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1. Lifting-line theory for a rotor in vertical climb

1.1 Intreoduction

The problem of a helicopter rotor in wvertical climb, hovering or
slow descent (or a lightly loaded propeller in forward flight or operating
statically) is treated with the method of matched asymptotic expansions.
The fluid is assumed to be compressible, and the maximum velocities occur-
ring are assumed to ke subsonic. Two perturbation parameters are used.

The first one, denoted by ¢, is the ratio of a typical blade chord to the
disk diameter. The matching in ¢ relates an immer limit region in the
vicinity of an arbitrary blade section to an outer limit region far from
that blade section, To solve the outer limit problem, there is introduced
a second perturbation parameter, denoted by & and defined as the ratio
between the climb velocity of the rotor (or flight velocity of a propeller),
Vo {to which the mean induced velocity perpendicular to the disk, W, can be
added, to obtain

V=V o+ W), (t.1)

and the tip velocity. The matching in & relates (in the disk plane or the
"Trefftz plane" in the far wake) two cuter limits, the "blade limit" with-
in the disk and the "outer flow limit" outside the disk, to two inner
limits, the "root limit" for the root region and the "tip limit" for the
tip region.

For the quantities of interest (local blade forces and moments,
thrust, torque, power, propulsive efficiency et cetera) series solutions
in € and § are obtained in the form of a two-term expansion in ¢, where the
first term is exact in &, while the second term is a two-term expansion in
5. The tip correction obtained in the first & approximation is identical
to the one given by Prandtl, 71t is based upon the values at the tip of
relative wind velocity, chord length and angle of attack., In the second &
approximation this tip correction is refined by taking into account also
the radial variation of these guantities within a tip region of radial ex-
tension 0(8).

The major advantages of the present theory are that compressibility
is included, that Prandtl's tip approximation has been improved and that
the load distribution is allowed to vary arbitrarily: it is not restricted
to be the optimum one, as in Prandtl's and Goldstein's theories. Another
advantage is that it is very easy to evaluate numerically.

1.2 The computational model

We consider a rotor (or propeller) of B equal blades, rotating with
the angular velocity {1 and situated in a rotor-fixed cylindrical coordinate
system Orpz (see Fig. 1.1). The disk radius is taken as unit of length.
The blades have the local two-dimensiconal lift-curve slope 27 and the chord
length 2¢h(r), where h(r) is of order unity. The local zero lift direction
of the blade foil forms the geometrical angle of attack a(r) with the re-
lative wind velocity, {-V& - Qrp). (The notation " indicates a unit vector
in the corresponding coordinate direction.)

Writing the velocity 3 in component fbnn,
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Ve=ur s (-0r+v)$ o+ (- A w) Z, {1.2)

where u, v and w are the induced perturbation velocities, the linearized
equations of motion are found to be:

R 2R IR (19
T (1.4)
y Dv=5§§§ (1.5)
Dw:-;:-g—g (1.6)
\ Dp - a°Dp = O (1.7)

Here p is the pressure, p the density, g, the undisturbed density, a the

undisturbed speed of sound and D the differential operator

- n 0 .
D=0 3% + vV 5o (1.8)

Combination of Bgs. (1.3) to (1.8) gives the differential equation for p:

%, 1, (1 2%, Vz)“—m”%:o (1.9)
arz rar " a2 amz az2 az AP Z

The boundary conditions for our problem are undisturbed flow far
upstream, tangency at the blade surfaces, the Kutta condition at the trail-
ing edge and p being continuous and the normal velocity zero through the
wake vortex sheets,

1.3 First inner ¢ approximation

We introduce an imner ¢ limit, valid near the blade located at
w =0, z = 0, by introducing the magnified inner variables

=& . = Z
=< 3 z = . (1.10)

Inserting (1.10) into (1.9), the differential equation for the inner limit
is obtained:

V2, 3% AV 3~ 203% 13
(__._ m,) + (1 - =) P - B ¢ La 2E1 =0 (1.11)
r a a@ a BZ a2 040z r arl

