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Abstract 

Many attempts have been made in recent years to 
predict the off-axis response of a helicopter to control 
inputs, and most have had little success. Since physical 
insight is limited by the complexity of numerical 
simulation models, this paper examines the off-axis 
response problem using an analytical model, with the 
goal of understanding the mechanics of the coupling. A 
new induced velocity model is extended to include the 
effects of wake distortion from pitch rate. It is shown 
that the inclusion of these effects results in a significant 
change in the lateral flap response to a steady pitch rate. 
The proposed inflow model is coupled with the full 
rotor/hody dynamics, and comparisons are made 
between the model and flight test data for a UH-60 in 
hover. Results show that inclusion of induced velocity 
variations due to shaft rate improves correlation in the 
pitch response to lateral cyclic inputs. 
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Notation 

Blade lift curve slope 
Multi-blade flapping coordinates 

Lateral and longitudinal cyclic blade 
pitch 
Rotor aerodynamic thrust, roll, and pitch 
moment coefficients 
Non~dimensional hinge offset, e = {-

Hinge stiffness parameter, es = c]S" 

' 
Aerodynamic integrals, defined in Eq. 11 
Rotor hub height above fuselage center of 
gravity (ft) 
Blade second moment of inertia (slug-ft') 

t Winner of the 1995 Robert L. Lichten award. 
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Wake distortion parameter due to shaft 
rate 

K,. Wake distortion parameter due to shaft 
translation 

[LJ, [M,] Dynamic inflow static gain and apparent 
mass matrices 

[M], [F], [G] System mass, state, and control matrices 
p, q Fuselage angular rates about body axes 

(deg/sec) 
Radial position (ft) 

R Rotor radius (ft) 

S, Blade first moment of inertia (slug-ft) 
u, v Fuselage translational velocities along 

body axes (ftlsec) 
n Control input vector 
v 

0
, v,, v, Induced velocity components (ftlscc) 

Y 
0

, V c, V s Induced velocity components, nondimcn­

sionalized by QR 
Y

0 
Steady unifonn induced velocity, 

vjnJ 

X 

~ 
y 

C:\:.~t' 8~.,11 

8,<1> 

Vo=h 
Induced velocity at rotor disk 
State vector 
Rotor blade nap angle 
Lock number 
Lateral and longitudinal cyclic stick 
position (in) 
Rotor blade Jag angle 
Multi-blade lagging coordinates 

Coordinates of vortex ring position, 
defined in Fig. 4 
Orientation angle of vonex ring, defined 
in Fig. 4 
Fuselage Euler angles (deg) 

Inflow time constant, nondimensionalizcd 
byQ 
Rotor solidity 
Azimuth angle 
Rotor rotational speed (rad/sec) 



Introduction 

The design of modem helicopters is characterized by 
the requirement of high agility for high-precision tasks. 
To support this, accurate mathematical models of the 
dynamics are needed in simulation and control system 
design. In addition, high-bandwidth flight control 
system design necessitates the inclusion of rotor flap 
and lag degrees of freedom, resulting in highly complex 
models with many dynamic states [1]. The devel­
opment of these dynamic models has matured to the 
point where the prediction of the primary response of 
single rotor helicopters to small control inputs, or the 
on-axis response, is well understood. The introduction 
of hingeless rotors helicopters and decoupled night 
control systems has increased concern with the 
secondary or off-axis response [2]. However, accurate 
prediction of the off-axis response is more problematic 
and has perplexed researchers for many years. 

