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Abstract 

In this paper, the displacements and loads 
of a helicopter rotor blade in forward flight 
with and without Higher Harmonic Control 
(HHC) are determined by an identification 
technique using measured bending moments 
from the blade. The ill-conditioned problem 
and the underdetermined problem are 
encountered, investigated, and solved. The 
Singular Value Decomposition (SVD) method 
is, for the first time, successfully applied in 
the rotor load determination process. A 
recurrence formula, in matrix form, is 
developed to calculate the generalized 
coordinates. Based on the determined results 
for three flight test cases, the difference of the 
rotor blade displacements and loads between 
baseline (HHC-off) and HHC-on · with 
different lateral control excitation input 
phases is analyzed and the influence of HHC 
is shown. 

Introduction 

The concept of Higher Harmonic Control 
(HHC), since the late 1970's, has received 
much attention and regard as a means to 
significantly reduce helicopter vibrations. 
This fact is illustrated by the various works 
c~nducted in the areas of analytics [I] [2], 
wmd tunnel tests [3] and flight tests [4] to 
[7], for example. The principal behind HHC 
is to alter the harmonic content of the blade's 
airloads in such a way as to reduce the forces 
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at the blade root and ultimately reduce the 
amplitudes of the primary vibrations in the 
fuselage. The blade's harmonic airloads are 
modified by means of superimposing into the 
blade pitch control system an N/rev blade 
pitch oscillation. The N/rev oscillation 
amplitude and phase can be controlled by 
either open loop or closed loop feedback with 
the objective being to minimize the overall 
vibration at some point in the fuselage. The 
aforementioned works were performed with 
the goal of developing a successful HHC 
s:rster;:t and de~ermining its potential in 
Vlbr.atwn reductiOn through testing. Great 
achievements have been made in the 
development of the HHC system, but further 
analys1s on the test results is still needed 
~specially to a~dress the influence and chang~ 
m the harmomcs of the rotor blade's airloads 
and displacements due to HHC. The accurate 
determination of rotor blade airloads in 
general is an on going effort and much work 
needs to be done. In view of the problems 
y;hich stil~ exist for predicting rotor loads, it 
IS appropnate to determine the displacements 
~nd load~ of the. rotor blade using the 
1dentlficatwn techmque and the existing flight 
test data. This is the motivation for the work 
described in this paper. Although some work 
has been conducted on the determination of 
the displacements and loads of the rotor blade 
[8] to [14], this identification technique is still 
under development and many practical 
problems need to be investigated and solved. 
For example, the ill-conditioned problem and 
!he underdetermined problems are very 
important and have not been investigated in 
the rotor load identification before. Because 
?f this, the practical application and 
improvement of the technique for rotor blade 
displacement and load determination are in 
need of investigation. Therefore the main 
objectives of this paper are I) th~ practical 
application and improvement of the technique 
for rotor blade displacement and load 
determination and 2) a comparative 
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investigation and analysis of the alteration of 
the blade airloads and displacements due to 
HHC-on with that of HHC-off. 

The SVD (Singular Value 
Decomposition) method, for the first time, is 
utilized in the helicopter rotor load 
determination process to solve the inverse 
problem and to identify possible difficulties 
due to the ill-conditioned problem thereby 
helping to insure the correct solution. The 
differences of the blade displacements and 
loads due to HHC-on and HHC-off are 
investigated and analyzed so that the effects 
of HHC on the displacements and loads of 
the rotor blade, based on flight tests, can be 
shown for the first time. For the purposes of 
this paper, data from a series of HHC flight 
tests of a light helicopter with a four bladed 
articulated rotor in forward flight were used. 
Also, since the task of analyzing the 
helicopter rotor loads for this project is in the 
initial stages and because of the limited 
amount of experimental data that is available, 
only flapwise displacements and loads of the 
rotor blade for two HHC-on cases and a 
baseline (HHC-off) case at the same forward 
flight condition are considered in this paper. 

The Process of Rotor Blade 
Displacement and Load 

Determination 

The measured data available from the 
HHC flight tests that were utilized in this 
study were the vibratory bending moments of 
the blade at 7 radial stations along the blade 
and the blade flap angle at the hinge. The 
data provide the time histories and 
magnitudes, phases and frequencies for the 
first 12 harmonics. The process of the 
determination of the rotor blade 
displacements and loads, based on this data, 
are as follows: 

1) Determine the harmonic coefficients 
of the experimental bending moments 
and flap angle. 

