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Abstract 

Lifting propellers operate at oblique inflow and thus encounter severe dynamic loads during forward flight, 

impacting structural integrity, fatigue, and vibration. Numerical optimisation approaches consider aerodynamic, 

structural mechanical, and aeroacoustic aspects within preliminary design. To also account for dynamic loads 

during forward flight, a novel procedure allows their rapid estimation. Based on steady-state simulations com-

bining strip theory and beam finite elements, aerodynamic excitation, damping, and stiffness are defined in the 

frequency domain. Loads are derived through a linear inflow model and quasi-steady aerodynamics. Damping 

and stiffness loads are linearised and transferred into matrix form to calculate the frequency response. The 

computationally expensive need for simulations in the time domain is thus avoided. Applicability extends to 

both fixed and variable pitch lifting propellers utilised in large multicopters for cargo or passenger transporta-

tion. Comparisons to time-marching simulations show good agreement with deviations of approximately 10%. 

The analytical derivation yields physical insights to understand and reduce dynamic loads and their magnifi-

cation due to resonance. 

 

1 NOTATION1 

Latin Symbols 

𝐴 = 𝛼𝐴  Crosswind angle, deg 

𝑪𝑹, 𝑪𝑨𝑬  Rayleigh and aerodynamic damping 

matrix 

𝐶𝜇  Lift deficiency function 

𝑐𝑙 Lift coefficient 

𝑐𝑙,𝛼   Lift curve slope, 1/rad 

𝑒𝑥, 𝑒𝑦 , 𝑒𝑧  Elemental coordinate system 

𝑖  Integer index value 

𝑗  √−1  

𝑭𝑨𝑬,𝒔𝒕𝒅, 𝑭𝑪𝑭  Steady aerodynamic and centrifugal 

loads vector 

𝑭𝒔𝒕𝒅, 𝑭𝒅𝒚𝒏  Steady and dynamic loads vector 

ℎ̇  Plunge velocity, m/s 

𝑲𝑳, 𝑲𝑮, 𝑲𝑺𝑷  Linear, geometric, and spin-

softening matrix 

𝐿  Lift 

𝑴  Mass matrix 
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𝑝  Distributed load, N/m 

𝑞  Dynamic pressure, Pa 

𝑟, 𝑅  Dimensionless and dimensional 

blade radius, -, m 

𝑡  Time, s 

𝒖  Nodal deformations vector 

𝑣  Velocity, m/s 

𝑤  Sectional air velocity, m/s 

𝑥𝐻 , 𝑦𝐻 , 𝑧𝐻  Helicopter coordinate system 

𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃  Propeller-fixed coordinate system 

  

Greek Symbols 

𝛼, 𝛼̇  Angle of attack and its time 

derivative, deg and deg/s 

𝛼𝑧   Zero lift angle of attack, deg 

Θ, Θx,y,z  Built-in and elastic twist angle, deg 

λ  Inflow ratio 

𝜇  Helicopter advance ratio 
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𝜉  Non-dimensional beam coordinate 

𝜌  Air density, kg/m3 

Φ  Inflow angle of attack, deg 

Χ  Wake skew angle, deg 

Ψ  Propeller azimuthal position, deg 

𝜔  Excitation frequency, rad/s 

𝛺 Propeller rotational speed, rad/s 

  

Subscripts 

𝐴  Aircraft 

𝐴𝐸  Aero 

𝐶𝐹  Centrifugal 

𝑑𝑦𝑛  Dynamic 

𝑒𝑥𝑡  External 

𝐻  Helicopter 

𝑖  Induced 

𝑙𝑖𝑛  Linearised  

𝑁𝐼  Non-uniform inflow 

𝑃  Perpendicular 

𝑄𝑆  Quasi-steady 

𝑅  Radial 

𝑠𝑡𝑑   Steady 

𝑆𝐷  Structural dynamic 

𝑇  Tangential 

0  Values of steady simulation 

∞  Aircraft flight velocity 

  

Acronyms 

MDO Multidisciplinary Optimization 

EF Excitation Factor 

DEF Dynamic Excitation Factor 

  

2 INTRODUCTION 

Propeller-based propulsion systems have been in-

vestigated to a large extent in recent times since they 

offer high propulsive efficiency. The design of propel-

lers necessitates a comprehensive consideration of 

aerodynamics, structural mechanics, and aeroacous-

tics [1, 2]. All three disciplines are coupled since each 

blade is an elastic beam [3, 4]. Due to interdiscipli-

narity, multiple research groups focus on multidisci-

plinary optimisation approaches (MDO) [5–7]. 

Novel air taxis and cargo drones employ propellers to 

generate lift during forward flight. These propulsors 

have a structural layout and blade root like a conven-

tional propeller. Still, they are operated like a helicop-

ter rotor without a swashplate, i.e., they are fixed pitch 

or incorporate only a collective pitch adjustment. Due 

to these peculiarities, they are referred to as lifting 

propellers. The blades encounter severe transverse 

flow. Since the pitch cannot be adjusted selectively, 

transverse inflow limits the operational capabilities of 

lifting propellers to 100-150km/h. Transverse flow 

leads to oscillating angles of attack and inflow veloci-

ties within each revolution, resulting in dynamic loads. 

Experimental tests unveiled severe vibrations of lifting 

propellers during operation, impacting aerodynamic 

performance, structural integrity, and passenger 

comfort.  

While propeller optimisation primarily centres on aer-

odynamics and aeroacoustics, structural integrity is 

commonly considered as a constraint [8, 9]. However, 

structural deformations significantly impact aerody-

namic performance. Complex swept or coned plan-

forms might be implemented to achieve advantages 

regarding performance and noise emissions [10], in-

troducing further couplings [11]. Consequently, de-

sign and optimisation schemes must determine aero-

elastic performance and ensure structural integrity 

during operational life. 

Static strength is the most apparent structural con-

straint, as included in many frameworks, but is not ex-

haustive. Unfortunately, some research groups solely 

implemented static strength requirements in their rou-

tines [8, 9, 12]. Fatigue, frequency response, and 

aeroelastic instabilities are also mandatory for a vital 

design [13–15], even though not all of them can be 

estimated by reduced order methods.  

Structural Eigenmode analysis rapidly determines 

natural blade frequencies and safety margins to exci-

tation frequencies during operation [16]. Unfortu-

nately, aerodynamic loads vary Eigenmodes and pri-

marily dictate the dynamic magnification in the vicinity 

of resonance frequencies due to aerodynamic damp-

ing, as will be shown in this paper. Coupled models 

are consequently crucial to determine dynamic loads. 

Those loads are necessary to validate dynamic 

strength and evaluate vibratory shaft loads. Coupled 

aeroelastic simulations can determine these loads in 

the time domain at a significant computational cost 

[17]. 

Research in the helicopter industry has included 

aeroelastic tailoring, frequency placement and stabil-

ity margins in MDO schemes for decades [18, 19]. 

Friedmann presents a comprehensive review [20]. He 

also reviews aeroelasticity with particular application 

to prop-rotors of VTOL vehicles like the X-15 [21]. In 

recent research, coupled aeroelastic rotor considera-

tions combine beam theories with unsteady 



aerodynamics in the time domain. Beam theories and 

one-dimensional coupling schemes require very low 

computational costs. Unsteady aerodynamic theories 

significantly affect the computational cost since the 

impact of the wake on aerodynamic forces has to be 

resolved. Dynamic inflow models developed by Pe-

ters and his colleagues efficiently provide the wake 

feedback on the induced inflow without the need to 

resolve the wake [22, 23]. Still, these approaches re-

quire significantly more time than steady-state simu-

lations. 

To the author's knowledge, there is only one estima-

tion procedure published to determine dynamic pro-

peller loads without the need for coupled aeroelastic 

simulations in the time domain [24]. This approach 

compares the undisturbed steady-state equilibrium at 

axisymmetric inflow with a second, disturbed equilib-

rium condition. It is specifically tailored for General 

Aviation propellers at small crosswind angles below 

ten degrees. The next chapter briefly presents the 

method and its limitations. Unfortunately, the authors 

showed in a previous investigation that the existing 

approach is unsuited to estimating dynamic loads of 

lifting propellers during forward flight, even at low 

crosswind angles [25]. 

