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Abstract

This paper presents a 38-state space linear flight dynamics representation of a side-by-side helicopter. The
aim of the paper is to propose an original linearization and trim methodology to deal with highly complex
numerical mathematical models involving coupled flap and lead-lag rotor dynamics. The trim and stability
features of the helicopter are computed by using this method and the effects of blade’s flexibility on body flight
dynamics are discussed. Rotorcraft’s stability is governed by two unstable oscillatory modes, identified as
typical phugoid and dutch-roll, and four real, stable, dynamics of different frequencies. The results show also
that while the rotor lead-lag is beneficial for the overall stability, the lateral/longitudinal inflow modes destabilize
the motion. The presented methodology allows furthermore to evaluate the impact of the rotor- body - couplings
on vehicle characteristics and can be extended to investigate the stability of any vertical take-off and landing

(VTOL) configuration.
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1. INTRODUCTION

Modeling and simulation of different configurations of
Vertical Take-Off and Landing (VTOL) vehicles in is
a core subject when defining new concepts of Urban
Air  Mobility (UAM) ecosystems [1]. Different
approaches have been developed to reproduce the
flight and rotor blade dynamics of rotary wing
systems such as helicopters, drones and multirotors,
with different levels of complexity. For example, a
minimum complexity analytical model for helicopters
was developed by Hefley [2] by assuming a rigid
body subjected to forces and moments derived from
general momentum theory and rotor flapping
dynamics approximated by first order ordinary
differential equations. A similar approach was
adopted by Talbot [3], who developed an analytical
model of the main rotor by assuming a second order
dynamic flap and uniform dynamic inflow. Next, more
complex approaches were formulated by using the
principles of multi-body dynamics. This is the case of
the commercial software FLIGHTLAB [4] and the
aeroelastic analysis performed by Savino et al. [5] for
rotary wing vehicles. More recently, the application of

computational fluid dynamics (CFD) coupled with
computational structural dynamics (CSD) solutions
was considered, although this approach requires
large computational costs [6].

An additional type of modeling technique, instead,
adopts numerical differential equations for both
helicopter and rotor blades motion. It is the case of
GenHel [7], a nonlinear mathematical model of the
UR-60A Black Hawk helicopter developed by NASA
for flight dynamics and handling qualities
evaluations. Similarly, Taamallah [8] presented a
numerical representation of a small-scale helicopter
for flight dynamics simulations and control system
design. In his work, a coupled second order rotor
dynamics including blade flap and lead lag motions
is derived with a Lagrangian approach. However, the
increasing complexity of the mathematical models
leads to challenges in the derivation of a linear state-
space representation of the rotorcraft system. In
particular, the increased level of time-dependency
and coupling between rotor and rigid body modes,
makes the classical linearization methods [9] not
suitable for this type of formulations. Although



numerical models present the advantage of a higher
fidelity in the representation of the body and single
blade motion, when it comes to linearization,
numerical issues appear. In particular, three issues
can be identified when linearizing complex nonlinear
dynamic helicopter models:

1. linearizing equations in a rotating frame system
provides a loss of physical meaning of the tip-path
plane and rotor center of gravity dynamics;

2. a strong coupling between flap and lead-lag
dynamics makes the isolation of the two effects
impractical;

3. complex, nonlinear terms in the equations are
derived from a numerical integration of forces and
moments along the blade, making the derivation of
an analytical representation of the state matrix not
feasible.

While most of the research analysis employs
commercial and built-in software to investigate the
rotor dynamics [10, 11], only few studies highlight the
issues and procedures to produce a reliable linear
state-space model to include the rotor dynamics and
body-rotor coupling in the classical rigid-body
representation [9, 12]. Nevertheless, none of them
defines a clear methodology to deal with numerical
representations.

The aim of the present paper is to provide the
guidelines needed in linearizing complex numerical
models and apply them to an innovative VTOL
configuration. The case studied in this paper is a
small-scale  side-by-side helicopter, properly
designed for UAM purposes by SABGroup s.r.l. [13]
The paper provides a numerical formulation of such
a configuration and study its trim and stability
properties by applying the linearization method and
understand the effects of blade flexibility on rotorcraft
flight dynamics.

2. METHODS

2.1. Modelling

2.1.1 Modelling overview and case study

The VTOL studied in this work is a symmetric, small-
scale, side-by-side helicopter depicted in Figure 1.
Data of the helicopter are summarized in Table 6.

Figure 1: Small-scale side-by-side helicopter

The rotorcraft has two counter rotating, synchronous
and ducted rotors, operating at constant angular
speed and connected by a drive belt. Each rotor is
actuated with a classical mechanical swashplate,
and the single rotor controls (collective pitch,
longitudinal and lateral cyclic) are mixed with each
other to reduce the over actuation of the whole
system to 4 global controls: a global collective pitch,
equal in the two rotors, to control the vertical motion
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A numerical mathematical model for rotorcraft flight
dynamics including rotor blades dynamics, was
developed to study the trim and VTOL stability. The
formulation has 24 dof with the hypothesis of a rigid
body moving on a flat and non-rotating Earth. A
second-order coupled flap-lag dynamics is integrated
into the main rotors representation. A non-uniform,
first-order, dynamic inflow provided by Peters et al.
[14] is assumed. The main rotors are modeled with a
single-blade approach based on the blade element
theory, where each blade is divided into a finite
number of sections, whose forces and moments are
integrated along the blade span to compute the rotor
contribution at each time step. The fuselage
aerodynamic loads are represented by a flat-plate
approximation. A panel method implemented in the
OpenVSP software, is adopted to calculate the
parasite drag of the
frontal, side and top equivalent areas and a simple
analytical and continuous model is developed. A
detailed description of the fuselage contribution is
reported in Mazzeo et al. [15], as well as the shrouds
effect.



