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Abstract

This paper compares predictions of a comprehensive aeroelastic analysis for a
helicopter rotor with Higher Harmonic Control Aeroacoustic Rotor Test (HART-
II) data. The HART-II test was performed in Large Low speed Facility (LLF) of
the German-Dutch Wind Tunnel (DNW) as a part of an international co-operative
program. The HART-II data was made available in the public domain for code
validation and improvement studies by researchers. The comprehensive aeroelastic
analysis used here is based on finite element method in space and time. Moderate
deflection and Coriolis non-linearities are included in the analysis. For aerodynamic
modeling, free wake and unsteady aerodynamic models are used. Numerical results
for blade natural frequencies and mode shapes are first compared with the results
obtained through HART-II tests. The blade flap, lead-lag and torsion response are
compared at low speed flight condition with both HART-II test data and other
aeroelastic analyses.

1 Introduction

Engineering analysis has become a very im-
portant tool in design in recent years. Typ-
ically, such analyses are developed as soft-
ware which predict the real system behaviour.
However, before such a software can be widely
used for design, there is a need to validate
it with experimental data. Validation is the
process of determining the degree to which a
model or simulation is an accurate represen-
tation of the real world from the perspective
of intended uses of the model or simulation.
Validation leads to an estimate of the gap be-
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tween the result of the simulation and the ac-
tual physical behaviour. A knowledge of this
gap can lead to an estimate of the margins of
error in the design process.

The accurate prediction of the helicopter ro-
tor blade dynamic and aeroelastic behaviour
is an important practical problem which is
very challenging due to the coupling between
the highly flexible rotating blade and an
unsteady aerodynamic environment. Most
helicopter companies, several aerospace re-
search labs and a few universities have devel-
oped comprehensive aeroelastic analysis to
model the helicopter. For example, the anal-
yses such as Second Generation Comprehen-
sive Helicopter Analysis System (2GCHAS)
[1,2] and Comprehensive Analytical Model
of Rotorcraft Aerodynamics And Dynamics
(CAMRAD-II) [3,4] are widely used for he-
licopter aeroelastic response. In particular,
Lim et. al. [4] compared CAMRAD-II pre-



dictions with HART-I wind tunnel test data
with single and multiple trailer wake models.
The HART rotor was a 40 percent, Mach
scaled model of the hingeless BO105 rotor.
The multiple trailer wake model was found to
give better prediction of the lift distribution.
A recent international effort in validation
involved the Westland Lynx helicopter rotor
[5]. In this work, frequencies and vibratory
hub load prediction from different codes were
compared with the flight test results. The use
of free wake modeling was found to be neces-
sary in improving the analysis prediction.

In general, the geometry and properties of a
real rotor blade are quite complex. In such
cases, it is difficult to isolate the cause of
the prediction problems. Therefore, some re-
searchers have looked at comparing analysis
predictions with wind tunnel tests which use
blades with simple geometry. Ganguli et. al.
[6] used the Vibration Attenuation through
Structural Tailoring (VAST) data [7,8] to val-
idate the University of Maryland Advanced
Rotorcraft Code (UMARC) aeroelastic anal-
ysis. The VAST data used model rotors with
different mass and stiffness properties and vi-
bratory loads were measured for the different
rotors. The aim was to experimentally val-
idate a blade design obtained using modal
based optimization. They found that while
the analysis underpredicted vibration, it was
able to account for the influence of mass and
stiffness changes of the blade on the vibrating
loads. Again, free wake model was found to
be important for vibration predictions. Datta
and Chopra [9] used the UH-60A flight test
data to validate structural and aerodynamic
modeling. The lower harmonic torsion mo-
ments and pitch link loads were well pre-
dicted, though deficiencies existed for torsion
loads above 4/rev. The predictions were sen-
sitive to the wake model and trim state.

In recent years, Higher Harmonic Control
(HHC) has been proved to be effective in re-
ducing helicopter noise and vibration [10,11].
The HART-II tests provide blade response
data for a baseline rotor with primary control
as well as for different HHC forcing. In this
study, the experimental data for the 4 bladed

HART-II rotor is used to validate a version
of the UMARC comprehensive aeroelastic
analysis. A systematic study and validation
of the blade rotating frequencies is first done
and then mode shapes are predicted by the
finite element model for the non-uniform ro-
tor blade. Next, the nonlinear response pre-
dictions are compared with the test data and
with predictions from other analyses such as
CAMRAD-II, HOST and S4.

