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Abstract 

The Influence of Different Inflow Models 
on the Coupled Flapping and Torsion of 

Helicopter Rotor Blades 

by 

A. Rosen and Z. Beigelman 

Recently a model to calculate the influence of elastic pitch variations 
on the tip path plane dynamics, has been developed. This is a simplified 
efficient model which is especially suited for stability and control problems 
of modern helicopters having rotors which are flexible in torsion. In the 
present paper this model is used in order to investigate the influence of 
center of mass and aerodynamic center cross sectional locations on the 
elastic pitch variations and tip path plane steady state and time response. 
The investigation also includes the comparison between five different models 
of the induced velocity distribution over the disc. It is shown that all 
these parameters have a significant influence on the tip path plane 
dynamics. These influences should be taken into account when stability and 
control problems of modern rotors are analysed. 

1. Introduction 

For a long time helicopter rotor blades were designed to be relatively 
stiff in torsion and therefore influences of elastic torsion were neglected 
in many cases. During recent years it has been shown by different 
investigations, of which [1-5] are representative examples, that significant 
torsional deformations may have beneficial effects concerning performance, 
vibrations, aeroelastic behavior and other aspects of helicopter flight. 
Therefore, it is expected that an increasing number of rotors will exhibit 
significant elastic torsional deformations during operation [6]. It is clear 
that in the case of such modern rotors the elastic pitch variations are 
important and should be taken into account. There are cases where a detailed 
structural analysis of these torsional effects, like a few of the analyses in 
the above mention.ed references, is required. These cases include the areas 
of: aeroelastic stability, vibrations, loads distribution etc. On the other 
hand it seems that for other purposes, like stability and control problems of 
the whole vehicle, a simple model which takes into account the elastic pitch 
variations, is most suitable. 

Recently such a model was developed and presented [7]. In [7] the 
derivation of the model and the assumptions behind the derivation were 
presented. As an example of the application of the model the modes and 
eigenvalues associated with the Tip Path Plane (T.P.P) dynamics were 
calculated. In addition, the influence of aerodynamic moment along the blade 
on the steady state behavior of the T.P.P. has also been presented. In this 
case the simple model of a uniform inflow over the disc was used. It is well 
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known that while the modes and eigenvalues are not influenced by the inflow 
model, this model.may have an important influence on the steady state 
flapping of the rotor, or the time response of the rotor as a result of 
command inputs. 

The purpose of the present paper is to present the influence of elastic 
pitch variations on the T.P.P. steady state and time response. Therefore, 
special emphasis is made on investigating the influence of using different 
inflow models.· This influence will be added to the important influences that 
blade's cross sectional center of mass and aerodynamic center locations have 
on the elastic pitch variations and therefore, also on the T.P.P. dynamics. 

For the sake of completeness a brief description of the analytical 
model which has been developed in [7] is presented at the beginning. Later 
five different models of induced velocity distribution will be presented. 
Then the influence of the cross sectional center of mass and aerodynamic 
center locations on the steady state T.P.P. dynamics in the case of uniform 
induced velocity, in hovering and fast forward flight, will be investigated. 
The results of the uniform model will be compared with the other nonuniform 
aerodynamic models. At last the influence of different aerodynamic models on 
the time response will be shown. 

2. The Rotor Model 

The derivation of the rotor model has been presented in [7] and a more 
detailed presentation may be found in [8]. In this section a brief 
description of the rotor model is brought. Only general details which are 
important to the completeness and clarity of the present paper are 
presented. The interested reader may find the rest of the details in [7, 8]. 

The system of coordinates which are used in the present study are shown 
in Fig. 1. The point 0 coincides with the center of the rotor hub. 
xHUB• YHUB and zHUB are the hub system of coordinates which are fixed 
with respect to the helicopter fuselage while zHUB coincides with the rotor 

shaft and xHUB points towards the helicopter front. ~HUB' yHUB and 

2HUB are unit vectors in the directions xHUB' yHUB and zHUB' 
respectively. The rotor rotates with a constant angular velocity >l. The 
azimuth angle of the blade at each moment is given by ljJ (see Fig. 1). If 

RHUB is the position vector of the hub with respect to an inertial system, 
then the translational velocity and acceleration are given by: 
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In addition,~ the hub system also exhibits a rotational velocity Q given by: 

1\ + A A 
Q = p xHUB q YHUB + r 2HUB 

As usual it is assumed the p, q and r are small compared to Q. In the 
analysis only flapping of the blade is considered. The flapping angle is 
denoted by a (see Fig. 1) and the derivation is restricted to the common 
cases where a is a small angle. 