A number of helicopter flight dynamics models have 
been documented in the literature in the past few years. 
Reference 3 contains an example of a typical advanced 
!light dynamics model. In this reference, Takahashi 
develops a nonlinear model including rotor blade flap 
and lag degrees of freedom. A comparison between the 
nonlinear mcx:lel, a linearized version of the model, and 
flight data for the UH-60 in hover is shown in Fig. !. 
The agreement between the predicted and measured roll 
rate tOr a lateral stick input is good, but the mcx:lel 
predicts an initial pitch acceleration which is opposite 
in sign to the actual response. Similar observations in 
the off-axis response are made by Chaimovich et al. in 
a joint US/Israel research effort [4]. Results of this 
study, shown in Fig. 2. compare two diffcrenr nonlinear 
models to flight data for the AH-64 in hover. Again, 
the initial pitch response of both models to a lateral 
input is incorrect. Other numerical simulation studies 
for the UH-60 [5,6] and the AH-64 [7] have resulted in 
similar conclusions. These investigations substantiate 
the general statement of some researchers that the ''off­
axis response characteristics arc not understood" [8,9]. 

It is apparent that the correlation problems in these 
investigations arc a result of some significant physical 
phenomena which is missing from each model. It is 
interesting to note that most of these studies use fairly 
simple models for the induced velocity of the main 
rotor which neglect the non-unifonnities caused by the 
tip vortices and trailing wake system. In addition, the 
theories make the assumption that the rotor shaft is 
!i.xcJ or translJ.ting and do not include the variations of 
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induced velocity due to pitch or roll rate. It was 
speculated by the authors of [9] that the induced 
velocity model is the source of error between theory 
and experiment, and recent work by Rosen and Isser 
seems to support this claim [I 0]. However, it is 
necessary to understand the coupling between the 
induced velocity model and the rest of the dynamics 
before the limitations of existing models can be 
assessed. It is difficult, perhaps impossible, to 
detennine the interaction between different elements of 
a numerical simulation mcx:le!. Therefore,. the current 
research effort is directed toward the development of an 
analytical model of the coupled rotor/body dynamics. 
Using an analytical model, the effects of the induced 
velocity model on the off-axis response can be 
examined clearly. 

While one of the ultimate goals of any flight dynamics 
study is the accurate prediction of the off-axis response, 
it should be emphasized that the present investigation 
concentrates on understanding the underlying physics. 
The contents of this paper are as follows. First, an 
overview of the analytical model development is given. 
Although problems with the off-axis response 
prediction occur in all flight regimes, only the pitch-roll 
coupling in hover is examined in this paper, simp!ifyi.ng 
the analysis. Next, the limitations of existing induced 
velocity models are discussed, and a new induced 
velocity model is proposed. It is shown that harmonic 
induced velocity variations occur due to pitch rate and 
that inclusion of these variations result in a significant 
change in the lateral flapping response. Finally, the 
proposed induced velocity model is coupled with the 
full rotor/body dynamics, resulting in improved 
correlation between predicted response and tl ight test 
data. 

Analytical Model Development 

In this section, an overview is given outlining the 
development of an analytical model of the coupled 
rotor/body dynamics. A more detailed discussion can 
be found in [II]. Since many night dynamics problems 
are concerned only with small magnitude responses to 
small control inputs, the equations of motion of the 
helicopter can be linearized. This is important for the 
development of an analytical model. Linearizing the 
equations yield further simplifications in hover because 
the vertical and yaw degrees of freedom approximately 
decouple from the lateral/longitudinal dynamics. This 
occurs because of the axial symmetry of' the main rotor. 



the primary load contributor in hover. Note that this is 
only approximate because additional coupling occurs 
bct\vcen pitchfroll motion and yaw motion due to cross 
products of inertia as well as to the presence of a canted 

tail rotor. 

The general procedure to derive an analytically 
linearized model uses a perturbation analysis around a 
hover trim condition. Periodic coefficients which result 
from the rotating reference frame of the rotor are 
eliminated by expressing the blade flap and lag angles 
in terms of multi-blade coordinates in the following 
manner: 

~(t) = a0 - a1 cos'!'- b 1 sin 'V 
/;(t)=/;0 -Y1COS'!f-y2 sin'!f (I) 

The coordinates a, and b
1 

physically describe the 

longitudinal and lateral tilt of the tip path plane while y
1 

and y, describe the lateral and longitudinal displace­
ment of the rotor center of gravity, respectively. In 
hover, the coning dynamics (a,. 1;) decouple from the 
latcra!/longitudinal dynamics in a similar manner as the 
vertical and yaw degrees of freedom. Therefore, only 
hannonic tlap and lag motion is considered in this 
una!ysis. 

