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SUMMARY 

Further application of Strain Pattern Analysis (SPA) to the deriva­
tion of vibration mode shapes of a rotating blade is described. A model 
blade representative of a typical semi-rigid rotor system is used as the 
test structure. Modes are derived for both non-rotating and rotating 
conditions with the blade shielded from aerodynamic loading in the latter 
case. The experimentally derived modes are compared with corresponding 
calculated modes. A discussion of a theoretical exercise undertaken to 
investigate the distribution of strain measurement stations required for 
successful application of SPA is also included. 
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INTRODUCTION 

In recent years, new helicopter rotor blade designs have appeared in 
which the mass and stiffness distributions are manipulated to give required 
couplings between flap, lag and torsion components of motion. Such couplings 
influence almost every aspect of rotor dynamic behaviour, and analytical 
investigations of their effects rely heavily on an accurate mathematical 
model of the modes of vibration of the blades. Calculation methods giving 
mode shapes a~d frequencies are readily available but some experimental 
verification of them is necessary. The technique of Strain Pattern 
Analysis (SPA) has been developed at RAEI-3 to derive the mode shapes of 
a rotating blade from the responses of strain gauges located on the blade. 

The application of SPA is, in principle, quite simple. In Ref I, 
Gaukroger and Hassal proposed that if a certain pattern of strain gauge 
responses were measured for a rotating blade, and if the same pattern of 
responses could be reproduced with the blade non-rotating, then the displace­
ments in the two conditions would be the same. Further, if the strain gauge 
responses of a mode of the rotating blade could be represented by a linear 
summation of the strain gauge responses of several modes of the non-rotating 
blade, then the unknown rotating mode shape would be given by the same linear 
summation of the known displacements of the non-rotating blade. 

The SPA technique has been applied to a model helicopter rotor blade 
which was representative of a semi-rigid rotor system. Modes for both non­
rotating and rotating conditions have been derived, with the blade shielded 
from the bulk of aerodynamic loads in the latter case. The experimentally 
derived modes were compared with corresponding blade modes as calculated by 
a theoretical method. Some discrepancies occurred between theory and experi­
ment but the general level of agreement was good, particularly in the lower 
order modes. 

The rotor blade model used in the experiments had a root flexural 
member in which the flap stiffness was low relative to that of the remainder 
of the blade. The experimental evidence suggested that an insufficient 
number of strain gauges in this area could lead to inaccurate derivation 
of higher order mode shapes. Hence a theoretical study was undertaken to 
investigate the distribution of strain gauges required for successful appli­
cation of SPA to semi-rigid rotor blade systems. Some of the results are 
presented in the paper and they indicate that strain gauges must be concen­
trated in areas where there is a high rate of change of strain with respect 
to the blade spanwise coordinate, eg in areas of changing flexibility. 

The original concept of SPA was to develop a method which would verify 
theoretical mode predictions. This objective has been largely achieved and 
it now remains to develop the technique to its full potential, Experiments 
have already begun to extend SPA to both wind tunnel and full-scale flight 
test applications with the aim of deriving instantaneous displacements of 
the rotating blade. 

2 THEORETICAL BACKGROUND 

The theoretical background of the SPA technique is well documented 1- 3 

and therefore only a brief summary will be given. Two conditions must be 
met if the application of the technique is to be valid; firstly, that there 
is a unique relationship between the strain responses and corresponding dis­
placement patterns within a mode and, secondly, that sufficient non-rotating 
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modes must be defined such that a linear combination of them will provide 
a good approximation to the rotating mode. 

