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Abstract

Rotorcraft and their associated flight dynamics are highly non-linear systems, especially in
extremities of the flight envelope and under certain flight regimes. It is the application of various
criteria to linearized models, along with simulation, that provides the conventional tools for
helicopter stability and control studies. The linearized model however only portrays the local
dynamics of a non-linear model. Through the incorporation of the non-linearities of a rotorcraft
such as non-linear aerodynamics, non-linear control system features and inertial coupling, a global
picture of the flight dynamics can be obtained.

Dynamical systems theory provides the basis for the continuation and bifurcation method of
analysing non-linear systems of ordinary differential equations. It is considered the principal
strength of continuation and bifurcation analysis to indicate and give an insight into phenomena
that globally affect behaviour of an aircraft model, as the full non-linear model is used in analysis.
The combination of simulation with this form of analysis can provide an extremely powerful tool for
the study of non-linear aircraft dynamics.

Modern aircraft and rotorcraft are often intrinsically unstable, and flight is only possible due to a
stability and control augmentation system (SCAS). This can introduce additional non-linearities,
from both mechanical elements and feedback control systems. This paper will introduce open loop
bare airframe bifurcation analysis results of a helicopter model representing a generic light utility
helicopter, and proceed to show how the analysis can be used to evaluate the effect of including
firstly a stability augmentation system (SAS), and finally a proportional plus integral (P+I) control
augmentation system (CAS). It will also look at the effect of control system saturation on the
continuation and bifurcation analysis results.

Nomenclature

CT - rotor thrust coefficient
CL - rotor rolling moment coefficient
CM - rotor pitching moment coefficient

dh
.

- pilot demanded earth axes height
rate, m/s

Kβ - rotor flapping stiffness, Nm/rad
Kθ - pitch angle feedback constant
Kq - pitch rate feedback constant
Kφ - roll angle feedback constant
Kp - roll rate feedback constant
Kr - yaw rate feedback constant
L - inflow gain matrix
M - apparent mass matrix
p, q, r - roll, pitch and yaw rates, rad/s
rd - pilot demanded yaw rate, rad/s
Vt - total velocity, m/s
x - system state vector
x0 - initial starting state vector for

continuation
α - fuselage angle of attack, rad
β - fuselage angle of sideslip, rad
β0 - rotor blade coning, rad

β1s - lateral flapping angle, rad
β1c - longitudinal flapping angle, rad
φ - fuselage bank angle, rad
φd - pilot demanded bank angle, rad
λ - continuation parameter
λi - main rotor inflow
λ0 - uniform inflow
λ1s - lateral inflow
λ1c - longitudinal inflow
θ - fuselage pitch angle, rad
θd - pilot demanded pitch angle, rad
θ0 - main collective pitch angle, rad
θ1s - longitudinal cyclic pitch angle, rad
θ1c - lateral cyclic pitch angle, rad
θ0T - tail collective pitch angle, rad
Ω - rotor rotational speed, rad/s
η0 - pilot collective lever
η1s - pilot longitudinal cyclic lever
η1c - pilot lateral cyclic lever
η0T - pilot pedal position
ψ - rotor blade azimuth position, rad
ψ f - cyclic mixing angle, rad
δ - system parameter vector
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1. Introduction

Rotorcraft are highly non-linear systems, and
therefore exhibit non-linear flight dynamics.
The helicopter also exhibits several principal
flying quality deficiencies. Dynamical systems
theory provides the basis for the continuation
and bifurcation method of analysing non-
linear systems of ordinary differential
equations. There has been limited research
into the application of continuation and
bifurcation analysis to rotorcraft (Refs. 1-4),
although the benefits of the method have
been clearly demonstrated when applied to
numerous fixed wing aircraft models (Refs. 5-
6). All analysis of rotorcraft to date has been
applied to a bare airframe rotorcraft model
with no control system present.

It is the application of various criteria to
linearized models, along with simulation
(generation of time histories), that provides
the conventional tools for helicopter stability
and control studies. Linearized aircraft
models can only portray the local dynamics of
a non-linear aircraft model. The time histories
obtained from simulation depend upon the
starting condition of the model, along with the
specific parameter changes invoked during
the run, and the varying duration of the
simulation, and so the time history generated
is specific to those conditions. This limits its
use in identifying cause and effect for non-
linear phenomena and, when used in
isolation, can miss vital mechanisms relating
to important aircraft dynamics.

