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Abstract

An expanded description of the Force-Phasing Matrix (FFPM) technique
for understanding the physics of instabilities of linear dynamic systems
is presented, The technique is a mathematically formalized procedure for
identifying those forces acting on the system's component degrees-of-
freedom which are in-phase with the velocities of these degrees-of-
freedom, The FPM technigque, originally defined only for the case of
linear systems with constant coefficient, is expanded to the case with
periodic coefficients, The technique is thus particularly well-suited to
rotorcraft instability problems., Application of the technique is made to
the cases of gir resonance and blade flap-lag instabilities, Significant
differences between ground resonance and air resonance instabilities, as
identified using the FPM technique, are discussed. Finally, results
obtained from applying the technique to the problem of flap-lag instability
of a rotor in forward flight are also disgcussed.

1. Introduction

1.1 Background

In recent years considerable effort has been spent in the develop-
ment of analyses for predicting aeroelastic and aeromechanical instabili-
ties of helicopter rotor blades. To a great extent this cumulative effort
has been well-directed; several aeroelastic stability analyses [1-3] have
been formulated which successfully identify and model various types of
rotor instability, Such analyses generally involve the derivation and
solution of sets of linear differential equations describing the motion of
the several degrees-of-freedom defining the total dynamic system. These
multi-~degree-of-freedom equations of motion are generally written in
matrix form as:

M%)} + [cl{x} + [KI{x} = {F(t)] (1)

A recognized hallmark of rotary-wing dynamics is an abundance of
nonconservative forces (usually involving rotor speed). Consequently,
the resulting analyses produce equations of motion of the above type
wherein the M, C and K matrices (mass, damping and stiffness matrices,
respectively) are square, real-valued, highly nonsymmetrical and often
periodic in time., The universal starting point for rotary-wing stability
analysis is to solve Eq.(1) as some form of an eigenvalue problem with the
applied loading description (the right-hand side) set to zero,
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The principal mathematical result of such an eigenvalue analysis is
the eigenvalue itself which gives a quantitative measure of the stability
level of the dynamic system as a whole, Hence, a ubiquitous characteristic
inherent in all such aercelastic analyses is a wealth of stability bound-
aries, as gleaned from the interpretations of the eigenvalues obtained,
showing trends with respect to a multiplicity of system parameters, All
too lacking, however, is a unifying exposition of the destabilizing
mechanisms involved, Knowledge of such mechanisms has the potential for
providing general insight into the physics and, thereby, enabling an
efficient remedy to the instability to be devised. In addition to the
system of equations and the resulting eigenvalues, recourse must be made
to the eigenvectorsg to achieve this objective, It should be noted that
as a rule, eigenvector information is typically discarded as a useless
by-product or, at best, underutilized in most rotary-wing aeroelastic
stability analyses, The primary tool advanced herein for providing
insight into the destabilizing mechanisms is the '"Force-Phasing Matrix"
(FPM) methodology, as originally proposed in Ref.4 and later in Ref.5

1,2 Objectives

The primary objectives of this paper are twofold: TFirst, since the
original exposition of the force-phasing matrix technique little use has
been made of the method., This has been due in part to the fact that it is
not widely known and in part because it was originally formulated for the
limited class of eigenvalue problems wherein the M, C and K matrices are
constant, Thus, the first objective of this paper is to reacquaint the
rotary-wing dynamics community to the method with appropriate reformula-
tions, including the extension to Floquet type problems, The second
objective of this paper is to provide new imsights into comntemporary
rotary-wing instability issues as obtained using the reformulated Force-
Phasing Matrix technique. As originally described in Refs.4 and 5 the
FPM technique successfully identified the destabilizing elements in the
matrix equations of motion only for the important but already well-
understood problems of blade bending-torsion flutter and divergence,
Results presented herein include applications of the FPM technique to
helicopter air resonance and blade flap-lag instability,

2. Theoretical Development

2.1 Basic Ideas

The theoretical development of the FPM technique follows from three
gsimple ideas governing the unstable motion of any linear multi-degree-of-
freedom system: (1) The nature of any unstable system is that it has
destabilizing forces acting on it which have components in-phase with
velocity, Thus, for unstable motion these forces produce work on the
system. (2) Within any such unstable dynamic system each degree-of-
freedom has a multiplicity of forces which have components correspondingly
in-phase with the velocity of that degree-of-freedom, Such forces are
herein denoted as '"driving forces.'" That each degree-of-freedom has
drivers in a condition of instability is presented without proof, but
follows heuristically from the properties of linear differential equations.
(3) PFor any instability involving two or more degrees-of-freedom there
will exist a multiplicity of energy-flow paths (i.e,, vicious circles)
wherein the two or more degrees-of-freedom will mutually "pump" energy
into each other,
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The principal function of the FPM technique is to identify those
force terms in the equations of motion which, for an unstable mode, are
so phased by the mode shape (eigenvector) as to be "drivers" of the
motion. The technique is perhaps nothing more than a formalization of the
intuitive use an experienced dynamicist would make of the eigenvector
information. The basis of the technique can be seen by considering the
eigensolution of Eq.(l) wherein the M, C and K matrices are assumed to be
constant and the right~hand side is equated to zero, For this case the
general solution to the homogeneous differential equation is:

. t
{x} =2 {tp(k)} e7Lk (2)
&

where hk denotes the kth eigenvalue and {w(k); denotes the corresponding

kth eigenvector. In general, both kk and o are complex-valued. The

eigenvalues A(= g+iw), which give stability level (¢) and natural fre-
quency (w) informatiom, are obtained from any of a current variety of
standard eigensolution techniques. Upon inserting the general solution,
Eq.(2), into the eigenvalue equations, each row of the resulting equation
set represents the equilibrium of forces acting on a corresponding degree~
of-freedom, Each such equation can be written as the sum of the mass,
damper and spring forces of the nth diagonal element degree-of-freedom
along with the remainder of the terms lumped together as a combined excita-
tion force, fn:

k
nnhkCP 1:11'1?\k(P nnCP + 2: (m l -Fankk-+k ) ( ) (3)
i#n
. v _J
f
n

For the usual, nonpathological casem_, ¢ and k  are all posi-
nn’ “nn nn

tive numbers; that is, each autogenous mass (i,e., when uncoupled from

the others) is generally a stable spring-mass-damper system, Since the
eigenvalue Xy is generally complex, Eq.(3) can then be interpreted as the
sum of four complex quantities or vectors in the complex plane which must,
furthermore, be in equilibrium, Assuming that for any complex pair the
eigenvector with the positive imaginary part is used throughout, the argu-
ment of the eigenvector ek is the angle by which the inertia force vector
is rotated (counterclockwise) relative to the damper force and the damper
force is rotated relative to the stiffness force, For unstable motion
the real part of lk (ck) is a posttive number and, hence, ek will be less

than E (i.e.,, 90 degrees), If a point in time is taken when the velocity
of the nth degree-of-freedom is pure real and positive, then the auto-
genous damper force (-lkcnnm( ))w111 correspondingly also be pure real
but negative, Further, if it is recalled that the four vectors are in
equilibrium and governed by the constraint on ek, then the real parts of

the autogenous spring, damper and inertia forces will all be negative and,
hence, the remaining lumped off-diagonal terms must always have a positive
real part,
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Figure 1, which demonstrates this argument, shows the four force
vectors in the complex plane for an unstable oscillatory mode [Re(kk)=