The measured bending moments M(ri,t) 

and flap angle ~(t) can be expressed as 

M(ri,t) = 
N 

(1) 

I (Mkc(fi) cos(kilt) + Mks(ri) sin(kilt)) 
k=l 

~(t) = 
N (2) 
I (~kc cos(kQt) + ~ks sin(kQt)) 
k=l 

where ri is the radial coordinate of the 
measured station, k is the order of the 

harmonic, t is time, n is the rotor speed and 
N is the number of harmonics considered. 
Since the experimental data provide the 
magnitudes, phases and frequencies, it is 
easy to determine the harmonic component 

coefficients Mkc(ri), Mks(ri) and ~kc• ~ks· 

2) Determine the rotor blade's modal 
properties. 

The rotor blade's natural frequencies COj, 
the corresponding mode shapes for the 

displacement wi{\r) and bending moment 

M\{l(r), the slope ~j and the shear force Qj at 
the flap hinge must be determined for the 

given rotor speed n. 

3) Calculate the generalized coordinates. 

The experimental bending moments [Mel 
may be expressed as 

[Me) = [MRJ [ q] (3) 

where [Mel is the experimental bending 
moment matrix 

[MRl is the modal bending moment matrix 

[MRJ= 

[(Mi)(ri)) (Mi)(ri) ) .. (MRm)(ri) \] 
(5) 

and [ ql is the generalized coordinate matrix 

66-02 



q)~ q)l; ...... q~2 

q)~ q)2j ...... q~2 

q(l) 
Ns 

q(2) 
Ns 

[q] = . (6) 

q)~) q)~) ...... q~~) q~~) . 

In the above equations, the ri is a particular 
radial station, the superscript represents the 
mode order, the subscripts kc and ks 
represent the cosine and sine components of 
the kth harmonic, respectively. 

From the [Mel and [MR], the generalized 
coordinate matrix can be obtained 

[ q] = [MR]+ [Me] . (7) 

4) Determine the structural loads -
bending moment distribution MCr.tl. 

Since the modal bending moments Mjf(r) 
and the generalized coordinates [ q] are 
known, the bending moment distribution 
along the blade at time t can be calculated as 

M(r,t) = 
N 
L (Mkc(r) cos(illt) + Mks(r) sin(illt)) 
k;l 

where 

~ • ..li) (j) 
Mkc(r) = £... MR. (r) qkc 

j;J 

~ • ..li) (j) 
Mks(r) = £... MR. (r) qks 

j;J 

(8) 

(9) 

It should be noted that here, r could be the 
radial coordinate of any desired point along 
the blade and not just of the measured blade 
stations. 

5) Determine the vertical force at the flap 
hinge and the hub loads. 

The vertical force Q, at the flap hinge can 
be obtained from the generalized coordinates 
[ q] and the modal vertical force Qi at the flap 
hinge: 

(10) 

where 

[Q] = [QJc Qls Qzc Qzs .. · QNc QN,] (II) 

[Qj] = [QJ Qz Q3 .. · Qml (12) 

The total vertical force Q at flap hinge is 

Q(t) = 
N 

L (Qkc cos(illt) + Qks sin(illt)) 
k;J 

(13) 

The vertical forces and pitch and roll 
moments at the hub can then be determined 
from the root vertical forces due to all of the 
blade. 

6) Determine the displacements of the 
blade. 

The displacement of any point along the 
blade at timet, W(r,t) may be calculated from 

the modal displacements wjf(r) and the 
generalized coordinates [ q] 

W(r,t) = 
(14) 

N 

L (Wkc(r) cos(illt) + Wks(r) sin(illt)) 
k;J 

where 

(15) 

7) Determine the airloads on the blade. 

The distributed airloads on the blade may 
be expressed as 

F(r,t) = 
N 
L (Fkc(r) cos(illt) + Fks(r) sin(illt)) 
k;J 

(16) 

and the harmonic components Fkc(r), Fks(r) 
may be expanded as a series in the mode 
shapes: 
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m 
~ (j) .<i) Fkc(r) = ..c.. m(r) W R (r) Ike 
j=l 
m (17) 
~ (j) .<i) Fks(r) = ..c.. m(r) W R (r) rks 
j=l 

The loading coefficients ~~. ~; can be 
obtained from 

(18) 

where it is assumed that the analyzed system 
is structurally undamped. The above 
procedure for blade displacement and load 
determination is shown in Figure I. 