2 Experimental Data

The HART-II results have been extensively
documented in the literature [12–18]. Also,
the HART-II data is available for use by
the research community from the DLR. The
HART-II test was conducted in the open-jet
configuration of 8m by 6m cross section in
the large anechoic testing hall. The maxi-
mum achievable airspeed for HART-II was
85m/s, but the air speed during the actual
HART-II test was 33m/s. The HART-II test
used a 40 percent Mach scaled, four bladed
hingeless BO105 model rotor. It was aeroe-
lastically scaled such that the model rotor
blade matched the natural frequencies of the
full scale model for the first three flap, first
two lead-lag and first torsion modes. The
blades are rectangular with -8 degree of built
in linear twist and a precone of 2.5 degree as
in the full scale rotor. The nominal operating
speed was 1041 rpm and the hover tip Mach
number was 0.641. A brief description of the
HART-II rotor properties is given in Table
1 and cross sectional properties at different
stations are given in Table 2. Fig. 1 shows
the sign convention for centre of gravity, ten-
sion centre and aerodynamic center offsets
and the offset values at different radial sta-
tions are given in Table 3. It can be observed
that the blade root section shows consider-
able variation in elastic properties and the
properties of outboard section of the blade
are quite uniform.
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Table 1
Rotor Properties

Rotor Radius, R 2 m

Number of blades, Nb 4

Blade Chord, c 0.121 m

Solidity, σ 0.077

Root cutout 0.44 m

CT /σ 0.0571

Blade Airfoil modified NACA23012

Table 2
Rotor stiffness and inertia properties at dif-
ferent radial stations along the blade.

Station EIy EIz GJ Mass per unit length Radius of gyration

m N-m2 N-m2 N-m2 Kg/m Edgewise(m) Flapwise(m)

0.00 3000 14000 380 3.67 0.00738 0.00738

0.075 3000 14000 380 3.67 0.00738 0.00738

0.15 675 3390 380 1.57 0.01378 0.00098

0.19 675 4420 442 1.57 0.01378 0.00098

0.24 675 5370 500 1.72 0.01530 0.00109

0.29 594 5930 460 1.71 0.01588 0.00113

0.34 480 6610 390 1.67 0.01607 0.00115

0.39 400 5710 320 1.47 0.01822 0.00130

0.415 290 5710 280 1.45 0.02071 0.00148

0.44 250 5200 160 0.95 0.02617 0.00187

2.00 250 5200 160 0.95 0.02617 0.00187
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Table 3
Offset values at different radial stations along
the blade.
Station eg eA ed

m m m m

0.00 0.00000 0.00000 0.00000

0.075 0.00000 0.00000 0.00000

0.15 0.00000 0.00000 0.00000

0.19 0.00000 0.00000 0.00000

0.24 0.00060 0.00330 0.00000

0.29 0.00180 0.00370 0.00195

0.34 0.00190 0.00430 0.00415

0.39 0.00440 0.00730 0.00625

0.415 0.00290 0.00920 0.00835

0.44 -0.00550 0.00030 - 0.00535

2.00 -0.00550 0.00030 - 0.00535

Fig. 1. Sign convention for c.g, t.c and a.c
offsets

In HART-II, a new technique called Stereo
Pattern Recognition(SPR) for non-intrusive
optical measurement was applied to measure
blade deflections in flap, lead-lag and torsion
modes. This new technique is based on the
recognition and tracking of visible markers on
the blade surface using stereometric camera
systems. The camera systems are calibrated
by setting up a matrix of calibration markers
with known positions in 3-dimensional space.

Fig. 2. The 15-DOF finite element model used
for spatial discretization of the beam

By means of 4 cameras which were triggered
to the rotor azimuth, and a sequence of 18
markers distributed along the leading edge of
the rotor blades, their position co-ordinates
in space can be evaluated from the camera
images. As a result, the flap and lead-lag
deflection of the blade can be computed di-
rectly. Furthermore, the elastic torsion of the
blade can be extracted by subtracting the
commanded pitch at the blade root and the
built-in pre-twist.