When higher-order € terms are neglected, r appears only as a parameter in
the differential equation and the boundary conditions. For every section
r = constant the problem turns out to be that of two-dimensional flow
around a wing section. The matching to the outer limit will be performed
in terms of the 1lift distribution, £"(r), obtained in the inner ¢ limit:

Q r + V2

Vi1 - Qijﬁ + V‘s‘)/aZ

£'(r} = e2m_ a(r) h(r) (1.12)

1.4 First outer ¢ approximation

In the outer € approximation, the blades shrink to l1ifting lines,
when ¢ tends to zero. Introducing an oblique coordinate system
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and the notations

1

Y1

<D

(1.14)

and inserting Egs. (1,13) and (1.14) into the equations of motion (1.3) to
(1.7), it will be possible to introduce a perturbation velocity potential

$, defined by .

38 _ 1
3r TV
13¢ _ V1
4 ran_ VvV (1.15)
3¢ _ V1 P~ P
el 5 s
L 9¢ v o V°
(p, being the undisturbed pressure) and satisfying
4 2 2
28 108 1, Qf) 2% (1 vyale L, 03% 0 (1.16)
2T ) 2 = - . *
ar2 r 3T e V2 an? a2 3¢ V 3m g
The problem is transferred to the "Trefftz plane" by introducing
©1(r;n) = ¢(r,m,¢) + ¥(r,m,-L) , (1.17)
satisfying 5 o
3 @1 1 8@1 (1 QE) 3 @1
T L S v S S (1.18)
ar2 rar Iﬁ V2 8n2
The second perturbation parameter,
b=, <1, (1.19)
must also satisfy the condition
Be
=5 < 1, (1.20)

in order not to invalidate the
to be O(e/é), it is convenient

Cp“""

@4 1s periodical in 71 with the
tpq and the boundary conditions

2
acp1

an2

2 5231
+ & [
ar

inner £ approximation.
to introduce

&

en

S5ince $, is found
&, . (1.21)
period 27/B, The differential equation for
in the interval 0 £ n £ 21/B are:

aw1
ar

]
S (1.22)



s (20) = 5 (n ) (1.23)
% (r;:) = 1(x) 1.2
qu(r,—g') = —-fl(l“) ’

where

2 _blx)alr)
Nr< o4 52 hir) alr O=r=s1

£,(r,8) = /1 - QE (<% + %)

a.

(1.25)

O ’ r> 1

The requirement that the velocity field is continuous gives Eq. (1.23),
while (1.24) is obtained by matching to the imner € limit in texrms of the
lift distribution (£4"(r)). PEag. {1.24) is not valid near the blade tips
{(for r < 1), A refined boundary condition for this region will be obtained
later,

The induced upwash velocity at a blade, normal to the blade chord,

i found to be:
2 P -
W' o= e T+ B [ t (1.26)

2T 3 J'r]"-:O

1.5 The § approximations

To solve the problem defined by Egs. (1.22) to (1.25), we introduce
the blade, outer flow, root and tip limits, defined in the introduction,
and denote them by B, 0, R and T, respectively, In the root and tip limits
magnified inner wvariables, also denoted by R and T, are introduced:

r _r -1
R =% {(1.27) T = (1.28)

In every limit, @1 is expanded as a power Series in &:

. 2 3
P = Pion &$11N + 8 oy & Digy *oeeen (1.29)

Here N takes the "values" B, 0, R or T, denoting the limit in consideration.
In the first & approximation the following solutions are obtained:

—— B —
Piop = £4(78) [1 - 1] (1.30)
®.50 = O (1.31)
. B _7
2 B(1+in) B
Piop = T f1(1,6)[Re arc cos e -3 ﬁ] (1.33)
(We have chosen not to expand £, {r,5) as a power series in §. AlLl ¥ and

2%?% §an be calculated exactly. Every P1no and every odd P g 3T eqial to

From (1.33) a tip correction to the strip approximation lift

distribution, £"(r), is derived, to obtain the improved 1lift distribution
4'(r), which is then used to correct the boundary condition (1.24):
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e

1-r
2r{r) = L"(r) - % arc cos e 5 {1.34)

In the second § approximation, the following solutions are found:

