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Abstract 

A basic study on the forced aeroelastic response characteristics of a bearingless 
rotor blade in forward flight is performed. An aeroelastic time-domain model 
which incorporates the blade elastic flapping and torsion degrees of freedom, 
and a more complete aerodynamic formulation including dynamic stall, 
compressibility and free wake effects is developed using the integrating-matrix 
method. The interaction between dynamic and aerodynamic modes is 
investigated in detail, leading to the conclusion that a substantial reduction in 
the vibration levels at the critical rotor frequencies multiple of the number of 
blades may be achieved if the dynamic and aerodynamic characteristic 
frequencies are well separated in the spectrum. The study also suggests that 
the active control techniques based on tailoring the relative position of the 
complex poles (damping and/or frequency) associated with the aeroelastic 
modes of a single blade can provide a basic and efficient solution for the 
helicopter's airframe/rotor vibration problem. 

1. Introduction 

The objective of this study is to investigate some basic aspects of the open-loop 
aeroelastic response characteristics of bearingless rotors in forward flight. A simplified 
dynamic model of a single blade with a more complete aerodynamic formulation 
including dynamic stall, compressibility and free wake effects is developed. As a first 
approach to the problem, the aerodynamic damping due to the out-of-phase unsteady 
loads is not included, but it can be easily introduced in a more sophisticated analysis. 
Moreover, the present model can be extended to perform time-domain aeroelastic 
response simulations of the complete, multi-blade rotor. Closed-loop analyses of 
individual-blade-control systems can also be performed with minimal additional 
computation effort. As a case study, the aeroelastic response of a single blade of the 
two-meter diameter, four-blade rotor model which was extensively tested for its 
aerodynamic characteristics in the German-Dutch Wind Tunnel (DNW) in December 
1992 is simulated. 

In the previous investigations an aeroelastic model of a bearing less rotary wing including 
both the elastic flatwise bending and the torsion degrees of freedom was described [1 L 
[2]. This model was developed using the integrating matrix method where the blade 
local properties (i.e. mass, stiffness and aerodynamics) are defined at n discrete points 
along the structure. The integrating matrix is a co-located semi-analytical method to 
solve linear differential equations with generic boundary conditions [3]. It uses high­
order polynomial interpolations to approximate the required variation in the blade local 



properties. Integrating and differentiating matrix operators of size nxn are constructed 
to handle the mathematical modelling situations usually found in an aeroelastic 
formulation. The method can be extended to deal with differential equations with 
periodic coefficients and control variables as well [1], [2], [4]. The most interesting 
feature of the method is its ability to solve a complex problem such as the elastic rotary 
wing using a semi-analytical approach. Simple algebraic manipulations eliminate the 
spatial independent variable and reduce the blade governing differential equations to a 
standard time-domain form. The equations may be then either directly integrated in 
time or decomposed in a modal subspace as an intermediate step. Using the latter 
approach, the order of the problem is further decreased and very efficient 
computational results are obtained. 

2. Aeroelastic Model 

The single blade governing differential equations (in non-dimensional form, [1]) are cast 
in a state vector form where the dependent variables are the cross-section flatwise 
bending M, shear resultant H, bending slope q;, bending displacement w, torque 1: and 
torsion deformation G. The independent variables are the normalized (with respect to 
the rotor radius R) spanwise coordinate rand time, or more precisely the azimuth angle 
lfJ=.f2t. Dots denote the time differentiation and primes the spatial differentiation: 

where 

M'=H+vTcp 

H'=vmw-F w 

cp' = D'11M + D'13t 

w' = ~cp 
t' = vmk/(S+ii)- M, 

9' = D'13M + D'33't 

l 

T = 1/v J mrdr. 