( 3) 

It is convenient to calculate the aerodynamic contributions using wind 
coordinates. Therefore, the fuselage fixed hub coordinates are replaced by 
the hub-wind coordinates xHUBW' yHUBW' zHUBW' which are shown in Fig. 2. 
This hub-wind system is rotated relative to the hub system by the side slip 
angle aw. A new azimith angle, lj!w, is also defined as: 

It should be noted that aw is generally time dependent. The derivation 
will be restricted to the practical cases where aw (a dot indicates 
differentiation with respect to time) is much smaller than Q. In 
calculating the aerodynamic loads, the induced velocity plays a major roll. 
This velocity will be denoted by vi and it acts in the direction ~HUB" 
The model of induced velocity which will be used in the present analysis is 
presented by the following equation: 

x. = v./QR= 'io f,. {x) + 'ic f,. (x) COStjJw +'is f,. (x) sinlj!w 
1 1 "10 "1c "1s 

where R is the radius of the rotor and x is a nondimensional spanwise 
coordinate which is obtained after dividing (e+r') (see Fig. 1) by R. 

The pitch angle along the blade, e, is given by: 

(4) 

(5) 

e e0 - A1ccoslj!w- s1csinlj!w + (x-E)(etob + etoe- etccoslj!w- etssintj!w)- K1a 

e
0 

is the root collective pitch while Ale and s1c represent the root 

cyclic pitch. etob is the linear built in twist while etoe' etc' and 
ets present elastic linear pitch variations along the blade. K1 
represents the coupling between flapping and pitch motions due to o3 or 

( 6) 

other elastic coupling effects. E is a nondimensional offset which equals to 
e divfded by R. 

Except for the blade torsional flexibility, the flexibility of the 
control system is also taken into account. The stiffness and damping of the 
control system determine the relation between the pitch motion at the blade 
root and the pilot or augmentation system command, ep, which is given by: 

(7) 
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Since a simpJified model of the rotor which is appropriate for 
mechanics of flight and control applications is of interest here, the 
following well known expression for the flapping angle is used: 

where higher harmonics are neglected. 

The vector of unknowns becomes: 

where eta is the sum of etob and etoe· 

A tedious analytical derivation [7, 8] yields a linear differential 
system of nine coupled equations in the nine unknowns. This system is 
represented by the following equation: 

. 
[Al]{x~} + [A2]{xR} + [A3]{xR} = [A4]{'} + [AS]{q} + {A6}tga + [A7]{ep} + 

+ [AS]{ep} + {A9} 

(8) 

( 9) 

(10) 

[Al], [A2] and [A3] are matrices of dimension (9x9). [A4], [A7] and [AS] are 
(9x3) matrices. [AS] is a (9x4) matrix while {A6} and {A9} are vectors of 
order 9. All the elements of these matrices and vectors are functions of the 
rotor aerodynamic, inertia and structural properties, the control system 
properties, and the flight conditions, and are defined in [7, 8]. The inflow 
vector is defined as: 

( 11) 

The vector q equals: 

(12) 

where 

( 13a) 

(13b) 

(13c) 

( 13d) 
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a is the angle of attack of the shaft (see Fig. 2) while {Bp} is the 
command vector defined as: 

3. The Induced Velocity Models 

(14) 

Five different models of the induced velocity have been used during the 
course of the present investigation. All these models fall within the 
general description of Eq. (5). 