Let us assume that the blade is instrumented with r strain gauges 
and n displacement transducers and let p sets of non-rotating strain 
and displacement patterns be measured. These patterns are known as 
'calibration' modes. If for some rotating test condition for which the dis­
placement pattern is unknown we measure a set of r strain gauge responses 
denoted by x , then•for a least-squares error fit it has been shownl-3 that 
the proportion, a , of each calibration mode present in the unknown test 
mode is given by 

(if r > p) 

where S is the r x p matrix of the calibration strain patterns. Assuming 
that the unknown displacement pattern, o , is given by the same linear sum 
of the calibration displacement patterns, then 

where D is the n x p matrix of the calibration displacements corresponding 
to the calibration strain patterns S • Although the number of strain gauge 
and displacement measurement positions need neither be the same nor coincide, 
both must be capable of accurately representing the changing strain and 
displacement distributions along the blade span. 

3 EXPERIMENTAL ROTOR TESTS 

A detailed description of the blade model and the instrumentation used 
in the tests is given in Ref 4. Briefly, the model represented a typical 
semi-rigid rotor blade (Fig I) possessing a flexible element in the root area 
which had a low stiffness compared with that of the remainder of the blade. 
The blade was not an exact scale model of any existing full-scale blade but 
the mass and stiffness distributions were chosen to give mode shapes and 
frequencies representative of a helicopter blade. 

Strain gauges sensitive to motion in flap, lag and torsion were situated 
at ten equally spaced intervals along the blade from 5% to 95% blade radius. 
Calibration modal displacements in the three directions of motion were also 
measured at ten equally spaced intervals (from 10% to 100% blade radius) by 
non-contacting capacitance probes. Flap and lag motions were defined as 
displacements measured from the blade !-chord position; torsion motions 
were calculated from differential flap measurements. 

Mode excitation was obtained from an electromagnetic vibrator located 
at the blade root and attached to the blade by an offset crank (Fig 2). The 
excitation was controlled by RAE MAMA equipment5 which automatically main­
tained a resonance condition by ensuring a quadrature phase relationship 
between the force input and the response of a continuously monitored refer­
ence strain gauge sensitive to motion.in the main component of the mode under 
investigation. It should be noted that, with single-point excitation, only 
an approximation to undamped modes can be obtained. 

The strain patterns and corresponding displacements were recorded for 
the first ten modes of the non-rotating blade. These modes were the 
'calibration' modes of the blade. The capacitance probes were then removed 
from the structure and the strain responses of the first eight modes of the 
blade were recorded for a selection of rotational speeds including a 
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non-rotating case. These modes are subsequently referred to as the 'test' 
modes of the blade. As one of the main aims of SPA development was to 
measure blade modes for comparison with theory, the rotating blade was 
shielded from the bulk of aerodynamic loads by enclosing it within a seg­
ment of a hollow disc. The disc was attached to the hub and rotated with 
the blade. By this method, all test modes of the blade were in 'still air' 
conditions for both non-rotating and rotating cases. The shielding disc is 
shown in Fig 3 and the blade housed in its segment, with the access cover 
removed, in Fi,g 4. 

Before the results are considered the effect of phase differences 
along the blade should be discussed. Phase shifts in the strain responses 
along the blade were measured in order that both in-phase and quadrature com­
ponents of each mode could be investigated. The phase reference chosen was 
the response of the continuously monitored strain gauge used to control the 
excitation. In the calibration modes, only small phase shifts were detected 
and it was assumed that all responses of the calibration modes were every­
where in-phase. This assumption simplified the subsequent analysis of the 
test modes in that it enabled the in-phase and quadrature responses to be 
processed separately. In general, quadrature components of motion in the 
test modes were small compared with the in-phase components. 

4 COMPARISON WITH CALCULATED MODES 

Modal displacements and frequencies of the blade model were calculated 
from known distributions of its mass, stiffness and inertia by a theoretical 
method developed by Westland Helicopters Ltd (WHL)6. The modes obtained by 
calculation did not include the effects of aerodynamic loading, structural 
damping or Coriolis forces. Therefore the mode shapes were the undamped 
modes of the blade which in the rotating condition were modified by centri­
fugal loads only. The result of these simplifications was that blade 
responses in any mode were in-phase (or anti-phase) and so phase shifts 
along the blade didnot arise. Consequently the calculated mode shapes 
could be compared with the in-phase components of the experimentally derived 
modes. 