. > 03 ek < /2] and unit negative real damping. Since the fn vector is

a sum of all the off-diagonal terms for the nth degree-of-freedom, any of
the individual terms within fn which has a positive real part must be deemed

a "Mdriver" for that degree-of-freedom. Conversely, any of the individual
terms within £ which has a negative real part can be deemed a "quencher"

for that degree-of-freedom, This fact thus provides the dynamicist with the
complementary information as to which parameters might be increased to
stabilize an instability,

L
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nn'n
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By £ (DRIVING FORCE)

(k) //
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lk nn'n — KB

~tf—
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ek = arg(kk)<:90 deg,

2 (k)
kann@n

(INERTIA FORCE)

Figure 1 Force Vector Diagram for nth Degree-of-Freedom, kth Mode

The above interpretations of unstable motion can be quantitatively
implemented by forming herein defined "force-phasing matrices.” For any
unstable eigenvalue lk these matrices have a2 one-to-one correspondence

to the original M, C and K system matrices defining the equations of
motion [Eq.(1)]: Any positive real element in one of the force-phasing
matrices signifies that the corresponding system matrix element is a

driver.
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2,2 Mathematical Implementation-Constant Coefficient Case

Force-~phasing matrices are essentially formed by dividing each row
of the original system of equations by a number which renders the diagonal
damping term pure negative real, For the case of constant coefficient
matrices this can be easily accomplished using the eigenvalue and eigen-
vector information. The force-phasing matrices corresponding to the M, C
and K system matrices, for the kth eigenvalue can be written, respectively
as:

(k)
() - (). %
(2301 = [pfP1=- re I ;1@ [—gh—] ] )
1] By “cis
(k) (k) 05"
k k)y_
(2801 = 1=~ v e, 1@ [—5—] ] ()
i] Bi "y
(k) (k) v
k k 1
(22 = o)== xef [y 1@ [—5—] | ®
1] T
where the ) symbol denotes a Hadamard matrix multiplication (Ref.6),
The a(k), B(k) and y(k) vectors are formed from the results of the
basic eigensolution:
2y = 2™ %)
(8%} = 2, 1™ ®)
y®3 = (o0 ©

Note that this formulation is general in that it covers both oscillatory
and aperiodic instabilities, Although not strictly required for the
methodology, the division by Csy in Eqs.(4), (5) and (6) serves the useful

normalization of the matrices relative to the diagonal damping terms,

Clearly, this divigion will render all diagonal terms in [Pék)] equal to -1,

2.3 Mathematical Implementation - Periocdic Coefficient Case

The extension of the FPM technique to the case wherein the system
matrices [M, C and K of Eq.(1)] are periodic in time (Floquet theory)
requires again a basic eigenvalue solution, 1In this case, however, the
appropriate eigenvalue quantity is denoted the characteristic multiplierAk

which can be efficiently obtained using a transition matrix approach (see
Ref,7). For present purposes the Flogquet theory problem is given in non-
dimensional form as:

{af;} = [A(y) Iy] (10)
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where ( ) denotes differentiation with respect to nondimensional time §
(= Qt, where Q=2n/T), and [A(y)] and {y} result from an augmented state
vector representation of the basic dynamic equation
* ¥
ly) = lx! x| (11)
(12)
]
1
The Floquet theory transition matrix approach generally involves
the formation and eigensolution of a transition matrix [$ (T,O)}, as
typically obtained using some form of numerical integration scheme (with
step size h) over one period, T

{y(m}

[H(T - n)I[H(T - 2n)] ..

(720 ]1{y (0}
[2,(r,0)]{y(0)} =

= A{y(0)}

Il

(13a)

(13b)
where {y(O)] is both

the arbitrary state vector at the start of the
period and the resulting eigenvector of the transition matrix.

As shown
in Appendix A, the H matrices of Eq.(13a) together with the eigenvector
fy(O)} enable the characteristic (nondimensional) acceleration, velocity
and displacement vectors at =y

2
L 0 be represented as follows

(%) = w0

(li4a)
Faol = 1y (14b)
x4 1 = [0y 0)3 (14c)
Using these U( ) ( ) (© )

and U matrices the force-phasing matrices
for the kth elgenvalue can then be ertten as

sz , (k)
(2]~ - Y. & [m, R, 10— @ ]] (15)
P om=1 Bim ii
N (k)
[Pék)]==- ﬁ?— E: Re[[c )1 ® [ (k ] J (16)
m=1 ii
Ny (k)
[Pigk)]=- L Re[{k )] ® [ (k :I ] (17)
N m_l 0
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where NP is the number of intervals into which the period, T, is divided,
as per Eq, (13a), c?i is the constant part of the ith diagonal damping matrix

element and where:

{crrflk)}= [U[,(,A)]{y(k)(on . (18)
(853= ™11y 033 a9
£y;k>}= [Urgc)]w(k)(on (20)

2.4 Use of Force-Phasing Matrices - Energv-Flow Paths

" Using the above formulations force-phasing matrices can be written
for either the constant coefficient case [Eqs.(4) - (6)] or the periodic
coefficient case [Eqs_(lS)- (17)]. 1In either case the force-phasing
matrices constitute one-to-one correspondences with their respective
dynamic gystem M, C and K matrices. The interpretation and usage .of the
force-phasing matrices can be summarized as follows: ‘ :

(1) Identify the most active degrees-of-freedom from the eigen-
vector information for the unstable mode in question.