Through the incorporation of the non-
linearities of an aircraft model, such as non-
linear aerodynamics, inertial coupling and
non-linear control system features, a global
picture of the aircraft dynamics can be
obtained. It is considered that the principal
strength of continuation and bifurcation
analysis is its ability to indicate and give an
insight into phenomena that globally affect
behaviour of an aircraft model, as the full
non-linear representation is used in the
analysis. The bifurcation diagrams produced
in this process characterise the steady state
‘attractors’ and ‘repellors’ that govern the
dynamic behaviour. In combination with non-
linear simulation, they can form an extremely
powerful tool for the study of non-linear
aircraft dynamics.

In this paper, bifurcation analysis is firstly
performed on 20th order helicopter model,
Helilink, representing an open loop bare
airframe generic light utility helicopter. This
model was supplied by QinetiQ, Bedford. The
model was then augmented with two
controllers, raising the order of the model to
24. The system equations model the main

and tail rotor as an actuator disc, and include
the flapping degree of freedom. The rotor
inflow representation is via a three-degree of
freedom Pitt-Peters dynamic inflow model.
Unsteady aerodynamics are neglected.

This paper aims to demonstrate the
effectiveness of the bifurcation and
continuation method on the design and
evaluation of helicopter flight control systems,
and present results of closed loop analysis of
rotorcraft models, which, to the authors’
knowledge, has not previously been
undertaken. This work is to be presented in
two ways in this paper.

Firstly, bifurcation diagrams of the bare
airframe model are presented, which are then
compared with results of two further versions
of the model, which include different control
systems. The flying quality deficiencies
unique to the helicopter would be expected to
be made visible through the bifurcation
diagrams produced, particularly for the bare
airframe model version. These include the
impurity of the primary response, whereby the
response to pilot control is usually a mix of
rate and attitude and varies greatly from
hover to high-speed flight. Also, the high
degree of cross coupling in all axes will be
evident (Ref. 11). The natural instability in the
hover, and intrinsic instability associated with
hingeless rotors, will show itself in bifurcation
results also. This will introduce how
continuation and bifurcation analysis can be
used to compare and evaluate various control
system designs, and how the bifurcation
results can be used in conjunction with non-
linear simulation. A brief example showing
how the effect of a controller proportional
gain on system states can be shown through
bifurcation analysis.

Previous work on the effect of flight control
system saturation on handling qualities (Refs.
7-8), where linear analysis criteria were used
to analyse this phenomenon has been
conducted. The second objective of this
paper is to examine the effect of flight control
system saturation on the bifurcation
diagrams, and how varying the flight control
system saturation limit affects the results.
This is investigated for two separate flight
conditions, each with a different flight control
system in use.

The paper is structured as follows. Section 2
outlines the theory behind the bifurcation and
continuation methods used. Section 3 briefly
describes the Helilink model and equations of
motion in more detail. Section 4 then
describes results of the analysis, and Section
5 presents the conclusions.
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2. Overview of Continuation and
Bifurcation Methods

This section briefly describes the methods
associated with performing continuation and
bifurcation analysis, and discusses their
applicability to aircraft models (Refs. 1-3, 9-
10).

The basis for the methodology of continuation
and bifurcation analysis is dynamical systems
theory. This theory is used to study the
behaviour of a non-linear dynamic system,
which is described by a set of n ordinary
differential equations as,

)),(()( δtxftx =& ntx ℜ∈)( mℜ∈δ (1)

where n corresponds to the number of
components of the state vector x, and is the
order of the system. In a conventional open
loop aircraft model, the state vector x
consists of the eight fuselage motion or
attitude variables (θ, φ, Vt, α, β, p, q, r), and
the function f consists of the standard flight
dynamics equations of motion. The dynamic
system is usually dependant on a set of m
inputs, or parameters of the system, in the
case of aircraft usually deflection of the
aileron, rudder, etc. and in a helicopter
model, the rotor pitch inputs. These will have
a large effect on determining the state (flight
condition) of the system. Equation (1)
describes a general dynamic system, where
the function f is dependent upon the
independent variable time; t. This type of
system is called non-autonomous. The types
of systems considered in this paper are
autonomous, and the time t does not appear
in the function f; this covers the vast majority
of aircraft models.