3 ComprehensiveAeroelasticAnal-
ysis Code

University of Maryland Advanced Rotorcraft
Code (UMARC) is a comprehensive code for
the aeroelastic analysis of a helicopter rotor
and is based on the finite element methodol-
ogy. The helicopter is modeled as several elas-
tic blades attached to a rigid fuselage. The
blade undergo flap bending, lag bending, elas-
tic twist and axial deformation. For analy-
sis, the blade is discretized into N beam ele-
ments and each element consists of 15 degrees
of freedom as shown in Figure 2. Also, the
formulation accounts for chordwise offsets of
blade section center mass, tension center and
aerodynamic center from the elastic axis.

The finite element formulation is based on
Hamilton’s principle, which can be written as

∫ ψ2

ψ1

(δU − δT − δW )dψ = 0 (1)

where δU , δT and δW are the virtual strain
energy, virtual kinetic energy and virtual
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work of the system respectively. The δU , δT
include energy contributions from compo-
nents that are attached to the blade, e.g.,pitch
link, lag damper etc, and are shown in the
Appendix. External aerodynamic forces on
the rotor blade contribute to the virtual
work variational, δW . For the aeroelastic
analysis, detailed unsteady aerodynamics
and free wake models are used. The effect
of compressibility and reversed flow are also
included in the aerodynamic model.

Discretization of Hamilton’s principle in
Eq.(1) yields,

∫ ψ2

ψ1

N∑

i=1

(δUi − δTi − δWi)dψ = 0 (2)

where δUi, δTi and δWi are the elemental
virtual energy contribution and N is the
number of beam spatial finite elements. The
fifteen degrees of freedom are distributed
over five element nodes (two boundary and
three interior nodes). There are six degrees
of freedom at each element boundary node,
these six degrees of freedom corresponds to
u, v, v′, w, w′, φ̂. There are two internal nodes
for axial deflection u, and one internal node
for elastic twist φ̂. These degrees of freedom
correspond to cubic variations in axial elas-
tic and bending (flap and lag) deflections,
and a quadratic variation in elastic twist.
Between the elements there is continuity of
slope and displacement for the flap and lag
bending deflections and continuity of dis-
placements for the elastic twist and axial
deflections. This element ensures physically
consistent linear variations of bending mo-
ments and torsion moments and quadratic
variations of axial force within each element.
Using the interpolating polynomials, the dis-
tribution of deflections over a beam element
is expressed in terms of the elemental nodal
displacements qi. For the ith beam element,
the shape functions are given by,

u(s) =





u(s)

v(s)

w(s)

φ̂(s)





=




Hu 0 0 0

0 H 0 0

0 0 H 0

0 0 0 Hφ̂




qi

(3)

where the elemental nodal displacement vec-
tor is defined as

qi
T =

[
u1 u2 u3 u4 v1 v1

′

v2 v2
′ w1 w1

′ w2 w2
′ φ̂1 φ̂2 φ̂3](4)

The interpolating polynomials for shape func-
tions in Eq.(3) are given as

Hu = (−4.5s3 + 9s2 − 5.5s + 1, 13.5s3

− 22.5s2 + 9s− 13.5s3 + 18s2

− 4.5s, 4.5s3 − 4.5s2 + s)
H = (2s3 − 3s2 + 1, li(s3 − 2s2 + s),
− 2s3 + 3s2, li(s3 − s2))

Hφ̂ = (2s2 − 3s + 1,−4s2 + 4s, 2s2

− s) (5)

where s = xi/li and li is the length of the ith
beam element.

Assembling the blade finite element equations
and applying boundary conditions results in
Eq. (2) becoming

Mq̈(ψ)+C(ψ)q̇(ψ)+K(ψ)q(ψ) = F(q, q̇, ψ)
(6)

The above equation represents a parametric
nonlinear differential equation. The damping
and stiffness matrices become time depen-
dent due to aerodynamic motion dependent
forces, the linear parts of which have been
moved to the left hand side. The nodal dis-
placements q are functions of time and all
non-linear terms have been moved into the
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force vector in the right-hand side. The spa-
tial functionality has been removed by using
finite element discretization and partial dif-
ferential equations have been converted to
ordinary differential equations. The finite
element equations representing each rotor
blade are transformed to normal mode space
for efficient solution of blade response using
the modal expansion. Typically, 6-10 modes
are used. The displacements are expressed in
terms of normal modes as

q = Φp (7)

Substituting Eq. (9) into Eq. (8) leads to nor-
mal mode equations having the form

M̄p̈(ψ)+C̄(ψ)ṗ(ψ)+K̄(ψ)p(ψ) = F̄(p, ṗ, ψ)
(8)