Although mode shapes and frequencies were calculated for each test 
mode at all the rotational speeds adopted in the experiment 7, only those at 
a rotor speed of 8 rev/s are presented (see Figs 5 to 12). It should be 
noted that, for both calculated and experimentally derived modes, the mode 
shapes have been non-dimensionalised by dividing each modal component by the 
largest component of motion within the mode, which itself then became unity. 
The torsion angular component was multiplied by the blade chord before such 
'normalisation' took place. 

Consider initially the primary components of the modes. It can be seen 
that, apart from two exceptions, the agreement between the calculated mode 
shapes and those derived by SPA is good. The exceptions are test modes 4 
and 5 (Figs 8 and 9) for which the calculations give two distinct modes, 
ie fundamental torsion at a frequency of 86.9 Hz and second overtone flap at 
a frequency of 90.4 Hz. However, due to the limitations of single-point 
excitation it was not possible to isolate these two modes in the experiment. 
The experimental modes shown were obtained using a torsion strain gauge as 
a reference for the control of the excitation in the case of test mode 4 
(Fig 8), whilst test mode 5 (Fig 9) used a flap strain gauge. The measured 
frequencies were 91.6 Hz and 92.2 Hz respectively and the mode shapes are 
virtually identical. Although not shown in Fig 9, there was a significant 
phase shift along the blade for test mode 5 producing a large quadrature 
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torsion component of motion. It can be seen that the experimental determina­
tion of these two modes (if indeed two modes exist) was far from ideal. 

The comparison between secondary components of the modes is not as good. 
The worst case is test mode 6 (Fig 10), the first overtone lag mode. Here 
the experimentally derived flap component appears to have a greater tip dis­
placement than the derived primary lag component. The reason for this is 
thought to be an insufficient number of strain gauges on the root flexible 
element. This can lead to inaccurate mode derivation because the rapid 
changes in s-train over the small spanwise segment of the root flexure are not 
represented in the strain gauge responses. This is discussed more fully 
in section 5. 

There are, of course, many reasons for discrepancies between the calcu­
lated and experimentally derived mode shapes. There are inevitable errors 
in the data used in the calculation of the mode shapes due primarily to inaccu­
racies in measurements of the mass, stiffness distributions, etc of the blade 
system. Any small discrepancies that do occur in these distributions can 
significantly affect the secondary components of the calculated mode shapes. 
Furthermore, the effect of structural damping is not included in the theoreti­
cal method and also the assumption of root rigidity in the calculation implies 
an infinite inertia in the axial or lag sense; in the experiment, only an 
approximation to fixed-root conditions was achieved. Although small, some 
error certainly existed in the measurement of the calibration displacement 
patterns and to a lesser extent in the measurement of the strain responses. 
Nevertheless, the general level of agreement between calculated and derived 
mode shapes is good, particularly in the lower order modes. This applies 
to both non-rotating and rotating conditions of the blade. Although the com­
parisons are not exhaustive they largely achieve the original objective of 
SPA - to develop an experimental method which can verify theoretical mode 
predictions. 

5 STRAIN GAUGE DISTRIBUTION 

As stated previously, it was noted that some errors occurred when SPA 
was used to derive the higher order mode shapes. The experimental evidence 
suggested that an insufficient number of strain gauges in the root area of 
high flexibility could cause significant inaccuracies when deriving the 
higher order mode shapes of the rotating blade. Therefore it was decided 
that a theoretical exercise should be undertaken8 to determine the distri­
bution of strain gauges required for the accurate application of SPA. 