The presence of the ducts is taken into account with
the integration of semi-analytical results produced by
Bourtsev et al. [16] and the Leishman representation
of the thrust with ducted fans [17]. A schematic
representation of the modeling framework is reported
in Figure 2Figure 2. As remainder, for this paper’s
notations, the vectors are indicated with bold
symbols, while capital letters are used to identify
matrix terms in the equations, with the only exception
of rotorcraft data summarized in Table 6.
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Figure 2: Modelling scheme for a side-by-side helicopter

According to this scheme, the total external force and
moment acting on the rotorcraft are

[1] F=FY+F®+FP+FP + F, and

2] M = MO L M@ +M‘(11) +M¢(12) +Mfa

where subscripts f and d refer to the fuselage and
duct contribution. F¥ and MY are instead the force
and moment generated by the j-th main rotor. In
particular, rotor forces are divided into three
contributions: 1) aerodynamic, 2) inertial and 3)
centrifugal. On the other hand, the main rotor

moments are provided by their 1) aerodynamic, 2)
inertial and 3) flap hinge stiffness components.
Considering the single-blade contribution, of a
I —rotating rotor (where I'= 1 for a counter-
clockwise rotor and I' = —1 for a clockwise rotor) the
aerodynamic force in hub-body frame of the i-th
blade (subscript i) is computed as followings:

157 Ryp_pi(dL + dD)dr

Tc

[3] Fo, =

where the infinitesimal force given by the sum of lift
and drag, rotated from local blade to hub-body f.o.r.
(rotation matrix Ryg_p;), iS integrated along the blade
span, from the root cutout (r;) to the blade tip.

The infinitesimal lift and drag contributions at each
blade section can be computed as

) I’ sin a;
[4] dL =~ pclVq|?Cy(ai, Rey) 0 ];
—cos a;
. —I' cos a;
(5] dD ZEPC|Va|ZCD(Ofi'R€i)[ 0 ]
—sina;

where C, and C, are the aerodynamic lift and drag
coefficients of the specific blade section subjected to
a Reynolds number Re and an angle of attack a.
Airfoil's aerodynamics is modelled by employing
look-up tables of conventional NACA profiles and by
extending them with semi-analytical formulas
developed by Viterna [18]. V, is the aerodynamic
velocity at the blade section, which depends on the
blade’s orientation and the local inflow velocity (see
Taamallah [8]).

On the other hand, the aerodynamic moment in the
hub-body frame of the i-th blade is instead computed
as an integral of the infinitesimal moments at each
blade section, given by the cross product between
the section position vector with respect to the hub
centre and the aerodynamic force. In mathematical
terms

6] M, = fr’:‘ef’rx [Rys_pi(dL + dD)] dr

where r is the blade section’s position vector in hub-
body f.o.r. The expression of additional forces and
moments, i.e. centrifugal, inertial, and flap hinge
stiffness, are deeply described by Taamallah [8]. In
general, for the j-th rotor,
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[7] F(]) = RB—HB Zi:bl(Fai + FL‘i + Fii)

8]  MD = 70 x FD + Rp_pyp 32 (M, + M, +
M;)

2.1.2 Rotor flap and lead-lag dynamics

The main rotor dynamics is described by the
equations defining blade’s flexibility. Blade’s flap and
lead-lag motions are considered in this analysis with
a mathematical representation inspired by
Taamalllah’s work [19] on Pitch-Lag-Flap (P-L-F)
articulated rotors. In that study, a Lagrangian method
was applied to define a set of second order ordinary
differential equations (ODE) which describe the
coupled flap-lead-lag motion of the single blade. By
defining the generalized forces acting on the blade
element, Taamallah described the blade flexibility in
a rotating f.o.r. In particular, for the i-th blade

O fi=5(-Dfé+0l - F)

(0] &=+ (-pfi+0f - F)

N2
where 4, = m, &% and

- A, = my(ef +

(R—eg)?
3

depend on the inertia of the blade. The terms Df and

2ep1; + ) are defined as constants which

Df are non-linear coupling terms whose expression
can be found in [19] and are specific for the i-th
blade. Similarly, the term Q; — F; is the excitation of
the ODE and represent the generalized force that
creates the flap and lead-lag motion.

The above-presented flight dynamics model can be
considered to give a good representation of vehicle
flight dynamics throughout its operational envelope.
However, when it comes to linearization and study of
system’s stability, this model formulation presents
some criticalities. This is because the equations of
motion are highly non-linear and include numerical
integration into the Q terms. In addition, the rotating
frame representation is suitable for the rotorcraft
simulation but at the same time, loses physical
meaning when studying the rotor stability and its
regressive and advancing modes. The high level of
coupling between rotor modes, make it unsuitable to
study separately the effects of blade flexibility on
rotorcraft stability. In order to overcome these
problems, the equations are adapted and modified to

represent the rotor dynamics in a non-rotating frame
of reference (hub-body) and by partially decoupling
the different modes.