These equations are non-linear parametric
ODEs but their dimensions are much reduced
compared to the full finite element equations
(Eq. (8)). The normal mode mass, stiffness,
damping matrix and force vector are given by

M̄ = ΦTMΦ

C̄ = ΦTCΦ

K̄ = ΦTKΦ

F̄ = ΦTF (9)

The mode shapes or eigenvectors in Eqs.
(9) and (11) are obtained from rotating fre-
quency analysis of the blade which is done by
solving an eigenvalue problem given by [19]:

KsΦ = ω2MsΦ (10)

The blade normal mode equations in Eq. (10)
can be written in the following variational
form [20]:

∫ 2π

0
δpT (M̄p̈ + C̄ṗ + K̄p− F̄)dψ = 0

(11)

Integrating Eq. (13) by parts, we obtain [20]

∫ 2π
0





δp

δṗT









F̄− C̄ṗ− K̄p

M̄ṗ



 dψ =





δp

δṗT









Mṗ

0





∣∣∣∣∣
2π

0

Since the helicopter rotor is a periodic system
with a time period of one revolution, we have
ṗ(0) = ṗ(2π). Imposing periodic boundary
conditions on Eq. (14) results in the right-
hand side becoming zero and yields the fol-
lowing system of first order ordinary differen-
tial equations [20] :

∫ 2π

0
δyTQdψ = 0

where,

y =





p

ṗ



 , Q =





F̄− C̄ṗ− K̄p

M̄ṗ




(12)

The non-linear, periodic, ordinary differ-
ential equations are then solved for blade
steady response using the finite element in
time method [21] and a Newton-Raphson
procedure [20]. Discretizing Eq. (15) over Nt

time elements around the rotor disk (where
ψ1 = 0, ψNt+1 = 2π) and taking a first order
Taylor’s series expansion about the steady
state value y0 = [pT

0 ṗT
0 ]T yields algebraic

equations [20]

Nt∑

i=1

∫ ψi+1

ψi

δyT
i Qi(y0 + ∆y)dψ = 0

Nt∑

i=1

∫ ψi+1

ψi

δyT
i [Qi(y0) + Kti(y0)∆

y]dψ = 0
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where,

Kti =




∂F̄
∂p − K̄ ∂F̄

∂ṗ − C̄

0 M̄




i

(13)

is the tangential stiffness matrix. For the ith
time element, the modal displacement vector
can be written as

Pi(ψ) = H(s)ξi (14)

where H(s) are time shape functions [21]
which are fifth order Lagrange polynomials
[20] used for approximating the normal mode
co-ordinates p. For a fifth order polynomial,
six nodes are needed to describe the variation
of p within the element. Continuity of gen-
eralized displacements is assumed between
the time elements. Substituting Eq. (17) and
its derivative into Eq. (16) yields the time
discretized blade response [20]

QG + KG
t ∆ξG = 0

where

QG =
Nt∑

i=1

∫ ψi+1

ψi

HTQidψ,

KG
t =

Nt∑

i=1

∫ ψi+1

ψi

HT




∂F̄
∂p − K̄ ∂F̄

∂ṗ − C̄

0 M̄




i

dψ,

∆ξG =
Nt∑

i=1

∆ξi (15)

Solving the above equations iteratively yields
the blade steady response.
Steady and vibratory components of the ro-
tating frame blade loads (i.e., shear forces
and bending/torsion moments) are calculated
using the force summation method [22]. In
this approach, blade inertia and aerodynamic

forces are integrated directly over the length
of the blade. The blade root loads are given
as [23]





FxR

FyR

FzR





=
∫ 1
0





Lu

Lv

Lw





dx,





MxR

MyR

MzR





=
∫ 1
0





−Lvw + Lwv + Mu

−Luw + Lwv + Mv

−Luv + Lv(x + u) + Mw





dx.

