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Abstract

The aim of this paper is the aeroelastic analysis
of a hovering-rotor cantilever blade in flap-lag-
torsion motion, with emphasis on the unsteady
aerodynamics modeling. The structural dynam-
ics is described by a nonlinear integro-partial dif-
ferential system of equations, whereas the aero-
dynamic load prediction is obtained by apply-
ing both two-dimensional analytical models and
three-dimensional models based on a frequency-
domain boundary-element solution. The aeroe-
lastic analysis is performed by first applying the
Galérkin approach for the space integration, and
then solving the eigenproblem obtained by lin-
earization of the resulting ordinary-differential
equations about the steady equilibrium operat-
ing conditions. Numerical investigation is focused
on comparison among aeroelastic predictions ob-
tained from different aerodynamic modelings, and
on analysis of the aeroelastic damping of a two-
bladed, hovering rotor for different values of col-
lective pitch and precone angle, for which exper-
imental data are available.

1 Introduction

The subject of this work is the aeroelastic stabil-
ity analysis of a hovering helicopter rotor. This
analysis is specifically addressed to the identifica-
tion of the most critical aspects in modeling the
aeroelastic behavior, with emphasis on the un-
steady aerodynamics. Indeed, the simulation of
aeroelastic behavior of a helicopter rotor is not
a simple task, and particular attention must be
paid on the formulation of the mathematical mod-
els describing all physical phenomena involved in
the fluid-structure interaction.

In the last decades, several aerodynamic mod-
els have been applied to the aeroelastic analy-
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sis of rotors. Lots of them are based on the
two-dimensional analytical solution introduced
by Loewy [1], or on its quasi-steady version that
assures a considerable simplification of the res-
olution algorithm. Some others have developed
more accurate fully three-dimensional models,
like those reviewed in Ref.[2] or that presented
in Ref. [3]. Each approach has advantages and
disadvantages, and the best choice depends on
the problem to be analysed, and the required
accuracy. Here, we wish to compare the capa-
bility of different aerodynamic approaches, some
based on analytical solutions, some others based
on a frequency-domain boundary element method
(BEM), to capture the aeroelastic behavior of a
flap-lag-torsion blade hovering rotor.

The aim of the numerical investigation is twofold.
First, we intend to analyse the differences in-
duced in the predicted aeroelastic stability, by
the use of the different aerodynamic models
mentioned above. Specifically, we investigate
about differences in aeroelastic prediction be-
tween formulations based on two-dimensional
and three-dimensional aerodynamic models, Fur-
thermore, within the two-dimensional aerody-
namic approaches, and the three-dimensional ap-
proaches, we analyse also the decrease of solution
accuracy induced by the (simplifying) adoption of
low or very-low frequency approximations. Sec-
ond, we compare our numerical results with ex-
perimental data presented in [?], that concerns
the aeroelastic damping of a two-bladed, hover-
ing rotor for different values of collective pitch
and precone angle.

2 Blade Structural Model

In this work, aeroelastic models for rotor blades
have been derived by using the nonlinear flap-lag-
torsion equations of motion presented by Hodges



and Ormiston [5], and derived by simplifying the
more general beam-like blade model, introduced
by Hodges and Dowell [6], that is valid for twisted,
nonuniform blades, with both mass and tensile
offsets.

In the equations of motion given in Ref. [5],
the blade is assumed to be untwisted with uni-
form distribution of mass, and with mass, tensile
and aerodynamic axes coinciding with the elastic
axis. In deriving the final form of these equa-
tions, they have been further manipulated. First,
an ordering scheme has been applied in order to
drop those terms considered to be of the third
order with respect to the bending slope (an ar-
bitrary small parameter), and not contributing
to damping. Second, the radial displacement of
the blade has been eliminated from the system of
equations, by solving it in terms of local tension:
this is equivalent to assume that the blade is in-
extensible for bending deflections, and that radial
displacements are simply geometric consequences
of the transverse bending deflections (see Ref. [5]
for details).