Blade flap is described by the tip-path plane
equations, while the lead-lag motion generates a
dynamic variation of the rotor centre of gravity. By
applying the Coleman representation for a 3-bladed
rotor [20], the single blade flap and lead-lad angles
are written in the following form:

[11] Bi =ay— a,cosy; — by siny;
[12] & =&, —¢ccosh; — &ssiny;

where B = [a, a, b;] are the coned-shape rotor
coordinates (i.e. the coning angle a, and the lateral
and longitudinal flap coordinates, a; and b,) and & =
[0 & &] describe the motion of the rotor centre of
gravity (i.e. collective &, and the
advancing/regressive lag, ¢, and &). The flap and
lead-lag velocities and accelerations are transformed
as well through an analytical derivation of equations
[11] and [12]. In general, B;, B;, &; and &; are functions
of the non-rotating coordinates, their derivatives and
the angular velocity Q = ), .

By substituting equations [11 and [12 into equations
[9 and [10, the rotor dynamics can be then
expressed in hub-body f.o.r, as

[13] B=-K'B-KJp+cClé+cCle+EP
[14] &= -KE—KE+CIB+CiB+ES

The expression of the K, C, and E terms can be found
in Appendix B. In particular, K, and K; are constant
matrices (at each time step) derived from the frame
transformation, while €, and C; represent the
coupling terms between flap and lead-lag dynamics.
Those matrixes are highly non-linear, and an explicit
transformation from a rotating to a non-rotating frame
was not feasible. Indeed, they will be approximated
by the Taylor expansion during the linearization
process described below. Ef and E? are instead the
excitation of the second order system, represented
by the flapping and lead-lag moments computed with
numerical integration. These two terms depend on
the blade's azimuthal position, as well as its specific
flap and lead-lag angles in a rotating frame and their
velocities.



A second step to address the criticalities arisen from
the original mathematical model representation is the
partial decoupling of different modes. Indeed, the
system in equations [13 and [14 still presents a
strong coupling between the tip-path plane and rotor
CG dynamics. Since one of the goals of this analysis
is to be able to study separately the effects of flap
and lead-lag on rotorcraft stability, a Simulink
scheme was adopted to solve the two rotor modes
by approximating the coupling and forcing terms with
value of rotor flap and lead-lag coordinates at the
previous time-step (t — At). The algorithm is depicted
in Figure 3: Simulink scheme for partial decoupling of
rotor flap and lead-lag dynamics.
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Figure 3: Simulink scheme for partial decoupling of rotor
flap and lead-lag dynamics

In the algorithm, the blade positions (y,, ¥,and 5)
are used to compute the constant matrices K, and K;
and transform the rotor coordinates in blade’s
angles. The calculation of the single blade flap and
lead-lag angles is still necessary to compute the
coupling and forcing terms of the equations, since a
complete transformation from rotating to fixed f.o.r. is
not feasible. The latter terms, together with the
coupled rotor coordinates at the previous time-step,
are used to solve equations for dynamic flap and
lead-lag in hub-body frame (equations [13 and [14).

The algorithm allows to solve the equations in
guestion and partially decouple them. In this way,
one or the other dynamics can be excluded by simply

cutting off its branch and studying the separate
effects on the rotor.

2.2.  Trim

A bottleneck of the analysis is the definition of a
specific algorithm for the computation of the
rotorcraft trim condition with the numerical modeling
approach described in this work. Indeed, the problem
cannot be solved simply by writing and solving a
system of steady-state equations, since the forces
and moments along the blades and the flap-lag
moments are derived through numerical integration.
In addition, the single-blade flap and lead-lag
equations in the trim algorithm are written and solved
in a rotating frame of reference, meaning that the
solution depends on the current blade location. While
a steady state solution of the rotor coordinates is
expected to be found when modeling the trim with an
analytical approach [21], this is not fully applicable in
the present formulation. It has been observed that
the tip-path plane and rotor CG coordinates depend
on the starting blade location. Flap wobbling and
rotor vibrations are observed during one revolution
such that g and & change with time. Indeed, because
of the presence of this rotor tilting motion, a general
steady-state solution to the trim problem cannot be
found if considering a unique blade configuration.
Rotor forces and moments depend on the blade
configurations and the TPP titling at each time step,
making a solution found for single-blade
configuration, not suitable to keep the rotorcraft in an
equilibrium point in time. In order to find a condition
that minimizes the average rotor acceleration in each
blade vy location, the trim has to be computed based
on an average rotor force and moment on N, number
of symmetric blades’ configurations. In general,
considering ¥, = [, Y, P3] the vector containing
the initial position of each blade, the k-th blades’
configuration can be computed as