The individual rotor blades are assumed to be 
articulated with hinge offset. The model has been 
generalized to include torsional springs around the flap 
and lag hinges to account for hingeless hub 
configurations. Mechanical lag damping is included 
with a linear damper model. In the present analysis, the 
effects of blade nexibility are ignored. 

Rotor blade aerodynamic loads are calculated using 
quasi-stcady .. two-dimensional strip theory. The effects 
of compressibility and blade stall are neglected. The 
aerodynamic loads on the fuselage a:c found by 
resolving the out-of-plane and in-plane shear forces at 
the hinge into the non-rotating frame of the fuselage. 
All aerodynamic forces and moments are linearized and 
expressed as stability derivatives. The aerodynamics 
forces and moments from the fuselage and tail surfaces 
as well as the loads contributed by the tail rotor are 
neglected in the present analysis. 
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Induced Velocitv Model 

Discw;sion of Existing Models 

Most flight dynamics models for single rotor 
helicopters usc a version of the dynamic in !low theory 
developed by Pitt and Peters [12]. In non-dimensional 
fonn, the differential equations representing the 
dynamics of air mass through the rotor disk are given 
by the following equations: 

where inflov .. ' states can be viewed as coordinates of a 
modal/harmonic expansion of the induced velocity in 
the fonm of: 

r 
v;,ct(r,'!f,t)= v0 (t)+v,(t)Rcos'!f 

, r 
+v,(t)-sin'!f . R 

(3) 

The fonm of [1>1,1 and [LJ arc given in [ 12] as a function 
of advance ratio and inllow ratio. In hover, the 
matrices reduce to the following decouplcd form: 

,_._ 

[M,J =I~ 
l 0 

0 
_lO_ 
45;c 

0 

I.!_ o 
I I ' [L,j = v 0 -I 
olo 0 

ol 
ol 
-Jj 

( 4) 

These equations are equivalent to steady momentum 
theory with apparent mass tenms. In a later paper, 
Peters and He extended the basic dynamic inOow 
theory by expanding the induced velocity in an arbitrary 
number of radial and harmonic basis functions [13]. 
Although this theory allows for better resolution of the 
inflow non-unifonnitics associated with forward flight, 
it does not give improvement in the off~axis correlation 
in hover as discussed in [5]. It is important to note that 
both [ 12] and [ 13] assume the rotor is only translating 
and does not consider the effect of shaft rotc, an 
assumption which is violated by a helicopter in !light. 



Recently, Rosen and Jsser developed an aerodynamic 
model of a rotor undergoing steady pitching motion 
[I Oj. Their analysis included the effect of blade motion 
relative to a single tip vortex, where the position or the 
tip vortex is prescribed. It was shown that the inclusion 
of this wake distortion from rotor blade and shaft 
motion results in a sign change of the lateral flapping 
due to pitch rate. While this work illustrates the 
importance of pitch rate effects on induced velocity, 
there are some limitations of the analysis. First, Rosen 
and Isser do not calculate an induced velocity 
distribution for the rotor and hence do not compute the 
spanwise blade loading. In addition, their analysis is 
not general in that only steady pitching motion is 
assumed and a-priori knowledge of the wake structure 
is required. 

It is important to recognize that the theories developed 
in [121 and [131 have been used throughout the 
helicopter Oight dynamics community because of their 
advantage over more complicated analyses. Since the 
rotor wake structure is unstable in hover and low speed 
forward flight, advanced free-wake codes are unable to 
usc time-marching schemes and are not readily coupled 
to a dynamics model of a helicopter undergoing 
arbitrary body motion [14j. Also, the implementation 
of rcal~time simulators necessitates fast calculation of 
the induced velocity and aerodynamics loads, and the 
simpler tinite stare models represented by first order 
differential equations have clear advantages over more 
a complicated prescribed wake analysis. Therefore, 
there is a need of an induced velocity theory which 
contains the important effects observed in [I OJ yet is 
compact for use in tlight dynamics and real~time 

simulation studies. Before a candidate thCOI)' is 
presented, a qu<1litative discussion of wake distortion is 
presented. 