Under all the simplifying assumptions mentioned
above, the final form of the system of equations
governing the blade structural dynamics, is a set
of coupled integro-partial differential equations
having as unknowns the lateral in-plane displace-
ment of the elastic axis, v(z, t), the lateral out-of-
plane displacement of the elastic axis, w(z, t), and
the cross-section elastic torsion deflection ¢(z,t).
Addressing the reader to Ref. [5] for their com-
plete expressions, the blade equations of motion
may be synthetized in the following form:

m i+ Oylv,w, @, 0,w] = L, (1)
ma + Oy v, w, @, 0,W] = Ly (2)
Jcpr‘i'Oqa['U:waSD] ZMW (3)

where m denotes the blade mass per unit length,
J, denotes the cross-section torsional mass mo-
ment of inertia, @, and O,, denote fourth-order
in space, nonlinear, integro-partial differential
operators, whereas O, denotes a second-order
in space, nonlinear, partial differential operator.
Furthermore, £, and £, are, respectively, the
in-plane and out-of-plane aerodynamic forces per
unit length acting on the blade, whereas M, is
the aerodynamic pitching moment per unit length
acting on the blade.

Due to the complexity of the aerodynamic field
generated by rotor blade motion, the derivation of
an accurate model for the prediction of the aero-
dynamic loadings appearing in equations (1)—(3)
is not an easy task, and will be discussed in the
next section and in Appendices B and C. In the
following, we describe the approach adopted for
the integration of the set of equations of motion
for the aeroelastic analysis of hovering rotors.
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3 Modal-Approach Solution

The solution of the set of coupled integro-partial
differential equations (1)—(3), has been obtained
by following the approach presented in [5] for a
hingeless rotor blade. It is based on the appli-
cation of the Galérkin method for the spatial in-
tegration of the equations, followed by the defi-
nition of two separate problems: a nonlinear al-
gebraic problem for the evaluation of equilibrium
stationary blade deflections, and a linear time-
differential problem with unknown the perturba-
tions of blade deflections with respect to the eval-
uated equilibrium condition (typical linear stabil-
ity analysis procedure).

Specifically, first the elastic blade deflections have
been expressed in terms of the following series

N

v(a,t) =Y an(t) ¥ (o) (4)
TJLV_I

w(z,t) =Y ay (t) ¥y (2) ()
nA?l

pla,t) = i () ¥i(z), (6)

where Uy WY U¥ are sets of linearly indepen-
dent shape functions (mode shapes), whereas
q’,q",q¢ denote the generalized coordinates of
the problem (modal amplitudes). Considering
that the rotor analysed in this work (see Sec-
tion 5) consists of two hingeless blades, the mode
shapes appearing in equations (4)—(6), have been
chosen to be the (analytical) eigenfunctions of the
cantilever nonrotating beam.

Next, substituting equations (4)-(6) into equa-
tions (1)—(3), the Galérkin method yields a set of
3N nonlinear, ordinary differential (modal) equa-
tions in terms of the generalized coordinates of
the problem. In order to define the equilibrium-
configuration and perturbation problems men-
tioned above, it is convenient to introduce the
following expressions

0 (t) = gon + Agy (1) (7)
45 (t) = gon + Agy (1) (8)
7 (t) = i + Agi (D), (9)

where the qg,’s denote steady equilibrium val-
ues, whereas the Ag,’s denote small perturba-
tions. Substituting the steady equilibrium values
into the modal nonlinear differential equations
obtained through application of the Galérkin
method, one obtains the first set of 3NV nonlinear
algebraic equations, with unknown the equilib-
rium modal amplitudes ¢3,,,q&,,46,- Then, sub-
stituting equations (7)—(9) into the nonlinear dif-
ferential modal equations, subtracting the steady



equilibrium equations and dropping all (nonlin-
ear) terms containing products of the perturba-
tion quantities, one obtains a set of linear ordi-
nary differential equations, with coefficients de-
pending on the steady equilibrium values of the
modal amplitudes, that may be recast in the fol-
lowing form

M(q,)d + C(q,)d + K(q,)aq =, (g, 4,4, 9,1), (10)

where q is a vector of length 3N containing the
perturbation modal amplitudes Agp, Agy,Agy,
M, C, K are the inertial-structural mass, damping
and stiffness matrices depending on the equilib-
rium solution, q,, whereas f, is a vector con-
taining the generalized aerodynamic forces, i.e.,
those forces obtained by projecting Ly, Ly, My
of equations (1)-(3), onto the mode shapes of
equations (4)-(6), as indicated by the Galérkin
method.