(16)

Fixed frame hub loads are calculated by sum-
ming the individual contributions of individ-
ual blades [23]:

FH
x (ψ) =

Nb∑

m=1

(Fm
x cosψm − Fm

y sinψm

− βpF
m
z cosψm)

FH
y (ψ) =

Nb∑

m=1

(Fm
x sinψm − Fm

y cosψm

− βpF
m
z sinψm)

FH
z (ψ) =

Nb∑

m=1

(Fm
z + βpF

m
x )

MH
x (ψ) =

Nb∑

m=1

(Mm
x cosψm −Mm

y sinψm

− βpM
m
z cosψm)

MH
y (ψ) =

Nb∑

m=1

(Mm
x sinψm + Mm

y cosψm

− βpM
m
z sinψm)

MH
z (ψ) =

Nb∑

m=1

(Mm
z + βpM

m
x )

Once the hub loads are obtained, the heli-
copter needs to be trimmed. Wind tunnel
trim procedure is carried out. Wind tunnel
trim simulates the test conditions in a wind
tunnel. The procedure is to specify the col-
lective pitch, shaft tilt (αs and φs) and for-
ward speed and then adjust cyclic pitch (θ1c
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and θ1s) to trim the flap angles (β1c and β1s)
to zero. As such, the unknown vector to be
determined from a modified set of trim equa-
tions is,

θT = [θ1c, θ1s] (17)

The fuselage loads and tail rotor are ne-
glected as the HART-II is a main rotor test.
Therefore, the longitudinal, lateral and ver-
tical force equilibrium equations need not be
satisfied. The expressions for F4 and F5 are:

F4 = w1c =
1
π

∫ 2π

0
wcosψdψ (18)

F5 = w1s =
1
π

∫ 2π

0
wsinψdψ (19)

In summary, the blade frequencies and mode
shapes are obtained and then the blade re-
sponse around the rotor distrbution is solved
for the wind tunnel trim condition. For a real
rotor in flight, propulsive trim is used where
all three forces and three moments acting on
the helicopter are driven to zero.

The UMARC code which contains this anal-
ysis was developed at the University of Mary-
land based on the work of Bir and Chopra and
research students [24]. Several versions of the
code are now available at different locations.
For example, the version at the NASA Ames
research center is called the UMARC/A code
[25] and the version at Sikorsky aircraft com-
pany is called the UMARC/S [26]. In keeping
with this nomenclature, we call the version at
the Indian Institute of Science as UMARC/I.
The results in this paper are therefore for the
UMARC/I code.

4 Results and Discussion

4.1 Vibration analysis

The rotor model is developed using data given
by HART-II and summarized in Table 1, 2
and 3. Nineteen finite elements are used along
the blade span to model the non-uniform ro-
tor blade. The element mesh is shown in Fig.

3. The elements are mostly distributed near
the blade inboard region where there is a sig-
nificant variation in blade structural proper-
ties. The outer location of the blade from 44
percent radius to the tip is uniform and needs
fewer elements. The frequency diagram and
mode shapes of the HART-II blade was com-
puted by a finite element program at German
Aerospace Center (DLR). Table 4 shows the
comparison of rotating frequencies predicted
by UMARC/I and DLR result for the blade
for baseline design. A finite element model up-
dating approach is used to tune the baseline
model so as to match the test results closely.

Once the basic finite element model is devel-
oped and refined for the nominal rotor speed
Ωref , it is used to predict the rotating fre-
quencies for a range of rotor speeds. These
results are shown in Fig. 4 as a fan diagram.
It can be seen that the fundamental modes
show a very good correlation across the spec-
trum of rotation speeds. The second modes
for flap and lag also show quite good correla-
tion. However, for the third flap and first tor-
sion modes, the predicted results are some-
what above the experimental results at lower
rotation speeds. Since the helicopter rotor dy-
namics is adequately captured by the first few
modes, it can be concluded that the dynamic
model correlates very well with DLR data. In
particular, the effect of centrifugal stiffening
on the rotating frequency is well captured.

HART-II also provides results for the natural
mode shapes. The first three flap modes are
shown in Figs. 5, 6 and 7, respectively. The
first and second flap modes show good agree-
ment but the third flap mode shows a differ-
ence near the root and inboard region. The
first and second lag modes are given in Figs.
8 and 9, respectively. The first lag mode cor-
relates very well. However, the phase of the
second lag mode is slightly different. The tor-
sion mode is shown in Fig. 10. The torsion
mode shape shows some differences near the
root region. However, overall it can be said
that the mode shapes are quite close to the
DLR data. It should also be noted that errors
may also be present in the DLR data, espe-
cially for higher modes.
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Table 4
Rotor blade frequency predictions