This paper presents a novel estimation procedure for 

dynamic loads of lifting propellers during forward 

flight. The approach encompasses a description of 

the aerodynamic loads and the subsequent structural 

response in the frequency domain. Building upon the 

equations employed in a steady-state simulation, the 

method provides loads at minimum computational 

cost. It is important to note that the method relies on 

various approximations and is not intended to replace 

more sophisticated simulation approaches in the time 

domain. Instead, its primary objective is to provide 

prompt and physics-based estimations for preliminary 

design purposes or as a constraint in MDO. 

3 DYNAMIC PROPELLER LOADS 

3.1 Causes of Dynamic Loads 

Conventional propellers are primarily operated at 

steady horizontal flight, i.e., the flight direction is ap-

proximately aligned with the rotational axis of the pro-

peller, leading to an axisymmetric inflow into the pro-

peller disk. Since the velocity and mass of the aircraft 

vary during the flight mission, the overall aircraft angle 

of attack also varies, leading to a misalignment or 

crosswind angle. Flight manoeuvres or gust 

encounters have a similar effect. The misalignment is 

characterised by a crosswind angle 𝛼𝐴 or 𝐴 and a 

crosswind component 𝑣∞ ⋅ sin 𝛼𝐴, see Figure 1. The 

crosswind component results in oscillating tangential 

velocities and angles of attack. In literature, dynamic 

propeller loads due to inclined inflow are referred to 

as 𝐴𝑞, 𝛹𝑞, or 1xP loads (since they have the same 

angular frequency as the propeller rotational speed Ω 

and are approximately proportional to the crosswind 

angle 𝐴 and the dynamic pressure 𝑞). Besides the fir-

ing frequency of piston engines and manoeuvre 

loads, 𝐴𝑞 loads are the primary cause of dynamic pro-

peller loads and fatigue [24]. 

Higher-order oscillations, so-called nxP loads, can 

occur due to interference with wings, fuselage, or py-

lon/strut. nxP loads are small and negligible on con-

ventional aircraft as long as they are not in the range 

of natural blade frequencies. 

 

Figure 1: Velocity components at the propeller disk 
during crosswind encounter 

With 𝐴 = 𝛼𝐴 as the crosswind angle, 1xP loads are 

proportional to the 𝐴𝑞 factor, defined as: 

(1) 𝐴𝑞 = 𝐴 
𝜌

2
 𝑣∞

2  

For typical propeller applications, the crosswind com-

ponent 𝑣∞ sin 𝛼𝐴 is significantly smaller than the 
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aircraft's flight velocity, resulting in small crosswind 

angles 𝛼𝐴. Consequently, small angle assumptions 

are valid. Since the mass flow is high due to the flight 

speed, the axial induced velocity 𝑣𝑖 is small compared 

to aircraft flight speed. 

3.2 Existing Estimation Procedure 

The approach of Amatt et al. [24] assumes that 1xP 

loads and resulting deformations are both quasi-

steady. Dynamic loads and deformations within each 

rotation are characterised by separate equilibrium 

states. The first state is the undisturbed flight, i.e., no 

crosswind component occurs. A second disturbed 

pseudo steady-state determines loads and defor-

mations at the azimuthal position with maximum 𝐴𝑞 

value. The variations in loads and deformations quan-

tify the dynamic amplitudes. Aeroelastic interactions 

are limited to steady torsional deformations, which 

are iteratively considered. The inflow condition is 

known a-priori and described with the 𝐴𝑞- or excita-

tion-factor EF, which can be related to each other. 

Procedures for determining the excitation factor are 

presented in Ref. [26]. Dynamic strength can be 

checked in the next step, e.g., by using Goodman di-

agrams. 

The underlying assumptions of this approach are: 

• Dynamic loads are approximately a harmonic os-

cillation with mean values described by the undis-

turbed steady-state analysis and the amplitudes 

determined by the differences to a second 

pseudo steady-state analysis 

• Aerodynamic loads and deformations are both 

quasi-steady 

• Aerodynamic damping and inertia loads are neg-

ligible 

• Amplitude magnification due to excitation in the 

vicinity of resonances is not considered or gener-

ally avoided by fixed safety margins 

• Crosswind angles are small, i.e., small angle as-

sumptions are valid 

It is worth mentioning that the referred procedure in-

cludes strip theory and beam analysis in the original 

publication. However, Hamilton Standard validated 

the structural design of the Advanced Turbo Prop [27] 

(later resulting in the PW-Allison 578-DX [28]) with a 

similar approach but using finite shell elements in-

stead of beam theory. The approach to estimating the 

dynamic loads with two separate steady analyses is 

not limited to specific structural models. Regarding 

the aerodynamic load calculation, the method inher-

ently requires strip analysis. 

4 NOVEL ESTIMATION PROCEDURE 

Lifting propellers and helicopter rotors operate at 

oblique inflow, characterised by the rotor disk angle 

𝛼𝐻 (subscript 𝐻 for helicopter) as shown in Figure 2.  

 

Figure 2: Velocity components into propeller disk dur-
ing forward flight 

Rotor disk angle and propeller crosswind angle are 

related by 

(2) 𝛼𝐻 = 90° − 𝛼𝐴 

Due to flight speeds lower than those of fixed-wing 

aircraft, the mass flow through the propeller disk is 

comparatively low, requiring high axial induced veloc-

ities. The authors previously published a modification 

of Amatt's approach to include the axial induced ve-

locity in the definition of the 𝐴𝑞 factor [25]. Even 

though including induced velocities reduces the er-

rors of the modified estimation procedure, the ap-

proach is still restricted to small crosswind angles, 

limiting its practical applicability. It is also evident that 

the neglect of inertia, aerodynamic damping, and am-

plitude magnification significantly impacts the 

method's accuracy for flexible blades (lifting propel-

lers commonly have a low disk loading, i.e., a high 

aspect ratio to reduce power consumption in hover). 

Including large angles does not impact computational 

cost, but determining and considering aerodynamic 

damping and inertia loads in the time domain is ex-

pensive within preliminary design or optimization rou-

tines. 

The novel approach consists of a frequency response 

analysis with linearised aerodynamic damping, stiff-

ness, and excitation forces. Like the original proce-

dure, strip theory (blade element momentum theory) 

determines quasi-steady aerodynamic loads. Struc-

tural deformations, as determined by a finite beam el-

ement analysis incorporating moderate deflections 

theory, are transferred into an angle of attack 

       

  

    s  
  



variation at each aerodynamic section. 1xP loads and 

corresponding deformations occur within the first pro-

peller rotational frequency. The impact of higher-or-

der oscillations will be discussed. 

Applicability and Constraints 

The novel estimation procedure is applicable to lifting 

propellers without swashplate. Typical applications 

are large multicopter for urban air mobility and cargo 

transport or lift + cruise configurations utilizing lifting 

propellers to take off vertically and accelerate into 

fixed-wing flight mode. The advance ratio is limited to 

𝜇 ≤ 0.3. Dynamic stall and compressibility effects are 

neglected (except the Mach correction within XFOIL) 

since lifting propellers operate at low flight speeds. 

4.1 Steady-State Analysis 

Prior to the frequency response analysis, a steady-

state simulation determines the undisturbed steady 

equilibrium, i.e., a fictive operational condition with 

axisymmetric inflow. The resulting matrices and coef-

ficients are required for the linearization of the quasi-

steady loads and deformations within the frequency 

response analysis. 

Aerodynamic loads are determined with blade ele-

ment theory. Even though nonlinear inflow models 

are available at no computational cost, a uniform in-

duced inflow model determines axial induced veloci-

ties to be later directly applicable to the harmonic load 

calculation, see Eq. (28). XFOIL determines the two-

dimensional aerodynamic coefficients for varying 

Mach and Reynolds numbers within the preproces-

sor, including steady compressibility corrections and 

a transition model [29]. P a d l’s     a d      l ss c  -

rection attenuate the lift distribution [30]. The second 

author presents a detailed explanation and validation 

cases in reference [31].  