P14 = P110 © QpHR =0 (1.35)
(1 5) (T+1n) 2 A2
$11T m ——— {- E 2T Re arc cos e + BTnJ + i%—:—gg— P}, {1.36)
where
oo T
B 7 1¢ 1 [B sinh g{n-g)
P(T,n) =T!1 - H(T)W 1oZ2nle=l 2= tos gT dg +
L L T J ™ gz n sinh-%ﬂ J
L @ ginh 3 (Bnuﬂ) [ 5 1
+ k sin -
B o sinh %? { (1+k2)2 (9+k2)gj 2
o
. [ L. 2 -k 2] cos SBL } dk (1.37)

(42 6(9+k?)

Here H(T) is the Heaviside unit step function, The corresponding
[3e /on] value for T< 0 is:

ARRES £,(1,8) 2a° 3a° - 0
LUS7 Jn=0 * T am L“ (a2 i} Qz) BL + (az — ) J(BT)J ’ {(1.38)
where
J(Br) = | —% {1 - u coth n] cos (&%I) d +
o A
2 ¢ kn T
+ = | k coth (=) <k sin O""") -
T 2 { L(1+k2)2 (9+k2)2j
2
_E“k 9"k_lcs-———)}dk- (1.39)

(14%2)%  6(9+k7)2

The function J{BT) is given in Fig, 1.2,

1.6 Second imner ¢ approximation, Final formulas

In the second inner e approximation, the lift distribution £' is
corrected for the influence of the induced upwash velocity, w', obtained in
the first outer ¢ approximation, Introducing also Al(r), the correction
angle of a(r), which is related to w' by

w' 4+ Wcos W + Wcosp 7
o= AR L TLERR L - mew e (140)
+ 0%r ™ + 8 r

the final lift distribution £(r) is given by

i(r) = &1 (z) (1 +§arr Y, (1.41)

where
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£ (1,8) 2 2
1 L = 1=
o= =g [Bry(ee) -6 —— () 9= 3T 4 06h) ] +

0
We
oo—zr (1.42)
a(r®+ 52)
The distribution of induced drag is
di(r) = - fa(r) » 2{r) . (1.43)

2, Disk approximation for a helicopter rotor in forward flight

2,1 Introduction

. A theory is developed for calculation of the induced velocity field
of a helicopter rotor in forward flight. The rotor is approximated by a
disk of continuous thrust and in-plane force distributions, which are
assumed to be known. Its wake is represented by a semi-infinite cylinder
of distributed vorticity. The velocity field is obtained using a foxrm of
the Biot-Savart formula modified to take into account the compressibility
effect of a parallel flow. Thus, the compressibility effects due to the
flight speed are accounted for. The first-order compressibility effect due
to the rotation speed (the Prandtl-Glauert factor) can be taken into account
when setting up the formula for the initial load distribution. Second-
order compressibility effects due to the rotation speed are lost when mak-
ing the disk approximation, however.

2.2 The computational model

From the total aerodynamic force of the rotor a mean value of the
induced velocity at the disk area can be calculated, using the momentum
equation. By vector addition of this mean Valugﬁto the flight wvelocity of
the rotor we obtain the relative wind velocity, V, forming the angle B with
the rotor axis. A Cartesian coordinate system Oxyz is introduced, with the
Zz axis coincident to the rotfor axis and directed downwards d the x and ¥
axes in the disk plane, The y axis is perpendicular to the V velocity
vector and directed to the port side of the helicopter, while the x axis is
directed aft. See Fig, 2.1. We also introduce a corresponding cylindrical
coordinate system Orfz and an oblique system Opys by the following trans-
formations:

r = sz + y2 pP=x~2ztgp
8 = - arc tg-;-’ (2.1) y=v (2.2)
zZ = Z S = Z

Continuous distributions of thrust per wmit area,ﬁt(r,@), and aero-
dynamic force per unit area parallel to the disk plane, q{r,8), are obtain-
ed by time-averaging the real load for every point in the disk plane. The
rotor thus is represented by a oeircular sheet of radial bound vortices of
the strength per unit area Y(r,e) or y(x,y) (y being determined from t and
g). The axis of the wake cylinder is chosen to be parallel to the velocity
V, i.e., coinciding with the s axis. The distribution of wvorticity in the
wake is taken to be the same in every plane parallel to the disk, i.e., in-
dependent of s. Thus we neglect the influence of the vorticity on the loca-
tion of the infinitesimal wake vortices.