[15] ¥ =Po + k—— wherek = 0,1,2,...N;—1;
blNc

The trim algorithm is described in Figure 6: Trim
algorithm. The solution to the problem is found by
iteratively solving the steady-state coupled flap-lag
equations, the steady-state 6 dof equations of motion
(EoM), and the non-uniform steady-state inflow. It
was observed that the algorithm cannot converge if
solving those three blocks together, hence the
iterations were split into an internal loop, which



solves the EoM system and the steady inflow for
fixed rotor coordinates, and an external loop which
solves and update at each step the flap and lead-lag
values. The algorithm works as follow:

e (a) starts with an initial condition of the 26
unknowns (6 flap coefficients, 6 lead-lag
coefficients, 6 inflow coefficients, 2 collective
pitch, 4 cyclic controls, roll and pitch angles);

e In (b-c) the steady state coupled flap and
lead-lag system of equations is solved for
each blade and the TPP and rotor CG
coordinates are derived by applying
Coleman transformation;

e (b-c) are repeated for N, number of equally
spaced blade configurations and the
average value is computed in (d);

e in (e), knowing the average rotor
coordinates, the main rotors forces and
moments are computed with equations
[7] FO = Rp_yp X, (Fa, + Fe, + Fi)I8]
M = UL x FO + Ry_yp 302 (M, +
Mg, + M;). Again, (e) is repeated for N,
blade configurations, and the values are
averaged around one revolution in (f).

e with the average values of rotor coordinates
and main rotors forces and moments, the
system of steady-state equations of motion
is solved in (g). Two additional equations are
added to take the control mix into account
and close the system.

e in (h) the rotorcraft attitude and controls are
used to update the non-uniform steady state
inflow, derived from Peters’ 3-states model
[14];

e the internal loop (e-h) is repeated until a
stopping criterion (maximum relative error
between the rotorcraft state, inflow and
controls at each internal iteration) is
satisfied;

e once the internal loop has converged,
rotorcraft state is updated, and a new
external iteration is started. The external
loop is repeated until a stopping criterion
(maximum relative error between the TPP
and rotor CG coordinates at each external
iteration) is satisfied.

Attitude and control input results at trim for
variable forward speed are reported in Figure 4:
Trim attitude at variable forward speed and
Figure 5: Trim controls at variable forward speed.

As expected, and by comparing the results with
the analysis of Mazzeo et al. [15] carried on the
same rotorcraft, the helicopter assumes a
pitched down attitude as the forward speed
increases, with a positive longitudinal cyclic input
provided by the pilot (considered positive for a
“push” effort). The collective pitch at hover is
almost 10 degrees, while the lateral cyclic and
differential longitudinal controls are almost zero.
For the sake of this paper, only the hover
condition will be studied by the linearization
method, but the same procedure can be applied
for every flight condition.
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Figure 4: Trim attitude at variable forward speed
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2.3. Linearization

In order to study the flight dynamic properties and
open-loop stability of the rotorcraft, a numerical
model has to be linearized around a specific trim
condition. In this section, a methodology to compute
a 38-state space linear model of the mathematical
framework presented in Section 2.1 is presented.
The system of ODEs describing the rigid body
motion, rotor, and inflow dynamics is

(mt0U=—mt0wa+Fg+F
lo=M-wXlw

6] 1B =[-KLB—KEp+cle+clev e
6= [-kiE-KSe+clp+cip+Ee]

\aa/2) = function(x)

where w = [pqr] and U = [u v w] are respectively
the angular rate and rotorcraft velocity in body f.o.r.
while F, is the gravity force vector. The first six
equations represent the 6 dof rigid body motion while
the second twelve (6 for each rotor) are the second-
order flap and lead-lag dynamics described in a non-
rotating frame of reference. By applying a separation
of variables, the rotor dynamics can be reduced to a
set of 24 first-order ODESs, such that df = [d, d; b, ]

and df = [fo Sic fs]

The system of equations has to be linearized and
reduced to the form

[17] x = Ax+ Bt

where A, B, x and t are respectively the state and
control matrices and the state and control vectors. In
particular

18l x=[uwq8vpeprB® P dgW® dap® .

E(I) E(Z) df(l) df(z) 20 1(2)]

[19] t= [90 Aqs By ABls]

The analytical expression of the state and control
matrices (A and B) is derived by applying the small
perturbation theory and manually compute the
system’s derivatives.

Consider a general state x € xU T, this can be
described as its trim condition x° plus an infinitely
small perturbation &x, thus x = x° +6x. By
substituting this approximation into equation [16, and
by neglecting the second order terms (0(5x?)), the
system of equations can be written in terms of small
perturbations. This describes the linear dynamics of
the system around a specific trim condition.

In the numerical modelling approach, forcing and
coupling terms of both rotor and rigid body equations
are non-linear terms derived from the integration of
single blade element contributions, which are
themselves function of the rotorcraft state and
controls. The external forces and moments (F =
[XY Z] and M = [L M NJ]) and the excitation of
rotor flap and lead-lag dynamics (Ef and E°) are the
forcing terms of the respective ODEs. Those terms
are represented by analytic functions of the disturbed
motion variables and their derivatives using Taylor’s
expansion. They can be expressed as their trim value



plus a sum of contributions from each state and
control variable, such that

[20] F=F°+F,u+F,w+ -+ Fup, ABy

where the first-order derivative about the generic
perturbation 8x of the x state is computed
numerically with a central finite difference formula as

__OF _ F(x%+6x)-F(x°-6x)

- oxil o0 26x

[21] Fy

The same approach is also applied to the inflow
equation and to the coupling terms in the rotor
dynamics equations (C, and C;). These terms are
nonlinear terms representing the coupled effects
between flap and lead-lag dynamics of each rotor. As
it is impossible to rearrange these terms in an explicit
form with the rotor states, the Taylor's approximation
becomes a viable solution to produce a linearized
model.