(2) Look for relatively large positive (+) values in the force-
phasing matrices involving the most active degrees-of-freedom
as identified from the eigenvector. Such elements are the
"drivers'" for the unstable motion,

(3) Of the drivers so identified look for those which involve
degrees-of-freedom which mutually drive each other, Such
drivers we denote as "critical drivers." As illustrated in
Figure 2 such critical drivers would occur in fhe most simple
form as off-diagonal terms involving two distinct degrees-of-
freedom, say the nth and mth,

(4) Thus, c?itical drivers would show up as relatively large (+)
values in both the ( )mn and { )nm elements of one or more of

the three force-phasing matrices., The interaction through these
terms is defined herein as the “energy-flow path."
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nth Degree-of-Freedom mth Degree-of-Freadom

) | |
I *_________._7/*/% B

‘\\\ Equation

I

Diagonal '
Eleménts I
™ |

|

l
!
I
I
3
QI --=-== = >4 .

— =

[PM],[PC] and/or [PK]

Critical Drivers = Terms in original dynamic equa-
tions acting as mutual drivers for unstable motion,
as identified by (+) terms in corresponding force-
phasing matrices,

Energy-Flow Path

Figure 2 Definitions of Critical Drivers and Energy-Flow Path

3. Applications

The FPM techmique is completely general in that it can be applied
to any explicit set of linear (or linearized) differential equations of
motion, irregardless of the number of degrees-of-freedom. For demonstra-
tion purposes herein, however, two basic sets of simplified equations are
used for the instability phenomena to be examined. For ground and air
resonance purposes the equations described in Ref,8 were selected
because they constitute a reasonably representative modeling of the
phenomena yet are sufficiently explicit for the purpose of demonstrating
usage of the FPM technique. This set of equations, applicable to both
ground and air resonance calculations, is reproduced in Appendix B. For
the analysis of flap-lag instability in forward flight the differential
equations defined by Peters (Ref,3) were selected ; only selected portions
of these equations are reproduced herein for brevity,
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3.1 Ground Resonance

As can readily be seen from any typical set of basic ground resonance
equations [8 9], the coupling terms producing the instability (i.e.,
those which couple the pylon (hub) in-plane translational displacement and
rotor blade cyclic edgewise motion dynamic subsystems) can be readily
identified to be the coff-diagonal, acceleration dependent ones. Using the
complex displacemént scheme of Ref,9 and the nomenclature of the equations
given in Appendix B, these coupling terms can be expressed as:

Hub in-plane motion {(z=x+iy) equation

. :
cee TS 848 .. =0 (21a)

Rotor edgewise motion (G’zsx'+i§y) equation

8482 + ... =0 (21b)

where 548’ as defined in Appendix B, is a generalized edgewise first mass

moment of inertia for the blade, and b is the number of blades. This
parameter (848) is directly analogous to the K parameter defined in the

classic work of Coleman and Feingold (Ref.9). 1In the basie ground reson-
ance equations of motion these coupling terms are quite literally the only
ones present, and indeed (in the limit) minimization of these terms rela-
tive to the diagonal terms, eliminates the instability, Clearly, identify-
ing the coupling terms in the above mannex, however, is an insufficient
explanation of the ground resonance instability, That these coupling terms
result ip instability is due in large measure to the phase relationships
resulting between Z and €, and even more importantly, between e, and Ey-

These issues are addressed in more detail in the following section.

3.2 Air Resonance

Appendix B presents the simplified set of equations used for exam-
ining the physics of the air resonance phenomenon, The minimum descrip-
tion selected for this simplified analysis includes eight (cyclic) degrees-
of-freedom: longitudinal and lateral hub translations (x and y), hub roll
and pitch rotations (9Xr and eyf), blade longitudinal and lateral inplane

bending (e, and ey): and blade rolling and pitching flatwise bending (BXh
and Byﬁ). The increased complexity of the air resonance equations (over
those for ground resonance) is commensurate with the need to include aero-

dynamic as well as gravitational effects, Consequently, coupling terms
abound in the air resonance equations,

For illustrative purposes the four-bladed, Froude-scaled hingeless
rotor/airframe configuration described in Ref.8 was used. Table 1 lists
the mechanical and geometrical properties of both the selected blade
configuration and the (rigid body) airframe.
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TABLE 1

AEROMECHANICAL PROPERTIES OF ROTOR AND PYLON
USED FOR ATR RESONANCE CASE

1. Rotor Properties
(Wominal) tip speed, (R 90,50 m/s
Froude number & nom (R 608.41
Radius, R 1.37 nn
Mase distribution, n’ 4,98 kg/m
Flatwise bending stiffness, EL_ 1.904 o
Edgewise bending stiffness, EI 106,65 Nn®
(Nominal modal damping, C ,( 0,005
Number of blades, b 4
Lock number, vy 5.854
CT/U {hover) 0.075
Chord, ¢ 11,65 cm
Precone angle, BB 0.5 deg
Collective angle, B,TSR .98 deg
Inflow, X ~0,06371
a 0.1/deg
(.008
‘4
Thrust, T 387.20 N
2, Pylon Properties
Pylon mass, me 37.02 kg
c.g. location, h1 0,305 m
(Nominal) roll inertia, Icp . 0.163 kg-n°
£
(Nominal) pitch inertia, Ie 0,746 kg-u®
f

For a hovering flight condition (QOR = 96,01 m/s) an unstable air
resonance eigenvalue pair (characteristic roots) was calculated to be
A =+.,2498 £ 126.8127, For this eigenvalue the complex eigenvector is
given by:

x y O,

lol = /Real/ -.2324 -,5604 ,8284
/Imag/  ~.0476 -,0438 ,1378

Oy, €x ey O O
-.2619  1,0000  .0219 -.4546 .0862
-.0651 0. ~.9853  -.4509 1569

Based on this modal informarion the unstable motion is seen to
involve principally the y, ex y €5 € and Oxg degrees~of-freedom,
These degrees-of-freedom constitute those defining lateral motion with
almost equal components of both lateral and longitudinal cyclic blade
edgewise bending, For the unstable air resonance characteristic root pair
given above, the force-phasing matrices which were calculated using
Egs.(4), (5) and (6), are given below with the most significant drivers
for the principal degrees-of-freedom indicated with boxes.
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[PM], Phasing Matrix for Mass Matrix

