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Abstract
In this work, we investigate the use ofH∞ control design for OBC. The designed methods are tested on a

hingeless analytical rotor model of the four-blade Airbus EC-145 helicopter with Active Trailing Edge Flaps

(ATEF). In order to enable the application of the control methods, system identification tools are applied to

extract two-input two-output Linear-Time-Invariant models at hover, 20, 40, 60, 80 and 100 knots forward

flight. Such linear approximations are obtained after the rotor is trimmed with zero trailing edge flapping.

The vibration reduction strategy is developed using robust control mixed-sensitivity methods targeting the

fixed-frame 4/rev vertical force component with 4/rev flaps. The strategy is shown to be satisfactory in the

sense that vibration mitigation is obtained with the implementation of a single controller operating for all
considered forward flight cases. The vibration reduction was 60% in average in terms of the 4/rev compo-

nent of the vertical hub force and the vibration reduction scheme is not interfering with the trimming of

the rotor.

NOMENCLATURE

R,a = blade radius and blade lift curve slope

c,c f = blade and trailing-edge flap mean chord

m,Mh = blade and fuselage mass

eβ ,eζ = blade flapping, lagging hinge offset

eθ = pitch bearing offset

Cβ ,Cζ = flapping and lagging damping constant

Cθ = pitching damping constant

Kβ ,Kζ = flapping and lagging spring constant

Kθ = pitching spring constant

eair = blade aerodynamic profile

Ω,ρ = rotor rotation speed, air density

Cm0 = blade profile moment coefficient

Cd2 = blade profile drag coefficient

Cd0 = blade profile drag mean coefficient

α0,αr = zero lift and rotor tilt angle

λ ,µ = inflow and advance ratios

Ib = x and z moments of inertia of blade

with respect to center of mass

Iθ = y (torsional) moment of inertia of blade

with respect to center of mass

Copyright Statement
The authors confirm that they, and/or their company or or-
ganization, hold copyright on all of the original material
included in this paper. The authors also confirm that they
have obtained permission, from the copyright holder of any
third party material included in this paper, to publish it as
part of their paper. The authors confirm that they give per-
mission, or have obtained permission from the copyright
holder of this paper, for the publication and distribution of
this paper as part of the ERF proceedings or as individual
offprints from the proceedings and for inclusion in a freely
accessible web-based repository.

h = offset of rotor hub

0,c,s = collective, longitudinal and lateral cyclic

xaero = x coordinate of blade aerodynamic center

ζ ,β ,θ = blade lagging, flapping and pitch angle

Θ,ψ = blade total pitch angle, blade azimuth angle

η ,φ = trailing-edge flap deflection angle, inflow angle

ϑ = blade control pitch angle (rotor input)

q = vector of generalized coordinates

Q = vector of generalized forces

T,V = kinetic and potential energy

1. INTRODUCTION

Technologies for next-generation of helicopters explore

embedding actuators in the blades of the main rotor

in order to improve the performance in terms of re-

duced vibration, noise footprint and improved rotor effi-

ciency. This stream of research known as On-Blade Con-

trol (OBC), has devoted its efforts to vibration reduc-

tion mainly
3
. On-blade Control (OBC) is an active control

method which is currently being researched and tested

by leading rotorcraft manufacturers and research cen-

tres across the globe
3
. Active trailing-edge flaps (ATEFs)

are one form of OBC actuation, whereby flaps are lo-

cated at the trailing-edge part of the blades providing de-

flection angles which affect the aerodynamic properties

of the blade. The first step for designing an effective OBC

helicopter vibration controller is the development of a

representative model. The derivation of the main rotor

behaviour is excruciatingly complex, even in cases where

simplifying assumptions are made, such as rigid blades,

no off-set hinges, no blade-tip aerodynamic losses and

uniform inflow
5
. State-of-the-art numerical models tar-

get high levels of accuracy, thus compromising the sim-

plicity and transparency of such models, and increasing

the difficulty of extracting models fit for initial stages of

control design. With this in mind, we develop the vibra-
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tion reduction control strategy based on linear represen-

tations of the EC-145 rotor model with ATEFs developed

by Maurice et al
7
for the following forward flight condi-

tions. This model represents a hingeless rotor with off-

set hinges and limited stiffness and damping at the root

of the blade. The model has been validated against the

more comprehensive CAMRAD (Comprehensive Analyti-

cal Model of Rotorcraft Aerodynamics and Dynamics) II

model and flight campaign data.