4 Stability Analysis

Once the equilibrium configuration has been de-
termined, the stability analysis may be accom-
plished by analysing the behavior of the solution
obtained integrating equation (10). However, if a
linear aerodynamic model is available for express-
ing f, as an explicit function of the perturbations
q, the most convenient approach for the stability
analysis is that based on the solution of the eigen-
problem, that directly yields the damping charac-
teristics of the system. Indeed, assuming that (see
next section) the generalized aerodynamic forces
are expressed by a linear combination of the per-
turbation variables, in the frequency domain we
have

f.(s) =E(q,,9)§, (11)

with E the equilibrium-dependent matrix contain-
ing the 3N x 3N transfer functions between per-
turbation variables and generalized aerodynamic
forces. Therefore, transforming equation (10)
into frequency domain and combining with equa-
tion (11), one obtains the following eigenproblem

[s* M(a,) + s C(a,) + K(a,) — E(q,,5)]d = 0, (12)

whose eigenvalues describe the aeroelastic behav-
ior of the structure (in the following, for simplic-
ity of notation, the dependence of E on q, will be
assumed implicitly).

Of course, the complexity of the aerodynamic
transfer functions included in matrix E depends
on the model chosen to predict the aerodynamic
solution. However, due to the unsteadiness of
the flow, and in particular of the wake vorticity,
analytical models based on the two-dimensional
solution introduced by Loewy [1], indicate that
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if a low-frequency approximation is not applied,
these transfer functions are transcendental func-
tions of the frequency (see next section). In
this case, the eigenproblem (12) has an infinite
number of eigenvalues, and the determination of
the aeroelastic behavior through the eigenprob-
lem solution is no more convenient (unless only
the stability margins are required, so that a ‘p-
k’ approach is applicable). Therefore, in this
work, when using an aerodynamic model intro-
ducing frequency transcendental transfer func-
tions (namely, the Loewy-Greenberg formulation
and the BEM approach discussed in Appendices
B and C, respectively), we approximate the ma-
trix E, by a rational-matrix expression of the type
(see Appendix A, equation (18)),

E(s)~s>A, +sA, +A, +H[s|—G] 'F, (13)

where A,,A,,A,,H,G,F are constant matrices
evaluated by the least-square technique presented
in Ref. [7], and briefly outlined in Appendix
A. Indeed, substituting equation (14) in equation
(12), and introducing a new vector

F=[sl—G]"'Fq, (14)

whose dimensions depend on the dimensions of
the matrix G, the aeroelastic eigenproblem may
be recast in the following form

[s*M(q,) + 5 C(q,) + K(q,)] x =0, (15)
with
~ | M=A, 0 ~ | C-A O
L S B R

and the vector x = {qT,rT}, containing the

modal perturbation variables, q, and the ad-
ditional variables, r, arising from the matrix-
fraction approximation of the aerodynamic ma-
trix. Now, the aeroelastic eigenproblem expressed
in equation (15) has a finite number of eigenval-
ues (depending on the number of the additional
states required), and therefore it is possible to de-
termine the damping characteristics of all of the
states of the system and, in the event, the aeroe-
lastic response to an external perturbation like,
e.g., an atmospheric gust.

Note that, operating in the way described above
means to describe explicitly the aerodynamic
loads by a number of states, that is greater than
that needed for the description of the structural
dynamics. Indeed, combining equation (11) with
equation (14), in time domain one obtains

f,t)=A,4+A, q+A,q+Hr,



with ¥ = Gr + Fq. This is due to the fact that
for the evaluation of the time evolution of a me-
chanical structure you only need to know its cur-
rent state and velocity, whereas the flow field on
a lifting body is influenced also by the vorticity
generated by the body, and hence has ‘memory’
of the past flow evolution.
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Figure 1: lead-lag damping from quasi-steady

aerodynamics, using three induced velocity mod-
els. B =0°.

Finally, note also that transforming equation (15)
back into time domain, one obtains a system
of constant-coefficient ordinary differential equa-
tions describing the aeroelastic system, that may
be conveniently applied for aeroservoelastic pur-
poses.