Piecewise straight beam elements connecting the 

sectional shear centres represent the blade planform 

of arbitrary shape, as shown in Figure 3. Nonlinear 

finite elements formulated according to moderate de-

flection theory iteratively determine the deformations 

using geometric and spin-softening matrices: 

(3) 

𝑲𝒔𝒕𝒅 𝒖𝒔𝒕𝒅 = 𝑭𝒔𝒕𝒅 = 

(𝑲𝑳 + 𝑲𝑮(𝒖) + 𝑲𝑺𝑷(Ω)) 𝒖𝒔𝒕𝒅 = 

𝑭𝑪𝑭(Ω) + 𝑭𝑨𝑬,𝒔𝒕𝒅(𝒖) 

With 𝑲𝒔𝒕𝒅 as the steady stiffness matrix, incorporating 

the linear, geometric, and spin-softening matrices 

𝑲𝑳, 𝑲𝑮(𝒖), and 𝑲𝑺𝑷(Ω). The steady external forces 

𝑭𝒔𝒕𝒅 include the centrifugal loads 𝑭𝑪𝑭(Ω) and the 

steady aerodynamic loads 𝑭𝑨𝑬,𝒔𝒕𝒅(𝒖). 𝒖 is the nodal 

deformations vector in the propeller-fixed coordinate 

system 𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃. The authors present a more de-

tailed explanation including validation in reference 

[11]. The aerodynamic loads, as determined at differ-

ent sections, are interpolated with splines. Orthogonal 

projections transfer the loads to the structural mesh. 

 

Figure 3: Propeller blade and elemental coordinate 
system 

4.2 Frequency Response Analysis 

Due to oblique inflow, structural deformations and 

aerodynamic loads are oscillating. Since some aero-

dynamic loads are proportional to deformations and 

deformation velocities, they are considered as aero-

dynamic stiffness and damping. Aerodynamic inertia 

terms are neglected in this quasi-steady approach. 

Referring to the steady reference point, the governing 

equation in the time domain is 

(4) 

𝑴 𝒖̈ + 𝑪 𝒖̇ + 𝑲 𝒖 = 𝑭 = 

𝑴 𝒖̈ + (𝑪𝑹 + 𝑪𝑨𝑬) 𝒖̇ + (𝑲𝒔𝒕𝒅 + 𝑲𝑨𝑬) 𝒖 = 

𝑭𝒔𝒕𝒅 + 𝑭𝒅𝒚𝒏 

With 𝑴 as the mass matrix, 𝑪, 𝑪𝑹, 𝑪𝑨𝑬 as the total, 

Rayleigh, and aerodynamic damping matrix, 𝑲 and 

𝑲𝑨𝑬 as the total and aerodynamic stiffness matrix, 

and 𝑭 and 𝑭𝒅𝒚𝒏 as the total and dynamic force vector. 

The actual deformations can be decomposed into a 

steady and dynamic part: 

(5) 𝒖 = 𝒖𝒔𝒕𝒅 + 𝒖𝒅𝒚𝒏 

Definitions of the steady matrices are in reference 

[11]. The aerodynamic matrices and load vector will 
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be derived in the following. The non-stationary (quasi-

steady) aerodynamic loads are a function of: 

(6) 𝑭𝒅𝒚𝒏 = 𝑓(𝛼, 𝛼̇, ℎ̇, 𝑤) 

With 𝛼, 𝛼̇, ℎ̇, and 𝑤 as sectional angle of attack,   ’s 

time derivative, plunge velocity normal to the incom-

ing air, and sectional air velocity. The quasi-steady 

aerodynamic loads include damping, stiffening (sof-

tening) and external terms, i.e., loads independent of 

structural deformations. 

As shown by others, the external aerodynamic exci-

tation is of harmonic form with excitation frequencies 

of integer multiples of the rotational speed [32]. 

Higher-order loads (nxP-loads) are excited but the 

predominant contribution to the overall loads stems 

from 1xP loads. The structural response is described 

by: 

(7) 
𝒖𝒅𝒚𝒏 = 𝒖̂𝒅𝒚𝒏 𝑒

𝑗𝜔𝑡, 𝒖̇ = 𝑗𝜔 𝒖̂𝒅𝒚𝒏 𝑒
𝑗𝜔𝑡,  

and 𝒖̈ = −𝜔2 𝒖̂𝒅𝒚𝒏 𝑒
𝑗𝜔𝑡, 

With 𝒖̂ denoting complex amplitudes and 

(8) 𝜔 = 𝑖Ω,   i = 1,2,3… 

𝜔 is the excitation frequency. Subtracting eq. (3) from 

(4) and inserting (7) yields the dynamic stiffness ma-

trix in the frequency domain: 

(9) 

(−𝜔2 𝑴 + 𝑗𝜔(𝑪𝑨𝑬 + 𝑪𝑹
 )  

+ (𝑲𝑨𝑬 + 𝑲𝒔𝒕𝒅))  𝒖̂𝒅𝒚𝒏 𝑒𝑗𝜔𝑡 = 

𝑲𝒅𝒚𝒏 𝒖̂𝒅𝒚𝒏 𝑒
𝑗𝜔𝑡 = 𝑭̂𝒅𝒚𝒏 𝑒𝑗𝜔𝑡 

The steady stiffness matrix is assumed to be con-

stant. Structural deformations 𝒖 include translational 

deformations 𝑢𝑥,𝑦,𝑧 and rotational deformations 𝜃𝑥,𝑦,𝑧. 

The torsional deformations equal the angle of attack 

variation due to structural deformations for straight 

blades (𝜃𝑥 ≈ 𝛼𝑆𝐷). Swept or preconed planforms re-

quire a coordinate transformation between the struc-

tural and the aerodynamic coordinate system. The in-

version of the dynamic stiffness matrix yields the 

transfer function to determine the structural response 

(10) 𝒖̂𝒅𝒚𝒏 = 𝑯(𝜔) 𝑭̂𝒅𝒚𝒏   with   𝑯(𝜔) = 𝑲𝒅𝒚𝒏
−1  

  

4.3 Quasi-Steady Aerodynamic Loads 

The derivation of linearised aerodynamic loads re-

quires geometric information on the sectional velocity 

components. Those are derived for a straight blade 

but the method can be easily extended to arbitrary 

planform via the transformation of aerodynamic and 

structural mechanical degrees of freedom. 

Preliminaries 

During forward flight, tangential, radial, and axial ve-

locities vary due to an oblique inflow as well as the 

non-uniform induced velocity field. Ψ = Ω𝑡 describes 

the azimuthal position of the propeller in its rotational 

plane, 𝑣𝑇 and 𝑣𝑅 are the tangential and radial velocity 

components, respectively, see Figure 4. The axial or 

perpendicular velocity component 𝑣𝑃 is not illustrated. 

 

Figure 4: Helicopter coordinate system 𝑥𝐻 , 𝑦𝐻 

The aerodynamic sectional lift is 

(11) 
𝑑𝐿

𝑑𝑅
=

𝜌

2
𝑤0

2𝑐 𝑐𝑙 

With 𝐿 as the lift, 𝑅 as radius, 𝜌 as air density, 𝑤0 as 

air velocity, 𝑐 as chord length, and 𝑐𝑙 as the lift coeffi-

cient. The aerodynamic angle of attack is 

(12) 𝛼 = 𝛩 − 𝛼𝑧 − Φ + 𝛼𝑆𝐷 

With Θ as the initial (built in) twist angle, 𝛼𝑧 as the 

zero-lift angle of attack (usually denoted as 𝛼0 in liter-

ature), Φ as the inflow angle of attack, and 𝛼𝑆𝐷 as the 

structural torsional deformation, see Figure 5. The 

subscript 0 indicates the values of the steady simula-

tion. Ω𝑅 is the tip speed, 𝑟 is the dimensionless ra-

dius, and 𝑣𝑖,𝑇 and 𝑣𝑖,𝑃 are the tangential and perpen-

dicular induced velocities.  

 

  

  

  

 
  

  



 

Figure 5: Cross-sectional velocities and angles 

The linearised dynamic lift for small perturbations is 

(13) 
(
𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛
≈

𝜕(𝑑𝐿/𝑑𝑅)

𝜕𝑤
Δ𝑤 +

𝜕(𝑑𝐿/𝑑𝑅) 

𝜕𝛼
Δα 

= 𝜌 𝑤0 𝑐 𝑐𝑙0 Δ𝑤 +
𝜌

2
𝑤0

2𝑐 𝑐𝑙,𝛼,𝑙𝑖𝑛 Δα 

with the linearised lift curve slope 𝑐𝑙,𝛼,𝑙𝑖𝑛. The impact 

on drag is neglected since thrust and power con-

sumption primarily depend on the lift. The quadratic 

variation of wind speed in the first term of Eq. (13) is 

below 10% and is therefore also neglected. For 

higher advance ratios, a Taylor-series could be used 

to include the quadratic variation and increase accu-

racy, but higher advance ratios are generally unfeasi-

ble with fixed pitch blades due to stall.  

