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GEARBOX DYNAMICS - MODELLING OF A SPIRAL BEVEL GEARBOX 
D. ASTRIDGE,AND M. SALZER, WESTLAND HELICOPTERS LTD 

INTRODUCTION 

Non uniform motion in helicopter power transmission gears can result in 
significant limitation of overhaul life, acute crew fatigue and communications 
problems. It is not surprising therefore that the problem is being tackled on 
many fronts, sometimes with quite sophisticated tools. Westland Helicopters Ltd 
are attacking the problem at source (gear transmission errors and system res­
ponse), noise transmission to the aircraft structure (damping and isolation), 
and response of the structure (structural damping and acoustic treatments) (1). 

Helicopter gears are manufactured to very high standards of accuracy 
with close tolerances but modern NC multi axis machines and electronically 
controlled grinding machines offer further scope for improvement. However it 
is important to identify the corrections that will yield most benefit, and the 
critical gear meshes in a multi-mesh system. There is considerable scope for 
modifying the response of the gearbox to meshing error excitation, by manip­
ulating mass and stiffness of the-components themselves. This can be accom­
plished to a certain degree without the addition of weight, especially with 
new materials and production processes becoming available, but there is scope 
also for weight saving in gear configuration and modified tooth forms that 
could usefully be used to reduce noise and vibration and extend component lives. 

The analysis of the dynamics of a spiral bevel gearbox described herein 
is a first step towards the analysis of complex main rotor gearboxes at WHL. 
A validated model will permit modal and forced respcnse (axial, lateral and 
torsional) of the complete gearbox to a complex transmission error forcing 
function to be predicted at the design stage. The lumped-mass approach adopted 
in this model allows six degrees of freedom at a number of nodes sufficient to 
define the behaviour of the complete system with acceptable accuracy. The 
analysis provides a tractable design tool requiring straightforward digital 
matrix handling techniques of modest proportions and is ideal for parametric 
studies required to optimise component geometry, absorber design etc. 

2. GEAR TRANSMISSION ERROR 

The principal source of excitation in the frequency range over which the 
internal noise problem is most acute (500-4kHz) is non conjugate action at the 
mesh, or transmission error. Major contributors in helicopter gears are:-

i) manufacturing errors and tolerances on gear teeth- profile, lead and 
~tch 

ii) stiffness variation through the mesh cycle due to bending, shear and 
contact deflections 

iii) misalignment of gears due to deflection of shafts and casing under load 
and thermal expansion, and due to manufacturing and assembly errors. 

Other contributors of perhaps less significance include variation of traction 
forces, bearing geometry, and shaft imbalance. 

Deflections of gears, shafts and housings are significant in helicopter 
gearboxes, where high power/weight ratio is an important objective. Total 
deflections measured at the casing can be an order of magnitude greater than 
manufacturing tolerances on gear teeth. Tooth form and lead corrections can 
be introduced to accommodate deflection errors, but will only be correct for 
one load condition, and complete elimination of displacement errors is im­
practicable. 
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3. MATHEMATICAL MODELLING 

Gearbox response can be modified at the development stage, but this is 
costly in duplication of component manufacture and testing, prolongs aircraft 
programmes and must therefore be very limited in scope. Development of a math­
ematical model is essential for optimising component geometry at the design 
stage. 

A satisfactory dynamic model may be used:-

i) to study influence of different types of gear error 

ii) to determine the most sensitive mesh in a complex gearbox 

iii) to manipulate system response by adjustments to mass and stiffness 
distribution in components, particularly to avoid mode shapes that 
adversely affect gear and bearing life 

iv) to determine location and effectiveness of absorbers, damping rings, 
etc. and undesirable side effects 

v) to relate behaviour of internal components to casing vibration, as it 
is rarely practicable to fully instrument internal components 

vi) to aid condition monitoring- (v) above plus study of changes in response 
due to changes in tooth profiles or stiffness simulating surface damage 
and cracks. 

In selecting the analysis scheme for a model it is essential to obtain a 
reasonable balance between accuracy and economy/tractability, The simplest 
pcssible model is a single degree-of-freedom torsional model in which gears are 
represented by uncoupled inertias, and the mesh by a constant or time-dependent 
stiffness. Many of the fundamental mechanisms of gear vibration have been 
studied with this model (2). Such a model is useful in that non-linearities 
such as separation and reverse face contact may be included (3). This analysis 
may be readily extended (e.g.4) to include additional torsional freedoms. How­
ever, in helicopter applications where support stiffnesses are relatively low 
and readily couple,usefulness of torsional models is limited to low frequencies. 
For most of the frequency range of concern translational freedoms and reaction 
coupling must be introduced, either by means of lumped-mass multi-degree-of­
freedom models or by finite-element models. A model figuring most prominently 
in the literature is that developed by Boeing Vertol/MTI (5). This comprises a 
three stage approach:-

i) analysis of gear error excitation 

ii) application of i) to a complex torsion-only model to predict dynamic 
tooth loads 

iii) application of ii) independently to a NASTRAN finite-element model of 
the shaft-bearing systems. 