Four distributions of assumed strain measurement stations were adopted 
in the investigation, the differences being the number and positioning of 
the stations along the blade. Thes·e distributions are subsequently referred 
to as A, B, C and D, and are shown in Fig 13. Distribution A consisted of 
the same strain measurement stations as used in the experiment, ie ten 
equally spaced stations, whereas distribution B had twenty equally spaced 
stations from 5% blade radius to 100% blade radius. Distribution C had the 
same ten stations as distribution A plus an extra six concentrated on the 
flexible element in the root area. Finally distribution D had the same 
twenty stations as distribution B plus an extra four also concentrated on 
the root flexible element. The number of displacement measurement stations 
was kept constant in all four cases, ie ten equally spaced stations from 
10% blade radius to 100% blade radius. 

Modes were calculated for the blade using the WHL theoretical method6 

described previously. Strain and displacement responses were calc'ulated 
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for each mode in each of the three degrees of freedom, namely flap, lag 
and torsion. The calibration modes adopted were the non-rotating modes 
of the blade. The calculated strain responses for modes of the rotating 
blade were used to derive the corresponding blade mode shapes which were 
then compared with those calculated by the theoretical method of mode 
prediction. 

As an example of the results, consider two modes of the blade rota­
ting at a speed of 8 rev/s, In the first mode, the second overtone flap 
(Fig 14)", the primary flap component is not derived accurately unless the 
strain measurement stations are concentrated in the root area of changing 
flexibility (distributions C and D). Note that the other components of the 
mode are unaffected, Consider now the strain patterns associated with this 
mode (Fig 15), It can be seen clearly that only distributions C and D 
represent the rapidly changing strain variation in the blade root area. 
This observation is also true for the second mode, the third overtone flap 
(Fig 16), where again the primary flap component is only derived accurately 
when the strain measurement stations are concentrated in the areas of 
rapidly changing strain (Fig 17), These observations also apply to other 
modes of the rotating blade, If the proportions of the calibration modes 
present within each derived mode are examined (see Tables I and 2), it is 
found that the amount of the fundamental flap calibration mode is sub­
stantially reduced when the strain measurement stations are concentrated 
in the root areas of changing flexibility (distributions C and D). Higher 
order calibration mode proportions alter insignificantly, The strain 
patterns of the fundamental flap calibration mode are shown in Fig 18, 
It can be seen that neither distribution A nor distribution B accurately 
represents the strain distribution of the primary mode component, whereas 
the high rate of change of strain in the root area is represented in 
distributions C and D. Note that distribution C adequately defines the 
strain variation in the outer regions of the blade, and that the extra 
strain measurement stations included in this area in distribution D are 
therefore superfluous, 

For the blade model considered, the most rapid strain variation with 
respect to the spanwise coordinates occurs close to the blade root on the 
flexible element, especially in the flap component of motion, When the 
maximum number of strain measurement stations is used to define the root 
strains (distributions C and D), the proportion of the fundamental flap 
calibration mode is relatively small and an accurate mode shape is 
derived, However, this proportion is greatly increased when the minimum 
number of strain measurement stations is used (distributions A and B), 
and consequently the agreement between calculated and derived mode shapes 
is poor. 

In conclusion, it .can be stated that for successful application of 
SPA to a semi-rigid rotor blad( , the strain measurement stations must be 
concentrated in the areas where a high rate of change of strain with 
respect to the span occurs, so that an adequate representation of the 
variation appears in the strain patterns. In practice, this means con­
centrating strain gauges in the areas of changing flexibility, 

6 CONCLUDING REMARKS 

Further application and development of strain pattern analysis (SPA) 
with reference to a semi-rigid rotor system has been described, Derived 
mode shapes, which include displacements or rotations in the flap, ·lag and 
torsion components of motion, are presented for the rotating blade. A comr 
parison is included with corresponding calculated mode shapes. The level of 
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agreement is good and it can be stated with some confidence that a method has 
been developed to verify theoretically predicted mode shapes. A description 
is also included. of a theoretical exercise undertaken to investigate the 
required distribution of strain gauges for successful application of SPA. 
The results indicate that strain gauges must be concentrated in the areas of 
changing flexibility where there is a high rate of change of strain with 
respect to the blade span. 