The dynamic pressure 𝑞 and the lift are proportional 

to the square of the wind speed. Accordingly, a har-

monic oscillation in wind speed results in 1xP and 2xP 

variations in lift. The helicopter advance ratio is 

(14) 𝜇 =
𝑣∞   s(𝛼𝐻)

Ω𝑅
 

Depending on the rotational speed, flight speeds of 

30m/s usually result in an advance ratio 𝜇 of below 

0.15, yielding velocity variations of below 0.2 at 75% 

of the radius. As shown in Figure 6, the harmonic var-

iation of wind speed results in 2xP oscillations of the 

dynamic pressure 𝑞, but those amplitudes are negli-

gible at low advance ratios compared to the 1xP con-

tribution.  

The aerodynamic loads are unsteady since velocities 

and inflow angles are time-dependent, resulting in 

amplitude attenuation and phasing. The reduced fre-

quency of rotary wing section is approximately 

(15) 𝑘 =
𝜔𝑏

2𝑤
≈

Ω𝑏

2Ω𝑅𝑟
=

1

2

𝑏

𝑅𝑟
 

 

Figure 6: Amplitude spectrum of the dynamic pres-
sure due to time-varying inflow velocity 𝑣(𝑡) 

Since the flow velocity 𝑤 = 𝑣(𝑡) is also time-depend-

ent, the reduced frequency is somewhat ambiguous. 

Ref. [33] presents and compares different unsteady 

theories on that topic, both in the time and frequency 

domain. Johnson further derives a lift attenuation 

function 𝐶𝜇 = 𝑓(Ψ) in Ref. [32], ch. 10-4, for time-var-

ying inflow velocities. He states that for 𝜇/𝑟 < 0.7 and 

small aspect ratios 𝑏/𝑅, the deficiency function 𝐶𝜇 can 

be approximated by the Theodorsen function. Figure 

7 validates this statement for a typical lifting propeller 

at the 75% Radius section. 

 

 

Figure 7: Variation of the aerodynamic attenuation 

function 𝐶𝜇 for 1xP harmonics during one revolution 

𝜇/𝑟 = 0.2, 𝑏/𝑅 = 1/30, 𝜔 = Ω 
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The diagram illustrates two results: 

• The Theodorsen function is a proper approxima-
tion for the lift attenuation of lifting propellers at 
low advance ratios 

• The lift attenuation is below 10% due to the low 
reduced frequencies, i.e., the quasi-steady aero-
dynamics are a reasonable approximation 

Since the zero lift angle of attack 𝛼0 and built-in twist 

angle Θ are constant, the variation in the effective an-

gle of attack is 

(16) 

Δ𝛼 = Δ𝛼𝑆𝐷 + Δ𝛼𝐴𝐸 = 

Δ𝛼𝑆𝐷 + Δ𝛼𝐴𝐸,𝑄𝑆 + Δ𝛼𝐴𝐸,𝑁𝐼 

The aerodynamic angle of attack variation Δ𝛼𝐴𝐸  can 

be differentiated into the quasi-steady angle of attack 

variation Δ𝛼𝐴𝐸,𝑄𝑆 and the variation Δ𝛼𝐴𝐸,𝑁𝐼 due to the 

non-uniform inflow angle Φ. Note that  

(17) 𝜕𝛼/𝜕Φ = −1, i.  . , Δ𝛼𝐴𝐸,𝑁𝐼 = −ΔΦ 

Quasi-Steady Angle of Attack Variation 𝚫𝜶𝑸𝑺  

According to quasi-steady thin airfoil theory, the pitch 

and plunge motion at a radial section result in a vari-

ation in effective angle of attack and moment coeffi-

cient at the quarter chord length: 

(18) 

Δ𝛼𝑄𝑆 = (
ℎ̇

𝑤0

+
𝑐

2
(
1

2
− 𝑎)

𝛼̇

𝑤0

) 

 m0.25
= −

𝜋

4

𝛼̇𝑐

2𝑤0

 

The non-dimensional shear centre position 𝑎 is the 

distance between the airfoil mid-chord to the shear 

centre divided by half of the chord length, positive if 

the shear centre is closer to the trailing edge. With 𝑢̇ 

denoting the structural deformation velocities, the ap-

proximation of the plunge velocity is (positive in down-

ward direction) 

(19) 

ℎ̇ ≈ −𝑢̇𝑧   s(𝛷0) + 𝑢̇𝑦 sin(𝛷0) + 𝛽𝜇Ω𝑅   sΨ 

With 𝛽 ≈
𝑑𝑢𝑧

𝑑𝑥
 

𝛽 is the blade flapping angle due to elastic defor-

mations. For preconed propellers, 𝛽 further includes 

a constant part.  

 

Like all deformations, the flapping angle consists of a 

steady and a dynamic amplitude: 

(20) 𝛽 = 𝛽0 + 𝛽𝑑𝑦𝑛 

Since 𝛽𝑑𝑦𝑛 and the perpendicular inflow part of 𝜇 are 

both oscillating at the rotational frequency (1xP), the 

dynamic contribution 𝛽𝑑𝑦𝑛 yields a 2xP excitation: 

(21) 
𝛽𝑑𝑦𝑛(𝑡)𝜇Ω𝑅   sΨ = 𝛽̂𝑑𝑦𝑛𝑒𝑗Ω𝑡𝜇Ω𝑅𝑒𝑗Ω𝑅 = 

𝛽̂𝑑𝑦𝑛𝜇Ω𝑅𝑒𝑗2Ω𝑡 

To linearise the system, the dynamic part of the flap-

ping angle 𝛽𝑑𝑦𝑛 is neglected and 𝛽 ≈ 𝛽0. As will be 

shown by comparisons to transient simulations, the 

neglection is appropriate for lifting propellers due to 

the limited dynamic magnification at 2xP. 

𝛼̇ of Eq. (18) includes structural deformation velocities 

𝛼̇𝑆𝐷 and harmonic angle of attack oscillations 𝛼̇𝐴𝐸,𝑁𝐼 

due to non-uniform inflow conditions: 

(22) 𝛼̇ = 𝛼̇𝑆𝐷 + 𝛼̇𝐴𝐸,𝑁𝐼 

As mentioned above, the torsional deformations in 

the radial direction directly vary the aerodynamic an-

gle of attack solely for straight blades. Torsional de-

formations and the blade flapping angle 𝛽 require co-

ordinate transformation for swept planforms. 

Wind Angle Variation 𝚫𝚽 

The following calculations assume a rigid blade. The 

impact of elastic pitch and plunge motion is already 

considered in Δ𝛼𝑄𝑆. Translational deformation veloci-

ties in the rotational plane are further added to the 

variation in wind speed. The tangential and axial/per-

pendicular velocities are 

(23) 

𝑣𝑇(𝑟, Ψ) = 

Ω𝑅𝑟 + 𝑣∞   s(𝛼𝐻) sin(𝛹) + 𝑣𝑖,𝑇 = 

(𝑟 + 𝜇 sin(𝛹) + 𝜆𝑖,𝑇)Ω𝑅 

𝑣𝑃(𝑟, Ψ) = 𝑣∞ sin(𝛼𝐻) + 𝑣𝑖,𝑃 = (𝜇𝑧 + 𝜆𝑖,𝑃)Ω𝑅 

𝜆𝑖 is the induced inflow ratio and 𝜇𝑧 is the helicopter 

advance ratio perpendicular to the rotor disk: 

(24) 𝜆𝑖 =
𝑣𝑖

Ω𝑅
   and   𝜇𝑧 =

𝑣∞ sin(𝛼𝐻)

Ω𝑅
 

With the assumption of a linear induced inflow, e.g., 

according to Drees [34], the inflow ratio is 



(25) 

