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Abstract

Beam theories are approximations in order to present stresses,
strains, and section forces as unknowns of the beam length
only. Therefore some basic hypotheses have to be observed
(for instance Bernoulli's hypothesis).

If the implications of these hypotheses are disregarded, the
obtained equations present often a lot of terms pretending

a higher accuracy. Whereas indeed the basic conditions are
viclated. - As a matter of fact the beam theory is limited
by its own preconditions to a certain degree of accuracy.

The aim is to show.a the consequences on the interaction of
torsion and tension. The limitations of beam theory are out-
lined. A solution which agrees with the preconditions is
given with the conclusion that interaction between torsion
and tension coccurs only in beams with warping sections. I.e.
there is no stiffening effect from the centrifugal force on
the torsicnal stiffnessg in quasi warp-free helicopter rotor
blades.



1. Introduction

All beam theories are approximations in order to prevent a three
dimensional stress and strain analysis. The aim is to present
stresses, strains, and section forces as functions of the length
of the beam only.

The results obtained in deriving the differential equations de-
pend on the philosophy applied to the problem under considera-

tion. But there are some basic hypotheses and assumptions to be
observed [7].

- Bernoculli's hypothesis of plane sections under deformation.

= The contour of the section is not changed under deformation,
i.e. shear strains perpendicular to the beam axis in planes
parallel to it must vanish.

- Normal stresses penpendicular to the beam axis are assumed to
be zerxo.

— Shear strains due to lateral forces or a change in the magni-
tude of a bimoment are negligibly small, but strains due to
St. Venant's torsion are taken into account.

For short beams the last assumption needs a correcting approxi-
mation. But for long beams it is fulfilled up to a certain de-
gree of accuracy. Now, the desired degree of agcuracy and the
approximations made in beam theory become contradictory to each
other if higher order theories are deduced neglecting the limi-
tations given by the previous assumptions.

Equations obtained in this way present often a lot of terms
which pretend a higher accuracy but indeed violate the basic
conditions for a beam theory[2., 3, 4]. The object in deriving

a beam theory is, to estimate the order cof magnitude of terms
and to stop the development of additional terms before the con-
tradiction with the starting conditions is reached. This was
done in [5].

The aim of this paper is to show the consequences of these cri-
ticisms on the interaction cf torsion and tension. The main
conclusion will be, that there is only an interaction in the
case of warping sections. If warp~free or nearly (quasi) warp-
free sections are considered there is no coupling between tor-
sion and tension in beam theory.

2. Very Slender Pretwisted Beam Without Prewarping

If warping effects under torsion are taken into account, Ber-
noulli's hypothesis of plane sections is modified. Parts of

the section differ from the plane section which is considered

as a theoretical average one. If the deviations are infinite-
simally small, the consequences are not so important. For closed
section beams this is the case. Open section beams however ex-
hibit considerable warping. But the contour of the section re-
mainsg plane withinitself, even though the plane performs no
longer a right angle with the beam axis. In hoth cases the
additions from the warping torsion theory are valid [6 , 7].
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Starting the presentations with a very slender beam means that
the length of it is two orders of magnitude longer than the
thickness. Thus, we have the following hierarchy of orders.

o{e}): &, 8", v

I, 99 .
O(e?): m. %, 37 . 3¢, Y
(3)‘af2 af, af; afy
Ole gm ' 3E » on ¢ Of

O(E‘):x&

(2.1)

olel: f,, 1,1, oy o

For simplicity the problem is reduced to torsion and tension
without any bending. The beam is manufactured with a pretwist,
but in the unstressed state no warping occurs. Warping is only
obtained in the elastically strained state. An axis point in
the unstressed but pretwisted state is given by

{2.2) fg = X8
and any section point may be described as follows.
(2.3) r = Xe+ ﬂ82+ £,

The tripod &, is the accompanying one and is related to the re-
ference system by

[ &, 10 0 e,
(2.4} V&, 0 cose, sing, 18,
(& | 0 -sin®, cos® e

e »

In the stressed state we get:

(2.5) Ry = [x +u)é,

(2.6) R = R+ (f +u)é «(n+f)é(g+1)8,

wit the warping effect

UW: L (Ps .

(2.7} U
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The tripod CH has the following relation to the reference system:

r N

e, 1 0 0
(2.8) 8,1 - 0 cos(6,8) sin{g,+8)

8, 0 -sin{eg+ @) cos(e,+8)

-

"The unknown functions f£. in eq. (2.6) are introduced in order
to fit the preconditions of the beam theory. It is to be shown
that they are of higher order of magnitude than to be included
in a beam theory. Nevertheless, their derivatives with respect
to the section coordinates, which present lowexr order in (2.1},
have to be regarded.

Let us perform a slender beam theory up to fifth order due to
the above hierarchy. The basic vectors are obtained as follows.