5 Numerical Results

In this work, the aeroelastic formulation pre-
sented above has been applied to the evaluation
of the lead-lag damping of the hovering rotor in-
vestigated in Ref. [4]. Thisis a two bladed, hinge-
less, untwisted rotor, with radius R = 0.9615m,
constant chord ¢ = 0.0864m, and NACA 0012
section airfoil (for the detailed description of the
structural characteristics of the blades, see Ref.
[4]).

First, we have considered the case with pre-
cone angle 8 = 0°, and rotor angular velocity
RPM = 1000 (for all the results presented in
the following, we have considered this value of
the angular velocity). In Figure 1 we present the
comparison among the measured lead-lag damp-
ing given in Ref. [4], and those computed us-
ing the (very) low-frequency approximation of the
Loewy-Greenberg formulation, C, = 1 (quasi-
steady aerodynamics), with three different mod-
els for the induced velocity, v;.
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Specifically, we have applied uniform-inflow and
non-uniform-inflow models based on a combina-
tion of blade element and momentum theory (see,
e.g., Ref. 8]), with the addition of an empirical
model based on the experimental results given
in Ref. [4]. As illustrated in Figure 1, these
three models give damping predictions that ap-
pear to be very similar for the whole range of col-
lective pitch angle considered. All of them are in
good agreement with the experimental data for
small values of the pitch angle, but the agree-
ment rapidly decreases for increased pitch angles.
This might be due to the fact that as the pitch
angle increases, more and more important is the
role of the aerodynamic loads on the aeroelastic
behavior. Therefore, in this range of collective
pitch, these very simple aerodynamic models do
not predict unsteady loads with satisfactory ac-



curacy, also when using a realistic distribution of
induced velocity.
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Greenberg formulation using three induced veloc-
ity models. B = 0°.

Next, we have considered the aerodynamic model
based on the Loewy-Greenberg formulation. In
this case, as explained in Section 4, we have ap-
proximated the aerodynamic matrix by the least-
square-approximation technique outlined in Ap-
pendix A. However, this technique has been ap-
plied in two different ways: the first consists of
requiring an accurate approximation of the aero-
dynamic transfer functions only in a low range of
the reduced frequency, k, (in this case, k < 2),
whereas the second extends the requirement up
to k = 7, and for greater values requires only
the mean value to be satisfactorily approximated.
The relevant difference between these two ap-
proaches consists in the fact that for the (weakly)
low-frequency approximation of the aerodynamic
matrix, a simple frequency quadratic form may
be used (it is indicated as PMA -polynomial ma-
trix approximation- in the following), that does
not contain poles, and hence does not generate
additional aerodynamic states for the aeroelas-
tic system, whereas the second approach requires
the inclusion of a lot of additional states (RMA -
rational matrix approximation- in the following).
The approximations obtained following the two
approaches are illustrated in Figures 2 and 3,
taking into consideration the first element of the
aerodynamic matrix, for § = 12°. As expected,
the low-frequency approximation differs consider-
ably from the computed values for high values of
the collective pitch; however, its approximation
is similar to that of the more accurate approach
for k¥ < 2. Of course, the effects of these differ-
ences on the aeroelastic solution are not relevant
if the values of the most important characteristic
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frequencies of the system are included in the low
frequency range considered (note that using the
more accurate approximation shown in Figures 2
and 3, 24 additional states must be included in
the aeroelastic system).
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tion using three induced velocity models. § = 0°.
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aerodynamics, using three induced velocity mod-
els. B =5°.

Then, Figure 4 shows the lead-lag damping pre-
dicted with these two aerodynamic models based
on the Loewy-Greenberg formulation. The ac-
curacy of these results is much better than that
obtained from the quasi-steady aerodynamics, in
particular for large values of the collective pitch
angle. The low frequency approximation demon-
strates to give very satisfactorily results, in par-
ticular in consideration of the simplicity of the
expression used for its approximation, and of the
absence of additional states. Finally, for the case



with 8 = 0°, Figure 5 shows results that are
equivalent to those presented in Figure 4, but ob-
tained by the BEM aerodynamic solution. In this
case, the numerical solution is in very good agree-
ment with the experimental results, both using
the PMA approach and using the RMA one.
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Figure 7: lead-lag damping from the Loewy-
Greenberg formulation using three induced veloc-
ity models. = 5°.
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Figure 8: lag damping from BEM formulation us-
ing three induced velocity models. B = 5°.