The state matrix A will indeed be a function of the trim
condition and the stability derivatives which describe
the linear response of the perturbed states. As a
matter of fact, with the presented methodology, the
stability of the system is described not only by the
classical rigid body derivatives but also by the
coupling body-rotor-inflow derivatives and the ones
related to flap and lead-lag forcing and coupling
terms. The general structure of the A matrix is the
following

Ap(8 x 38) Ap-p Ap-p Ap-
[22] A= |Ap(24x38)| = |App Apr Aps
A; (6 x 38) Ap-p Ap-r Ap-a

where Az, Ap and A, are respectively the linearized
version of the rigid body, rotor, and inflow dynamics,
and they are composed by a set of 3 sub-matrices for
each of them.

Consider for example, the rigid body dynamics, the
Ag_p matrix represents the 8-state linear model of the
rigid body equations of motion (excluding the
heading contribution), while Az_g and Ay _, represent
the coupling effect of the flap, lead-lag and inflow
dynamics on the body motion. On the other hand,
Ap_p matrix for example, represents the coupling
effect of the rigid body motion on the rotor dynamics
(flap and lead-lag).

While the expression of Ap_p matrix and the
normalization of the stability derivatives can be found

in Padfield [9], Ag_g (and similarly Ag_;) is comprised
by the stability derivatives derived by the total forces
and moments, perturbed with a flap and lead-lag
perturbation, i.e.

EXa(ol) Xagl) ij(-l) e Xfél)
Za((,l) e 7 81)
Magl) Mf,gl)
0 0
23] Ag_gp =
23] Asn=ly o v
0 0
Lagl) Lfél)
0 0
_Na((,l) ... N 81)
The flap and lead-lag dynamics, instead, are

represented by the linearized version of the rotor
dynamics equations, i.e. A matrix. Similarly to the
body dynamics, Az matrix contains of the pure rotor-
rotor dynamics Ag_g plus the coupling effects of body
and inflow on the rotor itself. The structure of matrix
Ay is derived from the linearization of equations [13
and[14, by applying Taylor's theorem and finite
differences to compute the stability derivatives
representing the coupling and forcing terms of the
equations. The analytical structure of Ay is reported
in Appendix B. In the equation, the flap and lead-lag
coupling coefficients C, and C; appear with their trim

value (Cf’o) and with their variation under a general
perturbed state (Cfx). Similarly, the tip-path plane
and rotor CG coordinates at trim (averaged around
N, configurations), affect the stability of the linearized
system (B° and £°. E? and E: are instead
derivatives of the ODEs forcing terms, computed with
respect to each term of the state and control vectors
(x and 7). All the terms are derived for both rotors
MR1 and MR2, such that, for example,

B.(1)
K Z
[2 1] HOB 0 3X3

or, in the case of vectors,

CE®gom 4 PO

B z0 B
[25] C, & +E, =
Ox x C&(Z) g 4 gFO

It can be observed that Ay is split, for the sake of
clarity, into two matrixes: the first one depends
exclusively on the trim condition, while the second
depends on the stability derivatives computed for the



coupling and forcing terms of rotor dynamics,
perturbed with all the 38-states. In general, the i-th
column of this matrix contains the derivatives
computed for the i-th perturbed state or control
variable, for both rotor 1 and rotor 2. A similar
methodology is applied to the inflow dynamics to
derive the linearized version of the inflow equations
represented by matrix 4,. More detailed expression
for the linearized inflow equations can be found in
Appendix B.

In order to study the open-loop stability of the
rotorcraft, the analysis of the eigenvalues and
eigenvectors of matrix A is performed. In general, 38
different poles will be identified and related to the
rigid body, flap, lead-lag, and inflow dynamics, and
the effects of different degrees of complexity are
studied.

3. RESULTS AND DISCUSSION

3.1. Rigid body dynamics

The rigid body dynamics of the side-by-side
helicopter in hovering conditions is studied by
linearizing the system of ODEs in equation [16, with
the described methodology. The analysis of the state
matrix poles and eigenvectors reveals important
information about the rotorcraft stability and
dynamics behavior. A key aspect of this method is
the capability to partially decouple the rotor modes
and to study their effects separately. With this
respect, Figure 7 shows the rigid body poles in the
complex plane, in the case of a dynamic flap and
uniform dynamic inflow (4 = [4, 0 0]). The poles are
listed, together with their frequency and damping, in
Table 1. The effects of Ilead-lag and
lateral/longitudinal inflow are neglected in this case
and will be added separately. The identification of the
poles is made by studying the mode participation of
each rigid body eigenvector and by recalling classical
aircraft nomenclature for rotorcraft eigenvalues.
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Figure 7: Rigid body poles in hovering condition with
dynamic flap and and uniform inflow

The side-by-side  helicopter  dynamics s
characterized by a couple of oscillatory, slightly
unstable modes, which can be identified as low
frequency, longitudinal and lateral modes, namely
Phugoid and Dutch-Roll (also called Lateral
Phugoid). Their behavior is characterized by the
participation of the horizontal speed and pitch angle
for the first and lateral speed coupled with roll angle
and yaw rate for the second (Figure 9 and Figure 12).
A couple of real and stable poles, characterize the
high-frequency dynamics, namely short period and
roll modes. These two poles are characterized by the
main contribution of the pitch and roll rate
respectively, together with a smaller participation of
the pitch and roll angles and the longitudinal and
lateral speed Figure 8 and Figure 11. In addition, it
has been observed that, for this configuration, the
lateral dynamics is always coupled with the yaw rate.
Finally, a couple of low frequency, stable, poles is
identified as heave-subsidence and spiral modes, as
there are characterized by their typical mode
participation: vertical velocity and yaw rate plus
lateral speed (Figure 10 and Figure 13).