𝜆𝑖,𝑇 =
𝑣𝑖,𝑇

Ω𝑅
= 0 

𝜆𝑖,𝑃 =
𝑣𝑖,𝑃

Ω𝑅
= 𝜆0,𝑃 (1 + 𝑘𝑥

𝑥

𝑅
+ 𝑘𝑦

𝑦

𝑅
) = 

𝜆0,𝑃(1 + 𝑘𝑥𝑟𝑐𝑜𝑠 Ψ + 𝑘𝑦𝑟𝑠𝑖𝑛 Ψ) 

With the longitudinal and lateral inflow gradients 

(26) 
𝑘𝑥 =

4

3
(1 −   s Χ − 1.8𝜇2)

1

sin Χ
 

𝑘𝑦 = −2𝜇 

The wake skew angle Χ is 

(27) Χ = atan (
𝜇

𝜇𝑧 + 𝜆0,𝑃

) 

𝜆0,𝑃 is the mean induced inflow velocity over the pro-

peller disk and is 

(28) 

𝜆0,𝑃 =
𝑐𝑇

2√𝜇2 + (𝜇𝑧 + 𝜆0,𝑃)
2
 

With 𝑐𝑇 =
𝑇

𝜌𝜋𝑅2(Ω𝑅)2
 

The initial steady-state simulation iteratively deter-

mines the thrust coefficient 𝑐𝑇 , 𝜆0,𝑃, and the thrust 𝑇. 

Inserting Eq. (25)-(28) into (23) yields 

(29) 

Φ(𝑟,Ψ) = atan (
𝑣𝑃

𝑣𝑇

) = 

atan (
𝜇𝑧 + 𝜆0,𝑃(1 + 𝑘𝑥𝑟   sΨ + 𝑘𝑦𝑟 sin Ψ)

𝑟 + 𝜇 sin(𝛹)
) 

A Fourier transform of the oscillations of Φ shows 

negligible 2xP harmonics at the outboard section, as 

shown in Figure 8 for an exemplary lifting propeller. 

At the inboard section (𝑟 = 0.35), the 2xP and 3xP 

harmonic amplitudes are more pronounced, but the 

overall contribution of the section to aerodynamic 

loads is limited. Φ and Φ̇ in the frequency domain are 

(30) 

Φ(𝑡) = Φ0 + ∑Φ̂ 𝑒𝑗 𝑖Ω𝑡

5

𝑖=1

 

Φ̇(𝑡) = ∑Φ̂̇ 𝑒𝑗 𝑖Ω𝑡

5

𝑖=1

= ∑ 𝑗 𝑖Ω Φ̂ 𝑒𝑗 𝑖Ω𝑡

5

𝑖=1

 

 

Figure 8: Amplitude spectrum of the wind angle 

𝜇 = 0.15, Ω = 209
1

𝑠
, 𝛼𝐻 = 10°  

Note that in practical applications, lifting propellers 

are also excited at higher harmonics due to interfer-

ence, e.g., with struts or the fuselage. Further, the lin-

ear inflow is only a crude approximation of the highly 

nonlinear inflow. 

Wind Speed Variation 𝚫𝒘 

At the outer sections (𝑟 > 0.4), the tangential velocity 

is significantly greater than the perpendicular velocity 

component. The wind speed 𝑤 is 

(31) 

𝑤 = √(𝑣𝑇 + 𝑢̇𝑦)
2
+ (𝑣𝑃 + 𝑢̇𝑧)

2 ≈ 𝑣𝑇 + 𝑢̇𝑦 = 

(𝑟 + 𝜇 sin(𝛹))Ω𝑅 + 𝑢̇𝑦 = 

𝑟Ω𝑅 + 𝜇 Ω𝑅𝑒𝑗Ω𝑡 + 𝑢̇𝑦𝑒
𝑗 𝑖Ω𝑡  = 𝑤0 + Δ𝑤 𝑒𝑗 𝑖Ω𝑡 

With 

(32) 
𝑤0 = 𝛺𝑅𝑟,   𝜇 𝑒𝑗𝛺𝑡 = 𝜇 𝑒𝑗(−

𝜋

2
)𝑒𝑗𝛺𝑡 ,   and 

 𝑢̇𝑦 = 𝑢̇𝑦𝑒𝑗 𝑖𝛺𝑡 = 𝑗 𝑖𝛺 𝑢𝑦 𝑒𝑗 𝑖𝛺𝑡 

When excitation frequencies other than the rotational 

speed Ω are considered, only the deformation propor-

tional term 𝑢̇𝑦 is oscillating with the angular frequency 

𝜔 = 𝑖Ω (𝑖 = 1,2,3… ): 

(33) Δ𝑤(𝜔 = 𝑖Ω) = 𝑢̇𝑦  𝑒𝑗Ω𝑡 for 𝑖 ≥ 2 

Summary of Aerodynamic Loads 

The steady and dynamic parts of the aerodynamic 

loads are 



(34) 

𝑑𝐿

𝑑𝑅
= (

𝑑𝐿

𝑑𝑅
)

𝑠𝑡𝑑
+ (

𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛
≈ 

𝜌

2
𝑤0

2 𝑐 𝑐𝑙0
+

𝜕(𝑑𝐿/𝑑𝑅)

𝜕𝑤
Δ𝑤 +

𝜕(𝑑𝐿/𝑑𝑅) 

𝜕𝛼
Δα = 

𝜌

2
𝑤0 𝑐 (𝑤0𝑐𝑙0 + 2 𝑐𝑙0 Δ𝑤 + 𝑐𝑙,𝛼 𝑤0 Δ𝛼) 

Inserting Eq. (31) yields 

(35) 
𝜕(𝑑𝐿/𝑑𝑅)

𝜕𝑤
Δ𝑤 = 𝜌 𝑤0 𝑐 𝑐𝑙0(𝜇Ω𝑅𝑠𝑖𝑛(Ψ) + 𝑢̇𝑦) 

Using Eqs. (18)-(22) and (30) yields 

(36) 

𝜕(𝑑𝐿/𝑑𝑅) 

𝜕𝛼
Δα = 

𝜌

2
𝑤0

2 𝑐 𝑐𝑙,𝛼 ⋅ 

(𝛼𝑆𝐷 + (
ℎ̇

𝑤0

+
𝑐

2
(
1

2
− 𝑎)

𝛼̇

𝑤0

) + Φ) = 

𝜌

2
𝑤0

2 𝑐 𝑐𝑙,𝛼 ⋅ 

(𝛼𝑆𝐷 +
−𝑢̇𝑧   s(𝛷0) + 𝑢̇𝑦 sin(𝛷0) + 𝛽0𝜇Ω𝑅

𝑤0

+
𝑐

2
(
1

2
− 𝑎)

𝛼̇𝑆𝐷 − Φ̇

𝑤0

+ Φ) 

The variation of aerodynamic moment is 

(37) 

(
𝑑𝑀𝑥

𝑑𝑅
)

𝑑𝑦𝑛
=

𝜌

2
𝑤0

2𝑐2𝑐𝑚0.25
= 

−
𝜌

2
𝑤0𝑐

3
𝜋

8
𝛼̇ = −

𝜌

2
𝑤0𝑐

3
𝜋

8
(𝛼̇𝑆𝐷 − Φ̇) 

With all non-steady deformations and deformation ve-

locities being complex values. 