Measured Modal 
Bendinfs Analysis -Momen 

l l 
Generalized 

t--

1 
Coordinates 

Blade Bending Moments Blade 
Hub Loads 

Displacements 

Blade Airloads 

Fig. 1 Rotor blade displacement and 
load determination 

Some Practical Problems and 
Approaches for the Inverse 

Problem 

It is obvious that the calculation of the 
generalized coordinates [ q] is the key to 
displacement and load determination and 
obtaining the generalized coordinates is an 
inverse problem. As in many inverse 
problems, in the present subject, there are 
two main difficult problems. One is due to 
ill-conditioning and another is lack of 
experimental data. To solve these practical 
problems, the SVD (Singular Value 
Decomposition) method, an iterative process 
and an approach to add some constraints are 
used. 

1) SVD method and ill-conditioned 
problem. 

(1) SVD method [15] and its 
application. 

Assume [A] is an nxm matrix with n<':m 
(this assumption is made for convenience 
only). The SVD method involves factoring 
[A] into a product [U][:E] [V]T, where [U] is 

an nxn orthogonal matrix, [V] is an mxm 

orthogonal matrix, and [:E] is an nxm matrix 
whose off diagonal entries are all O's and 
whose diagonal elements satisfy 

0 
(19) 

0 

The cr;'s determined by this factorization are 
unique and are called the singular values of 
[A]. More generally, if [A] is an nxm matrix 

of rank r, the matrix [:E] will be an nxm 
matrix of the form 

0 
(20) 

0 
0 

and the pseudo inverse of [A] is 

(21) 

where 

~ ] (22) 

and 
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_I 
az 

0 

(23) 

The pseudo inverse [A]+ can be used in 
solving least squares problems. It has been 
proven that if [A] has a full rank, then for 
[A] {x} ={b), the [A]+{b lis the least squares 
solution. In the case where [A] has rank 
r<m, there are infinitely many solutions to the 
least squares problem and [A]+{b l is the 
minimal solution with respect to the 2-norm. 

The SVD method is suitable for the ill
conditioned problem. When the singular 
values cr1, cr2, ... , <Jm of the nxm matrix [A] 
(n<':m) are known, the condition number of 
the matrix is very easy to calculate 

cond (A)= .2'.L (24) 
<Jm 

and it is an indicator of the problem 
condition. 

For the displacement and load 
determination, Eq. 3 should be solved to 
obtain the generalized coordinate [ q]. In 
some cases, the problem may be ill
conditioned. By using the SVD method, the 
singular values cr1, cr2, ... , <Jm of [MR] (nxm, 

n<':m) first are obtained and then the condition 
number can be calculated. The condition 
number gives a measure of sensitivity of the 
computed [q] to errors in [MR] and [M,] (Eq. 
3). If the condition number is large, small 
changes in [MRl or in [Mel can lead to large 
changes in [ q]. The large condition number 
should result from small singular value <Jm. 
Using the SVD method, it is easy to find 
which factor leads to the small singular value 
so that the ill-conditioned problem could be 
solved. Therefore, the SVD method is 
suitable for calculating the pseudo inverse, 
[MR]+, and it is quite useful in indicating the 
problem condition and the source of ill
conditioning. Some ill-conditioned problems 
and how they are indicated by SVD will be 
shown in the following section. 

(2) ill-conditioned problem. 

In some cases, the matrix [MRl may 
contain some elements which lead to the ill
conditioned problem. In those cases, small 
variations in the input data can cause large 
variations in the solution. Obviously, while 
solving the inverse problem, it is important to 
explore the ill-conditioned problem. As 
mentioned above, the condition number is a 
reliable indicator of the condition, and it is 
easy to obtain the condition number by using 
SVD method. Some examples are as 
follows: 

A. [MR] contains unsuitable 
mode(s). 

In a test case, the modal bending moment 
matrix [MR] consists of the first nine modes 
and the number of measurement stations is 
12, the pseudo-inverse [MR]+ is calculated by 
using the SVD method. During the 
calculation of [MR]+, the singular values and 
condition number are also obtained. For this 
case, the maximum (first) and minimum (last) 
singular values cr 1, cr9 and the condition 
number are 84170.6, 0.230393 and 365335, 
respectively. 

Given a set of experimental data {Me}, 
the corresponding { q l may be obtained 

{ q} = [MR]+ {Me} (25) 

The generalized coordinate corresponding to 
the first mode, for the given example, is q1= 
-0.351537. 