Mode Pole Freq. Damp.
Short period -7.26 7.26 -
Phugoid 0.013+0.52i 0.52 0.024
sHL?t?svigence -0.52 0.52 i
Roll -5.84 5.84 -
Dutch-Roll 0.021 + 0.46i  0.46 0.045
Spiral -0.064 0.064 -




Table 1: Rigid body poles, frequency (in s**) and damping
with a dynamic flap and uniform inflow
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Figure 13: Spiral mode

An additional degree of complexity modeled in the
numerical framework is the blade lead-lag dynamics.
Blade’s in-plane flexibiliy allows for an advancing and
regressive lead-lag mode which is equivalent with a
rotor CG motion in the rotor in-plane direction,
caused by the leading or lagging of the blades during
their rotation. The effect of this movement on the
stability of the system is reported in Figure 14 and
Table 2 with the representation of the rigid body
poles in the case of lagging blades. While a small
stabilizing effect is observed on the oscillatory modes
(phugoid and dutch-roll), very small changes are
observed in the frequency of the low-frequency
poles. On the other hand, roll and short period are
much more affected by the presence of the lead-lag,
as the frequency of these two stable and real
dynamics moves, respectively, from 5.84 to 10.7 s
and from 7.26 to 15 s*. The reason behind this effect
is related to the coupling between the tip path plane
and rotor center of gravity dynamics. Indeed, the
lead-lag angle is not directly responsible for an
additional force/moment acting on the blades but
affects the value of the flap. Table 2 reports the
values of rotor disc tilt and CG coordinates with a
pitch perturbation Aq = 0.01 rad/s and the damping
derivatives with and without lead-lag. It is observed
that, while b, is similar in the two cases, a,
significantly changes in the case of coupled lead-lag
dynamics. The latter affects the absolute value of
hinge stiffness and inertial moments (see equations



[1] and [2]) and increases the longitudinal damping
derivative M, (main responsible for the short period
damping). The same process occurs with a roll rate
perturbation Ap, and the L), derivative (main
responsible for the roll damping).
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Figure 14: Rigid body poles in hovering condition with
dynamic flap and lead-lag, and uniform inflow

Mode Pole Freq. Damp.
Short period -15.0 15.0 -
Phugoid 0.0032+0.53i 0.53 0.0059
sHjt?svigence 052 0.52 )
Roll -10.72 10.72 -
Dutch-Roll 0.0078+0.50i 0.50 0.016
Spiral -0.039 0.039 -

Table 2: Rigid body poles, frequency (in s**) and damping
with a dynamic flap and lead-lag, and uniform inflow

Only flap %Z:ﬁfs
ay,(Aq = 0.01) [deg] 0.53 0.69
a,(Aqg = 0.01) [deg]  -0.0047 -0.023
b,(Aq = 0.01) [deg] 0.014 0.013
M, - 7.2 -15
L, - 5.8 -10.7

Table 3: Effect of lead-lag on tip-path plane coordinates
with a perturbed pitch rate Aq = 0.01 rad/s and damping
derivatives.
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The last, and highest level of complexity can be
achieved by adding a non-uniform inflow model, i.e.
by considering, for both rotors, 4 = [A;, A5 A.].
Figure 15: Rigid body poles in hovering condition with
dynamic flap,lead-lag, and non uniform inflow and
Table 4 represents the rigid body poles in the case of
non-uniform dynamic inflow, with complete flap and
lead-lag dynamics. Three different x-axis scaling
represent the low, high, and very high-frequency
poles in the complex plane. The very high frequency
plot is used to represent the inflow poles derived from
the 38-state linearization method. Those six poles
(three per rotor) are real and stable dynamics
representing the uniform inflow at 33.5 rad/s and the
lateral/longitudinal infow modes at 126 rad/s
(0.5/rev). It is observed that the lateral and
longitudinal inflow components couple with the short
period, dutch-roll, phugoid and roll dynamics.
Considering the first one, an increase of the
longitudinal damping is observed, linked to the mode
coupling between short period and longitudinal inflow
1. (see Figure 16 for the mode participation).