4.4 Matrix Assembly 

The dynamic loads can be further separated into 

functions of structural deformations, deformation ve-

locities, and external excitations: 

(38) (
𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛
= 𝑓(𝒖) + 𝑓(𝒖̇) + 𝑓𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙  

The deformation proportional loads are related as 

aerodynamic stiffness, i.e., they modify the structural 

stiffness matrix 𝑲 by 𝑲𝑨𝑬 

(39) 𝑲𝑨𝑬 𝒖 ~ −
𝜌

2
 𝑤0

2 𝑐 𝑐𝑙,𝛼 𝛼𝑆𝐷 

Since the deformation and velocity related loads are 

considered on the left side of Eq. (9), the sign has to 

be inverted. The term proportional to deformation ve-

locities modifies the damping matrix 𝑪𝑹 by 𝑪𝑨𝑬 

(40) 

𝑪𝑨𝑬 𝒖̇ ~ − 
𝜌

2
𝑤0𝑐 ⋅ 

 ((2𝑐𝑙0 + 𝑐𝑙,𝛼 sin(𝛷0))  𝑢̇𝑦 − 𝑐𝑙,𝛼   s(𝛷0) 𝑢̇𝑧

+ 𝑐𝑙,𝛼

𝑐

2
(
1

2
− 𝑎) 𝛼̇𝑆𝐷) 

and   𝑪𝑨𝑬 𝒖̇ ~ 
𝜌

2
𝑤0𝑐

3 𝜋

8
 𝛼̇𝑆𝐷 

The loads independent of unsteady structural defor-

mations are the external dynamic loads due to the 

non-uniform inflow 𝑭𝑨𝑬,𝑵𝑰 

(41) 

𝑭𝑨𝑬,𝑵𝑰  ~ (
𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛𝑒𝑥𝑡

= 
𝜌

2
 𝑤0 𝑐 ⋅ 

(2𝑐𝑙0 𝜇Ω𝑅 + 𝑐𝑙,𝛼𝛽0𝜇Ω𝑅 − 𝑐𝑙,𝛼

𝑐

2
(
1

2
− 𝑎) Φ̇

+ 𝑤0 𝑐𝑙,𝛼  Φ) 

And the external moment 

(
𝑑𝑀𝑥

𝑑𝑅
)

𝑑𝑦𝑛𝑒𝑥𝑡

=  
𝜌

2
𝑤0𝑐

3
𝜋

8
Φ̇ 

The aerodynamic loads at the ith section have to be 

transformed to equivalent nodal loads to be pro-

cessed within the FE method. In the structural (blade) 

coordinate system 𝑥𝑝 , 𝑦𝑝, 𝑧𝑝, the distributed loads 𝑝 

are: 

(42) 

𝑝𝑆𝐷,𝑦𝑖
= −(

𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛𝑖

⋅ sin(Φ0𝑖
) 

𝑝𝑆𝐷,𝑧𝑖
= +(

𝑑𝐿

𝑑𝑅
)

𝑑𝑦𝑛𝑖

⋅   s(Φ0𝑖
) 

𝑚𝑥𝑖
= (

𝑑𝑀𝑥

𝑑𝑅
)

𝑑𝑦𝑛𝑖

 

The finite element procedure in the present approach 

uses cubic interpolation functions for bending defor-

mation degrees of freedom and linear interpolation 

functions for torsional and longitudinal degrees of 



freedom. The interpolation functions are listed in ap-

pendix 7.1 The aerodynamic loads are determined at 

each aerodynamic section. Since the aerodynamic 

sections do not necessarily coincide with the struc-

tural nodes, the discrete sectional values are interpo-

lated at each structural node using splines. Orthogo-

nal projections transfer the loads from the quarter-

chord line to the elastic axis. The torsional loads due 

to deviating shear centre and quarter chord point are 

considered within the projection of loads. The calcu-

lation of equivalent nodal loads due to external dis-

tributed sectional loads is straightforward and not de-

scribed here.  

Distributed loads 𝑝𝑖 acc. Eq. (42) are assumed to vary 

linearly between two neighbouring structural nodes. 

The external work of equivalent nodal loads is 

(43) 

−𝛿𝑊𝑒 = −𝑭 𝛿𝒖 = 𝛿𝒖𝑇𝑲𝑨𝑬 𝒖 = 

𝛿𝒖𝑇 ∫𝑝(𝑥)

 

𝐿𝑒

𝑁(𝑥) 𝒖 𝑑𝑥 = 

𝛿𝒖𝑇
𝐿𝑒

2
∫ 𝑝(𝜉)

+1 

𝜉=−1

𝑁(𝜉) 𝒖 𝑑𝜉 

The aerodynamic damping matrix can be derived sim-

ilarly. The definition of both aerodynamic stiffness and 

damping matrix is in appendix 7.2.  

5 RESULTS 

5.1 Physical Interpretation 

Dynamic Excitation Factor (DEF) 

The 𝐴𝑞 factor or the excitation factor EF are unsuited 

to quantify the magnitude of dynamic excitation of lift-

ing propellers since they do not account for the vary-

ing wind speed. The external aerodynamic excitation 

is therefore quantified by a newly defined dynamic ex-

citation factor DEF at 75% of the radius 

(44) 

DEF75(𝑡) = (
𝑤

𝑤0

)
2

⋅
𝑐𝑙

𝑐𝑙0

− 1 ≈ 

(1 +
4

3
𝜇   s (𝛺𝑡 −

𝜋

2
))

2

 

⋅ (1 − Φ
𝑐𝑙,𝛼

𝑐𝑙0

  s(Ω𝑡 + 𝑝ℎ𝑎𝑠𝑒(Φ))) − 1 

The dynamic excitation factor is a dimensionless 

measure to evaluate the external excitation with 

regard to the static loads. The DEF is defined to be 

zero in steady operation and unity if the external ex-

citation is of the same magnitude as the steady loads. 

Figure 9 plots the oscillation of the DEF during one 

revolution. 

 

Figure 9: DEF75 oscillation during one revolution 
𝜇 = 0.105, 𝜇𝑧 = 0.018, 𝜆0,𝑃 = 0.0135, 𝛼𝐻 = 10°  

The mean value is nonzero, and the oscillation in-

cludes minor 2xP contributions, as stated in section 

4.3. The evaluation of the DEF is not required to de-

termine the harmonic response but yields some phys-

ical insight. The dynamic excitation can be reduced 

by either 

• reducing the advance ratio, i.e., increasing rota-
tional speed or reducing horizontal flight speed 

• Increasing 𝑐𝑙0 or reducing 𝑐𝑙,𝛼 

The wind angle Φ and its phase lag depend on the 

operational and geometrical parameters. 

Dynamic Magnification 

Depending on the damping ratio and the proximity to 

resonance frequencies, dynamic magnification signif-

icantly increases loads and deformations, as ex-

pressed by the transfer function in Figure 10. The first 

Eigenmode is typically above the 1xP excitation. The 

damping at resonance is dominated by the aerody-

namic damping of the plunge motion. The amplifica-

tion of loads occurs especially at the first Eigenmode. 

The second and third Eigenmode are less critical 

since both excitation and magnification are signifi-

cantly lower compared to the first mode. The visuali-

zation of the transfer function yields information on 

the magnitude of amplification for a single rotational 

frequency. Since the rotational speed varies during 

flight, a Campbell plot further helps to compare 



excitation and resonance frequencies within the oper-

ational range. 

 

Figure 10: Transfer function of transverse load 𝐹𝑧 and 

transverse deflection 𝑢𝑧 at 75% radius 

Dynamic magnification can be reduced by either in-

creasing the blade’s natural frequencies or by in-

creasing aerodynamic damping. 

5.2 Validation 

Comparison to Transient Simulation 

The structural deformations during forward flight of 

lifting propellers can be evaluated by calculating the 

harmonic response. Figure 11 compares the results 

of the harmonic response and a transient analysis. 

The deviations between both methods are approxi-

mately 10%. 

 

Figure 11: Comparison of transient and harmonic re-
sponse analysis results of the tip node deformations 

The harmonic deformations are added to the steady 

state deformations. Both simulations calculate quasi-

steady aerodynamic loads. The transient simulation 

determines the lift coefficient based on actual polars 

for every specific Mach and Reynolds number instead 

of using linearized lift coefficients. Further, the transi-

ent simulation includes drag and moment variation 

based on polars, resulting in slight deviations in am-

plitude and phase lag. The deformation results of the 

transient simulation converge to a harmonic oscilla-

tion after 3-4 revolutions. The runtime of the transient 

simulation is approximately 30 seconds, while the 

harmonic response analysis requires 50ms, including 

the FFT of the inflow field and the matrix assembly on 

a single CPU core. The preprocessing of airfoil polars 

is not included in both values and requires additional 

30 seconds at multiple CPU cores, but can be per-

formed offline the optimization algorithm for common 

rotor airfoils. The amplitude of the simulation can also 

be approximated by the multiplication of the DEF and 

the dynamic magnification at 75% of the radius. Ac-

cordingly 

(45) 

𝑢𝑧 ≈ DEF75 ⋅ H(Ω)75 ⋅ 𝑢𝑧,𝑠𝑡𝑑 = 

0.37 ⋅ 2.6 ⋅ 𝑢𝑧,𝑠𝑡𝑑 = 0.96 ⋅ 31𝑚𝑚 = 29.8𝑚𝑚 

As mentioned above, the DEF and its use to approxi-

mate the deformations are not required for the har-

monic response analysis. Still, it yields helpful physi-

cal insight.  