Modifications to an existing main rotor gearbox have been derived on the basis 
of this analysis. We look forward to seeing Vertol reports of the results of 
tests on a gearbox thus modified, which we understand were very successful in 
terms of noise reduction at troublesome frequencies. We are convinced that a 
complete solution of adequate accuracy can be obtained by a lumped-mass mod­
elling technique however, making the three-stage approach unnecessary. 

4. WHL MODEL OF A SPIRAL BEVEL GEARBOX 

A single stage spiral bevel gearbox was selected for modelling in the 
first instance because this represents a simple form of generalized three­
dimensional gearing system. Subsequent development of the analysis will 
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involve main rotor gearboxes for which gear noise is a problem. The Wessex 
tail rotor gearbox (fig.1) was chosen because a test rig was available for 
verifying the model and a great deal of relevant experimental data existed 
already. From this data it was clear that shaft bending, and coupling of 
bearing reactions through the case must be allowed for in the model. It was 
also clear that a linear model would be adequate because dynamic loads were 
less than 10% of steady loads and fairly independent of load. This enabled 
cost effective standard linear algebraic techniques to be applied using 
digital computation. 

The gearbox was idealised as shown in fig.2, mass and inertia being 
concentrated at 13 stations on the shafts and housing, each with six degrees­
of-freedom. Ten of the stations were chosen to coincide with bearing locations 
where mass tends to be concentrated anyway, two were at the gear and pinion 
centres, and there was one additional station on the intermediate casing. The 
shafts and much of the casing was idealized by hollow cylindrical beams with 
bending and shear deflections treated. A finite-element analysis of the more 
complex intermediate casing was available and therefore used to obtain a 
stiffness matrix relating the three stations on this component. The tapered 
roller bearings were idealised by direct stiffness terms only but cross­
stiffness data is now available for these bearings (ref.6). The tooth mesh 
has been modelled as a single point load normal to the central contacting 
surface, with magnitude proportional to the normal component of relative mesh 
displacement. Platform excitation was introduced at the mesh point to sim­
ulate gear transmission errors in the forced response studies. Low torsional 
and lateral stiffnesses were applied at the shaft extremities to simulate the 
rubber couplings used on the rig. The input housing was assumed to be attached 
to a massive inertia which again corresponds to the rig. The results were con­
sistent with the assumptions of the idealisation, which resulted in 78 degrees 
of freedom for the system. 

5. RESULTS 

5.1. Static Deflections 

The deflections predicted for the model for a steady torque of 4500 
lbf-in (508 N.m) are plotted on orthogonal axes in fig.4. The results show 
very little relative displacements across the bearings (i.e. the shafts and 
casing virtually move as one), with the largest deflection being out of the 
plane of the shafting at the intermediate casing. Deflection measurements made 
on the rig correlated satisfactorily with predictions, justifying use of the 
predicted stiffness matrix in the dynamic analysis. 

5.2. Natural Frequencies and Normal Mod8s 

Natural frequencies and normal modes are determined by extraction of 
the eigenvalues and vectors of the dynamic matrix. Values of the predicted 
natural frequencies up to 5k.Hz are listed in table 1, together with a brief 
description of the mode shape. Some. sample mode shapes are plotted in figs. 
5-7 using the conventions of fig.3. Approximately half of the natural freq­
uencies fall in this frequency range, but very few of these are susceptible 
to gear mesh excitation as indicated by the values in the fourth column of 
table 1. 

Low frequency modes (e.g. fig.5) tend to produce simple low order bending 
of some components with little relative deflection of shafts and casing, neg­
ligible lateral deflection at the bearings, and small normal components of rel­
ative tooth deflection, i.e. low dynamic tooth and bearing loads. At higher 
frequencies mode shapes become complex, and interaction between the components 
becomes significant. Even so the number of frequencies at which significant 
normal relative displacement occurs at the gear mesh is relatively small and 
few of the predicted modes are likely to be excited in practice. Fig.6 shows 
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an example (at 1047Hz) where mesh displacement is significant. Fig.7 
(2297Hz) shows the complex interactions typical of the higher frequency 
modes, with significant axial and radial displacements across the bearings. 
At frequencies above 5kHz the complexity of mode shape would require a corr­
esponding increase in complexity of the model, but the gear noise problem is 
limited to frequencies below this. 