Mode UMARC/I HART-II Percent

prediction (ω/Ωref ) Result (ω/Ωref ) Difference

First lag (1L) 0.783 0.782 0.12

First Flap(1F) 1.112 1.125 1.15

Second Lag (2L) 4.584 4.592 0.17

Second Flap (2F) 2.843 2.835 0.28

Third Flap (3F) 5.189 5.168 0.40

First Torsion (1T) 3.844 3.845 0.03

Table 5
Codes used by different teams for HART-II
data comparison

TEAM CODE

Team A CAMRAD II

Team B German DLR rotor analysis code, S4

Team C HOST, METAR, MESIR, MENTHE and ARHIS

Table 6
Higher Harmonic Control input data

Cases BL(Base line) MN(Minimum Noise) MV(Minimum Vibration)

θ3c – 0.41 deg −0.79 deg

θ3s – −0.70 deg 0.00 deg
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3.75% 2%

4 elements, 0.94% each

 78% of Blade span

5 elements, 15.6% each

 22% of Blade span

6 elements, 1.25% each2.5%2.5%

22% of blade span

14 elements

Fig. 3. Finite element mesh used to model the
rotor blade
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Fig. 5. First flap mode of the rotor blade
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Fig. 6. Second flap mode of the rotor blade
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Fig. 7. Third flap mode of the rotor blade
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Fig. 8. First lag mode of the rotor blade

4.2 Aeroelastic response

The wind tunnel trim procedure described in
section 2 is used to obtain the blade steady
state response. This result is then compared
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with HART-II experimental data. A low
speed flight condition (µ = 0.15) is consid-
ered with a shaft forward tilt of 4.5 degrees.
It is well known that free wake aerodynamic
models are well suited to calculate the ef-
fects of rotor wake at low advance ratios [27].
This is because unlike high speed flight, the
rotor wake in low speeds remain close to the
blade section. Therefore, the free wake model
developed by Bagai and Leishman [28] and
unsteady aerodynamic model developed by
Leishman and Beddoes are used in this study
[29,30]. In addition, reverse flow effects are
also included.

A comparative study was conducted in Ref
[31], where three teams carried out the eval-
uation using different codes. The description
of the teams and their codes are given in
Table 5. Figs. 11, 12 and 13 show the time
histories of flap, lead-lag and elastic torsion

at the blade tip as predicted by UMARC/I
and also the results of the three teams in
Ref [31]. These results correspond to base-
line case. Here the UMARC/I predictions
are based on the refined aerodynamic model
with free wake and unsteady aerodynamics.
The other codes also used their state-of-
the art structural and aerodynamic models.
The predicted trends of flap response at the
blade tip along with the experimental data
as well as the prediction of the other three
teams is shown in Fig. 11. The predicted flap
deflection at the blade tip is in good agree-
ment with the experimental data. Lead-lag
response trend is similar to the experimental
result but there is a constant offset between
the predicted and experimental result for all
the codes. However, UMARC/I prediction is
much better than the other teams’ predic-
tion as shown in Fig. 12. The elastic torsion
prediction of UMARC/I and the three teams
is as shown in Fig 13. Our prediction is quite
good along with Team A and Team C. How-
ever, our predictions are not as good around
zero degree azimuth and 360 degree azimuth.
It should be noted that the accurate pre-
diction of torsion response remains a major
issue in helicopter aeroelasticity.

Three flight conditions, Baseline(BL), Min-
imum Noise(MN) and Minimum vibra-
tion(MV) were selected for the study and
all these were limited to a shaft tilt of 5.3
degrees. The 3/rev pitch control input was
added for minimum noise and minimum vi-
bration cases. Table 6 describes 3 per rev
pitch control inputs. The θ3c and θ3s are re-
spectively the cosine and sine components of
3-per-rev higher harmonic pitch input. Fig-
ures 14, 15 and 16 show the comparison of
flap, lag and torsion response at blade tip for
HHC case, respectively. For the flap, all the
predicted deflections at the blade tip are in
good agreement with the experimental data.
The predicted trends in lead-lag tip deflec-
tion for MN and MV are similar to the BL
case having a constant offset between the ex-
perimental data and predicted results. Tor-
sion tip deflection is in good agreement with
the experimental data as shown in fig 16.
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Fig. 11. Comparison of flap response between
various codes and experiment(BL)