The effect of errors in the measurements 
{Mel and the modal bending moments [MR] 
are evaluated respectively by assuming that 
±5% errors are distributed randomly 
throughout the data. When {Mel has the 
±5% random errors, the value of q1 changes 
to -7.0244 or 1.99272 (for two tests) and 
when [MR] has these errors imposed, the 
value of ql changes to 6.82523. It is 
obvious that although there are only ± 5% 
random errors, the value of q can change 
significantly. 

If [MR] is modified to consist of only the 
first eight modes, the maximum and 
minimum singular values cr1, <Jg and the 
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condition number are 65547.2,0.282359 and 
232141, respectively. For the same {Mel as 
above, the generalized coordinate is now 
ql=15.0659. The difference between this 
result and the result from 9 modes is also too 
large. 

But if [MRl excludes the first mode, say, 
[MR] consists of the modes from the 2nd 
through the 9th, and the measurement station 
is still the same 12 points, then the maximum 
and minimum singular values and the 
condition number change to 84170.6, 
1408.57 and 59.756, respectively. The 
errors tests show that it is well conditioned. 
Obviously, the ill-conditioned problem of 
matrix [MRl which includes the first 9 modes 
arose from the first mode. 

· B. Unsuitable data points. 

If there are unsuitable data points, for 
example, two data points which are too close 
in proximity, this can also lead to an ill
conditioned problem. A case is tested in 
which there are 9 data points and 8 modes 
excluding the 1st mode but 3 points are very 
close. The maximum singular value is 
70691, the minimum is 3.68282, and the 
condition number is 19194.8. The error tests 
show large changes in the results for 5% 
[MR] or [Mel random change. 

C. Unsuitable relationship between 
data points and modes. 

If the relationship between data points 
and modes is unsuitable, the ill-conditioned 
problem may also arise. For example, if 
there are only 7 data points and [MR] consists 
of the 3rd to the 8th mode, even though [MR] 

is a 7x6 matrix (i.e. n>m) and does not 
include the 1st and 2nd modes, it is still ill
conditioned. The maximum and minimum 
singular values and the condition number are 
49361.7, 322.573 and 153.025, 
respectively. The error test results are not 
satisfactory. But if for the same data points 
[MR] contains the 2nd to the 7th mode, then it 
is well conditioned. In that case, the 
maximum singular value is 37907.2, the 
minimum is 937.693, and the condition 
number is only 40.426. 

Since the condition number and small 
singular value obtained from the SVD method 
indicate the ill-conditioned problem and the 

source of the problem, it is easy to solve the 
problem. For example, for case A, it is 
indicated that the first mode needs to be 
excluded. For case B, the data points should 
be changed and/or rearranged. For case C, it 
seems that higher modes should not be used. 

For case A, another approach was tried to 
solve the problem. In this approach the 
measured flap angles at the root were used as 
an additional experimental data point and the 
modal slope at the root was appended to the 
bending moment modes for each mode 
shape. However, this approach yielded 
unreasonable results and it is concluded that it 
cannot be used to solve the ill-conditioned 
problem even if weighted flap angle data 
were used. 

So to solve the problem, the first mode 
should be excluded. Therefore, in order to 
determine the generalized coordinate q I> an 
iterative process is incorporated. 

2) Iterative process to calculate the 
generalized coordinate fql. 

As shown above, for this articulated 
rotor, if [MR] includes the first mode, the 
problem is ill-conditioned, but if [MR] 
excludes the first mode, and the data points 
are suitable, then it is well conditioned. So 
an iterative process [10] is used to calculate 
the generalized coordinate. The recurrence 
formula is developed as follows: 

For the first step, the generalized 
coordinates of the first mode for all of the 
harmonic components kc, ks is 

and for the (n+ 1) step, which is based on 

(q\~1). 

(27) 

where n=l,2,3, ... 

The vector { q 1 ,k} is iterated until its 
change is less than a given tolerance, say, 
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10·6 and then used to calculate the other 
generalized coordinates 

In the above formula the generalized 
coordinate is, 

and 

[ qj,k] = 

(qi,k) = 
[q(l) q(l) q(I) q(l) ... q(l) qOl]T 

Ic Is 2c 2s Nc Ns 

q(2) 
Ic 

q(2) 
Is 

q(2) 
Nc 

q(2) 
Ns 

q(3) 
Ic 

q(3) 
Is 

q(3) 
Nc 

q(3) 
Ns 

.... 

q(m) q(m) q(m) q(m) 
Ic Is """ Nc Ns 

(29) 

. (30) 

~I is the slope of the first modal displacement 
at the flap hinge and 

are the slopes of the 2nd to mth modal 
displacements at the flap hinge. 