( 1 ) 

is the local tension. Dq* (i,j=1,3) are the structural complience coefficients, m is the 
running mass, k6 is the cross-section radius of gyration and v=m.Q2R4/Et,ef F wand M8 are 
the aerodynamic running force and moment, respectively. This set of six first-order 
differential equations may be discretized in space by defining the blade local properties 
as the elements of diagonal matrices of dimension n. These elements are treated during 
the integration process as constants that spatially weight the dependent variable to be 
integrated. The rows of the integrating (or differentiating) operator define the 
weighting numbers associated with the interpolating polynomial used in the 
integration. Thus, pre-multiplication of a dependent variable described by a discrete 
vector f of dimension nx1 by hWC (where W is the matrix of polynomial weighting 
numbers, C is the diagonal matrix of local properties and h is the length of the 
integration step) yields an approximation for one generic element of area under the 
curve Cf. Further defining S as a lower triangular matrix of ones (Sij= 1 when i:2} and 
Sij=O if i<J), the product hSWCf produces a nx1 vector such that its ;th element is the 
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integral of f from the first to the rth point along the integration path. An integration 
constant k associated with the value of f at the first point along the path is naturally 
obtained. Moreover, the integration can be carried out in the two directions along the 
path, allowing the association of k with any of the two boundary conditions. The 
integrating matrix operator L is defined by the product hSW. Hence, a set of differential 
equations such as Eq. 1 is formally integrated in space by (1) pre-multiplication of each 
term by the integrating matrix operator L, and (2) evaluation of the corresponding 
integration constants using the given boundary conditions. In the present analysis those 
associated with a bearingless rotor are used: 

M(O) = c~cp(O) 

M(R)=O 

H(R)=O 

w(O) =0 

t(R) = 0 

"(O) = c, (e (O) -e J 
(2) 

The parameters c~ and c6 define the blade root flexibility in bending and torsion, 
respectively. Both the collective (60) and cyclic (61) pitch control angles are introduced 
through the single input variable 

(3) 

dependent on the azimuth angle. Since by definition the first row of the integrating 
matrix operator is composed of zeros (Cf is integrated from the first point to itself), and 
the last row represents the integral of Cf from the first to the last discretizing point of 
the normalized interval ( 1 d?.f:20), it is possible to define two square matrices of size n 

1 0 0 0 0 1 

1 0 0 0 0 1 
B,= : ;Bt = (4) 

1 0 0 0 0 1 

such that 

B0L = O;B0f = f(O) = k;B1f = f(l) = k. (5) 

Hence, the solution proceeds by (1) pre-multiplying each (already integrated) member of 
Eq. 1 by either 80 or 8 1, and (2) observing the boundary conditions in Eq. 2. The six 
integration constants are isolated, respectively: 
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kM =-B 1LH-vB1L'T<p 

kH = -vB1L'mw+ B1LFW 

k~=l/c~kM 

k =0 w 

2 •• 
k, =-vB 1L'm'J.e (8+8)+B1LM9 

k. = 1/ c.k, + lnxl ec. 
(6) 

The constants are substituted back in Eq. 1 (integrated) and the resulting equations are 
algebraically manipulated in order to reduce the order of the problem, yielding 

Fx-x = Gx+Hu, (7) 
where 

x =[<p e q, ef (8) 

[
0 -VL0 LM] [VL0 Z OJ ( ] F= ·G= ·H= H vyH t o , o o· 1 2 (9) 

(1 0) 

( 11 ) 

(12) 

and 'Y is the Lock number. In Eqs. 1 0-11 L * is the integrating matrix in the backward 
direction, 

l 

L'f = (B1 -l)Lf = f fdr. 
(13) 

' 

The left hand side of Eq. 7 defines the eigenvalue problem associated with a non­
rotating beam having the mass and stiffness properties of the blade: 
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( 14) 

Since the L operator is not symmetric, the eigenvectors collected in the columns of U, 
are not real quantities. Furthermore, they are orthogonal to their respective left 
eigenvectors, obtained by solving the eigenvalue problem associated with the transpose 
of F in Eq. 14. Alternatively, the left modal matrix is calculated by the pseudo-inverse of 
U, (Eq. 15, where the superscript H denotes the Hermitian transpose). This is a preferred 
method if the modal subspace is truncated after the first m natural modes. In the 
diagonal matrix of eigenvalues the natural frequencies (normalized by Q) appear in the 
imaginary part of the roots, and always as a pair of complex conjugate numbers. Both 
the right and left eigenvectors also appear in complex conjugate pairs. Viscous damping 
can be introduced at this point by adding a real part to the roots in A. 