A similar coupling effect which is highly detrimental
to rotorcraft stability, is the one between the
longitudinal inflow and the phugoid modes. Even
with a smaller mode participation, the longitudinal
inflow contribution has the effect of “moving” the
phugoid poles from a pure oscillatory, slightly
unstable, situation, to a couple of real stable/unstable
poles of similar frequency (Figure 18). On the other
hand, the dutch-roll stability remains unchanged
although its frequency decreases by about 50%.
Coupling with both lateral and longitudinal inflows is
observed in the dutch-roll and roll poles as well,
although without significant changes in the lateral
stability. It can be assumed that being the
configuration symmetrical with respect to the
longitudinal plane, the effect of the lateral inflows of
the two rotors balances themselves, while the
longitudinal contribution is detrimental to the low-
frequency longitudinal stability.
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Figure 15: Rigid body poles in hovering condition with
dynamic flap,lead-lag, and non uniform inflow

Mode Pole Freq. Damp.
Short period -20.2 20.2 -
Phugoid (+) 0.52 0.52 -
Phugoid (-) -0.55 0.55 -
ls_|uetjlsvi3ence -0.45 0.45 )
Roll -9.78 9.78 -
Dutch-Roll 0.0029+0.22 0.22 0.014
Spiral -0.041 0.041 -

Table 4: Rigid body poles, frequency (in s-1) and damping
with dynamic flap, lead-lag, and non uniform inflow
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3.2.

The linearization method presented in this paper
allows for developing a 38-state space
representation of the rotorcraft flight dynamics,
including the rigid body, rotor, and inflow modes. The
out-of-diagonal submatrices of the state matrix A
describe the coupling between the three dynamics in
the side-by-side helicopter case, while Ag_g, Ag_g,
and A,_, represent the pure dynamic effects. In this
section, the rotor-rotor modes are studied and
represented for one single rotor. It is observed that
no differences occur, in hovering conditions,
between rotor MR1 and MR2, and no particular
coupling is present.

Rotor dynamics

A set of 12 rotor poles is computed for each rotor, 3
of them linked to pure flap dynamics, 3 for the lead-
lag, and 6 representing the strong coupling between



those two dynamics. Figure 20 shows the mode
participation of the 6, pure oscillatory, poles,
representing the coupling effects between flap and
lead-lag. Two complex conjugate poles represent the
coupling between the dynamic coning angle (a,) and
the collective lead-lag (¢,). These two poles have an
oscillating frequency of w, = 4.55 rad/s (Table 5),
which is approximately 0.02Q. The other 4 poles are
a combination of lateral/longitudinal disc tilts (a; and
b,), advancing and regressive rotor CG coordinates
(&, and &), and their first-order derivatives. The
higher frequency modes are called “coupled
advancing modes”, while the lower frequency ones
are the “coupled regressive modes”. These coupled
dynamics are purely oscillatory and located at a
frequency of w, + Q (Table 5).

Figure 21 and Figure 22 show the mode patrticipation
of the purely flap and lead-lag dynamics. These two
sets of 3 poles are made of a real pole located in the
origin (Table 5), at zero frequency, only participated
by the coning (a,) or the collective lead-lag (¢,), and
a couple of complex conjugate poles at the rotor
angular frequency Q (Table 5). The latter represent
the non-uniform disc tilt and lead-lag motions but
cannot be reduced to classical advancing or
regressive modes. Indeed, while a major contribution
of flap and lead-lag components is highlighted, no
frequency differences are observed.

Mode Pole [rad/s]

Coupled collective mode + 4.55i

Coupled advancing mode + 256i

Coupled regressive mode + 247i
Collective flap 0

Non-uniform disc tilt + 251i
Collective lead-lag 0

Non-uniform lead-lag + 251i

Table 5: Rotor poles
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4. CONCLUSIONS

This paper proposed a methodology for linearizing
highly coupled numerical models applied on a side-
by-side helicopter. To this aim, a 24 dof,
mathematical representation of rotorcraft flight
dynamics was obtained by integrating second-order
flap and lead-lag dynamics, with a non-uniform, first-
order, dynamic inflow and integral computation of
single blade forces and moments.

In order to compute the trim conditions, an iterative
algorithm made of two nested loops has been
derived by averaging the solution of rotor forces,
moments and blade’s flexibility around one
revolution. Trim curves at variable forward speed are
produced and the hovering solution is selected for
flight dynamic studies. A methodology to linearize the
system of ODEs representing the 24 dof of the
rotorcraft, around the hovering condition, is
presented:

e Flap and lead-lag dynamics have been
partially decoupled by rearranging the
equations in a non-rotating frame of
reference and by adopting a Simulink
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algorithm to solve the two dynamics
separately. This allows for isolating the
effects of blade’s flexibility on rotorcraft
stability a provide physical meaning to the
linear representation.

e An analytical form of the state matrix has
been derived, including body-rotor-inflow
coupling effects and rotor dynamics.

¢ Nonlinear and integral terms in the equations
have been treated with Taylor's expansion
and a set of stability derivatives representing
the rotor coupling have been derived
manually.

As a result of the linearization method applied to the
side-by-side helicopter case, the flight dynamics
properties and stability of the rotorcraft are assessed,
and the effects of single rotor dynamics have been
isolated and studied separately. The rotorcraft is
subjected to a couple of unstable oscillatory modes,
governed by the pitch and roll angles, identified as
classical phugoid and Dutch-roll modes. A couple of
high-frequency, real and stable poles representing
the short period and roll modes are identified, as well
as low frequency and stable, heave subsidence and
spiral behaviors.

It is observed that a stabilizing effect is introduced by
the lead-lag, especially on the high-frequency poles.
On the other hand, the coupling between the rigid
body modes and a non-unifom inflow representation,
leads to dangerous and unstable phugoid, as well as
a reduction of Dutch-roll damping.