Wake Distortion Effects 

To understand the effect of rotor pitching motion on the 
induced velocity distribution, consider the wake 
structure for a hovering rotor shown schematically in 
Fig. 3a. This figure illustrates the location of the tip 
vortices at a given instant in time neglecting wake 
contraction. Because of axiJl symmetry, the velocity 
induced hy the wake is the same for all blades. For the 
case or a rotor undergoing translational motion. the 
vortex system is blown back, resulting in the skewed 
wake structure shown in Fig. 3b. The effect of the 
modi lied structure is a ho.rmonic vo.riation in the 
in<.lucc<.J velocity. This result has been well documented 
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theoretically and experimentally (lor example, in Refs. 
15 and 16). 

The wake skew effect can also be described as a simple 
distortion of the wake from the hovering condition. If it 
is assumed that the tip vortices arc convected 
downward from the rotor at a constant velocity and 
since the rotor is translating as the vortex system 
propagates away, it appears from a reference frame 
fixed to the roror as if the wake is deforming with 
respect to the axisymmetric condition. This argument 
can be extended to a rotor undergoing a steady pitch 
rate. In this case, as the tip vortex system is c_onvected 
away from the rotor, the rotor plane tilts back, resulting 
in a higher density of vortices at the rear of the rotor. In 
the idealized case shown in Fig. 3c, the wake lies along 
an arc with radius inversely proportional to the pitch 
rate. Since the buildup of tip vortices induces a larger 
component of down wash at the rear of the rotor than at 
the front, a harmonic variation in the induced velocity 
results. 

Induced Velocitv for Pitching Rotor 

To detennine quantitatively the effect of pitch rate on 
the induced velocity distribution of a hovering rotor .. a 
simplified analysis is pCrformcd. Replacing the rotor 
with an infinite number of blades with constant bound 
circulation and neglecting wake contraction, the wake 
is modeled as a vortex tube. Although these 
assumptions allow for an analytical solution for a non~ 
distorted wake, the curved wake structure associated 
with a rotor undergoing a steady pitch rate requires a 
numerical solution. 

The induced velocity for a distorted vortex tuhc is 
calculated by replacing the tube with a series of vortex 
rings. It is assumed that each vortex ring unifonnly 
moves downstream from the rotor at constant velocity. 
The geometry of a single vortex ring (see Fig. 4) can be 

expressed in tenns of the average induced velocity (v) 
and pitch rate (q) as follows: 

Sw ~(v~,) sin~ 

Sw ~( v~,) cos~ 
~~qt, (5) 



where the position of the vortex ring center (~, S.J is 

non~dimensionalized by rotor radius. The parameter t
1 

represents the time when the vortex ring was shed from 
the rotor. 

From Eq. (5), it can be seen that the position of wake 
centerline lies on a spiraL The position and orientation 
of a single vortex ring is only a function of the non­

dimensional pitch rate, qR/v,. The downward velocity 
component induced at the rotor by a vortex ring is 
calculated in tenns of complete elliptic integrals, as 
given in [17]. The induced velocity distribution of the 
rotor is found by numerically integrating the effects of 
the individual vortex rings in the wake. 