Most of the existing OBC algorithms are developed

on the same principles of the more popular Higher

Harmonic Control (HHC)
2,6
, whereby the quasi-steady

behaviour of the rotor process is assumed linear and

static
4
, and algorithms are constructed in the frequency

domain to optimise the steady-state behaviour
8
. Our

approach to attenuate helicopter vibration is to de-

sign H∞ controllers using mixed-sensitivity methods.

The methodology consist mainly on choosing weights

to specify robustness measures, steady-state vibration

reduction targets, convergence rate and control effort

characteristics in the frequency domain. The motivation

behind exploring the use of H∞
9
for this application is

two-fold: i) H∞ methods offer the advantage that for

a given Linear-Time-Invariant (LTI) model, which in this

case is associated to the rotor vibration behaviour at

each cruise condition, a controller which ensures a min-

imum level of performance can be obtained while also

ensuring desired stabilitymargins. The identified system,

as explained later, is multi-variable with two inputs and

two outputs, each of them associated with a cosine and

sine coefficients for the ATEF deflection angles and the

4/rev vertical force component. Such properties are diffi-

cult to include at the design stage with more traditional

HHC control approaches since the dynamics of the open-

loop process and estimation filters are ignored and the

strategy is mostly based on steady-state performance. ii)

H∞ control offers the benefit of handling dynamic cou-

plings in a more transparent way between the chosen

inputs and outputs.

The paper is organized as follows. First, the analyti-

cal hingeless helicopter rotor model will be briefly de-

scribed in Section 2. Adequate open-loop input-output

responses are recorded to then implement system iden-

tification tools to extract LTI models, with 4/rev trailing

edge flaps defined as system inputs and the 4/rev verti-

cal hub force components as outputs. Such a linear ap-

proximation task is explained in Section 3. After the lin-

ear models are identified, the paper proceeds to explain

the main ideas behind the control design in Section 4

and also illustration of the results for both, under the

linear representation and the analytical nonlinear model

by Maurice et al
7
. The paper concludes with some final

remarks in Section 5.

2. ANALYTICAL ROTOR MODEL

We provide a brief description on the implementation of

the analytical model of the EC-145 main rotor to perform

the control design task. The model is implemented by

the main equations described in the paper of Maurice et

al
7
. However, the integration of blade-element aerody-

namic forces has been implemented in closed-form for

Figure 1: Overall structure of the single blade model

Table 1: Parameter of Helicopter model
7

Parameter Value Unit Parameter Value Unit

R 5.5 m m 37 kg
R1 0.718R m Mh 3000 kg
R2 0.827R m Kβ 20000 N.m/rad
eβ 0.65 m Cβ 0 N.m.s/rad
eζ 0.8 m Kζ 13000 N.m/rad
eθ 0.8 m Cζ 280 N.m.s/rad
eair 0.8 m Kθ 5000 N.m/rad
yc 0.4R m Cθ 4.75 N.m.s/rad
xc −0.038 m Ib 71 kg.m2

xaero -0.03 m Iθ 0.25 kg.m2

c 0.325 m Ω 6.39 Hz

c f 0.05 m ρ 1.225 kg.m−3

h 1.5 m a 5.73 −
kζ 4 m Cd0 0.0079 −
kβ 1 m Cd2 0.4 −
g 9.81 ms−2 Cm0 -0.02 −

increased computational efficiency and higher accuracy.

Rotor characteristics are shown in Table 1.

The model was built under Matlab and Simulink,

which greatly facilitates the implementation of the con-

troller in closed-loop
1
. The analytical model of the rotor

is comprised of three major components: blade dynam-

ics, aerodynamics and blade moments, see Fig. 1. Each

of these subsystems are explained in more detail below.