The first step in continuation and bifurcation
analysis is to calculate the simplest motion a
dynamical system can describe - steady
states (also called equilibrium states or
stationary solutions), which are when the
aircraft is in equilibrium and all forces and
moments balance so that accelerations are
zero. These solution branches of the system
can be found by forcing all time derivatives to
equal zero, and are then found by solving the
algebraic equation.

0),( =δxf (2)

For any one particular combination of the m
system parameters, it is possible for more
than one of any type of steady state to co-
exist in a non-linear system for identical
parameter values, and this can provide the
system with interesting and complex
behaviours. For example, in linear analysis,

an unstable solution will diverge to infinity,
whereas in the non-linear system, due to the
possible existence of multiple solutions, the
unstable solution may diverge to another
solution branch. In these cases the bifurcation
diagrams are of great use in determining the
post bifurcationary response. However, for a
complete understanding of the non-linear
behaviour, time histories are required to
understand the transient dynamics of the
system, as they are not indicated through
continuation and bifurcation analysis. It is
also highly desirable to determine the regions
of attraction of steady states where possible,
to provide separation boundaries between
multiple solutions. These can aid in analysing
the effect of large perturbations to the
system, and determining the state that the
system will take.

Apart from stable and unstable steady states,
several other types of solutions exist for the
ordinary differential equations; these include
limits cycles (periodic orbits), quasi-periodic
orbits and chaotic motions. Limit cycles are
defined by:

)),(()()( δtxfTtxtx L =+= && ntx ℜ∈)( mℜ∈δ (3)
where TL is the period of the cycle.

The Implicit Function Theorem provides the
basis for the numerical techniques known as
continuation methods, which provides the
methodology for tracing out the solution
branches of these steady states of the
system, as a single free parameter - the
continuation parameter (CP or λ) - is varied,
whilst all other parameters are held fixed. The
continuation parameter λ is chosen to be one
of the members of the parameters δ. If one
steady state is known as an initial starting
solution x0, then pseudoarclength
continuation solved by linear extrapolation
using Newton’s method is utilised to
approximate a new steady state. The implicit
function theorem states that the equations
can be solved provided that the Jacobian
matrix of the linearized system is not singular,
and that the equations have a continuous first
derivative, or are smooth and without
discontinuities. These continuation methods
are used to generate all the stationary and
periodic solutions of the system equations, in
the desired state-parameter space of interest.
The conventional method of displaying the
results from continuation and bifurcation
analysis is to plot the solution branches to the
ordinary differential equations for each state
against the continuation parameter λ; this is
named a one-parameter bifurcation diagram,
and for an nth order system there will typically
be n one-parameter bifurcation diagrams
produced. A sample diagram is shown in
Figure 1. It is usually desired to display
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stability information and the types, if any, of
bifurcations that occur along a solution
branch on the bifurcation diagram. It is
convention for a solid line to denote a stable
steady state and a dashed line to denote an
unstable steady state.

Using the Hartman-Groβman Theorem, the
local stability of a steady state is found by
linearizing the set of equations about the
steady state and calculating the eigenvalues.
The steady state is locally stable if and only if
all eigenvalues have a negative real part, and
is locally unstable if the real part of any
eigenvalue has a positive real part. If a
steady state solution x0 is stable, the
response of the system to a small
perturbation remains small as time
approaches infinity, and steady state x0 is
unstable if a small perturbation causes the
solution to deviate from equilibrium as time
progresses. The stability and nature of the
solutions can change when one or more
eigenvalues crosses the imaginary axis as
the continuation parameter is varied, and this
can lead to a qualitatively different system
response in the system dynamics. This
change is called a bifurcation, and the point
at which the eigenvalue(s) cross the
imaginary axis and the qualitative change
occurs is referred to as the bifurcation point.