U, =(U/U,r'U/. (15) 

The following bi-orthogonal identities hold for the modal matrices: 

(16) 

Matrix G in Eq. 7 contains the geometric stiffness terms generated by the spinning 
blade, and the product Hu the external loads due to both the blade control system and 
aerodynamics. Therefore, the system's single input variable becomes the azimuth angle, 
i.e.: U=U('JI). The aerodynamic loads are obtained through an independent calculation in 
the present study, assuming a rigid blade subject to the same flight conditions of the 
elastic blade. In steady-state regime the unsteady aerodynamic coefficients are periodic 
functions of the azimuth angle and may be expanded in Fourier series: 

where I is taken to achieve the series convergence. The latter coefficients are related to 
the aerodynamic loads in Eq. 12 by 

(18) 

In Eq. 18 the cross-section's normalized local velocity is approximated by its tangential 
component, 

u = Ur = r+j..l.sin 'JI (19) 

69-5 



where c is the blade chord and ll the advance ratio. In general, the Fourier coefficients 
are complex quantities (if the aerodynamic damping is considered in the analysis), 
yielding: 

I II I II 

cM==cM +icM ;cL==cL +icL. (20) 

The aerodynamic moment coefficient eM is calculated with respect to the elastic axis, i.e. 
CAf=CM 

14 
-(0.25-xEI)c1, where the elastic axis position xEA is measured in chords from the 

airfoil leading edge aft. 

In order to further reduce the order of the problem, it is convenient to decompose Eq. 7 
in the modal subspace spanned by the blade normal modes (non-spinning condition). In 
so doing, the geometric stiffness terms are treated as external loads as well. Using the 
transformation 

(21) 

and Eq. 16, one gets 

i] ==AT]+ Bu, (22) 

where 

A= A(l + UIGU,);B =AU/H. (23) 

The superscript 1 on the left modal matrix denotes its upper half partition (of dimension 
mx2N). 

The system's output can be either the vector of physical dependent variables (using Eq. 
21) or the reaction loads at the blade root (shear resultant and torque). The former 
gives the distributed elastic displacement field along the blade (bending slope and 
torsion), whereas the latter is particularly interesting because these are precisely the 
dynamic loads transmitted into the helicopter's airframe due to the blade aeroelastic 
response. The blade root reactions can be calculated observing Eqs. 1, 5 and 6: 

H(O) = kH; w =-Lip 

"t(O) = k,. 
(24) 

Partitioning the right modal matrix into its four Nxm components (numbered with the 
superscripts 1 to 4), taking the necessary time derivatives in Eq. 21, 

'" == u 3-n·e = u 2""·e == u • ., "t' r 'I' r 'I' r '1 (25) 
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and substituting Eq. 22 into the first and third equations in Eq. 25, the following is 
obtained: 

lip)_ [U,' ~] [U,'Bl e - u, 11 + o u. 

Ei U 4A U 4 B r r 

From Eq. 24, 

Substitution of Eq. 26 into Eq. 27 yields 

y = {H(O)} = C11+Du, 
't(O) 

which is the standard form of the output equation. 

3. A Case Study 

(26) 

(27) 

(28) 

The aeroelastic response of the 40%-scaled, B0-105's two meter diameter four blade 
rotor model that was tested in the German-Dutch Wind Tunnel (DNW) in December 
1992 is investigated. A thoroughly description of the test may be found in [5]. The 
blades were instrumented to measure among other parameters the pressure distribution 
along the structure, providing a check for aerodynamic calculations. However, high 
aeroelastic response was observed during the tests because for the sake of the reliability 
the blade specimens were as flexible as actual helicopter blades. The tests were 
conducted to simulate real situations in lifting forward flight. For this, rotor pitch and 
tilt angle control facilities were introduced in the apparatus. 