2.1. Blade Dynamics
The equations of motion for a single blade are obtained

via the Lagrangian approach. The generalised coordi-

nates are chosen as the blade lag angle ζ , flap angle β

and the pitch angle θ . The equations of motion are ob-

tained
7
after working out the kinetic and potential ener-
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gies for a single blade, leading to the following equations:

Qlag = [Ib +m(yc− eζ )
2 +mx2

c ]ζ̈ +Cζ ζ̇

+[Kζ +m(Ω)2eζ (yc− eζ )]ζ

−2Ω[Ib− Iθ +m(yc(yc− eζ − eβ )+ eζ eβ )]ββ̇

+[(Iθ +mxc2)Θ̇+2mΩxc(yc− eζ )]β̇

−mΩeζ xc cosΘ

+mx2
c sinΘcosΘ(β̈ −Ω

2
β̇ −2ΩΘ̇)

+mxc(yc− eζ )Θ̈sinΘ

(1)

Q f lap = [Ib +m(yc− eβ )
2]β̈ +Cβ β̇

+[Kβ +Ω
2(Ib− Iθ +myc(yc− eβ ))]β −Kβ βρ

+2Ω[Ib− Iθ +m(yc(yc− eζ − eβ )+ eζ eβ )]β ζ̇

− [m(yc− eβ )xc cosΘ+(Iθ +mx2
c)ζ ]Θ̈

− [Ω(Iθ +mx2
c(1− cos(2Θ)))+((Iθ +mx2

c))ζ̇

+mx2
cΩ]Θ̇− (mΩ

2ycxc)sinΘ

−2mΩxc(yc− eζ )ζ̇ sinΘ

+(mx2
c)(ζ̈ −Ω

2
ζ )cosΘsinΘ

(2)

Qpitch = (Iθ +mx2
c)Θ̈+Cθ θ̇ +Kθ θ

+(Iθ +mx2
c)(Ω− ζ̇ )β̇ − (m(yc− eβ )xc)β̈ cosΘ

+(mxc(yc− eζ )ζ̈ sinΘ+
mx2

cΩ2

2
sin(2Θ)

−mΩ
2xc(ycβ cosΘ− eζ ζ sinΘ)

− β̈ ζ (Iθ +mx2
c)+mx2

cΩ(ζ̇ sin(2Θ)− β̇ cos(2Θ))

(3)

QT = [Qlag,Q f lap,Qpitch] is the vector of generalized
forces modelling the aerodynamic loads acting on the

blade and the total pitch angle is expressed asΘ= θ +ϑ ,

with ϑ denoting the swashplate input.

2.2. Aerodynamics
The generalised forces are constructed by integrating el-

ementary aerodynamic forces across the radial direction

for a single blade[ Qlag
Q f lap
Qpitch

]
'
∫ R

eair

 −(r− eζ )dFx + xaerodFr
(r− eβ )dFz + xaero(ΘdFr +ζ dFz)

dMθ − xaero(dFz +ΘdFx)

dr(4)

For a given blade element, an elementary lift dL is nor-
mal to the blade section airflow velocity, the drag dD is
tangential to the blade section airflow velocity, and the

radial force dFr is in the direction along the blade. The
feathering moment is indicated by dMθ . The blade ele-

ment aerodynamic forces are defined with respect to the

blade-section velocity axes and must, therefore, be pro-

jected on the lagging frame with the inflow angle φ . The

aerodynamic forces act at the aerodynamic centre, and

the pitching moment is assumed to be around the blade

feathering axis. For more information, refer to the paper

by MAurice et al
7
.

The integration of the generalized forces have been

implemented analytically to increase the computational

efficiency and the accuracy of the model, see equations

(5, 6 and 7). The final expressions are polynomial func-

tions in terms of R and eair with time-varying coefficients.

Q f lap = S7(
R4

4
− e4

air
4

)+(S8 +S11)(
R3

3
−

e3
air
3

)

+(S9 +S12)(
R2

2
− e2

air
2

)+(S13−S10)(R− eair)(5)

Qlag =−S1(
R4

4
− e4

air
4

)

+(S4 +(eζ S1−S2))(
R3

3
−

e3
air
3

)

+(S5 +(eζ S2−S3))(
R2

2
− e2

air
2

)

+(S6 +(eζ S3)(R− eair)(6)

Qpitch = S14(
R3

3
−

e3
air
3

)+S15(
R2

2
− e2

air
2

)

+S16(R− eair)(7)

For the expressions of all the terms S1, ....,S16, please re-
fer to the paper

1
.