The flapping of the blade is compared with
experimental result in Figs. 17, 18, 19 amd
20 at different azimuths, at 64 deg, 139 deg,
229 deg, 304 deg, respectively. UMARC/I
code prediction match with the experimen-
tal data except for the MV case at 139 deg,
229 deg and 304 deg. The blade lagging mo-
tion is compared in Figs. 21, 22, 23 and 24 at
different azimuths 64 deg, 139 deg, 229 deg,
304 deg respectively. The predicted trend of
lead-lag results are similar to the experimen-
tal data but there are constant offset between
the predicted result and the experimental
result at all the azimuths. A comparison of
torsion results is done in Figs. 25, 26, 27 and
28 at 64 deg, 139 deg, 229 deg, 304 deg az-
imuth respectively. At 64 deg azimuth (Fig.
25), MN is captured better than BL and
MV. At 139 deg azimuth (Fig. 26), trend of
MN case is not matching the experimental
result. At 229 deg azimuth(Fig. 27), in all the
three cases, we were underpredicting the ex-
perimental result. At 304 deg azimuth (Fig.
28), MN case is in good agreement with the
experimental data.

0 90 180 270 360
−0.1

−0.05

0

0.05

Azimuth, deg  

B
la

de
 ti

p 
le

ad
−

la
g 

re
sp

on
se

, m

Experimental result
UMARC/I prediction
Team A
Team B
Team C

Fig. 12. Comparison of lead-lag response be-
tween various codes and experiment(BL)
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Fig. 13. Comparison of torsion response be-
tween various codes and experiment(BL)
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Fig. 17. Comparison of elastic flapping of
blade, ψ = 64 deg
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Fig. 18. Comparison of elastic flapping of
blade, ψ = 139 deg
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Fig. 19. Comparison of elastic flapping of
blade, ψ = 229 deg
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Fig. 20. Comparison of elastic flapping of
blade, ψ = 304 deg
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Fig. 21. Comparison of elastic lagging of
blade, ψ = 64 deg
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Fig. 22. Comparison of elastic lagging of
blade, ψ = 139 deg
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Fig. 23. Comparison of elastic lagging of
blade, ψ = 229 deg
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Fig. 24. Comparison of elastic lagging of
blade, ψ = 304 deg
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Fig. 25. Comparison of elastic torsion of
blade, ψ = 64 deg
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Fig. 26. Comparison of elastic torsion of
blade, ψ = 139 deg
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Fig. 27. Comparison of elastic torsion of
blade, ψ = 229 deg
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Fig. 28. Comparison of elastic torsion of
blade, ψ = 304 deg

5 Conclusion

Numerical results from a comprehensive
aeroelastic analysis are compared with wind
tunnel data obtained in the HART-II tests.
Good correlation is obtained for the rotating
frequencies across a range of rotating speeds.
The basic physics of the mode shapes is also
well captured. In particular, the fundamen-
tal flap, lag and torsion modes compare very
well. The periodic response around the rotor
distribution compares well with the experi-
mental result and other code predictions for
flap mode. For the lag mode, our prediction
is somewhat better than the other codes. The
torsion response prediction is also reasonably
good. While the basic physics appears to
be well captured by the aeroelastic analysis,

there is need for improvement in the aero-
dynamic modeling which appears to be the
source of the gap between predictions and
experiments. The predicted results of blade
deflections for the HHC case were fair when
compared with the experimental data, but
there were constant offsets in the mean val-
ues for lead-lag and elastic torsion.
An effort to understand the source of these
prediction shortcoming is a subject of future
work. It is likely that accurate aerodynamic
modeling such as the use of CFD is needed
to improve the predictive capacity of the
aeroelastic code.
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Nomenclature

Ct thrust coefficient
EIy flap bending stiffness
EIz lag bending stiffness
eg location of centre of gravity from elastic
axis (+ve toward leading edge).
eA location of tension center from elastic
axis (+ve toward leading edge).
ed location of aerodynamic center from elas-
tic axis (+ve toward trailing edge).
F hub forces
Fx longitudinal hub forces
Fy lateral hub forces
Fz vertical hub forces
F finite element force vector
F4 rolling moment equilibrium residual
about the vehicle cg
F5 pitching moment equilibrium residual
about the vehicle cg
GJ torsional stiffness
H time shape function
J objective function
K finite element stiffness matrix
Ks finite element structural stiffness matrix
Lublade section lift in axial direction
Lvblade section lift in lag direction
Lwblade section lift in flap direction
LA

u , LA
u , LA

u distributed air loads in x, y and
z directions respectively
Mu blade section moment in axial direction
Mv blade section moment in lag direction
Mwblade section moment in flap direction
Mxrolling moment
Mypitching moment
Mzyawing moment
M hub moments
MA