8 ] i hod T ) T ? A~
G, = 35— = (1+U+ 0" 9. ) E1+[*§(60+8)~f38+f2 J e, +
| +[nle +0')+f,0'+f '] &,
(2.9) 3R _ 8 99 of y., LOfays L 0fs s
GZ - “‘a“"‘:]"_]"‘“ —(]+u| aT] +an )e1+(1 a.ﬂ )e aT] E‘a
3R, e a¢s af, 1. af, af, | »
G3 - ag (1+U ag )81 'é"g_'.z (1+ag )93
The basic vectors for the unstressed state are:
’g1 - E‘! —geo‘ez +neoe
(2.10) g, = éz
g, g
The metric coefficients are performed by scalar products.
' 1 u 12 2 2 12 ) ]
G, = 1+2(u'+0"p )+ U + {9+ g 10"+ 28 8")
af,
6, = 17273y
; , 281‘
- +° —
(2.11) N ok
IR af 8f3 _
GTZ = e'é_i]_+an 'g(e e) 8 ( Ea“ 1 aTI fa)
a‘ps afj ! ! ! v ?_f_ _%_ :
513 = Er 5—5+f3+n(eu+e)+eu( gag "!ag fz)
.. = o Ef_3

22~ BE T B
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g” - ]'*(7]2"‘52)60'2
g,, 7 1
(2.12) 22
95 7 1
9, =-E8§
;3 = M9,
93 = 0
The strain tensor components are given by the difference of the
metric coefficients, y_ = %(G” - g“)
t} 1) 1]
Y” =y %_u;2+e|s@5+(n2+g2)eée:
_af
Yoo ° Eﬁf
df,
Yi3s ° 3¢
(2.13) £
. _ 1 1 SQS_ ah Lfloa! af af
Yy, "“?“[8('511— §)+73—n— f2 60(f3+§§~ﬁg-—n—é?3ﬂ
R P ofy er, o of, . af
Vo = w0 (gEem) s g e £ ey (- g v S]]
_14,8% af,
Y = 758 "3y

The vy, are the Green strain components related to the undeformed
state. Applyving a higher order theory we need of course the Al-
mansi strain components related to the deformed state [1].

In order to get the transformation coefficients we have to cal-
culate the._ contravariant base G' to the covariant one in egs.
(2.9) . Because the lowest order in vy;; is e?. It is sufficient
to use for the geometrical relations a maximum order of g?.

G,x G "o , 8@ . , 8. .
6= =t = (U8 ek e, ce'GE
(2.14) 6% = B - (e 008 - 0-GHIE, - e,
3 6,x6 P o af, . afy
6 = 1’/?2 =-m(e0'E, ~ F-¢, + (1-Fghle,

with the scalar triple product

(2.15) ﬁ:ﬁi-(ﬁsz“.
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From egs. (2.14) we have the coefficients
(2.16)  G' = b &

The transformations from the Green to the Almansi strain compo-
nents are

(2.17) ’QkL - bki bLj Y

oo

from which the following expressions result up to the fifth
order.

Y, = y(1m20h w2y, ()6’ )g-2y (8+8') =
= u‘—%u'2+e”mps+e’e'(ggn -n%“gi
. -Vne‘aafls Hy,, U g%) Y13(“%%)+Y22(eo+e')g_st(eoie)“ ;
(2.18) = x[e (——gm ~U)- 2uea;’; aafn f2'+eu'(-f3+§%-n%fi)]
Y T Y, © 22 oy, (- 9§J+YHU-W-BH)+YB(8 e)gﬂnﬁe +@')y =
= Lo en-u)-2ve S Gt 0.1, - g e 52 ]
Yoy = -2Yuejaal§ *v,,(1- %f-ﬁ—)“ 2\{238&}_%— - %“f-}%
?33: -2Y1381§3§s 2Yzaaaf§2 Y33(1—2%) = %jgé
Vs = ~Y,36'%f?—\{ 6'%25 Yzzaafé Y,, (1~ %%-%%—) -
- Jz-(aa_fgz.+%)

Applying Hooke's extendend law of elasticity to the Almansi
strain components we get the Euler stress components. In order
to verify the beam theory we have to observe the following
conditions.