2.3. Blade Moments
Blade pitch and lag moments are denoted as Mβ and

Mζ , respectively. Theses blade moments result from the

aerodynamic forces Fx and Fz action on the aerodynamic
center, the forces arising from the acceleration of the

center of mass and the moments arising from the hinge

springs and dampers. The measured equations can be

written by using Newton’s second law
7
as:

Mζ = kζ (mζa(Ocg).xζ −Fx)−Kζ ζ −Cζ ζ̇(8)

Mβ = kβ (Fz−mβa(Ocg).zβ )−Kβ (β −βρ)−Cβ β̇(9)

Finally, we integrate the three subsystems (dynamics,

aerodynamics and blade moments) to generate the sin-

gle blade model. The single blade MIMO model is then

generalised for the remaining three blades to generate

the four blade model, by assuming all the blades are

identical and undergo identical motion but at a different

azimuth angle.

3. LINEARISATION

For vibration reduction, we are interested in reducing the

vertical component of the rotor thrust Fz. The net vertical
force for each blade is obtained as shown in the paper by

Maurice et al:

(10) Fzi =
ρac

2

(
F +ηi

[
K4c f

ac
−K1

]
G f

)
, i = 1, ...4

Fz is then obtained as the sum of all contributions of Fzi
for all blades, where i denotes the blade index

Fz = ∑
i

Fzi
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The rotor thrust Fz can also be obtained from the vertical
shear force obtained for each blade at its root, however

this approach was not pursued here. Because Fz is peri-
odic, it can be expressed as a Fourier series

(11) Fz = Fz0 +
∞

∑
n=1

Fznc cos(nψ)+Fzns sin(nψ)

with the outputs being the 4/rev components Fz4c and
Fz4s. In terms of the inputs to the system, we focus on
the 4/rev components of the ATEF deflection angles. For

the first (reference) blade, its deflection angle can be de-

scribed as

(12) η1(ψ) = η4c(t)cos(4ψ)+η4s(t)sin(4ψ)

with η4c(t) and η4s(t) being the inputs to the system.
The linearisation tasks consists in modelling the relation

between these sets of inputs and outputs by a trasnfer

function matrix.

The above set of inputs and outputs were chosen

following well-known results from rotor vibration the-

ory, which predicts that 4/rev blade shear forces trans-

late to 4/rev components of the vertical hub force for a

four-blade rotor under the assumptions that all blades

undergo identical motion. Initial experiments in open

loop corroborated this fact, showing that 4/rev ATEF

components were decoupled from the bias vertical hub

force component Fz0. This is particularly beneficial be-
cause such inputs are desired not to interfere with

the trimming of the rotor or the flight control mech-

anism. Another method followed for linearisation uses

Multi-blade Coordinates (MBC) transformations
5
. This

approach would be valid as long as inthis case the rotor

thrust expressed in the fixed-frame is comprised mainly

by a first harmonic expression. The advantage of this ap-

proach is that the dynamics of the MBC coefficients in

the fixed frame can also be expressed by Linear Time-

Invariant differential equations for valid cases. However,

after open-loop experiments, this was not the case for

the hub vertical force and therefore this approach was

not followed. The response of cosine and sine elements

of Fz in MBC in the fixed-frame coefficients were highly
oscillatory (not constant), suggesting that their dynamics

can not be captured by a LTI equation.

Th linearisation was obtained from using system iden-

tification tools in Matlab. The results for the considered

forward flight cases are shown in Figures 2 - 7. The in-

puts in these graphs u1 and u2 correspond to η4c and
η4s, respectively. Similarly, the outputs shown as y1 and
y2 correspond to Fz4c and Fz4s, respectively, and being
unbiased. For each flight condition, one-degree ampli-

tude step signals were inputted on each control input

at a time after the rotor was being trimmed. The re-

sponses show a high gain in the sense that one degree

flapping produces a change in the 4/rev vertical compo-

nent between 4000 N and 6000 N. Swashplate inputs

for trimming the rotor at each forward speed were ob-

tained from the results in the paper by Maurice et al
7
.