Impact of Higher-Order Harmonics 

It has been stated before that amplitude and dynamic 

magnification are most severe at the propeller rota-

tional speed (1xP). Figure 12 compares the harmonic 

deformations during one revolution for the considera-

tion of a single excitation frequency and a simulation 

considering the first five excitation frequencies. The 

deviations between both simulations are negligible, 

allowing to solely consider the 1xP loads for the pre-

sent method. However, the linear inflow model and 

the quasi-steady aerodynamics inherently neglect pri-

mary sources of higher-order excitations. Further, 

blade and shaft loads might also include higher-order 

vibrations despite the deformation being dominated 

by oscillations within the rotational frequency. The au-

thors want to highlight that accurate determination of 

higher-order vibratory loads demands more sophisti-

cated models. Still, the novel method yields a rapid 

first-order approximation of dynamic propeller loads.  



 

Figure 12: Comparison of harmonic response analy-
sis including 1xP and 1-5xP results 

For lifting propellers with two blades, already the 1xP 

dynamic bending loads are not filtered by the hub, re-

sulting in significant shaft vibrations, see Ref. [24] for 

further explanation.  

6 CONCLUSION 

A novel approach to estimate dynamic blade loads of 

lifting propellers during forward flight has been pre-

sented. The conclusions are 

• Aerodynamic loads and structural response show 
significant oscillations at the rotational frequency. 
Those so-called 1xP loads are especially im-
portant for two-bladed lifting propellers since 1xP 
loads are not filtered by the hub for two blades 

• The impact of unsteady aerodynamic loads is lim-
ited. Still, the extension of the method to include 
Theodorsen’s theory is feasible 

• The dimensionless dynamic excitation factor DEF 
quantifies the external aerodynamic excitation 
occurring due to oblique inflow 

• Significant dynamic magnification occurs if the 
blade’s first resonance frequency is close to the 
rotational frequency 

• While Campbell plots highlight the proximity of 
excitation and resonance frequencies, the trans-
fer function of the presented method yields further 
information on the extent of dynamic magnifica-
tion 

• The approximation with the presented method in 
the frequency domain yields reasonable approxi-
mations compared to time-marching simulations 

• High aspect ratio lifting propellers are susceptible 
to dynamic loads during forward flight due to low 
inherent stiffness and high lift curve slopes 
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7 APPENDIX 

7.1 Interpolation functions 

 

Figure 13: Finite Element degrees of freedom 

𝑢(𝜉) =

(

 
 
 

𝑢𝑥

𝑢𝑦

𝑢𝑧

𝜃𝑥

𝜃𝑦

𝜃𝑧)

 
 
 

= 

[
 
 
 
 
 
 
 
 
𝑁1 0 0 0 0 0 𝑁2 0 0 0 0 0

0 𝑁3 0 0 0 𝑁4 0 𝑁5 0 0 0 𝑁6

0 0 𝑁7 0 𝑁8 0 0 0 𝑁9 0 𝑁10 0

0 0 0 𝑁11 0 0 0 0 0 𝑁12 0 0

0 0 𝑁13 0  𝑁14 0 0 0 𝑁15 0 𝑁16 0

0 𝑁17 0 0 0 𝑁18 0 𝑁19 0 0 0 𝑁20]
 
 
 
 
 
 
 
 

⋅

(

 
 
 
 
 
 
 
 
 

𝑢1

𝑢2

𝑢3

𝑢4

𝑢5
𝑢6

𝑢7

𝑢8

𝑢9

𝑢10

𝑢11

𝑢12)

 
 
 
 
 
 
 
 
 

 

With 𝜉 as the dimensionless coordinate in the longitu-

dinal direction (−1 ≤ 𝜉 ≤ +1), the form functions are: 

𝑁1(𝜉) = 𝑁11(𝜉) =
1

2
(1 − 𝜉) 

𝑁2(𝜉) = 𝑁12(𝜉) =
1

2
(1 + 𝜉) 

𝑁3(𝜉) = 𝑁7(𝜉) =
1

2
(1 − 𝜉) −

1

4
𝜓(𝜉 − 𝜉3) 

𝑁4(𝜉) = −𝑁8(𝜉) =
𝐿𝑒

8
{1 − 𝜉2 − 𝜓(𝜉 − 𝜉3)} 

𝑁5(𝜉) = 𝑁9(𝜉) =
1

2
(1 + 𝜉) +

1

4
𝜓(𝜉 − 𝜉3) 

𝑁6(𝜉) = −𝑁10(𝜉) = −
𝐿𝑒

8
{1 − 𝜉2 + 𝜓(𝜉 − 𝜉3)} 

   

  

  

  

  

  

  

  

  

  

   

   

   

  d    d    



𝑁13(𝜉) = −𝑁17(𝜉) =
3

2𝐿𝑒
𝜓(1 − 𝜉2) 

𝑁14(𝜉) = 𝑁18(𝜉) =
1

2
(1 − 𝜉) −

3

4
𝜓(1 − 𝜉2) 

𝑁15(𝜉) = −𝑁19(𝜉) = −
3

2𝐿𝑒
𝜓(1 − 𝜉2) 

𝑁16(𝜉) = 𝑁20(𝜉) =
1

2
(1 + 𝜉) −

3

4
𝜓(1 − 𝜉2) 

𝜓𝑦 =
1

1 + 12
𝐸𝐼𝑧𝑧

𝐺𝐴𝑠𝑦
𝐿𝑒
2

, 𝜓𝑧 =
1

1 + 12
𝐸𝐼𝑦𝑦

𝐺𝐴𝑠𝑧
𝐿𝑒
2

   

with 𝐺𝐴𝑠𝑦/𝑧
 as cross-sectional shear stiffness in the y- 

and z-direction, 𝐸𝐼𝑦𝑦 and 𝐸𝐼𝑧𝑧 as the bending stiffness 

in the y- and z-direction, and 𝐿𝑒 as elemental length 

𝜓𝑦 applies to the second and sixth row while 𝜓𝑧 ap-

plies to the third and fifth row of the form function ma-

trix. 

7.2 Aerodynamic Influence Matrices 

Aerodynamic Stiffness Matrix 

The aerodynamic stiffness matrix is of size 12x12. All 

entries not defined below are zero: 

𝐾𝐴𝐸2,4
= sin(Φ01

)
𝐿𝑒

2
∫𝑁21𝑁3𝑑𝜉 

𝐾𝐴𝐸2,10  
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁22𝑁3𝑑𝜉 

𝐾𝐴𝐸3,4
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁21𝑁7𝑑𝜉 

𝐾𝐴𝐸3,10
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁22𝑁7𝑑𝜉 

𝐾𝐴𝐸5,4
= −  s (𝛷01  

)
𝐿𝑒

2
∫𝑁21𝑁8𝑑𝜉 

𝐾𝐴𝐸5,10
= −  s (𝛷02  

)
𝐿𝑒

2
∫𝑁22𝑁8𝑑𝜉 

𝐾𝐴𝐸6,4
= sin(Φ01  

)
𝐿𝑒

2
∫𝑁21𝑁4𝑑𝜉 

𝐾𝐴𝐸6,10
= sin (𝛷02  

)
𝐿𝑒

2
∫𝑁22𝑁4𝑑𝜉 

𝐾𝐴𝐸8,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁21𝑁5𝑑𝜉 

𝐾𝐴𝐸8,10
= sin(Φ02

)
𝐿𝑒

2
∫𝑁22𝑁5𝑑𝜉 

𝐾𝐴𝐸9,4
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁21𝑁9𝑑𝜉 

𝐾𝐴𝐸9,10
= −  s (𝛷02  

)
𝐿𝑒

2
∫𝑁22𝑁9𝑑𝜉 

𝐾𝐴𝐸11,4
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁21𝑁10𝑑𝜉 

𝐾𝐴𝐸11,10
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁22𝑁10𝑑𝜉 

𝐾𝐴𝐸12,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁21𝑁6𝑑𝜉 

𝐾𝐴𝐸12,8
= sin(Φ02

)
𝐿𝑒

2
∫𝑁22𝑁6𝑑𝜉 

With 

𝑁21(𝜉) =

𝑑𝐿(𝛼)
𝑑𝑅
𝛼

⋅ 𝑁1(𝜉) = −
𝜌

2
𝑤01

2𝑐1𝑐𝑙𝛼1
⋅
1

2
(1 − 𝜉) 

𝑁22(𝜉) =

𝑑𝐿(𝛼)
𝑑𝑅
𝛼

⋅ 𝑁2(𝜉) = −
𝜌

2
𝑤02

2𝑐2𝑐𝑙𝛼2
⋅
1

2
(1 + 𝜉) 

Subscripts 1 and 2 denote parameters at the first and 

second node respectively of the considered element. 