φ̂
aerodynamic pitching moment about

undeformed elastic axis
M finite element mass matrix
Ms finite element structural mass matrix
N number of spatial finite elements
Nt number of time finite elements
p normal mode co-ordinate vector
q finite element nodal displacement vector
s local time co-ordinate
u axial deflection of the blade
v lag bending deflection of the blade
w flap bending deflection of the blade
x spatial coordinate along the blade

δ variation
θ helicopter trim control angles
θ1c, θ1s lateral and longitudinal cyclic trim
inputs, respectively
ψ rotor azimuth angle
φ̂ torsion response
Φ mode shape
µ advance ratio
ω rotating frequency
Ω rotor rotational speed
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Appendix

δU

m0Ω2R3
=

∫ 1

0
(Uu′eδu

′
e

+Uv′δv
′ + Uw′δw

′ + Uv′′δv
′′

+ Uw′′δw
′′ + Uφ̂δφ̂

+Uφ̂′δφ̂
′ + Uφ̂′′δφ̂

′′)dx

where,

Uu′e = EA
[
u′e + k2

Aθ′0(φ̂
′ + w′v′′) + k2

A
φ̂′2
2

]

- EAeA

[
v′′(cosθ0 − φ̂sinθ0) + w′′(sinθ0 + φ̂cosθ0)

]

Uv′′ = v′′(EIzcos
2θ0 + EIysin

2θ0)

+ w′′(EIz − EIy)cosθ0sinθ0

- EAeAu′e(cosθ0 − φ̂sinθ0)− φ̂′EB2θ
′
0cosθ0

+ w′′φ̂(EIz − EIy)cos2θ0 − v′′φ̂(EIz −
EIy)sin2θ0

+ (GJ + EB1θ
′2
0 )φ̂′w′ + EAk2

Aθ′0w
′u′e

Uw′ = (GJ + EB1θ
′2
0 )φ̂′v′′ + EAk2

Aθ′0v
′′u′e

Uw′′ = w′′(EIycos
2θ0+EIzsin

2θ0)+v′′(EIz−
EIy)cosθ0sinθ0

- EAeAu′e(sinθ0 + φ̂cosθ0)− φ̂′EB2θ
′
0sinθ0

+ w′′φ(EIz − EIy)sin2θ0 + v′′φ̂(EIz −
EIy)cos2θ0

Uφ̂ = w′′2(EIz−EIy)cosθ0sinθ0+v′′w′′(EIz−
EIy)cos2θ0

- v′′2(EIz − EIy)cosθ0sinθ0

Uφ̂′ = GJ(φ̂′+w′v′′)+EB1θ
′
0
2φ̂′+EAk2

A(θ′0+
φ̂′)u′e

- EB2θ
′(v′′cosθ0 + w′′sinθ0)

Uφ̂′′ = EC1φ̂
′′ + EC2(w′′cosθ0 − v′′sinθ0)

δT

m0Ω2R3
=

∫ 1

0
m(Tueδue + Tvδv + Twδw

+Tv′δv
′ + Tw′δw

′ + Tφδφ + TF )dx

where,

Tue = x + ue + 2v̇ − üe

Tv = eg(cosθ0 + θ̈0sinθ0) + v − φ̂egsinθ0 +

βp +2v̇′egcosθ0 +2ẇ′egsinθ0− v̈ + φ̂egsinθ0

- 2 + 2
∫ x
0 (v′v̇′ + w′ẇ′)dξ

Tv′ = −eg(xcosθ0 − φ̂xsinθ0 + 2v̇cosθ0)

Tw = −xβp− θ̈0egcosθ0−2v̇βp−ẅ− ˆ̈
φegcosθ0

Tw′ = −eg(xsinθ0 + φ̂xcosθ0 + 2v̇sinθ0)

Tφ̂ = −km
2 ˆ̈
φ − (km2

2 − km1
2)cosθ0sinθ0 −

xβpegcosθ0

- v egsinθ0 + v′xegsinθ0 − w′xegcosθ0 +
v̈egsinθ0

- (k2
m2 − km1

2)cos2θ0 − ẅegcosθ0 − k2
mθ̈0

TF = −(x + 2v̇)
∫ x
0 (v′δv′ + w′δw′)dξ

δW =
∫ R

0
(LA

u δu + LA
v δv + LA

wδw + MA
φ̂

δφ̂)
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