]

a) f,= o0, ie f‘ < 0(g?) | Bernoulli's hypothesis
b) 4$22- 333 . . R sz _ af,

T T O, 18 v, 7 ¥,,7-VY, = e 3
c) 1, 8f, 8f, conservation of section

) = 0 contour

Y3~ ?q(?ﬁ?
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(2.19) af,

é i.e. negligible shear strains
d) due to laterxal forces or
of, X =
bimoment variation

+
i
o

The condition (b} is met by the soluticn

! ] i I ! a

e v [lu-Fu g e fo dn 08 (o [n g dn)] e, n)
(2.20) , \2 " o, a

, F -v[(u-g—u )g+ef«psdg+eeg(fg—%‘édg—mps)Lcz(n),
and

Cz(g) - %"B“EB"' Czo ’
(2.21)

Caln) = -%—9"ﬂ3+ c’

These functions fulfill also the condition {c} which is outlined
in appendix 1. Thus, the strongest condition that no change in
the shape of the cross section may occur is satisfied. If terms
in beam theory are taken into account which will produce shear
strains Y,; the stiffnesses in bending and torsion will vary
with the deformation due to the change of the section contour.
This is not allowed within the beam theory. In order to regard
these effects shell theory or continuum mechanics have to be
taken for further analysis.

It can be seen from egs. (2.20) the lowest order of magnitude
in f., and f, is €® . Therefore, if the condition of negligible
shea?¥ straifs is still wvalid, we have to admit a deviation from
Bernoulli's hypothesis of order €7 , which can be neglected.

(2.22) fo= %_v(n2+gz)u" = 0(e”)

Thus, the Almansi strain components are:

{’“ = (u'-—é-u‘2)(1-u‘) +8"@S+ e'en'(g%_ﬁg_n%_‘gs)
Yy * %—6‘(%—%~g)(1—u’)—u'e'%%s
Y, * %e‘(gkgsw)h-u )—u'ea‘a—‘é’5
(2.23) {/22= Qaa z —VQH
Vps® 0
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In egs. (2.23) *(1 - u') means differentation with respect to
the elongated length.

. 9% 3 » a*
2-24' = ~ - ! e
(2.24) s Trorex ~ (170 33

From egs. (2.23) it is seen that there is an effect of tension
marked by the elongation u' to the torsional shear strain. This
effect will vanish, if the section does not warp, i.e. Py = 0
with BQSlan =0 and.awslag =

3. Fourth Order Normal Beam Theory

Let us make the attempt to improve the beam theory for normally
long beams instead for very slender ones. The length now is
only one order of magnitude longer than the thickness.

) oy, e ) .,
O(E)-n,g,ﬁﬁs,ﬁf,e,e,v
ole?) @ o, ,u
ST
(3.1) ole™) * 5 138 3 v ok

ofe®) : f 1

As it can be seen from egs. (2.9), (2.11), and (2.13) under
these conditions (3.1) the Green component ' will get a further
term.

(3.2) ¥, 12_8:2(1]2+§z)

In connection with the transformations done in egs. {(2.17) the
Almansi component will contain this term in negative form.

(3.3) C Yy T et (n2eE?)

This will lead also to further terms in f2 and f3. From
af af A 1 i2

{3.4) 22 - T3 . L L 2,2
31 3% VY, I zVve (n%+E%)

we get , 2,1 ’
f, - 5ve (§~n3+ng2) + ¢, ()

{3.5)

f, @ Lvell(nige FEg) «cln)

This result will change the contour of the section, because vy,
does not vanish.
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of, of 1 12 ac (g) 9ca.(m)
3.6 O , 91 L s 2 3
(3.6) 3 0# +ve[2ng 2mg] + B 3

The order of magnitude is due to the above convention (3.1) of
fifth order. But for a theory of fourth order the solution up
tc the fifth order should be free of contradictions, because
the fourth order terms result by differentiation with re-
spect to the section coordinates from the fifth order terms.
On the other hand the conservation of the section contour is
just the strongest condition in beam theory. If the shape will
change under deformation all the preconditions necessary for
establishing a beam theory will be violated. Thus, the beam
theory limits itself to an allowable degreee of accuracy.

4. Iterative Linearized Solution

The previous statements were made by differential geometry cal-
culus, which is indeed a mathematical way of derivation. Much
more convenient to engineers is the way of an iterative proce-
dure.

Let us consider the case of linear standard beam theory where
no distinction has to be made whether the components of stress
or strain are related to the deformed or undeformed state. Than
the longitudinal stress will give a first approximate relation
between elongation and tensile force.

o N
(4.1) v = o

Corresponding to egs. (2.13) we obtain the linearized Green
components of strain.

N "
Y, * a eanp +(n2+¢%) 90
Yiz T %'e'(_ﬂb"g)

1 .99
Y, 5‘8 (§E§ )

(4.2)

Within the standard beam theory no further use is made of the
lateral contraction occurring in y,, and y,; . If it is taken
into account the auxiliary functions f:L have to be introduced.
In the previous sections however it was shown that the conse-
quent use of these additional functions will give no effect as
long as the limits of beam theory are respected.

For transformation linearized coefficients b , see egs. (2.14)
and {2.16), are used. J
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~g'9% A

1 ® & ° ¢
(4.3) b, = JERTY 1 0
-qn{e'+e’) 0 1

The linearized Almansi components are given by the following
equations.