(32) 
[~e,Ic ~e.Is ~e,2c ~e,2s · · · ~e,Nc ~e,N,JT 

are the experimental root flapping angles for 
all of harmonic components. The vectors and 
matrices are defined below. 

{ M I} is the first modal bending moment 
vector. 

[MR,jl is the modal bending moment 
matrix and only consists of the 2nd to the mth 
modes. 

[Me,kl is the experimental bending 
moment matrix as [Mel in the Eq. 3. 

The quantities n, m, N are the number of 
iteratio_n, modal modes and the harmonics, 
respectively. 

The superscript "T" represents the 
~ranspose and "+" represents the pseudo
mverse. 

It is important to note that the matrix 
[MRJl in the iterative process has to be well 
conditioned. 

3) The Overdetermined and 
Underdetermined Problems. 

For Eq. 3, 

(Me] = [MR] [ q] 
nxm 

if [Mel is a square matrix 
nonsingular, it can easily be 
obtain 

(33) 

(n=m) and 
inverted to 

In this case, the number of experimental data, 
n equ~ls the number of unknown generalized 
coo~d~nates, m.. The information is just 
suff1c1ent to umquely determine all of the 
unknowns. If there are more data than 
unknowns (n>m), then the problem is 
overdetermined. This case is often desirable 
becaus~ it could achieve averaging of random 
errors m the data. On the contrary, if there 
are more_ unknowns than data (n<m), the 
pr?blem IS u~derdetermined and difficulty 
ar1ses to obtam a reasonable solution. This 
problem is undesirable and should be avoided 
if possible. 

F?r the overdetermined problem, the 
solutiOn can be obtained in terms of the 
pseudo-inverse, [MR]+, as described before, 

( q] = (MR]+ (Me] (35) 

and the SVD method can be used to calculate 
[MR]+. In this case, because n>m (more data 
than unknowns), it is impossible to get a set 
of unknowns which will satisfy the data 
exactly. The idea is to select a matrix [ ql 
such that the calculated [Ml from Eq. 3 could 
fit the measured moment [Mel according to 
some minimization logic such as least
squares. 

F?r the underdetermined problem, the 
solutwn can also be obtained by the SVD 
method. The form is the same as the 
overdetermined problem, but in this case, 
because n<m, there is insufficient 
information for a unique determination of all 
the unknowns. ~he results obtained using 
the SVD method IS a set of solutions with a 
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Illlmmum norm. Unfortunately, this solution 
generally gives very poor results. 

In this analysis, there are only 7 
experimental data points. It was found after 
investigation that to obtain reasonable results 
for some harmonics, [MR] should consist of 
more than 7 modes. Consequently, the 
underdetermined problem arose. 

A number of numerical experiments and 
investigation were conducted and the 
following conclusions were drawn: 

(1) For some of the harmonic 
components of the measured moments, the 
moment distribution along the radius of the 
blade should be fitted using more than 7 
modes and the first 9 modes are desirable. 

(2) If only 7 data points are used, the 
modes used to fit the data should only consist 
of the first 7 or less, otherwise, the 
underdetermined problem or ill-conditioned 
problem can arise and the results will 
probably not be correct. 

(3) The best way to solve the 
underdetermined problem is to avoid the 
problem. To obtain reasonable results, it 
seems that more than 9 measured data points 
for flapwise load identification is desirable. 

( 4) If an underdetermined problem 
has to be treated, a reasonable solution can 
only be obtained by adding some constraints 
to the problem. It is obvious that the solution 
will not be unique because of the number of 
different constraints that could be used. In 
this case, experience and engineering 
judgment are very important. 

In this paper, in order to use the first 9 
modes, 3 points were added to the 
experimental points, allowing an 
underdetermined problem (n=7, m=9) to 
become an overdetermined problem (n=IO, 
m=9). The data for the 3 points were 
generated by interpolating the experimental 
data. The resulting interpolation curve is 
determined by using some constraints such as 
the force boundary conditions, etc. 

4) Analysis and Check. 