Step signals as shown in each of the graphs were ap-

plied and the response was recorded. This was repeated

for each input separately. Each of the elements of the

transfer function was obtained using the system identifi-
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Figure 2: Linearization results for hover.
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Figure 3: Linearization results at 20 knots.
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Figure 4: Linearization results at 40 knots.

cation tool (tfest) with order 4. As shown in the results for

all conditions, the match provided by the system ID tool

was excellent, with the responses from the transfer func-

Presented at 44th European Rotorcraft Forum, Delft, The Netherlands, 19–20 September, 2018.

This work is licensed under the Creative Commons Attribution International License (CC BY). Copyright © 2018 by author(s).
Page 4 of 8



0 2 4
0

0.5

1
u 1[d

eg
.]

0 2 4
Time [s]

-5000

0

5000

[N
]

y1: Nonlinear
y2: Nonlinear
y1: Estimated
y2: Estimated

0 2 4
0

0.5

1

u 2 [d
eg

.]

0 2 4
Time [s]

0

2000

4000

6000

[N
]

y1: Nonlinear
y2: Nonlinear
y1: Estimated
y2: Estimated

Figure 5: Linearization results at 60 knots.
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Figure 6: Linearization results at 80 knots.
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Figure 7: Linearization results at 100 knots.

tion matrix being almost identical to those by the nonlin-

ear analytical model. Finally, the frequency response of

all identified transfer function matrices are shown in Fig-

ure 8, all showing a bandwidth less than 10 rad/s, and
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Figure 8: Singular values for all identified transfer

function models.

Figure 9: Classical feedback configuration

the 100 knots case being significantly different from the

rest and showing a more pronounced peak amplitude

around the bandwidth frequency. All identified models

are stable with associated damping between 0.387 and

0.98 and time constant between 0.121 s and 0.41 s.

4. MIXED-SENSITIVITY H∞ CONTROL DESIGN AND
SIMULATION RESULTS

Our approach to attenuate helicopter vibration is to de-

sign H∞ controllers using mixed-sensitivity methods
9
.

The conventional feedback interconnection is shown in

Figure 9, whereby the controller K(s) is the designed LTI
element to attenuate rotor vibrations and the plant G
represent the rotor behaviour. When the behaviour is

linearised, it can be represented in the Laplace domain

as a transfer function matrix G(s). The signal d(t) ac-
counts for the baseline vibration coefficients. In a control

theory context, our design approach is to achieve a sat-

isfactory level of disturbance rejection, i.e., to reduce the
sensitivity of the baseline vibration d(t) on the output
signal y(t). The control effrorts are denoted by u, which
in our case refer to the 4/rev components of the ATEF

deflection angles. The reference signal is denoted by r(t),
which in this case is set to zero as these are the target val-

ues for the outputs after closing the loop. The controller

is designed first based on the models obtained from

the linearisation section. Once a controller is obtained,

which provides satisfactory level of robustness and per-

formance under linear simulations, the controller is im-

plemented on the nonlinear analytical model for a better
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Figure 10: Vibration results for linear simulations.

assessment of the performance. Typically the controller

is required to be finely retuned after this to achieve im-

proved results with the nonlinear rotor model.

The mixed-sensitivity design approach is based on

shaping two key closed-loop sensitivities transfer func-

tions S(s) = (I−G(s)K(s))−1
and K(s)S(s). The shaping

takes place in the frequency domain. The sensitivity is

particularly important as it contains the information in

terms of vibration reduction levels at steady-state, con-

vergence rate and robustness. The shaping of K(s)S(s)
is included to account for the magnitude of the ATEF de-

flection angles used when performing the control taks.