Comparison of results from this model with those of a torsional model 
of the internal components are shown in table 2. In general each torsional 
mode is affected by lateral displacements, resulting in two or more natural 
frequencies occurring near the torsional prediction. Fig.S compares predicted 
torsional behaviour at frequencies near 1.5kHz, 

The close gouping of natural frequencies in certain zones is noteworthy 
-for example the modes at 1047Hz, 1146Hz and 1282Hz all display significant 
deflection of the input shaft, but are distinguished by phase inversions in 
the input and output sections. It is important to recognise the existence of 
such behaviour since it could cause severe problems in the interpretation of 
experimental response data and the extraction of damping factors. 

5.3. Forced Response - Sinusoidal Excitation 

The model was evaluated with simple sinusoidal excitation of . 001in 
( 25!'m) peak before introducing the complexity of gear transmission error 
spectra. In order to determine forced response it was necessary to make 
certain assumptions about damping, in view of the limited amount of measured 
data. It was assumed in the first instance that damping did not couple modes, 
and modal Q-factors between the limits 8 and 22 (based on limited measured 
data) were assigned with the aid of mode shape information. For instance 
damping in simple low order bending modes was judged to be low, whilst in 
modes with significant interface distortion, bearing displacements, or sliding 
at the gear mesh, higher damping was assumed. Assumed Q-factors are shown in 
table 1. Response due to the 25ym sinusoidal excitation are shown for two 
stations in figs.? and 10. General features of the results include:-

i) r·elatively few peaks occur on any particular curve despite the exis­
tence of 33 natural frequencies in the range up to 4k.Hz. This is 
due to the low relative mesh normal displacement at most of the modes, 

ii) troughs, or anti-resonance features, are at least as pronounced as peaks, 

iii) bearing relative displacements tend to be much smaller than casing dis­
placements. Peak values correspond to dynamic bearing loads of 700lbf 
(3140N) per thou (25fm) excitation, 

iv) relative normal mesh displacement shows a gradual increase in magnitude 
with increasing frequency (fig.10), with local peaks superimposed. 
Above 3k.Hz peak displacements correspond to approximately 1000lbf 
(4448N) per thou excitation. 

5.4. Forced Response- Transmission Error Spectra 

Transmission error measurements on the actual gears in the rig were not 
available, so a forcing spectrum was derived based on pitch-error traces from 
similar gears and on manufacturing tolerances (AGMA10). Typical traces showed 
the fundamental (eccentricity) term to dominate, with consequent production 
of sidebands around tooth mesh frequency and harmonics. Alternate tooth spacing 
error variation were present, producing peaks at approximately half meshing 
frequency. Mesh frequency components were derived from a Fourier Analysis of 
a .0002in (5yrn) rectified sinusoid. The resulting spectra for pinion and gear 
are shown in fig. 11 . 
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6. 

The response to this excitation at 2730 rpm, predicted by the model is 
shown in fig. 12a for the casing at station 7 (out-of-shaft plane). Fig.12b 
shows a measured spectrum, albeit for a slightly different plane, for com­
parison. The precise correspondence of the frequencies arises from the excit­
ation spectra used, but the order of magnitude agreement generally of spectral 
components suggests that the model is reasonably good. The significant dis­
crepancy below 200Hz suggests inadequacy of the excitation spectra at these 
frequencies, and points to the need to measure in situ the transmission errors 
of the actual gears used. The presence of intermediate gearbox meshing freq­
uency indicates that improved isolation is required at the coupling. 

PARAMETRIC STUDY 

Model validation tests are planned, and these should be completed before 
extensive parametric studies are justified. However some preliminary studies 
were carried out in order to demonstrate the usefulness of the technique. 

The forced response results show a peak in the 1-1.5k.Hz range corres­
ponding to modes at 1047Hz (fig.6), 1146Hz and 1282Hz, each of which involve 
significant input housing flexure. The bending stiffness of this component 
was therefore increased (by a factor of 2.25) by a simple adjustment to the 
model (reducing shaft bore by about 15%), and the modal and forced response 
recalculated, The response of the input casing (out-of-shaft plane) and the 
normal relative mesh displacement are shown in figs.13 and 14. The predicted 
casing response shows an attenuation of approximately 10dB over a wide freq­
uency range, but at the expense of a slight increase in dynamic tooth load 
at about 1150Hz. 