In order to analyze and check the results 
of the load identification methodology, a 
predicted response analysis is conducted by 
using the determined loads. The flapwise 
bending moments can be obtained and are 
compared with the experimental data. The 
Force Integration Method is used for the 

bending moment calculation. Using this 
method as a check, it is quite easy and useful 
in the analysis to examine the contributions of 
individual terms - aerodynamic loads, inertial 
forces and centrifugal forces. 

Results and Discussion 

After solving the ill-conditioned and 
underdetermined problems, the displacements 
and loads of the light helicopter rotor blade 
are determined following the process 
described above. Experimental data with the 
helicopter at 60 knot level flight condition 
during the open loop HHC phase of the flight 
test program were used. In support of the 
main objectives stated in the introduction, the 
following three flight test cases were 
analyzed: HHC-off (baseline case), HHC-on 
with excitation input phase at 120 deg. and 
HHC-on with excitation input phase at 330 
de g. The excitation input for both HHC-on 
cases were due to a 4/rev lateral cyclic control 
input which produced about ± .3 deg. of 
blade pitch oscillation. The work, described 
in the paper, arrived at the results of the 
determined vibratory distributed 
displacements, bending moments, shear 
forces and air loads on the blade. Some of the 
results of this analysis are presented below. 
Also presented are the results from the 
predicted response analysis due to the 
determined airloads which are presented for 
check and verification. 

Figures 2(a), (b) and (c) show the blade 
flap bending moment time history at r!R=0.7, 
HHC-off, HHC-on 120 deg. and HHC-on 
330 deg. cases, respectively. In these figures 
are shown the experimental data and the 
response analysis results using the 
determined airloads from the corresponding 
case. Good agreement between them can be 
observed. This is only a sample of the 
results considered and for all of the cases 
analyzed the conclusions are the same. 

Figures 3(a), (b) and (c) show the 3rd, 
4th and 5th harmonic components of the 
bending moments distributed along the radius 
of the blade, respectively. The dots represent 
the experimental data and the lines represent 
the results determined by the identification 
technique and calculated from the response 
analysis by using the determined airloads. 
Both of the determined and calculated 
bending moments compare very well. It can 
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Fig. 3 Comparison of determined 
and calculated bending moment 
distribution with experimental data 

calculated results are also excellent. 
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Fig. 3 Comparison of determined 
and calculated bending moment 
distribution with experimental data 

The above figures obviously have shown 
that the process of the displacement and load 
determination is correct, the ill-conditioned 
and underdeterm.ined problems are avoided or 
solved and the SVD method is used 
successfully and can be quite useful in 

helping to insure that the correct solution is 
obtained. Furthermore, the iterative 
recurrence formula is valid and 
computationally efficient with the generalized 
coordinate converging to the solution in 3 to 
4 iterations. 

The total vibratory displacements, 
bending moments and airloads of the first 12 
harmonics for the HHC-off (baseline), HHC
on 120 deg. and HHC-on 330 deg. cases are 
shown in Figures 4, 5, 6, 7, and 8, 
respectively. 

In the above figures, the solid line 
represents the HHC-off case, the dashed line 
HHC-on 120 deg. and the dash-dot line 
HHC-on 330 deg . 
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-- HHC-on 330 (deg.) 

I 
~ 

= 0 0 
~ 

-1 

-2 

"
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Fig. 4 Determined blade tip displace
ments; 1-12 harmonics 

1.5 - HHC-off 
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~ 

= :..=.- 0.5 

r/R 
Fig. 5 Determined blade displace
ment distribution at 90 deg. azimuth; 
1-12 harmonics 
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Fig. 6 Determined blade bending 
moments; 1-12 harmonics 
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Fig. 7 Determined blade bending 
moment distribution at 90 deg. 
azimuth; 1-12 harmonics 

Since only experimental bending moment 
data were available, the reasonableness of the 
determined airloads and displacements is also 
analyzed by checking the contributions of the 

~ 
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Fig. 8 Determined blade airloads; 1-
12 harmonics 

airloads, inertia loads and centrifugal forces 
to the bending moment components for each 
harmonic and each mode. The conclusion is 
that the determined displacements and 
airloads shown in the above figures are, in 
general, reasonable. It is also considered that 
for the purpose of comparison between 
HHC-on and HHC-off, the difference among 
the three cases is more important than the 
accurate value. 

