown here)} show that all unsteady dynamic inflow
madels give nearly ildentiecal results for flap damping, Thus flap-damping is
not sensitive to dynmamic inflow model, although flap forced response is
sensitive to the model.

5., Conclusions

The following conclusions are based om a rigid-blade, flap-lag model
of a 3~bladed rotor with fixed hub. Therefore, these conclusions must be
tempered by the fact that they apply only to this model and with respect to
the accuracy of the flap and inplane damping. With that in mind, we draw the
following conclusions.

1. The 5x5 inflow model should be abandoned since it leads to an
inconsistent rotor~-wake model for rotors with less than 5 blades.

2. The 3x3, partially-corrected inflow model remains the clear choice
for a simple, aécurate desecription of dynamic inflow.

3. For some choices of system parameters, the flap-lag damping with
the 3x3 model is very close to the damping with the momentum-theory
model; but for other parameter sets, momentum theory can be in
error by as much as 50% with respect to the effect of dynamic
inflow.

4. The greatly simplified T*-Cg approximation, although not giving an
accurate quantitative measure of the effect of inflow, nevertheless
is qualitatively accurate for trend studies throughout the entire
parameter range.

5. At high advance ratio, the effect of inflow is primarily quasi-
steady and is insensitive to the particular lift distribution upon
which [L] is based.

6. At low advance ratios, apparent mass terms play a major role in the
flap-lag damping; but the differences in [M] between corrected and
uncorrected lift distributions account for only a 5%-10% change in
damping.

7. Necessary future work Includes application of the inflow models to

2-bladed and 5-bladed rotors, as well as use of the 3x3 partially~
corrected model in calculations of flapping response.
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