There are many types of bifurcations
possible, and each will have a different effect
on the aircraft response. By determining what
types of eigenvalues have zero real part at
the bifurcation, the qualitative change in the
response of the aircraft can be predicted.
There are several types of bifurcations that
can occur when a single eigenvalue crosses
the imaginary axis. Bifurcations points having
one zero eigenvalue include limit points
(folds, turning points), pitchfork and
transcritical bifurcations. The most common
of these is the limit point, whereby to one side
of the bifurcation point on a 1-parameter
bifurcation diagram, two equilibria exist, one
unstable and one stable, which merge at the
bifurcation point. To the other side of the
bifurcation point zero equilibria exist. A Hopf
bifurcation, which is when a pair of complex
conjugates cross the imaginary axis, is
another common bifurcation. This leads to the
destruction or creation of periodic orbits from
a steady state, depending upon the direction
of the continuation parameter variation and of
the eigenvalue movement. These types of
bifurcations are shown in Figure 1, which also
shows the definition of the solution stability
through line type. The periodic orbit
originating at the Hopf point is not shown.
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Figure 1. Sample bifurcation diagram,
showing a fold and Hopf bifurcation

3. Model Description

3.1 Airframe Description The Helilink model
utilises rigid body equations of motion for full
six degree of freedom flight dynamics, in the
form of Eqn. 1. These equations results in an
8th order state vector,  Equation (4), which
can capture fully the longitudinal and lateral
fuselage dynamics.

[ ]rqpVtx f ,,,,,,, βαφθ= (4)

The main rotor and tail rotor systems are
modelled as an actuator disc. The main rotor
includes the flapping degree of freedom in
multi-blade coordinates, with the flapping
stiffness modelled as a centrally sprung hinge
with stiffness Kβ. The main rotor flapping
equations can be formulated as a set of
second order ordinary differential equations
of the form of Eqn. 1, resulting in a state
vector of:
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A three-degree of freedom Pitt-Peters inflow
model of the form of Equation (6) is included,
for both the main and tail rotor. This
represents rotor inflow up to the first
harmonic, as first order coupled linear
equations; these add a total of six states to
Helilink as in Equation (7).













=












+















−

M

L

T

c

s

c

s

C
C
C

LM

1

1

0
1

1

1

0

λ
λ
λ

λ
λ
λ

&
&
&

(6)

[ ]cTsTTcsx 110110 ,,,,, λλλλλλλ = (7)

The thrust, calculated using momentum
theory, and blade flapping values calculated
from the rotor systems are then transformed
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into fuselage axes forces and moments, and
applied to the rigid body equations of motion.
Pilot control interlinks are also modelled
between the pilot’s stick and the rotor pitch
angles, which essentially counter torque
induced rotor moment changes with main
collective variation, and so the inputs to the
Helilink model are the pilot inceptor positions.
This completes the modelling of the bare
airframe model upon which initial analysis is
performed. The complete state and input
vectors are:

],,,,,.........                                  
,......,,,,,,,,,,,,,[

110110

1

.
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cTsTTcs

cscsrqpVtx
λλλλλλ

βββββββαφθ=

[ ]Tcs 0110 ,,, ηηηηδ= (8)

3.2 Control System Descriptions A simple
proportional feedback stability augmentation
system (SAS), of partial authority, is then
included in the second version of the Helilink
model. This is a very straightforward system,
which simply comprises constant gain
proportional pitch angle and pitch rate
feedback to the longitudinal cyclic pitch,
proportional roll angle and roll rate feedback
to the lateral cyclic pitch, and proportional
yaw rate feedback to the pedals. The
longitudinal fixed gains were taken from Ref.
11, and all others by approximation from
simulation results. A degree of cyclic mixing
is also included, with ψ f =10o. The SAS is a
limited authority series actuation system, and
the rotor pitch actuators are augmented by
inputs from the SAS of up to 10% of the full
actuator range, after which the controller is
saturated. This non-linearity is expected to be
evident in bifurcation diagrams produced.
The SAS is shown as the inner loop in Figure
2.