The simplest model, which is very popular and successful for many 
applications, is the uniform induced velocity, which has been suggested by 
Glauert [9]. According to this model 

).. = 
1 

-~2 +v~4 + c/' 
2 

where~ is the advance ratio while CT is the thrust coefficient. In order 

to use Eq. (15) during the present analysis, an expression for CT as a 
function of the rotor properties is necessary. For this purpose the well 
known following equation is used (see for example [10]) 

C a ao. 7 5 [ 2 ( 1 + 3 2) + 
T = 4 3 B0.75 2 ~ ~tga - 'i - ~ 8 1cJ 

where a is the rotor solidity while a0 .75 and B0.75 are the lift 

(15) 

(16) 

coefficient curve slope and collective pitch angle at the representative 0.75 
span cross section. The validity of the last equation has been shown by many 
investigators. Substitution of Eq. (16) into Eq. (15) leads to an algebric 
fourth order equation in xi where the real positive root is the only result 

of physical meaning. It should be noted that B0•75 includes the influence 

of the elastic pitch variation etoe· Since etoe is a function of the 
aerodynamic loads which are functions of xi, iterative procedure should be 
used in order to solve the problem. 

Glauert himself felt that the uniform model is only a first order 
approximation and suggested a more complicated model where the induced 
velocity is varied linearly along the disc. A similar model which was 
derived by Coleman et al. [11], and is also described in [12], will be the 
second model. According to this model: 

'io is identical with the uniform value of xi as obtained from the first 

model. Kx is defined by the following equation: 

Kx tgx /2 
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where X is the wake skew angle which is given by: 

(19) 

a0 is the disc angle of attack which equals: 

ao = <; + a1 ( 20) 

Since a0 is a function of a1 which is an element in the vector of 
unknowns, it is clear that the solution will require an iterative procedure. 

Drees [13] suggested a more complicated model which is the third model 
of the present investigation. According to this model: 

where 

[ 14]. 
Their 
first 

4 1-cosx - 1. 8~ 2 
Kx = 3 sinx 

K = -2~ y 

(21) 

(22a) 

(22b) 

The fourth model is a result of a derivation by Mangler and Squire 
This model was obtained by solving the flow field through the disc. 

results were presented as an infinite Fourier series. Taking only the 
harmonic, the following result is obtained: 

'i 
1 = 4x. c2 c + c1 10 0 

COSt/!) (23a) 

c =1~pi (23b) 
0 

l5n ( 2) 
1-sina0 s i nx (23c) c1 = 256 4 - 9x X 1+sina

0 

Equations (23a-c) represent load distribution III of [14]. The original 
results of Mangler and Squire were obtained for the case of relatively fast 
forward speed. Equations (22a-c) include an intuitive extension of the 
original results to also include low speeds and hover. This extension is 
presented by 'io in Eq. (23a) and sinx in Eq. (23c). 

The fifth and last model is according to White and Blake [15] who 
introduced their model in order to investigate the gust response of a rotor. 
This model was obtained after replacing the rotor and its complicated wake by 
a classical horseshoe vortex system which is very common in fixed-wing 
aerodynamics. Xi is given by: 

(24) 
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4. Results and Discussion 

4.1 General 

The theory which has been presented will be used in order to 
investigate the influence of elastic pitch variations on the T.P.P. dynamics 
of the rotor. As already mentioned special emphasis will be devoted to 
examining the influence of different induced velocity distribution models. 

The numerical calculations are for Rotor II whose detailed properties 
are given in [7]. The rotor properties were chosen similar to the typical 
properties of the ATRS (Advanced Technology Rotor System) as described in 
[16], except for a smaller torsional rigidity which yield a first torsional 
frequency which is close to 4/rev. The rotor has four blades and except for 
a linear washout all the structural, mass and aerodynamic properties are 
considered uniform along the blades. The shaft angle of attack, a, is equal 
to zero in hover, and -5° in forward flight. 

4.2 The Steady State Solution - Uniform Inflow .. 
The steady state solution is obtained from Eq. (10) when {xR} and 

V:R} are taken equal to zero. In [7] the influence of the aerodynamic 
moment on the steady state has been investigated and presented. Therefore in 
the present paper only the influences of the cross sectional aerodynamic 
center and center of mass locations on the behavior are described. 