—)
When calculating the time mean value of the induced velocity, v, we
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_)
divide the task into two problems: That of calculating the velocity v,
jnduced by the bound vortices of the rotor disk, and that of calculating

Vo induced by the wske vorticity distribution. Hence
~ s - -

VoE VoV, (2.3)

2.3 Calculation of the velocity induced by the bound disk vortices

Using the Prandtl-Glauert transformation, the Bit-Savart formula can
be modified to take into account the compressibility effects of a subsonic
parallel flow with the Mach number M in the § direction, £ being a c¢oordin-
ate in a Cartesian frame 0€n(. It is found that

— -
dl x
dv = uz é%' ““——gml s (2.4)
T,
1i
where =
=4y -M (2-5)
and
1
vy =V E - e e B n-nn)® L B 00)F (2.6)

-—)
(£, n, C) being the point where dv is calculated and the primmed quantities

being the coordinates of the vortex element.

Using Eq. (2.4), ¥, is found to be:

2 Y(x' y')° E,
= 1-M" [ en ’ A
v (x9Y’Z) = Z ll_l JJ = T dx! dY':l i, (2-7)
1 . m 3 2 23T
1=X4¥,2 1io0 Lx +Y ]
The disk
where ——
Lo = J(x'm x)2 + (y’uy)z-fzg-wz {[(x'nx) cosB + z sinﬁ]2+(y'~y)2},(2.8)
J Ex = y'z
E = = ! .
By x'z (2.9)
LE,=x'y - ¥'x,
and where v
M=, {2.10)
V being the magnitude of 3’and a being the undisturbed speed of sound.

2.4 Calculation of the velocity induced by the wake

We denote the vorticity of the flow field by z(p,y,s) and the
vorticity jump through the rotor disk by [w](p,y). According to Ref. [5],

-
- -
[w]l(p,y) =—I—31-zxgradt—cur1% . {(2.11)
Approximating m, the mass flow per unit area, by its mean wvalue,

m=pV cos B (2.12)

-)
and using that w is zero above the disk and independent of s in the wake
cylinder, i.e,

[2](pyy) = 0(pyy,04) = w(p,yy,s), s> 0, (2.13)

we obtain
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ag 3
= R N (-1 . _ 3t -~ 2% ol J a0
20,7:5) = s g (32 (0) X - 5 (003) 7+ [ (y) - 522 (0y)] 2}
=W X 4+ wy, v o+ w, z, s>0, (2.14)
Wyr Wy and @ being defined by Eq. {2.14),
Since - -
P dil =w dv, (2.15)
dV being a volume element, Eq, {2.4) can be rewritten:
- -
QU)X.I"
dv =~ ——muﬂ% av (2.16)
4ﬂr1i

Integrating this equation over the wake c¢ylinder, where the intggration
with respect to the variable s' can be performed analytically, v2 is ob-
tained:

3 C.+D.*A
-~ ~
v, ovz) = 3 (R) R [T aear ] 1, (2a19)
imX,V,2 AT+EB A
The disk

where

( A = J(x‘—x)2~+(y'~y)2+ 22~ M2 {[(x‘~x)cosB+zsinB]2+(y'—y)ET cosf

o
t

= (x'-x) sin 8 cos B - = 00828

[
i

< =Wz +w (y'-y)

D = -uw

L0

Cy =-w.z -~ wz(x'-x)
Dy =w, - wztg B
C, = = (y'=y) +w (x'-x)
\ DZ = wytg 8
w, = wi(x‘,y'), i= x,v,2 . (2.18)
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Fig. 1.7, The rotor in the rotor-fixed frame Orpz.

0 v

i | ;

N

0.5

D —‘—"_‘“—w&
[ [ - E] -87 )
Fig. 1.2. The function J(BT).
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Fig. 2.1. The Oxyz and Opys coordinate systems.
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