Next, the same analysis has been performed for
the blade configuration with precone angle 8 =
5°. These results are shown in Figure 6 for the
quasi-steady aerodynamic models, in Figure 7 for
the Loewy-Greenberg formulations, and in Figure
8 for the models based on the BEM solution. For
this configuration, all aerodynamic models seem
to give results having a similar accuracy, that is
quite good for positive values of the collective
pitch, but decreases in the negative range of it.
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This behavior is more evident in the results from
the BEM approach, for which a very good accu-
racy is obtained for positive values of 8, whereas
the lead-lag damping seems to be strongly un-
derpredicted for negative values of the collective
pitch.

6 Concluding Remarks

The aim of this work has been the definition of
different aeroelastic models for the stability anal-
ysis of a hovering rotor. Specifically, we have in-
vestigated on the importance of inclusion of aero-
dynamic three-dimensional and unsteady effects
on the overall aeroelastic behavior. Both two-
dimensional analytical and three-dimensional nu-
merical aerodynamic solutions have been consid-
ered. Different approximation techniques for the
aerodynamic transfer functions have also been
applied. The comparison with experimental re-
sults has demonstrated that the inclusion of un-
steady effects in the model is essential, in par-
ticular for no-precone configurations, and that
enhanced accuracy may be obtained by employ-
ing a fully three-dimensional model. However, we
have also observed that for the problem consid-
ered in this work, the aerodynamic transfer func-
tions may be conveniently approximated by a fre-
quency quadratic expression, that seems to be the
best combination between accuracy and simplic-
ity of the aeroelastic model. The use if this model
could also be convenient for aeroservoelastic ap-
plications.
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A Matrix-Fraction Approximation

In this appendix we outline the technique adopted
for the matrix-fraction of the aerodynamic ma-
trix, E, discussed in Section 4.

The first step in the approximation procedure
starts from the observation that in the frequency
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domain, whatever the model used for the predic-
tion of the aerodynamic loads, their asymptotic
behaviors is quadratic, as the frequency tends to
infinity. Therefore, following the formulation in-
troduced in Ref. [7], we assume the following
form for the matrix-fraction approximation:

E(s)~E(s) = s?A, +sA, +A,

M “lrpr

Z Dmsm] l Z Rmsm](lﬁ)
m=0 m=0

The matrices Am, D,, and R, are real and fully
populated (except for Dys that is chosen to be
an identity matrix). They are determined by a
least-square approximation technique along the
imaginary axis. Specifically, the satisfaction of
the following condition is required

e2=ij Tr {z*(s,-) Z(Sj)]

+

=min,

sj=tik;

where ¢ = 4/—1, w; denotes a suitable set of
weights, and

M-1
+ Z R,,s™
m=0

is a measure of the error (E — E).
Next, in order to use the matrix-fraction approx-
imation to determine the time-domain relation-
ship between the aerodynamic loads, f,, and the
state variables, q, equation (16) is recast in the
following form

-1
E(s)=s?A, + sA, +A, +H [sl—é] F, (17)
where H depends upon the R,,’s, G upon the
D,n’s, whereas F* = [1,0,...,0] (see Ref. [7] for
details). Note that the accuracy of the approxi-
mation depends upon the number, M, of matri-
ces used in the matrix-fraction term in equation
(16). The appropriate value of M depends upon
the characteristics of the functions to be approx-
imated. In our case, these functions corresponds
to the elements of the matrix E in terms of the fre-
quency and, for the problem of an hovering rotor,
they show a wavy behavior which requires a high
value of M (see, e.g., Fig. 1). This, in turn, may
induce an instability (i.e., real part greater than
zero) in some of the eigenvalues of the matrix G
in equation (17); these are spurious poles which
are introduced by the interpolation procedure. In
order to overcome this problem the iterative pro-
cedure of Ref. [7] is adopted. This consists of:
(i) diagonalization (or block-diagonalization) of



G, (ii) truncation of the unstable states (the ma-
trix G is modified into a smaller matrix G), and
(iii) application of an optimal fit iterative proce-
dure to determine new matrices A,,A,, A ,F, and
H that replace, respectively, AzaAqu: IE, and H
(whereas G remains unchanged throughout the it-
eration). Hence, the matrix-fraction finite-state
approximation assuring a good and stable fit of
E(s) has the final form