The aerodynamic model used in the present analysis is due to Ahmed and Vidjaja [6]. It 
is a 3-D unsteady panel method developed to numerically compute the subsonic 
aerodynamics of finite thickness multi-blade rotors including dynamic stall, 
compressibility and free wake. The free wake is simulated by a lattice of shed and 
trailing vortices. Since no restrictions are placed on the prescribed blade control, blade 
profile, planform, twist, etc., the code can treat multi-blade rotors in a variety of flight 
conditions including the descent and climb modes. Although a rigid blade was assumed, 
prediction of pressure distribution on the blade surface in the hover situation agreed 
very well with the wind tunnel test data; results for the descent flight are also in fair 
agreement with the experiment. 

After the periodic regime is established, the aerodynamic loads associated with a rigid 
blade 
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eL = eL ('!f;J..l,9,,o;,k,MOR ,er) 

eM =eM ('!f;J..l,e,,a,k,MOR,er) 
ll~ 1/4 

(29) 

are introduced into the aeroelastic model associated with the same flight condition 
(defined by the first three parameters in Eq. 29). Therefore, the last four parameters in 
Eq. 29 (respectively shaft tilt angle a, reduced frequency k, tip Mach number M!lR and 
thrust coefficient Cr) are not explicit variables in the aeroelastic model. The reduced 
frequency is based on the rotor spinning frequency. If the periodic regime is already 
established (to assure the series convergence and avoid the so-called Gibbs effect [7]), 
the aerodynamic coefficients may be expanded in Fourier series (Eq. 17). For this, the 
following operation is performed: 

2 
c =-

L, n* 

0 

0 

0 

0 

1/2 

I 

2 
CL =- 1 

' n * 

where 

0 
. 1 2 sm-- 'I' 

n*-1 
. 1 4 sm-- 'I' 

n*-1 

sin -
1
-2(1-1)'1' 

n*-1 

1/2 
I 

cos--2'1' 
n*-1 

I 
cos--4'1' 

n*.-1 
I . 

cos--2(1-1)'1' 
n*-1 

0 
. 2 2 sm-- 'I' 

n*-1 
. 2 4 sm-- 'I' 

n*-1 

sin-
2

-2(1-1)'1' 
n*-1 

1/2 
2 

cos--2'1' 
n*-1 

2 
cos--4'1' 

n*.-1 
2 . 

cos--2(1-1)'1' 
n*-1 

cL = cL(i,j);i = 1, ... n*;j = 1, ... n 

0 
n*-1 

sin--2rr 
n*-1 

. n*-1 
sm--4rr 

n*-1 

n*-1 
sin--2(l-1)1t 

n*-1 

1/2 
n*-1 

cos--21t 
n*-1 
n*-1 

cos--41t 
n*.-1 

n*-1 
cos--2(1-l)rr 

n*-1 

CL (30a) 

lxn• 

(30b) 

(31) 

is a matrix in which each column gives a fine discretization of the lift coefficient at the 
jth r!R station along the blade (n* is typically a large value in the order of 1 Q3). The 
matrix cL(I/I,riR)=ct(l/l+2n,r/R) is directly obtained from the aerodynamic model output 
data. A similar calculation can be made for the moment coefficient. Once the 
coefficient matrices in Eqs. 30a-b are obtained, the external loads in the modal 
subspace can be efficiently integrated since at each time step (corresponding to an 
azimuth angle) the vector u is computed from 
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where 

1 0 

COS1jl sin 'V 

cos(l-1)1j1 sin (l-1)1j1 

The present case-study is based in the parameters listed in Table 1. 

Parameter 
MnR 

CT 
0. 

ec 
u 

mode 

Table 1: Aerodynamic parameters 

~ 
.74 

.00448 
5.05 (deg) 

3 .83+ 1.68cos1jl-1.01 sin'V (deg) 
.15 

descent 

(32) 

(33) 

Four typical results from the Fourier series expansion using 20 terms are depicted in Figs. 
1-4 for the azimuth angles 0, 90, 157.5 and 225 degrees, indicating that a very good 
approximation is obtained at least for the lift coefficient. It was verified that an 
equivalent convergence for the aerodynamic moment coefficient requires the minimum 
of 40 Fourier terms. In the present analysis 1=20 was considered satisfactory. 