The third and final version of the Helilink
model considered in this paper contains an
attitude command augmentation system
(CAS), in addition to the SAS, hence a SCAS.
This utilises a proportional plus integral
controller on each of the four pilot inceptor
channels. Height rate, pitch and roll attitude,
and yaw rate are fed back to the pilot
collective, longitudinal and lateral cyclic and
pedals respectively. The input vector to the
Helilink model is now therefore the pilot
commanded attitude and rates described
above:





= dddd rh ,,,

.

φθδ (9)

A schematic is shown in Figure 2. The
proportional and integral gains are taken from
Ref. 12, where the controller described here
was designed using eigenstructure

assignment for a Vt=80kts straight and level
flight condition.

 Figure 2. Block representation of helicopter
model FCS

4. Discussion of Results

4.1 Effects of control systems Bifurcation
diagrams are presented in Figure 3 for the
bare airframe model, for pitch angle θ, bank
angle φ, total velocity Vt, and angle of attack
α, with longitudinal cyclic stick η1s as the
continuation parameter (CP). Dashed
magenta lines indicate asymptotically
unstable solutions, blue circles represent
‘unstable oscillatory’ solutions, and solid
green lines stable solutions.

Figure 3. Bifurcation diagrams of total
velocity, pitch angle, bank angle and angle of
attack for the bare airframe model. CP=η1s.

Starting point is trim at Vt=20m/s

The starting condition for continuation is
straight and level flight at Vt=20m/s with
η1s=0.191. Throughout continuation all
controls are held fixed apart from the CP. The
results show that there are no stable solutions
present throughout the range of longitudinal
stick movement calculated. The large degree
of cross coupling is also evident, as in the
bifurcation diagram for bank angle φ, it only
remains zero for the initial trim point, and as
the CP is varied it rapidly leaves the trimmed
value. Now although all solutions found are
unstable, the degree of instability and
response type is not known, so non-linear
simulation is of use to find the actual
response. Figure 4 shows the time history for
the eight fuselage states, starting from the
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Vt=20m/s trim point, with all controls fixed,
with η1s=0.191.

 Figure 4. Simulation Results of bare airframe
model, with controls fixed, from straight and

level flight at Vt=20m/s

The simulation results show that indeed the
trim solution found is oscillatory unstable as
predicted from the bifurcation results. It
exhibits a relatively slow divergence and so
may be easily controllable by the pilot. Again,
significant cross coupling is present, and this
divergence is not solely limited to longitudinal
states: all lateral states participate in the
mode also.

Next, the first closed loop Helilink model with
the addition of the SAS outlined in section 3.2
is analysed. Figure 5 shows the bifurcation
diagrams with the proportional pitch angle
gain Kθ as the continuation parameter, with all
controls fixed at the Vt=20m/s trim values of
the bare airframe model which is equivalent
to Vt≈28m/s with the SAS engaged.

Figure 5. Bifurcation diagrams of total
velocity, pitch angle, bank angle and angle of
attack, for Helilink with SAS. CP=Kθ. Starting

point is trim at Vt≈28m/s

This can be used as a quick and
straightforward way to select a controller gain

for stability at a certain flight condition, and
examine the effect of the controller gain on
the states of the system, but doesn’t indicate
or guarantee any particular system response.
It can be seen that the gain needs to be
negative for stability, and as the gain is made
more negative, the bank angle also becomes
more negative. A value of –0.25 was chosen
for Kθ.

Figure 6 shows the bifurcation diagrams for θ,
φ, Vt, and α, with longitudinal cyclic stick η1s

as the continuation parameter CP. Initial
parameters and controls correspond to the
exact conditions of those for Figure 3 and the
bare airframe model.

Figure 6. Bifurcation diagrams of total
velocity, pitch angle, bank angle and angle of
attack, for Helilink with SAS. CP=η1s. Starting

point is trim at Vt≈28m/s

It is clear that the addition of the simple
proportional feedback has stabilised a large
region of the solution branch, and between
η1s≈-0.1 and η1s≈0.4, a conventional trim
branch is found, where the helicopter is flying
almost straight and level. The quasi-steady
response in this region is largely longitudinal
only as desired, although off axis response is
seen away from this region. It can also be
noted that there is a very small change in
pitch angle for the large range of total velocity
achieved over the conventional trim branch.