Aerodynamic Damping Matrix 𝑪𝑨𝑬 

All matrix entries not defined below are zero: 

𝐶𝐴𝐸2,2
= sin(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁3𝑑𝜉 

𝐶𝐴𝐸2,3
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁3𝑑𝜉 

𝐶𝐴𝐸2,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁3𝑑𝜉 

𝐶𝐴𝐸2,8
= sin(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁3𝑑𝜉 

𝐶𝐴𝐸2,9
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁3𝑑𝜉 

𝐶𝐴𝐸2,10
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁3𝑑𝜉 

 

𝐶𝐴𝐸3,2
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁7𝑑𝜉 

𝐶𝐴𝐸3,3
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁7𝑑𝜉 

𝐶𝐴𝐸3,4
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁7𝑑𝜉 



𝐶𝐴𝐸3,8
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁7𝑑𝜉 

𝐶𝐴𝐸3,9
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁7𝑑𝜉 

𝐶𝐴𝐸3,10
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁7𝑑𝜉 

 

𝐶𝐴𝐸4,4
=

𝐿𝑒

2
∫𝑁29𝑁11𝑑𝜉 

𝐶𝐴𝐸4,10
=

𝐿𝑒

2
∫𝑁30𝑁11𝑑𝜉 

𝐶𝐴𝐸10,4
=

𝐿𝑒

2
∫𝑁29𝑁12𝑑𝜉 

𝐶𝐴𝐸10,10
=

𝐿𝑒

2
∫𝑁30𝑁12𝑑𝜉 

 

𝐶𝐴𝐸5,2
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁8𝑑𝜉 

𝐶𝐴𝐸5,3
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁24𝑁8𝑑𝜉 

𝐶𝐴𝐸5,4
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁25𝑁8𝑑𝜉 

𝐶𝐴𝐸5,8
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁8𝑑𝜉 

𝐶𝐴𝐸5,9
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁27𝑁8𝑑𝜉 

𝐶𝐴𝐸5,10
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁28𝑁8𝑑𝜉 

 

𝐶𝐴𝐸6,2
= sin(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁4𝑑𝜉 

𝐶𝐴𝐸6,3
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁4𝑑𝜉 

𝐶𝐴𝐸6,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁4𝑑𝜉 

𝐶𝐴𝐸6,8
= sin(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁4𝑑𝜉 

𝐶𝐴𝐸6,9
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁4𝑑𝜉 

𝐶𝐴𝐸6,10
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁4𝑑𝜉 

𝐶𝐴𝐸8,2
= sin(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁5𝑑𝜉 

𝐶𝐴𝐸8,3
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁5𝑑𝜉 

𝐶𝐴𝐸8,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁5𝑑𝜉 

𝐶𝐴𝐸8,8
= sin(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁5𝑑𝜉 

𝐶𝐴𝐸8,9
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁5𝑑𝜉 

𝐶𝐴𝐸8,10
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁5𝑑𝜉 

 

𝐶𝐴𝐸9,2
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁9𝑑𝜉 

𝐶𝐴𝐸9,3
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁9𝑑𝜉 

𝐶𝐴𝐸9,4
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁9𝑑𝜉 

𝐶𝐴𝐸9,8
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁9𝑑𝜉 

𝐶𝐴𝐸9,9
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁9𝑑𝜉 

𝐶𝐴𝐸9,10
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁9𝑑𝜉 

 

𝐶𝐴𝐸11,2
= −  s(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁10𝑑𝜉 

𝐶𝐴𝐸11,3
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁10𝑑𝜉 

𝐶𝐴𝐸11,4
= −  s(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁10𝑑𝜉 

𝐶𝐴𝐸11,8
= −  s(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁10𝑑𝜉 

𝐶𝐴𝐸11,9
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁10𝑑𝜉 

𝐶𝐴𝐸11,10
= −  s(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁10𝑑𝜉 

 

𝐶𝐴𝐸12,2
= sin(Φ01

)
𝐿𝑒

2
∫𝑁23𝑁6𝑑𝜉 



𝐶𝐴𝐸12,3
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁24𝑁6𝑑𝜉 

𝐶𝐴𝐸12,4
= sin(𝛷01

)
𝐿𝑒

2
∫𝑁25𝑁6𝑑𝜉 

𝐶𝐴𝐸12,8
= sin(Φ02

)
𝐿𝑒

2
∫𝑁26𝑁6𝑑𝜉 

𝐶𝐴𝐸12,9
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁27𝑁6𝑑𝜉 

𝐶𝐴𝐸12,10
= sin(𝛷02

)
𝐿𝑒

2
∫𝑁28𝑁6𝑑𝜉 

With 

𝑁23(𝜉) =

𝑑𝐿(𝑢̇𝑦)
𝑑𝑅
𝑢̇𝑦

⋅ 𝑁1(𝜉) = 

𝜌

2
𝑤01

𝑐1(2𝑐𝑙01
+ 𝑐𝑙,𝛼1

sin(𝛷01
)) ⋅

1

2
(1 − 𝜉) 

𝑁24(𝜉) =

𝑑𝐿(𝑢̇𝑧)
𝑑𝑅
𝑢̇𝑧

⋅ 𝑁1(𝜉) = 

𝜌

2
𝑤01

𝑐1(−𝑐𝑙,𝛼1
  s(𝛷01

)) ⋅
1

2
(1 − 𝜉) 

𝑁25(𝜉) =

𝑑𝐿(𝛼̇)
𝑑𝑅
𝛼̇

⋅ 𝑁1(𝜉) = 

𝜌

2
𝑤01

𝑐1 (𝑐𝑙,𝛼1

𝑐1
2

(
1

2
− 𝑎1)) ⋅

1

2
(1 − 𝜉) 

𝑁26(𝜉) =

𝑑𝐿(𝑢̇𝑦)
𝑑𝑅
𝑢̇𝑦

⋅ 𝑁2(𝜉) = 

𝜌

2
𝑤02

𝑐2(2𝑐𝑙02
+ 𝑐𝑙,𝛼2

sin(𝛷02
)) ⋅

1

2
(1 + 𝜉) 

𝑁27(𝜉) =

𝑑𝐿(𝑢̇𝑧)
𝑑𝑅
𝑢̇𝑧

⋅ 𝑁2(𝜉) = 

𝜌

2
𝑤02

𝑐2(−𝑐𝑙,𝛼2
  s(𝛷02

)) ⋅
1

2
(1 + 𝜉) 

𝑁28(𝜉) =

𝑑𝐿(𝛼̇)
𝑑𝑅
𝛼̇

⋅ 𝑁2(𝜉) = 

𝜌

2
𝑤02

𝑐2 (𝑐𝑙,𝛼2

𝑐2

2
(
1

2
− 𝑎2)) ⋅

1

2
(1 + 𝜉) 

𝑁29(𝜉) =
𝑑𝑀𝑥(𝛼)

𝑑𝑅

1

𝛼
𝑁11(𝜉) =

𝜌

2
𝑤01

𝑐1
3
𝜋

8
⋅
1

2
(1 − 𝜉) 

𝑁30(𝜉) =
𝑑𝑀𝑥(𝛼)

𝑑𝑅

1

𝛼
𝑁12(𝜉) =

𝜌

2
𝑤02

𝑐2
3
𝜋

8
⋅
1

2
(1 + 𝜉) 
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