- GOTE+01 .OO0E+00 . OQQE+00~. 2S0E+02 .S12E+02 . DOGE+QQ . O0OE+00—. 330E+00
. O0OE+00=, SO7E+01—. 790E+0Z . QOOE+00 . 000E+00 [[ 101E+OG. 421E+Q0 . O0OE+00
. DO0E+00 « 173E-01 . OQOCE+00 . QOOE+00 , 449E~O2~. 210E+00 . OOOE+Q0
. 7S4E~01 . OOQE+00 .QCOE+00-, 209E~01 .358E-02 .000E+00 . QQOE+00-,233E+00
~. 312E+00 . O00CE+00 . OOOE+00—, 1 16E~0L—, 187E+00 . OOOE+00 . O00E+00 . OOOE+00
. O0OE+00—, 392E+01—, 157E+00 . GOCE+0D , QOOE+00~, 1A7E+Q0 . OO0E+00 . OOOE+00
. O00E+Q0 . BB1E-03 . O0OE+00 .0O00E+00 . QQOE+00~. 472E~02 . 0QOE+00
. 151E~02 . 000E+Q0 . OOOE+Q0 . SEIE+00 . QO0E+00 . QOOE+Q0 . OCGOE+00-. 472E-02

[P_], Phasing Matrix for Damping Matrix

C 2
—. 100E+01—-. 115E+00C . 718E+01—. 119E+01 .798E+01—. 178E+0Q0~-. 310E+01 .| 492E+00
« 200E~01-. 100E+01~. 185E+01—. 6 1LE+Q0O—, 42FE+00—, 183E+Q0 +O0 . 240E+Q0O

. 211E~01-. 172E-02~. 100E+01 [ 7I9BE+00}-- 2B6E+00 . OOOE+00 [ GOSE+00-. 332E+00
—. BETE~02-. 154E+00—, 773E+01-, 100E+01 .QO00E+Q0—. 195E+00 . S13E+01 . 438E+00

. 533E-01—. 21 3E-03 . QOOE+00~. 100E+01~. 229E+01 [ 239E+0d . 000E+00
—. 164E~04—. 730E—02 . 000E+0Q .260E-01 « 1IOOE+0L . QOOE+00 . 826E~01
~«R3SE-01 .173E-02 [ 10BE+0I}. F46E+00 . QOQE+00—. 100E+01

. 222E-02 . 130E+00 .759E+01 . 103E+01 .Q0QE+00 , 107E+01~, FOTE+O1—, LOCE+C1

[PK], Phasing Matrix for Stiffness Matrix

- O0QE+Q0 . OOQE+00 . O0QE+QQ . 252E+01 . S0SE+00—, POGE+02 . Z94E+01~. 1 32E+02
. GOGE+OG . COOE+Q0 . 000E+0¢ [ BIEE+OQ L JIOE+OD-. 1 7OE+02—. 705E+00
. QUOE+00 . O0QE+00~. 706E-03 . OO0E+00 . O00E+00 . QOOE+00—, 429E+00
« COCE+QQ ., OQ0E+00 . O0OE+Q0~, 7OEE~03 . S46E+00Q , OQOE+QQ . Z14E+01 . QOOE+00
- QOCE+0Q . OQCQE+00 . 000E+00 . OQ0E+QOQ . O00E+00~, R16E+00
. Q00E+Q0 . QOOE+00 . QUOE+00 . QOOE+00 [ 265E+01 (L 793E+00—. 640E+00Q . QOOE+Q0
. QO0E+Q0 . OQCGE+OD . COOE+Q0 . 0OQE+Q0 . OOOE+00—. GE3E+00—. 2E1E—02
- 00CE+Q0 . OQOE+00 . DOOE+QQ . QOOE+DO—. 287E+Q1 . QOOE+O0 , ES6E+01-, £61E~02

Using these force-phasing matrices together with the relative modal
activity for this mode (as indicated above by the eigenvector information)
an energy-flow diagram can be drawn. Such a diagram represents a summary
of the information provided by the force-phasing matrices, The energy-
flow diagram for the given air resonance condition is shown below.

N Degree-of-Freedom
Eq, No. ¥ exr €y €y exR
z2 (y) @=—) Koa Boe
| ’ k_Ef
* | I
3 (Bxf) Mgz @ ke |—1%,
1! T | l
iy kss 1 f

0 e s L

6 (ey)

7 (8, ) m?c.f; L | oy el

Figure 3 Energy-Flow Diagram for Air Resonance Instability Conditiom,
Hovering Flight, Cp/o=0.075
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The following observations and interpretations can be drawn from
this diagram (together with the quantitative information contained in the
actual force-phasing matrices):

@ The air resonance instability is a multiple energy-flow path
phenomenon with both direct and indirect paths,

e Contrary to the ground resonance case there are no pylon-to-
blade edgewise acceleration dependent coupling terms partici-
pating in any of the energy-flow paths,.

e Direct energy-flow paths exist between the following sets of
degrees-of-freedom (y and exf)’ (9xf and eﬁh)’ (e, and ey):

and (ex and (GXR).

e Indirect energy-flow paths exist between 8, and ey {through
ex), and between y and ey (through exf and ex).

¢ The unstable coupling between €, and ey, which is typical with

both ground resonance and air resonance, involves not only
damping and stiffness off-diagonal terms, but the diagonal
stiffness terms as well., The diagonal stiffness contributions
are relatively small, however, and arise from the fact that

the k55 and k66 terms themselves become negative for the

supercritical operation characteristic of ground and air
resonance phenomenon.

¢ The most significant critical drivers are those coupling
forces associlated with the k23, m

k Ce50 Kegr Kggr My3s

26> S260 M32s K341 ©375 Cx30
559 k56’ Csg Cug and ¢,5 terms.

Using the equations in Appendix B, the critical drivers can be
explicitly written and are given in the following table:

TABLE 2

CRITICAL DRIVERS FOR AIR RESONANCE HOVERING CONDITION

¢ Hub Lateral Force (F,):
k23: TBxf
b v
T26° 7 Susfy
k,: -2x0% T, +20 .. T )e
26" 2 a B 19 L ISRT20 Ty
¢ Hub Roll Moment (4 )}:
Pypf - (bBgS) ~mhy)Y
b 2
k. . LA
367 7 Sl ROTpq+28 55T )ey
[ 1 K (RT 9
ar 27&a 1ix
R (cont'd)
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Table 2 - cont'd,

¢ Longitudinal Edgewise Excitation (E‘.ex):

537 KIR(2ATy, +8 4575100,
2 2
kg S, - Qe
2.7, S8
Ksgt | ( - )]
567 | Baglihy 0 FRARZ T Tog - 0 L oqhTy )| 6y
Ss7i (2855 K ORI, 8 pTypdl B,