So far,. SPA has only been applied to model rotor blades, but it is 
hoped to develop the technique to its full potential and to extend its 
application to wind tunnel and full-scale flight tests. In addition to 
verifying the predicted mode shapes, the aim will be to derive instantaneous 
displacements or rotations of the blade at any azimuth station throughout 
a complete cycle of rotation. 

Table I 

Proportions of calibration modes contained within the derived displacement 
shape of Example I (second overtone flap mode) 

Calibration mode Calibration mode proportion 

A B c D 

Fundamental flap -0.219 -0.336 -0.115 -0.076 
First overtone flap 0.076 0.089 0.052 0.055 
Second overtone flap 0.969 0.961 0.976 0.970 
Third overtone flap 0.027 0.024 0.028 0.026 
Fundamental lag -0.030 -o.o 10 -0.007 -0.007 
First overtone lag 0.034 0.036 0.035 0.035 
Second overtone lag 0.002 0.003 0.003 0.003 
Fundamental torsion o. 181 0.187 o. 182 0. 189 
First overtone torsion 0.002 0.004 0.001 0.003 
Second overtone torsion 0.012 0.012 0.010 0.012 
Third overtone torsion -0.004 -0.004 -0.012 -0.010 

Table 2 

Proportions of calibration modes contained within the derived displacement 
shape of Example 2 (third overtone flap mode) 

Calibration mode Calibration mode proportion 

A B c D 

Fundamental flap I .025 1.188 0.350 0.318 
First overtone flap -0.163 -0.202 -0.079 -0.084 
Second overtone flap 0.096 o. 114 0.073 0.081 
Third overtone flap -0.957 -0.933 -0.960 -0.944 
Fundamental lag -0.006 0.034 0.010 0.012 
First overtone lag -0.007 -0.006 -0.002 -0.003 
Second overtone lag -0.008 -0.008 -0.011 -0.0 I I 
Fundamental torsion 0. 136 o. 142 o. 132 o. 130 
First overtone torsion o. 192 o. 196 0.204 0.203 
Second overtone torsion o. 114 0. 112 o. 120 0. I I I 
Third overtone torsion 0.044 0.051 0.084 0.083 
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Figs 1&2 

Fig 1 Model blade 

Fig 2 Hub and excitation system 



Figs 3&4 

Fig 3 Shielding disc 

Fig 4 Blade enclosed in shielding disc 



1-:z 
UJ 
::E 
UJ 
u :s a. 
(/) -c 

1-:z 
UJ 

"" UJ 
u 
< 
...I 
3; -c 

l.B 

.s 

I!.B 

-.5 

-l.B 
1!. 11!. 

CALCULATED FL/IP 
·············- CALCULATED LIIG 

C/ILCUL/ITED TORSION 

0 
¢> 

A 

911. lBI!. 
X RAOIUS 

DERIVED FLIIP 
DERIVED LIIG 
DERIVED TORSION 

CIILCUL/1 TED FREQUENCY 1111. 9 HZ MEASURED FREQUENCY 9. 8 HZ 

Fig 5 Test Mode 1 Rotor speed 8 rev/s 

l.B 

• 5 

1!. 

-. 

.. 
~· .... ·~ ..... 

• • • • •v 

-1.B 
1!. 111. 211. 

CIILCUL/1 TED FLIIP 
• • • • • • · • • • • • • - CIILCUL/1 TED LIIG 

CIILCUL/1 TED TORSION 

CIILCUL/1 TED FREQUENCY 12. 9 HZ 

-<> •• ... 
$> •• ••• 

0 
¢> 

A 

~ •••• ¢> 
v• • ... 

~· .. o- ..... 

911. 1BI!. 
X RADIUS 

DERIVED FLIIP 
DERIVED LIIG 
DERIVED TORSION 

MEASURED FREQUENCY 12. 7 HZ 

Fig 6 Test Mode 2 Rotor speed 8 rev/s 



1-z 
UJ 

"' UJ 
(.,) 
< 
...J 
"-
(/) 
~ 

0 

1. il 

.5 

ll.il 

0 0 

-.1 0 

-1. il 

0 
0 0 

ll. 111. ~ll. 91!. 11111. 