The results of this calculation are shown in Fig. 5, 
where the induced velocity distribution is plotted for 
different non-dimensional pitch rates. Note that the 
largest non-dimensional pitch rate shown in Fig. 5 
corresponds to approximately 10 deg/sec for the UH-
60. This plot demonstrates that variation in induced 
velocity is nearly linear with radius, although the 
distribution becomes more curved as pitch rate 
increases. Fitting the induced velocity with the linear 
distribution v 

0 
+ v c {:, the radial variation is plotted as 

a function of non-dimensional pitch rate in Fig. 6. For 
small pitch rates, the radial variation in induced 
velocity can be approximated by the relation: 

(6) 

where K" is calculated to be 1.5 from this analysis. The 
ronn of Eq. (6) is similar when induced velocity 
variations for a translating rotor are considered: 

(7) 

For small rotor plane angles of attack, the vortex tube 

analysis results in a value of K,. equal to 0.5. This result 
is equivalent to the result of Coleman et al. [ 16]. 

~1odificd Momentum Theorv 

Since the dynamic in now theory of [ 12] only considers 
a rotor in translation and not general motion including 
shart rate, it is necessary to include the effects discussed 
in the previous section in a systematic way. In hover, 
the induced velocity variations from changes in blade 
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loading arc given by Eqs. (2) and (4) while the 
variations due to rowr shaft motion arc given in Eqs. (6) 
and (7). Because the preceding analyses arc linear, the 
induced velocity variations due to blade loading can be 
superimposed on the variation due to rotor molion. The 
resulting induced velocity model for general shaft 
motion is as follows: 

' , I C ( u h"b ) ( q ) 
t i v c + v c = - v 0 M + KT QR + K R Q 

(8) 

The subscript "hub" is included to emphasize that the 
translational velocities are referenced to the rotor hub. 
It is assumed that the effects of unsteady shaft motion 
are accounted for with the time constant ti. Although 
the new induced velocity model appeals to physical 
intuition, it is necessary to verify that the assumptions 
used to derive Eq. (8) are valid. This is an area of 
ongoing research. 

The second and third tenns on the right~hund side of 
Eq. (8) are referred to as wake distortion elkcts due to 
shaft translation and shaft rate, respectively. Although 

the mJgnitudcs of the parameters Ky and KR were 
calculated using a vortex tube analysis in this paper, it 
is possible to use non~vortex methods to compute their 
values. For example, linearization of the generaL non­
linear dynamic innow theory proposed in [ 18] results in 

a value of the parameter ~ equal to 0.736. It is 
important to recognize that while many induced 
velocity models in the literature include transbtional 
distonion effects (with different values or ~). no 
model has included variations in induced velocity from 
pitch rate in this manner [ 15]. 

Coupled Flap-Pitch Response 

Before the interaction between the proposed induced 
velocity model and the dynamics of a helicopter can be 
understcxxi, it is useful to examine the coupled 
flap/inflow problem since rotor harmonic flapping is 
important in the generation of the forces and moments 
on the fuselage. To illustrate the effect of the wake 
disrortion tenns, consider the flap response of a rotor to 
a steady pitch rate. Neglecting the translational motion 
of the shaft, the equations governing the flapping 



motion in hover. expressed in terms of multi-blade 
coordinates, arc as follows: 

.. . ,_ -yn' (b, J 
b1 -2Qa 1 +D·e,b 1 +-

8
-f, -n-a, ~ 

(9) 

~' f,( v, + B,) +2(1 + e,}nq 

The lag dynamics only weakly couple with the Oap 
dynamics and are neglected. To couple the induced 
velocity equations, expressions for the aerodynamic 
pitch and roll moment coefficients on the rotor are 
found. Using blade element theory, these are: 

(I 0) 

where f
1
, f

2
, and f

3 
are integrals of the aerodynamic 

loading and are functions only of the hinge offset: 

(II) 

The steady-state tilt of the tip path plane can be found 
by setting the time derivatives in Eqs. (8) and (9) to 
zero, reducing the equations to algebraic relations. An 
interesting result occurs when the case of a centrally 
hinged rotor is considered. If the cyclic pitch angles are 
set to zero. the steady-state flap from pitch rate is: 
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( 12) 

where y' is the reduced Lock number as discussed in 
[ 19]. The important result in Eq. ( 12) is that the wake 
distortion parameter only appears in the expression for 
the steady lateral flapping. Using the value of K,, 
derived in the previous section, the inclusion of induced 
velocity variations due to pitch rate results in a change 
in sign of the lateral tip path plane tilt. Because the 
moments on the helicopter are approximately 
proportional to the harmonic napping angle, the 
inclusion of this wake distortion effect will have a 
significant effect on the off-axis response. 