E(s)=s>A,+sA,+A, +H[sI—G]"'F. (18)

B 2-D Aerodynamic Models

For the prediction of unsteady aerodynamic loads
acting on hovering rotor blades, a well known an-
alytical model is that presented by Loewy [1],
which extends to a rotor-blade section airfoil,
the theory introduced by Theodorsen [9] for a
fixed-wing section thin airfoil without camber,
undergoing plunging and pitching motion, in a
constant-velocity free stream. Specifically, the
extension of the model consists of including the
presence of wake vorticity below the airfoil, in or-
der to simulate, as close as, possible the real flow
field generated by a lifting hovering rotor. A more
general two-dimensional aerodynamic model may
be obtained by following the approach presented
in Ref. [10]. There, the correction terms derived
by Greenberg [11] for the Theodorsen theory in
order to take into account the effects of a pul-
sating free-stream velocity, have been included in
the Loewy formulation, therefore yielding expres-
sions for aerodynamic loads acting on an airfoil
having three degrees of freedom in the vertical
plane (that in the case of the blade model consid-
ered here, correspond to the local values of flap-
wise bending, chordwise bending, and torsion).
Then, this is the analytical model that is applied
in this work in order to evaluate the section aero-
dynamic loadings appearing in the blade struc-
tural dynamics equations (1)—(3).

Combining the Loewy formulation with the
Greenberg correction, one obtains the following
expressions for the section lift and pitching mo-
ment about the aerodynamic center

L=2mpb [g(—d‘) + 06 + Vo + g&)]
+21pbC, (k. k,h, ) [0(—w + Do + bé))]

— 927 0b b . b, b
M, =2mp [Z(w—Zva—va— Ea) - 1—6a] )
where 7, w denote the velocity of the aerodynamic
center, respectively parallel (positive aftwards)
and perpendicular (positive upwards) to the axis
of rotation of the rotor, whereas « is the pith an-
gle of the section (positive nose up). Furthermore,
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p is the air density, b is the airfoil semichord, and
C, is the Loewy’s lift deficiency function, depend-
ing on the reduced frequency k = wb/Qr, the fre-
quency ratio kE=w /€2, and the vertical distance
between successive rows of vorticity (wake spiral
pitch), where w is the perturbation motion fre-
quency, € is the angular velocity of the rotor, and
r is the radial distance of the blade section from
the hub.

In order to include part of the three-dimensional
effects produced by the presence of the tip-vortex
(hidden in a two-dimensional model), the model
is modified by the inclusion of an induced vertical
velocity, v;. Then, assuming as a first approxima-
tion that the lift force is perpendicular to the total
velocity, V', and that the skin friction produces a
drag force, D parallel to it, for the aerodynamic
forces in equations (1)—(3) we have

Ly, = =-D—~L
Ly = L—-vD
M‘P - MAJ

where D = bpV?cy,, with ¢4, denoting the airfoil
drag coefficient, and v ~ v; /V. Expressing 7, w, a
in terms of the blade elastic displacement vari-
ables v, w, ¢, and restricting to the steady case,
these forces may be used to determine the blade
equilibrium configuration. Then, using equations
(7)—(9), and linearizing with respect to the per-
turbation variables, they furnish the equilibrium-
dependent aerodynamic transfer function, E.
Note that, due to the presence of the Loewy
lift deficiency function, the resulting aerodynamic
matrix contains transcendental functions of the
frequency and therefore, as described in Section 4,
in order to obtain a finite-state aerodynamic op-
erator, it is necessary to apply the matrix-fraction
approximation outlined in Appendix A. However,
if one introduces the hypothesis of low-frequency
approximation for the Loewy lift deficiency func-
tion, obtains C, ~ 1, (quasi-steady aerodynam-
ics) and the corresponding aerodynamic matrix
contains only polynomial quadratic functions of
the frequency. In this case, the aerodynamic gen-
eralized forces are defined only in terms of the
perturbation modal amplitudes, their first and
second time derivative, and the number of aeroe-
lastic eigenvalues is 6V, and therefore no approx-
imation procedure for the aerodynamic matrix is
needed.