In Figs. 3a,b the influence of moving the aerodynamic center towards 
the leading and trailing edges, relative to the elastic axis, is presented. 
In this case the center of mass coincides with the elastic axis. The shift 
in the aerodynamic center is given in percents of a chord. In the figures 
the nondimensional values of the steady state flapping coefficients are 
presented (the wiggle above the variables indicate nondimensionality). In 
addition also the nondimensional elastic pitch components etoe' Btc' 
N 

Bts are presented. The nondimensional terms are obtained after dividing 
the dimensional terms by the input collective pitch at 75% blade span. It 
should be point out that only a collective pitch command of 13.2' at the 
blade root is considered here, while Alp and Alp are taken equal to zero. 

Figure 3a presents the axisymmetric case of hovering. Moving the 
aerodynamic center in front of the elastic axis results in a nose up moment 
along the blade. This moment result in an increase in 9toe which in return 
results in an increase in the coning ao. 

A more complicated behaviour is presented in the asymmetric forward 
flight (~ = 0.3) as shown by Fig. 3b. Again, as in hovering, moving the 
aerodynamic center towards the leading edge results in an increase in etoe 

N 

which results in an increase of a
0

. But in forward flight the increase in 

etoe also causes an increase in the disc blow back-meaning an increase in 
a1. In addition, in the case of forward flight, an increase in a

0 
~ 

results in an increase in the sideward tilt of the T.P.P., b1. The 

periodic aerodynamic loads also cause periodic one per rev. linear elastic 
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pitch variations-ets and etc' The variations in the aerodynamic loads 
between the advancing and regressing blades are larger than the variations 
between the blades at the rearward and forward azimulthal locations. 
Therefore the magnitude of et s is 1 arger than etc. It should be noted 
that for negative values of Yac the pitch angle is decreased on the 
advancing blade and increased on the regressing blade. This behavior results 
from the fact that there is an unloading of the tip of the advancing blade. 
This cyclic variation, ets' tends to decrease a1. But for cases where 
the aerodynamic center is moved more than two percent of a chord towards the 
leading edge this tendency is smaller than the influence of 6toe which has 
been mentioned and therefore al is increased. 

In the case of positive values of Ya.c.' itoe becomes negative and 
therefore the influence of the nonperiodic component of the pitch-which 
includes the collective pitch at the blade root, the built in twist and 
steady linear elastic pitch variation- is decreased considerably. On the 
other hand, in this case the pitch angle on the advancing blade is increased 
while the pitch angle of the retreating blade is decreased. This behavior 
results in a blow-back of the disc. Since the influence of the steady pitch 
is decreased the influence of the elastic cyclic pitch variations, unlike 
cases of y c <- 2%, becomes the dominant phenomenon. This change in the a. . ,.., 
behavior of ll"1 and b1 is clearly seen in Fig. 3b. In this case ~tc 

N 

also contributes to the increase in b1 unlike the case of negative values 
of Ya.c.· 

Figures (4a, b) exhibit the influence of a shift in the cross sectional 
center of mass location relative to the elastic axis. In this case the 
aerodynamic center coincides with the elastic axis. Figure 4a presents the 
case of hovering. When the center of mass is shifted in front of the elastic 
axis, the centrifugal forces when coupled with the coning, result in a nose 
down torsional moment along the blade. This moment causes a decrease in the 
pitch angle which in return results in a decrease in the coning. The 
opposite situation occurs when the center of mass is shifted behind the 
elastic axis. It should be noted, as already has been indicated in [7, 8], 
that the case of the center of mass behind the elastic axis and aerodynamic 
center, is very dangerous and deserves special caution because of the 
possibility of a dangerous flapping-torsion flutter. The present analysis 
which only deals with the one per rev. T.P.P. motions is not capable of 
detecting this flutter phenomenon. The case of forward flight is described 
in Fig. 4b. The behavior of etoe and a

0 
is similar to the case hover. 

In addition, because of the asymmetry of forward flight, a decrease in the 
collective pitch results in a smaller blow-back of the disc. As expected a 
decrease in a

0 
also results in a decrease of D1• The opposite trends 

appear while etoe increases as a result of moving the center of mass 
location behind the elastic axis. 
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4.3 The Influence of Different Induced Velocity Models on the Steady State 
Response. 