» Lateral Edgewise Excitation (Eey):

o5t ~Zygle, .
d
- e B )]
K65 '[2349“4‘:‘"\:”‘&“ R(z s T25 =8 75a2T2a M €
k . 2_ .2
66°  Sae®, Qe

¢ PRotor Rollwise Flatwise Excitation Gﬂ, ):
R

S, .8

m_, p
73 12%,

. xankrllaxf

S5t [-2Bg08,0 +K OR(NT,, +26 55pTo0) e,

3.3 PFlap-Lag Instability

The equations of motion selected for the analysis of flap-~lag insta-
bility are those of Peters (Ref,2, with updates transmitted to the author
informally). These equations are essentially those published eariier by
Ormiston and Hodges for hovering flight (Ref.l) but with extensions which
include (quasi-static) forward-flight aerodynamics., The inclusion of
forward-flight aerodynamics produces periodicity in the equations of motion
and, hence, admit the optional use of Floquet theory for solution,

Briefly, the (2X2) equations describe the coupled motion of the
blade in rigid body flapping B, and lead-lag, [. These degrees-of-freedom,
as elastically coupled by a general root retention spring system, consti-
tute an idealization of the flapwise and inplane bending of a hingeless
rotor blade with structural coupling arising from a variety of sources:
pitch angle, twist, etc. The idealized elastic coupling is quantified
using the uncoupled nonrotating natural frequencies in flap and lead-lag,
w, and w., respectively, and an elastic coupling factor, R. The Peters

B g
analysis also generalizes the automatic pitch change description to include
both flapping and lead-lag effects, GB and eg, respectively, Finally, in

addition to the aforementioned forward-flight aerodynamics effects, the
analysis makes provision for investigating the effects of a partial trim,
The trim calculation must be deemed only a partial trim in that it neglects
the rotor inplane forces and assumes a zero shaft angle, Hence, in the
numerical results presented propulsive force trim was omitted and only
those control angles required for thrust and zero hub moment were calcu-
Iated, The actual equations used for obtaining the partial trim conditions
are given in Refs,1l0 and 11,

These flap-lag eguations are considerably simpler than those for
air resonance in that there is no difficulty in identifying the critical
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degrees-of-freedom and in establishing the energy-flow path. There are
only four (4) off-diagonal terms which can couple these two degrees-of-
freedom, and for zero elastic coupling (R=0), the two off-diagonal
damping matrix elements dominate. In order to clarify the discussion to
follow, the damping matrix of the flap-lag equations is reproduced herein
from Ref 2 for the case of constant coefficients and zero flapping:

_ 2B
v LY ° N
8 E s (@"290 ) p'es>
[C]= """"""""""""""""" B b EE L T PP 22
a5, s o
T c
Y (Lo 2 )*1(_% 5+ 2 )
+8(2cp+6 +3U=9 28 2a+e§°+3usoec
| ? _

The increased complexity of the flap-lag instability problem over
that of air resonance arises because of the periodicity of the coefficients,
For this case it is possible for otherwise stabilizing or neutrally stable
forces to act as drivers, as will be shown in the material to follow,

The FPM technique was applied to the flap-lag instability phenomenon
using four basic flight conditions:

(1) Hovering (u=0)

(2) Autorotation (M=0)

(3) Forward-flight at p=0.3
(4) Forward-flight at p=0,45,

Additionally, the two forward-flight cases were run without and with the
harmonic terms (i.e., constant coefficients vs. periodic coefficients).
For all the cases, except where varied and so noted, Lhe calculations were
made using the following configuration parameters: =0.3873, w.=1.4,
vy=5, R=0, CT/G=0'2’ eB=e€=ec=O, cdo=0.01, a=2r. The resu%ts of

the calculations for these four cases are summarized in Table 3,

The bottom portion of Table 3 presents the stability results
achieved both in terms of the ecritical eigenvalue (inplane motion dominant)
and those elements of the force-phasing matrices which indicate that the
corresponding terms in the equations of motion are drivers. All of the
critical eigenvalue results calculated are consistent with those calculated
and presented by Peters (Ref.2). For those cases wherein Floquet theory
was used (3b and 4b) the critical eigenvalues were calculated from the
critical characteristic multipliers using the technique of Ref,7, The
variations in advance ratio u, and inplane natural frequency wC’ were
selected so as to obtain results which showed instability, as well as
demonstrated interesting facets of the FPM technique,

3.3.1 Non-Forward-Flight Cases (p=0)

For the nominal jinplane frequency of 1.4 the basic hovering case
(la) was found to be stable (again comsistent with Refs.l and 2). Upon
changing this frequency to 1.2 (case 1b), an instability was obtained and
the drivers for the motion were found to be only those indicated by the
(1,2) and (2,1) elements of the damping force-phasing matrix. Note that
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TABLE 3

STABILITY AND FPM RESULTS FOR FLAP-LAG INSTABILITY CASES

Case
Parameter la 1b 2 3a 3b 4a 4b
" 0 0 ] 0.3 0.3 0,45 0.45
9, 17.02 17.02 10,41 14,90 | 14.%0 17.53 17,53
8, 0 0 0 -10.90 |-10.%0 | -20.02 | -20.02
) 0943 0943 -.0083 L0222 | 0222 .0148 .0148
B, 5.49 5.49 5.14 5,20 5,20 5.14 5,14
w, 1.4 1.2 1.4 1.3 1.3 1.4 1.4
Harmonic
terms N N N N ¥ N ¥
Result
item
Aorie ~. 00085 ,00072 .00074 .00020 | .00113 | ~.00085 f 00219
411,398 | +41.196 +11,399 | 11,298 {+11.299 | 211,398 | 11,402
pg 1.00 1.00 1.00 1,05 0,793
12
pg 1.07 2,43 1,16 1.33 1.47
21
po ¢-.00093) | (-.00070) | (-.00022)| 0,23 1.24
Kll 5 =]
(=3
o 2 - - - 049 3 0
c21 @0 “ ("‘. 31)
P - - - 0.9 0.55
Ka

the (1,1) elements of the stiffness force-phasing matrix for these cases
are negative and parenthesized to indicate that they are nondrivers or
"quenchers. "

In order to gain understanding of the basic instability mechanism,
a parameter variation was made of the lead-lag frequency, w., for the

selected hovering flight condition, Figure 4 presents the results of this
variation. The figure shows the variations of the stability indicating real
part of the critical eigenvalue, the phasing of the flapping motion relative
to the lead-lag motion, and the two driver elements of the damping force~
phasing matrix with this lead-lag frequency. For variations in w_ it can

be seen from Eq, (22) that the off-diagonal damping matrix elements are
invariant, Thus, the wide variation of p% and p% with wg must be due to
12 21

the variation in the modal relationship of E to E, as shown by arg(E/E).