7. CONCLUSIONS 

The characteristics predicted by this model have yet to be experimentally 
validated, although preliminary measurements indicate that the results are of 
the correct order of magnitude and order of complexity, The essential features 
predicted for the spiral bevel gearbox studies are:-

i) a wide scattering of natural frequencies occurs over the frequency 
range of interest, only a few of which are prone to gear error excit­
ation 

ii) over most of the frequency range severe coupling between components 
occurs which suggests that detailed analysis or measurements of 
individual component behaviour is not justified, except perhaps for 
low frequency problems, and localised phenomena such as shaft whip 
and local panel resonances, 

iii) at typical operating conditions dynamic bearing loads of about 5% 
static load, and dynamic tooth loads of about 3% static load are 
predicted. Power transmitted can be quite high, so that these 
small percentage dynamic loads can represent a large amount of 
energy which can reduce component lives significantly and produce 
high levels of noise at discrete frequencies, 

iv) the limited parametric study demonstrates the power of an economical 
mathematical model in reducing vibration amplitudes at the design 
stage. Localised manipulation of mass or stiffness can be expected 
to move resonances away from forcing frequencies, or modify mode 
shapes to extend component lives and reduce noise transmission. This 
can only reasonably be done at the design stage with an effective 
model, 

v) before undertaking extensive parametric studies or extending the 
model to more complex gearboxes it will be necessary to perform the 
planned validation tests on a spiral bevel gearbox. Such testing 
must include measurement of modal response and transmission error, 
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vi) the analysis and limited validation suggests that more complex models 
may not be warranted. 
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TABLE 1 -See p.50-7 

TABLE 2 TffiSIONAL FREQUENCIES 

Torsional Overall system Description 
Natural Natural Freq. 
Freq. (Hz) (Hz), 

247 

281 First order windup on couplings 

338 

1.30k 1.28k Second order windup on 

couplings 

1. 38k 

1 .51k First order shaft torsion 

1.75k 

2.30k 

J,08k 2. 70k Second order shaft torsion 

J,27k with severe tooth defl. 

J.47k J.48k Third order shaft torsion 
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TABLE 1 - Predicted Natru-al Frequencies and Normal Hodes 

Mode deflections normalised to give largest single value of wU.ty for each mode. 

+ Values greater than 1 r.nE:Y oc-cur at the mesh point 
because it is not one of the :rrodel nodes. 

Node Nat. Freq. 
No. (Hz) 

1 

2 

J 

4 

5 
6 

7 

8 

9 

10 

11 

12 

1J 

14 

15 
16 

17 

18 

19 

20 

21 

22 

23 

24 

25 
26 

27 
28 

29 
JO 

J1 

32 

33 
34 
35 
J6 

37 
38 
39 

121 

178 

241 

338 

412 

71 9 

779 

832 
1047 

11 .3.3 

1146 

1282 

1377 

1426 

1753 
1782 
1856 

1875 

19W 

1956 

2161 

2297 

2499 

2552 

2679 

2822 

3127 

3240 
3265 

J411 

3668 

3693 
3848 

4107 

4115 

4359 
4370 

4915 
4998 

Largest component Tooth Rel. Motion 
Node and direction Normal Sliding 

4x 
4z 
Sz 

109 X 

4x 
5y 
5y 
9x 
2z 

5Y 
2y 

4By 

49 y 

5z 
89y 

49 z 

lOy 

49x 
10y 

2Bx 
10y 

2x 

10z 

4y 

10z 

8y 

8y 

5z 
5z 
99y 

89x 
88z 

lOGy 

10 e z 

108x 

99x 

98z 
11 9y 

12z 

.oo 

.oo 

.(5 

.01 

.oo 

.01 

·"' .08 

.41 

.00 

.OJ 

.50 

.20 

.01 

.20 

.08 

• 02 

.01 

.04 

.11 

.41 

1.]1 

.66 

.OJ 

.J4 

.02 

• J4 

.00 

.85 

-33 
.05 

.20 

.12 

2.04 

.6"1 

.18 

.13 

.16 

Let 

.(5 

.oo 

.16 

.22 

.68 

.09 

.22 

1.81/ 

-72 
.oo 
.62 

.J5 

.21 

.06 

.84 
1.55+ 

1.36+ 

.04 
1.54+ 

1.26+ 

.63 
• 88 

.36 

-47 
.20 

1.17 + 

-51 
.oo 
-77 

.38 

.09 

.01 

.62 

.91 

.27 

.07 

.06 

-49 
.48 

Max. Torsional Coord. 
Node and Value 
Direction 

13ey 

1J9y 

1JBy 

10\h:: 