The mixed sensitivity problem can be solved by finding

stabilizing controllers K(s) such that the following norm
is minimised

9

(13)

∥∥∥∥[ WpS
WuKS

]∥∥∥∥
∞

The weights Wp(s) and Wu(s) are used to shape the
sensitivity transfer function S(s) and the control efforts
K(s)S(s), respectively. For the present case, we choose a
diagonalWp(s) with the diagonal elements expressed as

(14) Wpi(s) =
s/Mi +ωBi

s+ωBiAi

The parameters Mi, ωBi and Ai are chosen to specify ro-
bustness, closed-loop bandwidth (which translate in con-

vergence rate in the time domain) and steady-state per-

formance levels, respectively. The index i is used to the
diagonal element. The weightWu(s)was chosen as a con-
stant 2×2matrix. Refer to Skogestad and Postlethwaite9
for more details.

4.1. Linear results
We investigate the use of the model for control design.

We concentrate the control design effort at the flying

condition of at hover, 20, 40, 60, 80 and 100 knots in

constant forward flight (cruise). The efforts were con-

100
-60

-50

-40

-30

-20

-10

0

- - i(Wp(s)-1)

Sensitivity (blue) & Co-sensitivity(red)

Frequency (rad/s)

Si
ng

ul
ar

 V
al

ue
s 

(d
B)

100
-200

-150

-100

-50

0

50

Hover
20 knts
40 knts
60 knts
80 knts
100 knts

Loop transfer functions

Frequency (rad/s)

Si
ng

ul
ar

 V
al

ue
s 

(d
B)

100
-200

-150

-100

-50
KS transfer functions

Frequency (rad/s)

Si
ng

ul
ar

 V
al

ue
s 

(d
B)

Figure 11: Linear results in the frequency domain.

Figure 12: Output responses under linear simula-

tions.

Figure 13: ATEF responses under linear simulations

centrated in finding a unique controller able to provide

vibration reduction for all flight conditions. This is de-
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sirable to reduce processing power and implementation

demands. The controller was designed based on the lin-

earised plant at 60 knots. A stabilising controller with

order 17 was obtained. Frequency and time-domain re-

sults are shown in Figures 10-13. The design results are

satisfactory in the sense that vibration reduction was

achieved for all flight conditions with a single controller.

Vibration reduction on the 4/rev component vary be-

tween 40% and 65%. The controller was obtained after

choosing the same values for both diagonal elements

of Wp(s), with ωBi = 0.1 rad/s, Mi = 1.5 and Ai = 0.4
andWu(s) = 1×105I. Linear results in the frequency do-
main show also the singular values for th loop transfer

functions L(s) = G(s)K(s) and the co-sensitivity T (s) =
I − S(s). Step responses show both the time response
of the outputs and also the ATEF deflection angles when

a step signals in the output disturbance is applied sep-

arately, with an amplitude about 10% of the baseline

value.

4.2. Nonlinear Results
The linear controller designed in the previous subsec-

tion was implemented on the nonlinear analytical rotor

model in closed loop. The average values is about 60%

for all flight conditions. Simulations were run so at the

beginning the rotor is trimmed first and then the closed-

loop controller is engaged after 7 s. The performance

was satisfactory in the sense that achieved vibration re-

duction level were even better than those expected from

linear results. In addition, it is was observed that the vi-

bration control scheme is not interfering with the trim-

ming of the rotor, with the blade coordinates (flap, lag

and pitch) being practically the same after the controller

is engaged. ATEF deflection angles were very small, in the

order of tenths of degrees, due to the high sensitivity

on the 4/rev component of the thrust to 4/rev compo-

nents of the ATEF. Results are shown for the 100 knots

flight condition, with Figure15 showing the evolution of

the vertical hub load and Figure14 displaying the 4/rev

component of Fz and 4/rev component of the ATEF de-
flection angles (control actions).

5. CONCLUSIONS

This paper has described the methodology of usingH∞

control design for OBC. The overall results were highly

satisfactory in the sense that significant reduction lev-

els were achieved on the 4/rev rotor hub vertical force

for several forward flight conditions. The control strat-

egy was found not to interfere or modify the trimming of

the rotor. Future work will explore on expanding the cur-

rent approach to a more comprehensive one with taking

into account the remaining hub loads and moments and

achieve a desired trade off across the signals in terms of

vibrating reduction.
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