Note that p° and p° correlate well with ¢ _. , confirming the consistent
Clg Cgl crit

role of the 12 and ¢, terms as critical drivers, For this hovering condi~

tion the numerical evaluation of the [C] matrix is as follows:

0.625 -.121

fcl =
-, 124 ,0195
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Figure 4 indicates that the maxiwmum instability point occurs when
the flapping and lead-lag motions are in-phase with each cther. Thus, the
rele of these off«diagonal damping matrix elements becomes clearly that of
being sources of negative damping, Note from Eq, (22) that the 1y damping

matrix term would normzally be positiwve (=“%260) but for the serodynamic
contribution, which becomes increasingly negative with @G, The trend of

62-16



decreasing stability with increasingly high values of collective angle is
well recognized (Ref,1l). The variation of the oy term with 90, and cor-

respondingly with §, however, is not nearly as great, and that element
generally remains negative,

For the nominal lead-lag frequency the autorotational case (2) was
found to be unstable verifying the destabilizing trend found for auto-
rotative flight (Refs.10 and 11). Note that. in the formulations of the
FPM technique an arbitrary normalization of the matrices by the diagonal
damping forces was employed, Thus the substantial increase in the p%21

damping force-phasing matrix element (= 2.43) over that for case la (=1,07)
should be interpreted to mean either that the destabilizing impact of the
oy term in the equations has increased, and/or that the stabilizing impact

of the oo term has decreased, Examination of the damping matrix portion

of the Peters equations, Eq,(22), indeed reveals a loss of inplane damping

(€39
the accompanying reductions in the destabilizing damping matrix coupling

terms (c12 and czl). Thus, it would appear that the decrease in stability

with autorotative flight, as reported in Refs.10 and 11, is principally
due to the substantial loss of autogenous inplane damping arising from the
change of sign on the inflow.

—

) with negative values of the inflow parameter § at a rate higher than

3.3.2 TForward Flight Cases (i > 0)

Fach of the two selected forward-flight conditions was analyzed
using both the constant coefficient approximate solution and the more
exact Floquet/transition matrix solution. Note that for the periodic
coefficient cases (3b and 4b) the FPM technique was applied separately to
the constant portions of the system matrices as well as to the harmonic
portions, The elements of the force-phasing matrices for these two com-
ponents are denoted, respectively, by ( ¥ and ( . WNote also that for
the higher advance ratio case the results again support the findings of
Ref, 2 that the inclusion of the periodic terms can reveal an instability
which might be masked by the constant coefficient approximation. The
lower advance ratio case (3b) required a reduction in wg to a value of 1.3

to achieve instability for both types of solution., Remarks made above
concerning the hovering condition (case 1b) would appear to be applicable
to the constant coefficient case (3a) as well and won't be repeated.

The results for the periodic coefficients case, however, show a
gomewhat different behavior, The off-diagonal coupling terms identified
as critical drivers again include the {(constant part of) the €19 and Cs1

damping terms, as before, but now with the harmonic portions of the €s1
and k21 equation elements as well. A significant result is that the

constant part of the diagonal k.. stiffening term is now acting as a

11
driver, even though this term is always positive., Such a term could not
act as a driver for the case of constant coefficients because of the
constant phase and amplitude relationship between the characteristic
velocity and displacement vectors (see Figure 1). However, for the case
of periodic coefficients (Floquet theory) the phase and amplitude relation-
ship between these two vectors is generally also periodic [12]. Thus, over
one period it is possible for the characteristic displacement vector to
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have (on the average) a component out-of-phase with velocity, and thus act
as a negative damper., The details of this relationship as it applies to
the flap-lag instability phenomenon are not yet well undexrstood, however,
and more study remains.

&, Concluding Remarks

Formulations have been presented which extend the range of applica-
bility of the Force-Phasing Matrix (FPM) to include linear dynamic systems
with both constant and periodic coefficients. The FPM technique should be
viewed as a principal part of the eigensolution results. While it does
not, by itself, indicate stability levels, such as are provided by the
eigenvalues, it does provide insight into the physics of the instability.
As such, it is much more directly useful than the basic elgenvector
results, which are often disregarded because they are difficult to inter-
pret. The implementation of the FPM technique as part of the eigensolu-
tion is quite simple, All of the results calculated for this study were
computed using an IBM Personal Computer with a state-of-the-art FORTRAN
compiler [13].

It should be stresged that the FPM technique is most properly used
with and in support of engineering judgement; the results should be inter-
preted generally in the context of the specific application, The technique
will usually not in of itself provide the design engineer with direct
information as to how to stabilize any and all instabilities, much less in
the most efficient manner, Its use lies more in providing the ability to
identify those coupling terms which are drivers, to be reduced hopefully,
and those which are quenchers, to be augmented, 1f possible.

From the numerical results of applying the FPM technique to the air
resonance and flap-lag instability phenomena, the following specific con-
clusions have been drawn:

1. Ground resonance and air resonance instabilities are similar
in that both require an energy-flow path between longitudinal
and lateral cyelic rotor mode displacements of blade edge-
wise bending and both involve inertia couplings of the blade
edgewise motion (accelerations} to the pylon motion force
equilibrium,

2, Ground and air resonance are dissimilar in that the energy-
flow paths for ailr resonance are multiple (both direct and
indirect), rather than singular and do not involve inertia
couplings of the pylon motion {accelerations) to the blade
inplane motion force equilibrium, as with ground resonance,

3. Stabilization of the air resonance instability using the
FFM technique would be difficult using only the basic pas-
sive coupling terms given in the simplified dynamic equa~
tions since they are not subject to significant independent
variation., Successful stabilization using FPM might best be
accomplished by investigating the impact of additional
coupling parameters unrelated to aercdynamic performance
which could be built into the system,

4, Simple flap-lag instability is basically caused by the ofi-
diagonal damping elements, Of particular importance are
those portions thereof relating to flapping airloads result-
ing from lead-~lag velocity and inplame Coriolis (inertia)
loads resulting from flapping velocity,
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5. Flap-lag instability is characterized by flapping being
closely in-phase with lead-lag, With this phase relation-
ship and at relatively high blade pitch angles, the resulting
loss of blade gerodynamic flap damping is a principal cause
of flap-lag instability,

6, The reduction in flap-lag stability for autorotational
flight is principally caused by the loss of autogenous
inplane aerodynamic damping, This loss arises from the
change in sign of the inflow inherently characteristic of
autorotational flight,

7. The general reduction in flap-lag stability in forward
flight, as predicted by Floquet theory vis-a-vis the constant
coefficient approximation, is caused in part by the incon-
stant (periodic) phase relationship existing between flapping
displacement and velocity for periodic coefficient systems.
Such inconstancy of phase allows the otherwise neutrally
stable,autogenous flapping stiffness (as defined by the con-
stant coefficient part) to act as a significant driver in the
blade flapwise motion moment equilibrium.