In the previous subsection the steady response in the case of uniform 
induced velocity has been investigated and discussed. In the present 
subsection the influence of the four other nonuniform induced velocity models 
which were described in Section 3 - is presented. Figure 5 presents a 
comparison between the theoretical results of the different aerodynamic 
models and the experimental results of Harris [17]. Harris' results have 
already become one of the classics of helicopter experimental work and many 
investigators have presented comparisons of different theoretical predictions 
with these experimental results. Such a comparison is repeated in Fig. 5 in 
order to indicate the differences between the different theories and their 
agreement with experiments. 

In the case of coning the experimental results exhibited a nominal 
angle of 3" throughout the whole speed range. The results of all the 
theories, except Mangler and Squire, are practically identical and show 
fairly good agreement with the experiments. The results according to Mangler 
and Squire are smaller and do not agree well with the experimental results at 
low advance ratios. The blow-back a1 shows fairly good agreement between 
the experimental results and theoretical predictions. The deviations 
increase as the advance ratio is increased. In this case the results 
according to Mangler and Squire exhibit the best agreement with the 
experimental results. The most interesting case is that of the sideward tilt 
of the disc, b1. At the region 0 < ~ < 0.2 the results of using uniform 
induced velocity show very poor agreement with the experimental results. The 
other theories show much better agreement while the results according to 
White and Blake exhibit the best agreement with the experimental results in 
the problematic region of low advance ratios. 

In the comparisons between the experimental results of Harris and the 
different induced velocity models, the blades were considered as rigid in 
torsion. In Figs. 6a-d the influence of different induced velocity models on 
the steady state flapping of the present rotor is investigated. The flapping 
coefficients are given as a function of the advance ratio throughout the 
region 0 ~ ~ ~ 0.4. 

Figure 6a presents the case where the aerodynamic center and center of 
mass locations coincide with the elastic axis. The coning a

0 
is identical 

for all theories except for small values of~ where the results of Mangler 
and Squire are smaller. The blow-back, a1, shows considerable differences 
at low advance ratios. The relative discrepancies decrease as ~ is 
increased. As expected from the previous discussion of Fig. 5, very large 
discrepancies exist in the disc sideward tilt b1, especially in the 

neighborhood of ~ = 0.08. These discrepancies decrease as ~ is increased. 

Figure 6b presents the case where the aerodynamic center is shifted two 
percent of a chord behind the elastic axis. As already explained in the 
discussion of Figs. 3a, b, in this case etoe is negative and the collective 
pitch at each cross section is decreased, As a result a small decrease in 
a

0 
compared to Fig. 6a is obtained. As also explained in the previous 
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discussion the cyc·lic aerodynamic loads result in increasing negative values 
of ets· These cyclic elastic linear pitch variations result in an increase 
in a1 compared to Fig. 6a. Concerning the comparison between the different 
aerodynamic models, trends which have been pointed out previously continue to 
appear and they will not be discussed again. It should be pointed out that 
the discrepancy in the results for a1 at low advance ratios according to 
different models are increased due to the elastic pitch variations. Of 
special interest are the results of using the induced velocity distributions 
according to Drees [13]. This is the only model (among those which are 
considered here) where the sine component of the induced velocity is not 
zero. Such a component is equivalent to a cyclic pitch where, according to 
the present model, the pitch angle of the advancing blade is increased while 
the pitch angle of the regressing.blade is decreased. As shown in Fig. 6a 
this "equivalent cyclic pitch" has a very small effect when elastic pitch 
variations are not presented. As shown by Fig. 6b this effect becomes 
important when elastic pitch variations, as a result of a rearward shift of 
the aerodynamic center, are introduced. In this case the periodic 
aerodynamic forces tend to decrease the pitch of the advancing blade and 
increase the pitch of the regressing one. This phenomenon results in a 
decrease in a1. This decrease in the disc blow-back is also the reason for 
the small decrease in the coning a

0
• The behavior of b1 is similar to 

what has been indicated in the previous cases. 