C BEM Aerodynamic Model

In this appendix, we outline the algorithm based
on a boundary element method (BEM), that we
have developed in order to determine an aerody-
namic matrix based on a fully three-dimensional
unsteady aerodynamic solution.



C.1 Potential Flow Solution

Let us consider an incompressible, inviscid flow,
that is initially irrotational. Such a flow field
remains irrotational at all times, except for the
points which come in contact with the body sur-
face, S, since for these points Kelvin’s theorem
is no longer applicable (there, a contour that re-
mains in the fluid at all times cannot be identi-
fied). Indeed, these points form a surface, S,
(the wake), where vorticity may be different from
zero. Hence, if v denotes the velocity of the fluid
particles, it is possible to introduce the poten-
tial function ¢ such that v = V¢ (for x outside
S, US,, ). Combining the above equation with
continuity equation, V - v = 0, one obtains the
following Laplace equation
VZp=0 for x outside S, US,,.

Next, the differential formulation requires the
boundary conditions on the body and the wake.
The body is assumed to be impermeable, and
accordingly the boundary condition on S, is
(v —v,) -n =0, where v is the velocity of the
points on S, and n is its outward unit normal.
Recalling that v = V¢, one obtains

0

— =vVv.-n
on B

The boundary conditions on the wake are ob-
tained from the principles of conservation of mass
and momentum across a surface of discontinuity,
like S,, . In particular, following the formulation
given in Ref. [12], one obtains: (i) A(d¢/On) =0
on the wake surface, and (ii) A¢ =const. follow-
ing a wake material point.

Starting from this differential formulation and ap-
plying the boundary integral equation technique,
the frequency-domain potential field solution for
a lifting body is expressed by (see Ref. [12] for
further details)

) = [ (2—2

— / A(]ETE exp(—sT) %
SW 3n

(19)

G—&%%)&ﬂ@
dS(x), (20)

where G = —1/4w||x — x.|| is the unit source so-
lution for the Laplace equation, and 7 is the time
necessary to convect the material wake point from
the trailing edge to the actual position.

The numerical solution of equation (20) has been
obtained from its algebraic approximation de-
rived from the discretization of the body and
wake surfaces into quadrilateral panels, where
¢,0¢0/0n and A¢ have been assumed to be con-
stant (zeroth-order boundary-element method).
Letting equation (20) be satisfied at the centers
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of the panels (collocation method), its algebraic
approximation assumes the form

NB NB
¢ = > BiiXi+ > Crid;
j=1 j=1

NW
+ Y FinAGZE exp(—s7y), (1)
n=1

where x = 0¢/0n. The coefficients appearing in
equation (21) are given by

0G|,

SBJ' on

By, ds,

/@w,qﬁ—

Bj

0Gy,

SWn on

Fypp=— dS:

where G = Glx,=x;, and S, and S, denote
the surfaces of the j-th panel of S, and of the
n-th panel of S, , respectively.

Finally, expressing the potential discontinuity at
the trailing edge, A¢7=, in terms of the values of
the potential at the centers of the body panels,
and using equation (21), one obtains the matrix
E, relating the vector of normalwash at the cen-
ters of the panels, vy, with the vector of potential
at the same points,vy, i.e., Vg = E,(s) V.

C.2 BEM Aerodynamic Matrix

Starting from the potential solution outlined
above, in the following we will show that, once
the stationary equilibrium configuration has been
evaluated (using, for instance, the aerodynamic
loads obtained from the potential solution de-
scribed above, followed by the application of the
Bernoulli theorem for determining the pressure),
it is possible to define an equilibrium-dependent
aerodynamic matrix E(q,, s), by the following ex-
pression

E(q,,8) = E%(a,)E;(a,,5)EL(ay,5)E, (q,,8)
+ EY(q,), (22)

where E, transforms state variables into blade
normalwash (boundary conditions of the poten-
tial flow formulation, equation (19)), E, trans-
forms the perturbation potential field into pertur-
bation pressure on the body surface, and finally
El and EI yield the aerodynamic loads. Note,
that the matrix E, defined above, when related
to the perturbation normalwash, is equilibrium-
configuration dependent both through the blade
surface deformation that influences coefficients
By, Crj, and (more important) through the wake
surface shape that influences coefficients Fy,,.
This formulation is a hovering-rotor extension of
the fixed-wing formulation of Ref. [13].