8. Further reductions in flap-lag stability in forward flight,
again as predicted by Floquet theory, are caused by the
harmonic (aerodynamic) stiffness coupling of flapping dig-
placement in the lead-lag motion moment equilibrium,
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Nomenclature
a Airfoil section 1ift curve slope, 1/deg
b : Number of blades
Cla . Rotor thrust coefficient per blade solidity
c Blade chord, cm
Cq, Airfoil section minimum drag coefficient
Cy Pylon effective translational damping at hub, N-s/m
El Blade bending stiffness, N-m®
F;f,F}f Hub force excitations in x- and y-directions, respectively, N
£ Resultant driving force for nth degree-of-freedom, Eq.(3)
(8#(T - mh}] Matrix relating sclution for two consecutive augmented state vectors (Ref.7)
Hadamard or element by element matrix multiplication (Ref,6)
hy Distance airframe ¢.g, is below rotor hub, m
Tg, » L Airframe pitch and roll inertias, respectively, about airframe c.g., ke’
" Aerodynamic effectivity, kg-m
ke, Pylon effective tramslational stiffness at hub, N/m
[ml,fcl, [kl Inertia, damping and stiffness matrices, respectively
M oM, Hub moment excitations in roll and pitch, respectively, B-m
m, Airframe (pylon) mass, kg
myy,Coy,ky Elements of the [M], tC] and [X] matrices, respectively
m, Rotor mass, Kg
m’ Blade mass distribution, kg/m
N, Number of intervals into which period is divided
[PS*)],{rﬁk>], Force-Phasing Matrices for kth eigenvalue
[p{x) ] _
R Roter radius, m, or elastic coupling parameter (Ref.z), as appropriate
r Blade spanwise variable, m
S1, ... 849 Blade mass madal integration constants, as appropriate
T Period defining periodicity of equation coefficfents, or thrust, as
appropriate
T, .. Tag Blade aerodynamic modal integration constants, as appropriate
t Time, sec
[U(‘>],[U(B)1, Matrices used to define characteristic acceleratiom, velocity and displace-
[U(c)] ment vectors, respectively
X,y Longitudinal and lateral hub displacements, respectively, m
x} Vector of system degrees-of-freedom
y Augmented state vector
{v(®} Eigenvector of transitiom matrix
z Complex hub displacement (= x +1iy)
Ba Blade precone angle, deg
By Constant component of equilibrium flapping angle, deg.
Y Blade Lock number
Yy 3 Y Blade lst edgewise and flatwise bending mode shapes, respectively
€5 €y Cyclic yotor mode descriptions of blade edgewise bending in
Longitudinal and lateral directions, respectively
Cv 3 Cu Blade structural damping equivalent critical damping ratios for edgewise
and flatwise bending, respectively
0e, 6, Cosine and sine components of cyclic pitch control, deg

Angular argument of kth (complex) eigenvalue, deg
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Superscripts

Subscripts

Cerst
(X

C e, O
Cxy )y

Hub roll and pitch motion, respectively, deg
Cyelic rotor mode descriptions of blade flatwise bending in rell and pitch

directions, respectively

Alternate forms of blade collective angle, deg

kth characteristic multiplier

Alternatively, rotor inflow and Laplace transform space eigenvalue

(= otiw), 1/sec

Rotor advance ratio

Air density, kg/m®

Real part of system eigenvalue, giving stability information, 1/sec
Fundamental or generalized transition matrix for initial conditions glven
at y=0

Transition matrix relating conditions at end of period to initial conditions

kth eigenvector of dynamic matrix equation
Inflow parameter, = % s

Alternatively, rotor azimuth angle and nondimensional time (= Qt)

Rotor speed, rad/sec

Imaginary part of eigenvalue giving coupled frequency information, rad/sec
Inplane and flapwise (first) natural frequencies, respectively, of
rotating elastic blade abt G =0, 1/sec

Dimensionless nonrotating flap and lead-lag frequencies of blade at g, =0

Arising from aerodynamic sources

Pertaining to harmonic portion of periodie coefficients
Relating to kth eigenvalue

Pertaining to constant portion of periodic coafficients
Nondimensionalization by radius, R

Differentiation with respect to §

Critical or unstable eigenvalue

Conditions at mth instant of time within a period

Relating to blade edgewise and flatwise bending, respectively
In longitudinal and lateral directlons, respectively

Appendix A - Characteristic Responses for Linear Systems with

Periodic Coefficients

The eigenvalue problem resulting from the transition matrix approach
to the stability solution of linear equations with periodic coefficients
yvields a set of k characterlstlc multipliers Ak and a set of k character-

istic vectors,
teristic initial condition vectors,

{y(0)*3.

These vectors can be considered to be the k charac-
The problem of defining the character-

istic responses (acceleration, velocity and displacement) at arbitrary
instances within the system period can be obtained using the fundamental

or generalized transition matrix L@(@m,D)J.

This matrix relates the solu-

tion vector at an arbitrary instant, wm’ to that at §=0:

Iy} = [8¢y ,001{y (0} (A.1)

This generalized transition matrix is directly available in the calculation

for {3(T,0)] (see Ref,7).