The effect of HHC on blade 
displacements and airloads is analyzed as 
follows. Consider first Figure 4, which 
shows the variation of the blade tip flapwise 
displacements around the azimuth. It is 
observed that the maximum and minimum 
displacement value of the HHC-on 120 deg. 
case is larger than those of HHC-off and 
HHC-on 330 deg. cases. Also, for the 
HHC-on 330 deg. and HHC-off cases, both 
the maximum and minimum values are very 
close to each other and the maximum 

66-11 



displacement of HHC-on 330 deg. case is a 
little lower than that of the HHC-off case. 
This figure and the corresponding data also 
show that the main harmonic components of 
which the displacements consist are the first 
five harmonics. From the point of harmonic 
content, the difference between HHC-on 330 
deg. case and HHC-off case is still small but 
in the HHC-on 120 deg. case, the 5th 
harmonic component is obviously increased. 
Figure · 5 shows the blade flapwise 
displacement distribution along the radius at 
the 90 deg. azimuth. Combined with figure 4 
and other related results, it is concluded that 
the displacements consist mainly of the first 
three modes. Also, the 1st mode 
displacement of the 1st harmonic component 
in the HHC-off case is larger than that of the 
HHC-on 120 and 330 deg. cases but the 1st 
mode displacement of the 5th harmonic 
component in the HHC-on 120 deg. is much 
more than that in the other two cases. · 

Shown in Figure 6 is the variation of the 
blade flapwise bending moments around the 
azimuth at r/R=0.15, and 0.7. At r/R=0.7, 
the difference of maximum and minimum 
value among the three cases is not large, but 
the 3rd harmonic component did show an 
increase in the HHC-on 330 deg. case and 
the 5th harmonic component showed an 
increase in the HHC-on 120 deg. case. At 
r/R=0.15, comparing with the baseline case, 
the difference is not large for HHC-on 330 
deg. case but the effect of HHC-on 120 deg. 
is significant in which case the 5th harmonic 
component obviously increased. Referring to 
Figure 3 which show the 3rd, 4th and 5th 
harmonic components of the bending moment 
distribution along the radius, the same 
conclusion can be drawn. Furthermore, it is 
obvious that the 5th harmonic component in 
the HHC-on 120 deg. case is much higher 
than that in the other two cases from Figure 
3(c). For the 4th harmonic component of the 
bending moment, Figure 3(b) shows clearly 
that comparing with the baseline, it is higher 
in the HHC-on 120 deg. case and it is lower 
in the HHC-on 330 deg. case. The bending 
moment distribution along the blade shown in 
Figures 3 and 7 indicates that the first four 
modes are main elements. 

The blade airloads are shown in Figures 
8(a) and (b). In these figures, the peak to 
peak airloads of the HHC-on 330 deg. case is 
close to those of the baseline case, but in the 
HHC-on 120 deg. case, the peak to peak 

airloads are obviously higher than those in 
either of the HHC-off or HHC-on 330 deg. 
cases. Comparing with the displacements 
(Figure 4), the higher harmonic components 
are much more important for the airloads, but 
the 5th harmonic component of the loads is 
still significant for the HHC-on 120 deg. case 
and is much higher than the other two cases. 
Combining the related data, it is indicated that 
the 4th harmonic component of the load in the 
HHC-on 330 deg. case is lower than that in 
HHC-off case, and it is higher in the HHC
on 120 deg. case. 

It is interesting to note Figure 9. This 
figure shows the 4th harmonic component of 
the vertical forces at the flap hinge for the 
HHC-off, HHC-on 120 deg. and HHC-on 
330 deg. cases. The line with arrow 
represents the total vertical force which is the 
summation of each modal contribution. The 
other line represents the individual modal 
contributions. The 1st mode vector starts 
from the origin of the coordinates. The other 
mode vectors follow in a successive manner. 
From the origin of the coordinates to the end 
of the last mode vector is the total vector of 
the vertical force. 
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Fig. 9 4th harmonic component of 
the vertical forces at the flap hinge 

Of significance, it can be seen that the 4th 
harmonic vertical force in the HHC-on 330 
deg. case is much smaller than that in the 
HHC-off case and the vertical force in the 
HHC-120 deg. case is larger than the HHC
off case. Figure 9 also shows that in the 
baseline case (HHC-off), the 1st and 3rd 
modes are the main contributions, especially 
the 3rd mode. This is true for the HHC-on 
120 deg. case as well, i.e. the 1st and 3rd 
modes are the main contributions and the 3rd 
mode vector is the largest, but both I st and 
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3rd mode vectors in the HHC-on 120 deg. 
case are larger than those in the HHC-off 
case. Consequently, the total vertical force 
for the HHC-on 120 deg. case is larger than 
HHC-off. However, in contrast to the HHC
on 120 de g. case, the 1st and 3rd mode 
vectors in the HHC-on 330 deg. case are 
much smaller than the baseline case, 
especially the 3rd mode, so that the total 
vertical force in HHC-on 330 deg. case is 
much smaller than the HHC-off case. 