109x 

2 Sx 

2Bx 
29x 
2Bx 
.oo 
29 X 

49y 

49 y 
49y 
2Gx 

29x 
29 X 

29x 

28x 
29x 
2Gx 
29x 
29x 
2 ex 
28x 
10~h: 

10Sx 

1oG x 

9tly 

we x 

108x 

109 X 

69x 
69x 

109x 

10Qx 

6Ux 

69x 

.00 

.(t 

-54 
1.00 

.09 

.04 

.12 

.22 

.62 

.oo 

.04 
1.00 

1.00 

.02 

.13 

.06 

.01 

.oo 

.02 

• 07 

• 21 

.96 

.67 

.o4 

.80 

.08 

.24 

.00 

.us 
1.00 

.01 

.06 

. 03 

.42 

.14 

• 03 
• 02 

• 02 

.13 

AssUID9d Modal 
Q-factor 

20 

22 

15 
15 

12 

8 

12 

9 
11 

8 

11 

12 

15 
20 

13 

10 

14 

16 

11 

8 

11 

10 

15 
14 

15 
11 

12 

8 

14 

20 

17 

17 

12 

10 

16 

18 

18 

12 

12 

Mode shtpe 

In plane (:cy") first order bending of output section 

Out of plane (z) first order beniing of output section 

Torsional 'Windup on couplings + out of plane banding of output section 

Torsional windup on couplings +out of plane bending of output section (phase inversion 
wrt J} 

In plane first order overall mode with axial deflection of output section 

Interrrediate housing central node y deflection 

Second crder output section bending coupled xy, yz planes 

Second order output section bending roupled xy, yz plares (phase invertion wrt 8) 

Input section bending coupled zy, xz pla.D3s 

Intermediate housing central rode y deflection 

Input section bending coupled xy, xz planes (phase inv. wrt 9) 

Input section bending coupled xy, xz planes. Second torsional 'Windup on rouplings. 

Severe third torsional. J)P section bending 

Out of plane defl. of intermediate housing central node. 

Output section coupled ccrnplex bending. Nodes at WSB38 and WSB14. 

Ou'l:flut section coupled canple:x: bending. Nodes at WSBJ8 am WSB1h. Predominantly inplana 

Axial deflection output shaft in opposition to output housing. Pinion xy bending • 

Output shaft out of plane severe bending between WSB38 and WSB14. 

Complex coupled roode of input and output. Significant bearing deflections. 

Complex coupled mode. Axial and berrling deflection of pinion • 

Complex coupled mode - mainly in plar:e. Signliicmt bearing deflections • 

4th. torsional mode. xy, xz bending and axial deflection of pinion • 

Complex out of plane bending on output housing and shaft. Torsional. 

AJ.Joost pure axial of output shaft and housing 

Pinion torsion. Complm out of plare deflections. 

Complex in plane on ~utput and severe axial deflection of· output 

In plane canplex distortion. Out of plane of intermediate hsg - central node • 

All1lost pure z deflection of intermediate housing central node. 

z deflection of node 5. High order torsion. 

Very pure high order torsional. 

Out of plane bending of the output casing between. \.fSB38 and 'h'SB14. 

In pl!lne 

Complex distortion of input housing and pinion • 

Complex distortion of input housing and pinion. Significant high order torslon. 

Input-output complex bending. 

Input-output complex bending. Severe output shaftbend:ing between \fSBJ8 and \~"SB14 • 

Input-output complex bending. Severe output shaft bending between WSB38 and WSB14 • 

Input-output complex bending • 

Input-output complex bending. 
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FIGURE 1 WESSEX TAIL ROTOR GEARBOX 

WSB 37 WSB 38 

W$ 14 

WSB 28 

WSB 10 

FIGURE 2 MODEL IDEALIZATION AND NODE NUMBERING. 
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FIGURE 5 PREDICTED MODE SHAPE 121Hz. 
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See figure 3 for explanation. 
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{a) Predicted Spectrum - Out of plane on casing at WSB37 {7zl 
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FIGURE 13 FORCED RESPONSE TO .001 IN. NORMAL MESH ERROR 
ON CASING AT WSBIO OUT OF SHAFT PLANE { lz I 
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FIGURE 1 I. FORCED RESPONSE TO .001 IN. NORMAL MESH ERROR 
NORMAL RELATIVE MESH DISPLACEMENT. 