The flap response of a uniform blade to a steady pitch 
rate is plotted as a function of the non-dimensional 
hinge stiffness parameter, t

5
, in Fig. 7. It can be seen 

from the plot that the longitudinal tip path plane tilt is 
most influenced by the inclusion of induced velocity 
variations from blade loading and the effect of wake 
distortion due to pitch rate is small. However, the 
addition of the wake distortion terms results in a change 
in sign of the lateral nap response for a!! values of hinge 
stiffness parameter. It is interesting to note that very 
similar results were observed by Rosen and Isser in [I OJ 
using a significantly more complicated prescribed wake 

analysis. 

Simulation Model 

To examine the effects of the proposed induced 
velocity model on the coupled rotor/fuselage response, 
comparisons between the model and night test data arc 
made. The analytically linearized equations of motion 
are coupled with the induced velocity model described 
in the preceding section through the aerodynamic 
moments on the rotor as well as through shaft motions. 
Because the translational velocities in Eq. (8) are 
referenced to the rotor hub, it is necessary to relate the 
hub motion to the fuselage motion: 

uhub:::::u-hq 

vhub = v+ hp ( 13) 

The fuselage, rotor, and induced velocity kinematics 
and dynamics are described by a system of linear 
differential equations in the following form: 

[Mh~[Fh+[G]!! 



where 

~=[uq0vp<Pa, a, b, S, y, -y, y, -y, v, v,]" 

( 14) 

The state matrices [M], [F], and (G] are analytic and 
expressed in terms of physical parameters of the 
helicopter as well as trim parameters such as the thrust 
coefficient and steady blade flap angle. 

The above model is driven by measured pilot control 
inputs. Comparisons to flight test measurements for the 
UH-60 are made in the time domain and frequency 
domain. Data for time domain comparisons are taken 
from the USAAEFA flight test program. In this test 
program, high quality step response measurements were 
made for a UH-60 hovering out of ground effect and 
operating at a gross weight of approximately 15,900 
pounds. 

Frequency domain comparisons are made from 
frequency sweep data taken in the RASCAL flight test 
program. Frequency responses arc extracted from data 
using the CIFER software package, developed by the 
U.S. Army and Sterling Software for helicopter 
frequency domain system identification [20]. This 
software allows for rapid generation of accurate 
frequency response pairs and coherence functions using 
advanced, multi~variable spectral analysis techniques. 
The RASCAL tlight tests were conducted on a UH-60 
operating at a slightly lower gross weight of 14,350 
pounds. Differences between both test programs are 
accounted for in the comparisons shown in this paper. 

Discussion of Resulls 

Time Domain Comparison 

A comparison between flight test measurements and 
predicted model response for a lateral cyclic stick input 
is shown in Fig. 8. The predicted roll rate response 
demonstrates good correlation to the flight test data 
during the test time. The useful test time is limited to 
ahout 6 seconds because an unmode\ed gust corrupted 
the !light test data. Inclusion of wake distortion terms 
in the induced velocity model does not have a 
significant effect on the helicopter on~axis response. 
This result is expected based on the small change in the 
on-axis flapping response, as discussed in an earlier 
section of this paper. 
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The pitch rate response to a lateral input is shown in the 
hottom of Fig. 8. The model response without wake 
distortion terms contains the sign error in th~ initial 
pitch acceleration that was observed in [31 and (41. 
Inclusion of only the translational wake distortion effect 
in the induced velocity model results in worse 
correlation during the first few seconds after the control 
input is made. This occurs because the sideward 
velocity of the helicopter induces a harmonic inflow 
variation which increases the longitudinal tilt of the tip 
path plane and hence the pitch acceleration. However, 
when both shaft rate and translational effects are 
included, the model predicts a small nose down 
acceleration initially and contains trends which are 
similar to the measured response. The sign change in 
the initial acceleration is a direct result of the change in 
the off-axis flapping behavior when rate distortion 
tenns are included in the induced velocity mcx.ie!. 
Although discrepancies still exist between the model 
and data, the overall correlation is generally improved 
using the new induced velocity model. The remaining 
error in the initial pitch response may be a result of th~ 
simplifying assumptions in this analysis, such as 
neglecting yaw coupling and tail rotor effects. 