Equation (A.l) can be rewritten using a parti-

tioned form of a more compact notation for the generalized transition

matrix:

=leqy ,001{y(0)} =|-53~| (¥} (A.2)
m
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This equation together with Egs.(10) and (12) then enable the U
matrices of Eqs, (l4a~b) to be written as

(a) -1
(0,1 = -0 Loy 0oL 1+ (xqy,)1i0z2_T] a.3)
(B)y _ -
[u,"") = b1 ] (A.4)
(6% - [p2 ] (a.5)

Appendix B - Simplified Dynamic Equations for Ground and Air Resonance

The simplified equations of motion presented in this appendix are
intended as a reasonably representative analytical wvehicle for application
of the Force-Phasing Matrices technique. As such, they are not intended
for general analysis applications in support of actual helicopter design
efforts, They are presented herein without mathematical development or
justification,

The eight differential equations respectively model the responses
in hub x- and y-translations, hub roll and pitch rotations, blade cyclic
edgewise bending rotor modes in the x- and y-directions, and blade cyclic
flatwise bending rotor modes in roll and pitch directions:

Hub Longitudinal Force (F,)

(mf -!-111R)5«:'+cf 1'<+kf x-f-(bBBSl ~mfh1)eyf
pd X X
b g - @) B.1la)
+— BB516 g + 5 8,08, Tey F (B.
R £
Hub Lateral Force (F,)
§+cg v DBy ~mh ), - D s, o
(mf +mR)y+nyy +kfyy - ( BB e 2 16 xp
¥
by & = 72 (B.1b)
+ 5 548€y +-T6xf Fy .
Hub Roll Moment (M,
y
+ +h+ 5,(1+ )]e +25 3
- (BgS) ~mhy )Y [I mhy By 2 %12%

+ m(%)széy +2ﬂ( )5129 - B (b) 46y P B O =M}({a) (8.1c)
£
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Hub Pitch Moment (Myf)

(bByS,; - m, )x+[I +mfh1 +— 5,(1+8 )]e +2 > 81,9 YR

B\e 2 _ oofP (b> _n@)
2Q(2)szexf ( ) 12° g + B2 46€x+mfgh19yf Mxy (8.14)

Rotor Longitudinal Edgewise Excitation (Esx)

. . 2 .2
S,g% * ByS 46 549{€x+2€v"’v€x+("’v“0 )ex]

. . _‘:(a)
-FS4QQ(23y~F2ngvey + ZBBﬂszs(exR-+Qe )—~H€ (B.1le)

Rotor Lateral Edgewise Excitation (an)

. o . . 2 2
848y - BBSzlx-Gexf + 549[637 + 2ngvey + (wv -0 )ey]
. : =@
-8, 4128 +20 we ) + 2£-3B£‘2525(9y - {18 R) ey (B.1£)

Rotor Rollwise Flatwise Excitation CEBXR)

) . ] = . 2 .2
- ByS1gf +5,,(0, t2W® )+310[9x +20 w Bt (W -07)e, 1
£ £ R R R
- . _n:q(a)
+ SlOQ(ZBYR + ZQWwweYR) 28,08 25(ex +Qey) = -.GXR (B.1g)

Rotor Pitchwise Flatwise Excitation (Ee )
YR

- o . 2 2
BgSy ek + 512(9 ve zoexf) + slo[eyR + 2gwwwey + (- 0 )eyR]

- Qe )=w(a> 8. 1h)
VR

- leQ(ZGXR+ 2gwwweXR) - 25139525(é

where the various (inertia) integration constants are defined as follows:

R ’ R R
S, = Im rdr S =RJ ! = J. !
1 J 12 m r'YWdr 346 R m ryvdr
o]
R R R
_ ’
52 Im r dr 816=R J mlyw dr S =R Im’yv dr (B, 2a-1)
0
o
R
=R T ‘.2 g ::Rz I ! dr T 2
8107 Jlm 'Ywdr 25 Yty = J.m"Y dr
o © o
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Note that this equation set is intended for dual purpose in modeling
both ground and air resonance characteristics, For ground resonance appli-
cations, only Egs.(B.la,b,e,f) are used, with the ( ) terms suppressed.

For air resonance applications, all the equations are used, but with the
{ ) terms suppressed, '

The aerodynamic excitations, indicated by the ( )(a) superscripted
terms on the right-hand side of Eqs. (B.la-h), were formed using simple
quasi-static aerodvnamic theory. To this end the static lift curve
slope a, a uniform constant drag coefficient cdo’ built~in precone

s5gs @nd uniform inflow A, were included
in the formulations. The more realistic effects of twist, air mass

dynamics, lift deficiency and nonuniform inflow were omitted consistent
with the intended use of the equations.

angle, BB’ the collective angle 6

The simplified modeling of these aerodynamic terms is more or less

standard and the explicit expressions for these terms are given below
without derivation:

F;(;a)' = Pé Kan{-[(e§+ 2 %‘) Ty~ 9.7511“1] %E

y
- 3B, (NT, +0 5 T,) § + (AT, +0 75gT)0,

R £
(o4
— +Qe.
- BgTady (2 2 T207 ® 758} M) (6 o)
' = (B.3a)
- BB(leg—}-ze.?SRTZO)(ey Qe )
+ (AT, +86 T, )(B, +0Q86_)
75R 6 *r YR

- BpTe(8y ~ 8 ) FOT ™SO 75 "180%,

b z
y 2 Kan{g’BBO‘TlJre.?SRTz) R
C

- [(5§+2—29-) T,y= 8 s5ph 1] Y. BpT

+ (DT, +8 )' +e (AT, o+ 26

. s +0
75513 '75RT20)(ex ey) (B.3b)

- |2 Cdo T.,.-9
(

-2 +8 T (8 +Qo_ )
2 T20" % 758N 19>(E - Qe,) By 6(xR y

R

+
+ (T8

R
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(B.3f)

(B.3h)

+ (AT, . +9 )(e )}
2279 758723 R "‘R
=(a) . KQR{-QT +20 5o T,) X 4 g T ¥
6, a 5st28 5pTe) R + BT R
R .
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R
- T, 8 -~ (AT,,+2 éﬂ-T(é-ﬂ)}
1y, (NT9p +20 75pTq) (8= Qe ) =Ty Vg %R
where:
1 4
Ka > paR
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and where the various (aerodynamic) integration constants are given by:

1 1
= | zaz= (& = =224z
Ty = I dr = (R) T1s J' R s
o avg 0
1 1
T2=Icrdr T19=Icydr
0 o
1 1
_ [ g2240 N
%-—Jcr dr Tm-—Jcrﬁﬂ
o 0
1 1
T, = ‘faf?’df T., = JEEZY dar (B.5a-q)
A 21 v :
0 0
1 1
T5 = I cywdr T22 = I Eyvywdr
0 o
1 1
T6 = JErder T23 = Eryvywdr
0 o
i 1
I - "2
= ! = Il
TS j cz:ywdr ’I‘24 ] cyvdr
o o
L 1
[ ==2 = [ o= 2.
T11 = I Tr Ywdr T25 = cryvdr
o o}
1
T . = fa‘f 24F
13 YW
0

Note that for integration constants T8 and T18 the derivative of

the flatwise mode shape, Yé, is understood to be with respect to T,
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