Rotor dynamics has been addressed as well, by
showing the presence of coupled flap-lead-lag poles
which behave as collective, advancing and
regressive oscillatory, high-frequency, modes.

In conclusion, the presented methodology can be
applied to any numerical framework representing the
flight dynamics of multiple helicopter configurations.
The trim and stability properties are computed, and a
linear 38-state-space representation of the side-by-
side helicopter flight dynamics has been provided.



Appendix A

Description Symbol Value
Maximum Take-Off Mass [kg] My 20.62
3.532 -0.001 -0.052

Inertia matrix wrt [xg y5 zg] [kg m?] I —0.001 2.222 0

—0.052 0 5.342
Rotors
Sense of rotation r +1
Number of blades N, 3
Radius [m] R 0.505 0.051
Mean chord [m] c 0.0964 2400 0.075
Solidity ratio [-] o 0.0075 0.1613
Angular velocity [rpm] Q 3
Total hinge offset [m] €o 0.505 0.051
Flap hinge offset [m] er 0.0964 2400 0.075
Blade mass [kg] my 0.0075 0.1613
Blade’s center of gravity wrt the hub [m] e 0.224
Spring restraint coefficient due to flap [Nm/rad] K 162
Spring restraint coefficient due to lead-lag [Nm/rad] K 0
Pitch-Flap coupling ratio [-] Kep 0
Pitch-Lag coupling ratio [-] Kee 0
Blade’s constant twist coefficient [rad] 6, 0
Longitudinal incidence angle [rad] is 0
Lateral incidence angle [rad] i 0
Hub position of the MR1 wrt body axes [m] rf}; [0 -0.645 0.066]
Hub position of the MR2 wrt body axes [m] r2 [0 0.645 0.066]

Table 6: Side-by-side helicopter data

Appendix B

The rotor flap and lead-lag dynamics represented in a non-rotating frame of reference in equations [13 and
[14 depends on the following terms:

1 —cosyp, —sinyP,1 [0 22sinyp; —20cosy,
[26] Kf =|1 —cosy, -—sin 1/)2] 0 20siny, —-20cosy,
1 —cosy; —siny; 0 20siny; —20cosy;
1 —cosyp, —sin,171[0 N%cosy + 2siny, 2%sinp, — N cos,
[27] Kf=|1 —cosy, —sin l/lzl 0 0%cosi, +0sinyp, 0?sinp, —0cosp,
1 —cosp; —siny; 0 0N%cosis + 0sinyp; 0%sin; — 0 cosips
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For the sake of this paper, Coleman transformation is applied for both flap and lead-lag, meaning that Kf = Kf

and K§ = Kf.
_1[_pB 1
1 —cosyp, —sinp1 —Dy 0 0 1 —cosy; —siny,
[28] Cf = Ai[l —cosyp, —sin l,bzl 0 —Df 0 [1 —cosyp, —sin 1/)2]
1 . .
1 —cosys; —siny, o 0 —Df_ 1 —cosy; —siny,
mw 1 t[-Df 0 0] ;
1 —cosy, —siny, 1 0 QOsiny; —Ncosy,
[29] Cf = Ai [1 —cosyp, —sin l,bzl 0 —Df 0 [0 Nsiny, —cos 1,[}2]
1 —cosy; —siny, gll0 Osiny; —Ncosi,
| 0 0 —-D; |
_1[—ps
1 —cosyp, —sinyP1 " —D; 0 0 1 —cosy; -—siny,
[30] Cf = Ai [1 —cosyp, —sin wzl 0 —sz 0 [1 —cosyp, —sin lpzl
2 . .
1 —cosy; —siny, 0 0 —D§ 1 —cosy; —siny;
- 3
1 —cosyp, —siny,1 " —Dy 0 0 [r0 asin Y, —Qcosy,
[31] Cg = Ai [1 —cosyp, —sin wzl 0 —sz 0 [|0 0siny, —Ncos ¢2l
1 —cosyps; —sinys ell0 Osiny; —Qcosip,
0 0 -D;
The linearized rotor dynamics is expressed by
[ Zexe Jo  Zexe Zexe ] [ Zox1 ]
[32] Ax=|2 s G |+| o+ e I
B2 Zoxe Zoxs Zoxe s 246y | Zex1 |
T T A R W VoY

where Z;,; is a zero matrix of dimensions i x j, while J; is an identity matrix of dimensions i X i.

The same approach of the rotor dynamics is adopted for the inflow dynamics. Assuming a general expression
of the inflow equation 4 = C*4 + E*, where 1 = [1, 1. A, the linearized matrices can be found as

A0 . Cfg(” 2000 4 E;;(l) C;C,(l) 2000 4 E;.C(l) (;;S'(l) 2000 4 E}S(l)
[33]  Ara(ex6)=|" CM(Z)] 2@ 00 L pp@ (2@ 500 4 PR 2@ 300 4 phO
Ao Ao Ae Ac As As

where superscripts 0 indicate trim condition, (1) and (2) indicate the main rotor and the subscripts indicate with
respect to which state the derivative is calculated. Similarly, both A;_z(6 x 8) and A4,_z(6 x 24) are computed
as

cHW g0 4 pAO ]

[34] Ay-pr = [
B.R C;,(Z)Ao,a) n Ei.(Z)
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