The fact that the 4th harmonic component 
of the vertical force at the blade hinge is 
smaller in HHC-on 330 deg. case and larger 
in the HHC-on 120 deg. case is consistent 
with the vibration measurements taken during 
flight testing [4) and shown in Figure 10. In 
this figure are plotted the peak accelerations 
in g's as measured vertically and laterally by 
accelerometers mounted under the pilot's 
seat. 

300 360 
CONTROLLER PHASE (deg.) 

Fig. 10 Variation of 4th harmonic 
vibration with HHC input phase 

In summary, the effects of HHC on blade 
displacements and loads, including structural 
loads and airloads, are consistent. For the 
total vibratory displacements and loads, the 
magnitudes in the HHC-on 330 deg. case are 
close to those in the baseline (HHC-off), 
while the magnitudes in the HHC-on 120 
deg. case are obviously higher. It can be 
seen that the harmonic components of the 
vibratory forces due to HHC have been 
changed. The 5th harmonic component 
increased significantly in the HHC-on 120 
deg. case. The 4th harmonic components of 
loads including bending moment, airload and 
vertical force at the flap hinge are higher in 
the HHC-120 deg. case and lower in the 
HHC-on 330 deg. case than those in HHC
off. For the higher 4th and 5th harmonic 
components in the HHC-on 120 deg. case, 

the 3rd modal contribution is the largest one. 
It should be mentioned here that the 3rd 
modal flap frequency of the light helicopter's 
rotor blade is about 4.880. 

The above analysis indicates that the high 
frequency blade pitch oscillations due to 
HHC causes changes to the rotor blade 
displacements and loads (structural loads and 
airloads) and hub loads. These changes, 
however, can induce vibrations which are 
better or worse than before HHC was 
applied, as evidenced in flight tests [4]. How 
it changes depends on the excitation input and 
the dynamic characteristics of the rotor blade, 
hub and control system. For a given 
helicopter, when the excitation mode, 
frequency and magnitude are fixed, the 
excitation input phase is very important. If 
the wrong phase angle is applied, HHC can 
serve to greatly increase the vibratory rotor 
loads and the vibration levels in the 
helicopter. In the cases analyzed, the effect 
of HHC-on 330 deg. is qualitatively good 
while the effect of HHC-on 120 deg. is bad. 
It should be emphasized that, based on the 
very limited amount of available data, it is 
impossible to comprehensively analyze the 
effect of HHC and furthermore this is not the 
intent of this paper. 

Conclusions 

1) The technique for rotor blade 
displacement and load determination has been 
applied using a flight test case of a light 
helicopter in forward flight with and without 
HHC. The process of determining blade 
displacement and loads (structural loads, 
airloads and hub loads) from measured blade 
bending moments is systematically described. 

2) Some practical problems such as the 
ill-conditioned problem and the 
underdetermined problem could arise and 
have been investigated, analyzed and solved. 

3) For calculation of the generalized 
coordinates, the SVD method is a powerful 
tool and has been, for the first time, applied 
successfully in the rotor blade displacement 
and load determination process to explore the 
ill-conditioned problem. 

4) For the articulated rotor, it is 
necessary to use the measured flap angle in 
conjunction with an iterative process to 
determine the generalized coordinate of the 
first flapwise mode and a recurrence formula 
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in matrix form for this process has been 
developed. 

5) The number of measured data points 
should not be less than the number of modes 
which are needed to fit the data. Otherwise, 
it is necessary to add some constraints in 
order to avoid the underdetermined problem. 

6) The displacements and loads of the 
light helicopter rotor blade in three cases -
HHC-off, HHC-on 120 deg. and HHC-on 
330 deg. have been determined. The 
differences among them have been shown 
and analyzed. When the HHC excitation 
mode, frequency and magnitude are fixed, 
the excitation phase is very important. In the 
analyzed cases, the effect of HHC-on 330 
deg. is qualitatively good for loads and 
vibration, while the effect of HHC-on 120 
deg. is bad compared to the HHC-off case. 
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