Frequencv Domain Comparison 

Frequency response magnitude and phase plots for the 
roll rate to lateral cyclic stick transfer function arc 
shO\vn in Fig. 9a. The coherence function, which 
represents the ponion of the output that can be linearly 
attributed to the input, is shown for the Oight test data in 
Fig. 9b. Coherence plots for the model ~rc identically 
equal to one since the model is linear. Good correlation 
is observed in hoth magnitude and phase plots. except 
for a slight mismatch in the comer frequency 
corresponding to the coupled body-fiap mode which 
occurs at approximately 5 rad/sec. Again, the effect of 
the \vake distortion tenns in the induced velocity mcxiel 
is small for the on-axis case. 

The pitch rate to lateral stick frequency response and 
coherence plot are shown in Figs. lOa and JOb, 
respectively. The model without wake distortion terms 
compares fairly well in amplitude but gives an error of 
approximately \80 degrees in phase when compared to 
data. This is equivalent to the sign error in the response 
observed in time domain comparisons. When both 
shaft rate and translational distortion effects are added 
to the model, the correlation in the phase plot is 
significantly improved. The mismatch in the low 



frequency amplitude may also be a result of the 
modeling assumptions in this analysis. 

The drop in magnitude and phase increase which occurs 
at about 7 rad/sec in the test data, a characteristic of a 
transfer function zero, is not correctly predicted by the 
model with wake distortion temns. · Because the 
amplitude decrease is predicted with the original inflow 
model, this discrepancy at higher frequencies suggests 
that induced velocity model does not correctly model 
the effects of unsteady shaft motion. It should be noted 
that the coherence plot drops sharply in this frequency 
range, indicating that the extracted frequency response 
is of pocrer quality and that the data is less reliable (see 
Fig. lOb). 

Conclusions 

This paper examines the interaction between the 
induced velocity model and the off-axis response. It is 
shown that the distortion of the wake for a rotor 
undergoing a steady pitch rate results in a harmonic 
induced velocity variation. A new induced velocity 
model that is suitable for flight dynamics applications is 
proposed· which includes these wake distortion effects 
parametrically. This model has a fomn similar to 
dynamic inflow theory. 

It is shown that inclusion of wake distortion effects due 
to pitch rate results in a significant change in the lateral 
ilap response. Results with this induced velocity model 
for the flap response to a steady pitch rate compared 
favorably to a more complicated prescribed wake 
analysis. However, the clear advantage of the simpler 
theory is that it is easily coupled to the rotor/body 
dynamics of helicopter. The response of the fully 
coupled system to control inputs is compared with 
flight test data, and significant improvement in the off~ 
axis response is observed. While errors still exist 
between model and data, inclusion of the induced 
velocity variations due to pitch and roll rates are 
important for predicting the initial off~axis response. 

Future research must address the simplifying 
assumptions of this study. Current efforts are directed 
toward verilication of the proposed induced velocity 
model with a more rigorous analysis. The effects of 
unsteady shaft motion also need to be characterized. In 
addition, basic measurements of the indu~ed velocity 
and wake geometry of pitching rotors would provide 
auuitional insight and establish data for direct 
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comparison to the model. Efforts arc also being made 
to couple the induced velocity model with a more 
accurate flight simulation model and to compare the 
model to the measured responses or di rrerent 
helicopters. Continued correlation with other data is 
important in the validation of the new induced velocity 
model. 
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