C.2.1 Matrix E,

Let us introduce a set of material curvilinear coor-
dinates, (£1,£?), on the blade surface, and express
by x(€1,€2,1) = X, (€1, €2) + ¥, dn(t) @n (€1, €2),
the actual position of a surface point in the ro-
tating frame of reference, x, being the position
of that point in the deformed equilibrium config-
uration (therefore depending on ¢3,,,¢%,, ¢4y, in
our problem). Here, ®,, are a set of linearly inde-
pendent (vector) modes that may be obtained by
expressing the deformed blade shape through the
beam-theory elastic axis displacements, v, w, @,
combining with equations (4)—(6), and lineariz-
ing with respect to the perturbation variables, q
Then, assuming that the origin of the body frame
is placed at the center of rotation, and denoting
with Q the angular velocity of the rotor, we have

(€, €,1) Zq n(€",6%)

+ Qqun

In addition, the unit normal to the body surface
has the expression

n(¢!,€%,1) = n, (€', €) +an

n(€, %) + 2 x x, (', €%).

vn(€',€%), (23)

where n, is the unit normal to the equilibrium
deformed body surface, whereas v, denotes the
variation of n due to a unit n-th Lagrangean vari-
able, g, (see Ref. [13], for a detailed description
of vy).

Next, combining the equations above, and ne-
glecting second-order perturbation terms, the
frequency-domain potential-flow boundary condi-
tion (normalwash) corresponding to perturbation
motion is given by

Z[S@n'HO+QX§n'n0+Qxx0'Vn] Gn,

n

X:

where y = v, - n.

Finally, dividing the surface of the blade into el-
ements of discretization (panels), and denoting
with v, the vector containing the values of nor-
malwash, x;, at panel centers, the equation above
may be recast into the following

\7X = E1(q078)qa
where the generic element (jn) of the matrix E,
is obtained from

EU™ (5) = 5 B (£3) 0y (€3)+ Q2 x B,y (£2)-
+ Q2 % fco(&]c-“) : Vn(EJq);

n, (£5)
a=1,2.

C.2.2 Matrix E,

The expression of the matrix E, is derived start-
ing from the Bernoulli theorem that, in a frame of
reference connected with the blade has the form

2 Ivl]? Poo

i St

s Vo + 2 p

(24)
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where ¢ is the velocity potential, p denotes local
pressure, peo is the pressure of the undisturbed
flow, v = V¢, and 9/0t denotes time derivative
in blade frame.

Next, set ¢ = ¢, + ¢ and p = p, + p/, where
¢, and p, denote, respectively, the potential field
and the pressure field around the blade in its
deformed equilibrium configuration (stationary
aerodynamic solution), whereas ¢ and p’ denote,
respectively, potential field and pressure field pro-
duced by perturbation motion. Equation (24) ap-
plied to the aerodynamic solution around the ref-
erence configuration yields

IV, P
’ .

B’ V(ZSO + + Py = (25)
p
Then, subtracting equation (24) with equation
(25), neglecting second-order perturbation terms,
and transforming into frequency domain, we ob-
tain the following expression for the pressure per-
turbation produced by perturbation motion
P=—p(Eg—vy, -V3+Ve,-V@).  (26)
Finally, considering the blade discretized into
panels, and using dimensionless quantities, equa-
tion (26) may be recast in the following matrix
form

~I

p = Ea(qoas) \7¢7

where E, is a matrix operator defined from the
discretized form of the gradient operator, and p’
is the vector of the perturbation pressure at the
centers of the panels.
C.2.3 Matrices Eﬂ, Eﬂl

By definition, for the j-th generalized force in-
duced by perturbation state variables, recalling
equation (23) for the expression of the perturbed
surface unit normal, we write

fa; = —/ (p'no - ®;dS — Py > Gntin - <I>j> ds.
SB n
Then, in matricial form, we have
F Ix IT -
fA = E4 pl + E4 ;
where

E! (4k) :/ n, - ®;dS,
Sk

with Sy denoting the surface of the k-th panel,
whereas

EIT Gn) =/ P Vn - ®;dS.
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