As before, non-linear simulation is used to
look at the actual response, from a starting
condition of a pitch angle of zero degrees. As
the solution is now stable, a longitudinal
cyclic stick step pitch input of –2o is applied at
t=10secs to examine the transient response,
and is shown in Figure 7.
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Figure 7. Simulation Results with controls
fixed of Helilink with SAS, from straight and

level flight at θ=0o

The flight condition is stable, but the handling
is sluggish, with the model taking
approximately 15secs to settle to the –2o

pitch angle demanded. There is also off axis
response present yet again.

The final version of the model with the SCAS
included is now examined. Figure 8 presents
the bifurcation diagrams as before. The CP in
this case is the pilot demanded pitch angle θd.

 Figure 8. Bifurcation diagrams of total
velocity, pitch angle, bank angle and angle of

attack, for Helilink with SCAS. CP=θd.
Starting point is trim at θd=0.

The stability is largely unchanged from before
as is to be expected from the simple addition
of a command augmentation system. The
bank angle is now zero throughout
continuation, showing a perfect longitudinal
only response to the longitudinal stick
varying, and a linear variation of pitch angle
to pitch angle demand. With the addition of
the CAS, the pitch angle variation of –6.5o to
4.5o for the corresponding demand that
describes the conventional trim branch is
much larger than with the SAS alone.

The time history for trim at θd=0o, with a
demand input of –2o at t=10secs is shown in
Figure 9.

Figure 9. Simulation Results with controls
fixed of Helilink with SCAS, from straight and

level flight with θd=0.

Comparison of this time history with that of
Figure 7 shows a much more rapid handling
response, with the time taken to approach –2o

pitch angle ∼5s. However this is still a little
slow. The other most noticeable difference is
that the magnitude of the off axis response is
much lower and more desirable.

4.2 Control System Saturation In all
previous results, the SAS had 10% authority
of the full potential rotor pitch, after which it is
saturated. The rotor pitch augmentations from
the SAS throughout continuation of the
Helilink model with only the SAS are shown in
Figure 10. They correspond to Figure 6.

Figure 10. Rotor augmentations from SAS
during continuation of Helilink plus SAS

The longitudinal cyclic channel saturates at
η1s≈-0.05 and η1s≈0.7. It is the saturation at –
0.05 that produces the Hopf point and onset
of oscillatory unstable solutions at the
corresponding CP value in Figure 6. The
lateral cyclic channel saturates at η1s≈0.003
and η1s≈0.49. The upper saturation limit
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causes the Hopf bifurcation in this case
present in the bifurcation diagrams.

The rotor pitch augmentations from the SAS
throughout continuation of the Helilink model
with the SAS plus CAS are shown in Figure
11. They correspond to the bifurcation
diagrams in Figure 8.

Figure 11. Rotor augmentations from SAS
during continuation of Helilink plus SCAS

The only augmentation from the SAS in this
case is for the longitudinal cyclic pitch. This is
due to the fact that all lateral states are held
zero by the CAS, hence feedback
proportional to these values is also zero. The
longitudinal augmentation saturates at θd≈-
6.5o and θd ≈22.5o. A Hopf point coincides
with the saturation at θd≈-6.5o.

The second flight condition to be investigated
under the effect of partial authority flight
control saturation is a constrained turn, with
only the proportional feedback SAS in use.
The equations of motion were constrained
during continuation to prescribe the turning
flight condition. With the constrained states
given, the equations for those states could be
inverted and solved for the required control
values. Longitudinal cyclic is solved such that
total velocity is fixed at 50m/s, pedals were
solved for sideslip, which is held at zero, and
the main collective lever is solved for pitch
angle, according to Equation (7), so that it is
prescribed in order to define a constrained
turn.

( ) ( ) ( ) ( ) ( )[ ]αφβφαθ cos/sintancostantan 1 += − (7)

Figure 12 shows a time history of this turning
flight condition, with 10% authority assigned
to the SAS. As the lateral cyclic stick is
moved slowly, quasi statically to port, it
shows at a stick position of –0.275 a sudden
increase in the rate at which the bank angle is
decreasing, which is not desirable.