Optimization techniques were used to match the blade's natural eigenfrequencies 
under 100 Hz obtained by solving the eigenvalue problem represented by Eq. 14 to the 
experimental free-vibration test conduct at DLR-WB-AE in Gottingen. The results are 
presented in Table 2. In Table 3, the eigenfrequencies for the full-speed rotating blade 
calculated using the present scheme are compared to those obtained with CAMRAD/JA. 
Since the present model does not include the lead-lag motion, the comparison can be 
considered excellent. The present analysis diverges from CAMRAD/JA in the torsion's 
mode prevision, but it leads to a more precise result with respect to the conducted tests 
(CAMRAD/JA modes were not optimized against experimental results). 
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Table 2: Natural Frequencies from the 80-1 OS Model (in Hz) 

Mode Number 
1 
2 
3 
4 
5 
6 
7 

Experiment 
2.43 
9.49 
13.92 
35.42 
55.68 
60.69 
70.19 

CAMRADIJA 
2.50 
9.75 
15.25 
40.00 
65.25 
60.00 
78.50 

Present 
2.43 

13.92 
37.39 
55.68 

70.19 

Description 
1st flap 

1st lead-lag 
2nd flap 
3rd flap 

1st torsion 
2nd lead-lag 

4th fla 

Table 3: Modal Frequencies at Nominal Spinning Frequency: 110 rad/s (in Hz) 

Mode Number 
1 
3 
4 
5 
7 

4. Results 

Present 
19.6 
48.2 
85.8 
58.4 
127 

CAMRAD/JA 
20 
47 
83 
68 
N/A 

The aeroelastic simulations were performed in a 486DX2/66MHz personal computer 
using the Matlab-Simulinkr"' software. The system consisting of Eq. 22 and either Eq. 21 
or Eq. 28 was integrated in the time domain using the fifth-order with fourth-order 
step-size control Range-Kutta "rk45" built-in routine. Since no provision for the 
integration of a complex-valued problem is made in Matlab, the system's size was 
doubled by defining real-valued matrices in the form 

A = [Re(A) -lm(A)J. 
lm(A) Re(A) (34) 

The integration is carried out until steady-state solutions are obtained. A typical 
integration up to 8 complete blade revolutions takes less than 30 seconds CPU time, 
which confirms that the model has the potential to be coupled with the aerodynamic 
code in future on-line aeroelastic simulations. Five natural modes (numbers 1, 3, 4, 5, 7 
in Table 2) were used to construct the modal subspace. The fifth-order Newton 
integrating matrix with n=1 0 discretizing points was employed in the solution. The 
imaginary part of the aerodynamic coefficients (aerodynamic damping due to the out­
of-phase motion in Eq. 20) was neglected in the present analysis. 

Figures 5 and 6 present the power-spectral-density (PSD) plots (averaged over 1 024 
points) for the elastic deflections in bending and torsion at the station r/R=1.0, 
respedively. They represent the situation without the introduction of viscous damping. 
From the two figures one can observe the peaks corresponding to aerodynamic modes 
at multiples of the blade revolution frequency. The amplitude of those "aerodynamic 
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peaks" decreases to a residual value as the frequency increases, indicating that in fact a 
satisfactory Fourier series convergence was achieved with 20 terms. Furthermore, the 
series convergence is much faster in the case of the bending-related plot, a result that 
confirms the behavior of the lift and aerodynamic moment coefficients in Figs 1-4. In 
Figs. 5 and 6, the dynamic contribution is restricted to the interval below 1 0/rev due to 
the assumed modal truncation. The "dynamic peaks" correspond to the frequencies 
associated with the spinning blade eigenfrequencies. It is worthwhile to observe the 
proximity of some of the latter peaks with respect to the "aerodynamic peaks" (as 
between the 1st bending and the 1/rev frequency, the 2nd bending and the 3/rev 
frequency, the 3rd bending and the 5/rev frequency, the 1st torsion and the 3/rev 
frequency). The proximity between "dynamic" and "aerodynamic peaks" leads in the 
present model to the well-known beat phenomenon, where the amplitude of the 
motion is modulated according to a much lower frequency (the difference between the 
two frequencies), as one can confirm by observing Figs. 7 and 8 (for the bending and 
torsion at r/R=.5555, respectively. The phenomenon is observed throughout the entire 
blade span). If viscous damping is artificially included (1 0%), the phenomenon 
disappears (Figs. 9 and 1 0) and only the unchanged "aerodynamic peaks" remain (Figs. 
11 and 12). Although the amplitudes of the peaks at the multiples of blade frequency 
are obviously the same (in the present model the aerodynamic loads are decoupled 
from the system's dynamics), the PSD plots prove that the energy content at off 
resonance frequencies is much reduced. The 4/rev frequency matches the first harmonic 
of the number of blades and thus can be considered critical. Much of the energy 
content of the PSD's spectrum in the neighborhood of 4/rev is transmitted into the 
helicopter's airframe in the form of mechanical vibration. Passive and active control 
techniques (Higher Harmonic Control - HHC - and Individual Blade Control - IBC) were 
devised to deal with the problem. Of course, in an aeroelastic model where the 
feedback between aerodynamic and dynamic loads is present the distinction between 
"dynamic" and "aerodynamic" modes is not as clear as in the present formulation. 
Aeroelastic modes are dominant, instead. However, a deeper insight into the 
phenomena associated with the helicopter rotor vibration can be acquired in a simple 
model such as this. It becomes clear that controlling the blade aeroelastic modes at 
frequencies near to the 4/rev frequency by adding either artificial damping or stiffness 
to the blade structure the overall level of vibration of the airframe/rotor system is greatly 
attenuated. 