The case where the aerodynamic center is moved three percent of a chord 
in front of the elastic center is shown in Fig. 6c. As explained in Figs. 
3a,b, in this case a large increase in etoe is obtained which dominates the 
phenomenon. This increase in etoe results in a significant increase in 
a

0 
which in turn results in an increase in b1. In addition, the increase 

in etoe also results in an increase in the disc blow-back a1, compared to 
Fig. 6a. It is interesting to note that usually the deviations between the 
results of the different induced velocity models at low advance ratio are 
decreased compared to Fig. 6a. Of special interest again is the model of 
Drees. In the present case of a forward shift of the aerodynamic center the 
sine component of the induced velocity causes a nose up moment on the 
advancing blade. Therefore an elastic linear cyclic pitch is caused where 
the pitch of the advancing blade is increased. This cyclic pitch results in 
an increase in a1 which in turn causes higher induced velocities and 
therefore enhances the phenomenon. This diverging nature is easily 
recognized in Fig. 6c. The influence of the increase in a1 on the coning 

a
0 

is also shown very clearly. As in the previous cases the sensitivity of 
the sideward tilt to the different induced velocity models and to the 
behavior of a0 and a1 is also evident here. 

The case where the center of mass is shifted two percent of a chord in 
front of the elastic axis (the aerodynamic center conincides with the elastic 
axis) is shown in Fig. 6d. As explained in Figs. 4a,b etoe is decreased 
and this fact results in a decrease in a0 , a1 and b1 compared to Fig. 6a. 
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In the case of a center of mass shift, the elastic pitch variations are 
influenced by inertia contributions only. Therefore, unlike the case of a 
shift in the cross sectional aerodynamic center location, the differences 
between the different induced velocity models are very similar to those of 
Fig. 6a. 

4.4 Time Response Simulation 

In this kind of analysis it is assumed that the rotor is operating in a 
wind tunnel where ~ and a are fixed during the experiment. Initially the 
rotor is operating at a certain steady state and at a time t=O, {epl is 
changed in a known manner. The response of the rotor until it reaches a new 
steady state (when the phenomenon is stable) is calculated by integration of 
Eq. (10). 

Figure 7 presents the time response of the present rotor while a=-5", 
~=0.3, y -2%, y = 0. Initially the collective pitch at the root cg a.c. 
equals 8.9· and at the time t=O a collective step input of e

0
p=4.3" is 

added. As indicated in the figure the results for uniform induced velocity 
distribution and the model of White and Blake [15], are presented. It is 
shown that the response of a

0 
is identical in both cases while only very 

small deviations in the behavior of a1 appear. In the case of b1, as 
expected, large differences in the initial and final steady state values 
exist. Therefore, the time response between those two steady states is 
different. On the other hand the nature of the b1 variation with time is 
identical in both cases. 

Figure 8 exhibits the time response for the case a=-5°, ~=0.3, Ycg=O, 

Yac=-2%. The initial conditions and input are the same as in the previous 
case. In this case the uniform induced velocity model is compared with the 
model of Drees. As expected from the results of the previous subsection, the 
initial and final flapping coefficients are different because of the 
different aerodynamic models. But the nature of the transient from the 
initial to the final steady states is identical in both cases and also 
identical to what has been shown in Fig. 7. 

From Figs. 7, 8 it is also evident that practically the rotor reaches 
the new steady state during the time required for one revolution (the period 
in this case is 0.206 sec). 

5. Conclusions 

The cross sectional locations of the aerodynamic center and center of 
mass have a significant influence on the elastic pitch variations of the 
blades and therefore on the T.P.P. dynamics. A simplified rotor model which 
is suitable for helicopter stability and control problems is very efficient 
in calculating those influences. From the numerical results it is clear that 
for modern rotors which exhibit significant elastic pitch variations those 
variations should be taken into account when analysing problems of stability, 
control and performance of helicopters. 
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The aerodynamic model of induced velocity distribution over the disc is 
important and has an important influence on the results in many cases. As it 
is known for a·long time the longitudinal variation of the induced velocity 
is very important because of its influence on the sideward tilt of the disc. 
In the case of elastic pitch variations the lateral induced velocity 
distribution becomes very important because of its influence on the blow-back 
of the disc. 
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