1.8 

-.5 

CALCULATED FLAP 
·············- CALCULATED LAG 

CALCULATED TORSION 

CALCULATED FREQUENCY 38. 7 HZ 

0 
¢ 

1!. 

X RADIUS 

DERIVED FLAP 
DERIVED LAG 
DERIVED TORSION 

MEASURED FREQUENCY 37.7 HZ 

Fig 7 Test Mode 3 Rotor speed 8 rev/s 

1!. A ___ .A..,- --z,. 

~-~ 
0 

0 0 

0 

-1. B 
ll. 111. ~ll. 91!. 11111. 

CALCULATED FLAP 
· · · · · · · · · · · · · - CALCULATED LAG 

CALCULATED TORSION 

0 
¢ 

1!. 

X RADIUS 

DERIVED FLAP 
DERIVED LAG 
DERIVED TORSION 

CALCULATED FREQUENCY 86.9 HZ MEASURED FREQUENCY 91.6 HZ 

Fig 8 Test Mode 4 Rotor speed 8 rev/s 



,_ 
z 
IJJ 

~ 
u 
~ 
Ill .... 
c 

l.B 

.5 

II.B 

-.5 

-l.B 
II. 

0 

111. 

0 

6 
A 

•••••• 0 ••• 

¢ 

211. 

CIILCULII TED FLIIP 
·············- CALCULIITED LIIG 

CALCULATED TORSION 

A 
A 

¢ 

0 
¢ 

A 

A 
A 

0 

0 • 0 • .. 
¢ ¢ 0 

-~.-• •¢ 

1111. lSI!. 
% RADIUS 

DERIVED FLIIP 
DERIVED LAG 
DERIVED TORSION 

CALCULII TED FREQUENCY sa. 4 HZ MEASURED FREQUENCY 92. 2 HZ 

Fig 9 Test Mode 5 Rotor speed 8 rev/s 

l.B 

.5 

!·~~~~~~~~~~~~ 
.... 
c 

-.5 

-l.B 
II. 18. 211. 

CALCULIITED FLIIP 
·············- CALCULIITED LIIG 

CALCULIITED TORSION 

0 
¢ 

A 

1111. lSI!. 
% RADIUS 

DERIVED FLIIP 
DERIVED LAG 
DERIVED TORSION 

CIILCULII TED FREQUENCY 97. 2 HZ MEASURED FREQUENCY 108. 6 HZ 

Fig 10 Test Mode 6 Rotor speed 8 rev/s 



1-

ffi 
:IE 
UJ 
u 
::s 
!l! .... 
c 

1-

ffi 
:IE 
UJ 
u 
< 
...J 

!l! .... 
c 

1. il 

.5 

ll.il 

-.5 

-1. il 
1!. 

A 

-
0 

11!. 

CALCULATED FLAP 
·············- CALCULATED LAG 

CALCULATED TORSION 

CALCULA TEO FREQUENCY 172. 6 HZ 

A A A 
0 •• 0 • 

9 9 

0 

Qll. 1illl. 
X RADIUS 

DERIVED FLAP 
DERIVED LAG 
DERIVED TORSION 

MEASURED FREQUENCY 170. 7 HZ 

Fig 11 Test Mode 7 Rotor speed 8 rev/s 

1. il 

.5 

ll.il 

-.5 

-1. il 
1!. 11!. 

CALCULATED FLAP 
·············- CALCULATED LAG 

CALCULATED TORSION 

0 

9 

A 

0 

811. Qll. 1illl. 
X RADIUS 

DERIVED FLAP 
DERIVED LAG 
DERIVED TORSION 

CALCULATED FREQUENCY 258.2 HZ MEASURED FREQUENCY 251.7 HZ 

Fig 12 Test Mode 8 Rotor speed 8 rev/s 
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Fig 16 Displacements of Mode 7 
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