Figures 13 and 14 depict the results obtained for the reaction loads at the blade root. 
The spectrum closely resembles their counterparts in blade displacement variables 
because no coupling between bending and torsion is introduced by Eq. 27. However, 
the latter results are useful if a complete rotor model is to be built afterwards. 

5. Conclusions 

From the present investigation some conclusions can be drawn: 
• A computational efficient method to analyze the forced response of helicopter 

bearingless rotors including important aerodynamic effects such as dynamic stall, 
compressibility and free wake is developed. The method is suitable to include both 
multi-blade analyses and closed-loop active control without loosing its performance. 

• The proximity between "dynamic" and "aerodynamic" modes greatly increases the 
aeroelastic response at off-resonance frequencies. The beat phenomenon can be 
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observed if the modal frequencies are close enough and no significant damping is 
provided. 

• Adding artificial structural damping and/or stiffness to the blade's aeroelastic modes 
can be beneficial to cure airframe/rotor high dynamic response in the vicinity of 
critical frequencies such as N/rev, where N is the number of blades. 
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Figs. 1·4 From top to bottom, left to right: cL and eM (with respect to elastic axis) 
versus r/R for the azimuth angles 'I'= 0, 90, 157.5 and 225 deg. The dashed lines 
correspond to the actual values; the solid lines to the Fourier series expansions using 
1=20 terms and n*=1000. 
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Figs. 5·6 Power spectral density plots of bending slope (top) and torsion angle 
(bottom) at the tip of the blade for the situation without viscous damping. The first five 
natural modes are used to represent the system's dynamics (under 100 Hz). Twenty 
harmonics of the blade spinning frequency are used to describe the aerodynamic loads. 
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Figs. 7-10 From top to bottom, left to right: bending slope (left) and torsion angle 
(right) at the station r/R=0.5555 versus azimuth angle for the situations without 
damping (top) and with 10% of viscous damping (bottom). Time-domain simulations up 
to 'V = 200 rad (31 blade revolutions). The beat frequency is approximately 0.12/rev in 
the cp-mode and 0.37/rev in thee-mode (situation without damping). 
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Figs. 11-12 Power spectral density plots of bending slope (top) and torsion angle 
(bottom) at the tip of the blade for the situation with 1 0% viscous damping. The first 
five natural modes are used to represent the system's dynamics (under 100 Hz). Twenty 
harmonics of the blade spinning frequency are used to describe the aerodynamic loads. 
Only the "aerodynamic modes" significantly contribute to the frequency spectrum. Off­
resonance energy levels are much lower than those in the case of Figs. 5-6. 
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Figs. 13·14 Power spectral density plots of blade root reactions: bending shear (top) 
and torque (bottom). 
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