Figure 12. Time History of turning flight as
lateral cyclic stick is moved port, with 10%

SAS authority

Figure 13 shows the bank angle bifurcation
diagram where the lateral cyclic stick is used
as the continuation parameter, and 10%
authority is assigned to the control system
(FCS). It shows how at lateral stick values of
–0.068 and –0.275, the lateral cyclic FCS
augmentation clearly saturates, and the
stable flight conditions depart from the lower
values of bank angle, and increase suddenly
as the lateral stick is moved.

Figure 13. Bifurcation diagram of bank angle
during a turn at 50m/s, FCS authority is 10%

By looking at the actual rotor pitch
augmentations throughout the above
bifurcation diagram, as in Figure 14, it can be
seen that the lateral cyclic channel saturates
first at η1c≈-0.270 and η1c≈-0.068, with the
longitudinal SAS output saturating at η1c≈-
0.335 and η1c≈-0.123. It is the saturation of
the lateral cyclic that causes both points at
which the bank angle starts to change more
rapidly. The longitudinal saturation causes the
onset on the small unstable sections of the
branch.
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Figure 14. Rotor augmentations from SAS
with 10% authority during continuation of

turning flight

It would be desirable to increase the range
over which the FCS is not saturated and
delay the point at which the bank angle rate
of change with lateral cyclic stick suddenly
alters. Increasing the authority of the SAS
can clearly do this. The authority is increased
to 50%. Figure 15 shows a time history as the
lateral cyclic is moved quasi statically to port.
Again, then bank angle begins to increase
faster at a cyclic stick position of about –0.68.
This is a larger value than with only 10% SAS
authority.

Figure 15. Time History of turning flight as
lateral cyclic stick is moved port, with 50%
SAS authority

The corresponding bifurcation diagrams with
50% SAS authority for all channels is shown
in Figure 16. As expected, the points at which
the lateral cyclic channel saturates have
moved further apart, and are now at values of
η1c≈− 0.68 and η1c≈− 0.325.

Figure 16. Bifurcation diagram of bank angle
during a turn at 50m/s, FCS authority is 50%

The associated rotor pitch augmentation
values during continuation are presented in
Figure 17. The lateral cyclic saturation points
are indeed at the values expected from the
bifurcation diagram. No other control channel
now saturates with their limits at 50%
authority.

Figure 17. Rotor augmentations from SAS
with 50% authority during continuation of

turning flight

These results show the effect of increasing
flight control system authority during turning
manoeuvres.

5. Conclusions & Recommendations

This paper has demonstrated the use of
continuation and bifurcation analysis when
applied to both open loop and closed loop
rotorcraft models, and shown the potential
benefits when used in conjunction with
simulation. Interesting phenomena have been
presented, which have highlighted the high
degree of asymmetry and the cross-coupled
nature of rotorcraft.

The effect of two simple flight control systems
has been investigated, and how bifurcation
analysis may be used to evaluate their global
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effect on the steady states of the helicopter,
and examine the effect of variation of a
controller gain. The handling qualities were
found to be inadequate for the controller
employed in this paper, but it is possible to
integrate control law design methods into the
continuation and bifurcation methodology, in
order to ensure satisfactory handling qualities
across a range of pilot inputs (Refs. 13-14).

Control system saturation has been shown to
be a cause for Hopf points and the onset of
instability, and the sudden change in state
values with pilot controls. It has been shown
that through increasing the control system
authority, these effects can be changed.

Future work will address the issues of
integration of controller design techniques
into the continuation framework, and also the
linking in of helicopter handling quality
measures to ensure satisfactory response. All
solutions to the system equations in this
paper are equilibrium points. It is envisaged
that periodic solutions to the equations will be
solved for, and that these orbits can be used
to help predict and understand more complex
flight conditions and phenomena of rotorcraft.
Along with this will be the increase in
modelling fidelity brought by using a blade
element representation of the main rotor, and
so the rotorcraft will be a periodically forced
system, will every solution being periodic with
the rotational frequency of the rotor.
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