Y ! ! NO akps
Yy T Y11+2Y1ze E—2Y1390T| = ﬁ)'e '*89 (E "a‘g")
(4.4) L, 00 D1 B9y No 89,
Yig T 7V O EEERALY Te(an -gl-e’ FA 3n
b= - : 9P Tl _g'No 89
Vi T TV O 5t Vi = yoilgg =o' g

The Euler stress components are given by the extended Hocke's
law of elasticity. Using only linearized terms, where the lon-
gitudinal force is assumed to be a known function, the Lagrange
components of the cross section stress vector do not differ

from the Euler components. Langrange components are related to
the undeformed state but acting in the deformed direction. There-
fore these components are suitable for simple integration up

to section forces. :

N

2 | B a . + ' 1 alp aLP - |

A e LR (3 kA
(4.5) a1z ue'[?ﬁ'ﬁs_g_gﬂg_%] = R

an EA oy
, [ O Noe 3¢ ~13

13 _ _n 0 Y¥, =

== el 512 g o) T
with
(4.6) T yEobl e

5. Section Forces and Conclusions

From eqs. (4.5) the section forces are obtained. The moments
of inertia are defined as follows.

] -.f[ a¢s__g %%%,+n2,§2] dA St. Venant's torsional

T b ‘nEﬂ? moment of inertia
(5.1) ] :Jn(nzd-gz)dA polar moment of inertia
P A related to shear center
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(5.1}
Cs = j'@sz dA warping moment of inertia
A (sixth order of cross
section dimensions)
- a Ay
C -f¢5(-n-a—gﬁ+§~f)dA
A

All other combinations have a zero result.

The bimoment is given by

5.2 L _ A1t - H+ ] I

(5.2 B - [ T"dA = EC,0"-EC,8 " .
: A

The torsional moment is given by

B [(ate - i) dA -
A

T
(5.3)

1

N -
ue'[]T+zﬁmp-JT)]

As it can be seen from eq. (5.3) there are the following con-
saquences for the coupling of torsion and tension:

(a) Open section beams with considerable warping:

1, > 1.

{(b) Closed section beams,
warp—free (e.g. circular tube): jp = }T
quasi warp-free: jp = 1.

With the approximation 2#:1%§z E we get for the torsional
equilibrium [7]:
(5.4) T 1
EC.e™+EC (60 -nl 8"~ (1~ ) (N ) =h, =0
s 1] 0 H T P T A 1

In the case of a warping, open section with constant longitudi-
nal force the terms with 6" are nearly
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(5.5) -[Mg%l]@ .

That means the effective St. Venant's torsional stiffness pl;
is strengthened by -2 J, , if a tensile force is acting. In
the case of a compressive force the stiffness is reduced and
stability failure may occur.

If warp-free sections or nearly {(guasi) warp-free sections

are considered the effect of the tensile force on torsion is
cancelled. That is the obvious result cf a physically evident
conclusion. If only St. Venant's torsion occurs, there is no
longitudinal displacement of any section point. Thus, an inter-
action with a longitudinal force is not given. The shear and
the tensile effects are perpendicular to each other, andany
coupling of them is excluded.
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Appendix 1: Proof of Conservation of Section Shape

The condition to met was formulated in egs. (2.19) as part
{c). '

af, . afy

.

(A 1) 3 *3an - O

From egs. (2.20) and (2.21} we get

w8 b !
_%f§=-v[ef~25dn+ee(@+ﬁg—?s' awsdﬂ)} o"¢’
(3 2 5 a )
). a_f:l - —v[ dg 8'e (fE 811"- dE~¢,~7 aﬁs)]‘%e v

Let us first consider the terms of 8°

20 gy 1 2 2y
(a 3) -f(ggsdn*gfdﬁ)*“z“(g'“) = 0

We introduce the torsional stress function ¢.

10! oy 10 )
A4 — = I _ d . T
(& 4] Y am " & | 3 9 7

With egs. (A 4} in eq. (& 3) we have:

(A 5) f[[aq5 1) dn (ag g)dg]*»;—(gz—nz) = 0

Performing the integrations in egqg. (A 5) the zero result is
obtained.

Now, the terms of eu'e are taken.

3 ) 32 cK
(A 6) ~ ¥ ?%? + ?%? +Jf(n-§§§ dy - E ai? [jg) = Q

We make again use of eq. (A 4) for insertion in eq. (A 6}.
3y d¢ R 32¢
(A 7Y ‘gf"ﬂﬁﬂs*f[nanag dn - ganag d'f,]:O

Integration by parts produces

095 , 99 39 8¢
8t "MV ay " MaEE "Eaq

d
+I(Z—§-dn * a—?}dZ)

(A 8)

1
o
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Now, the stress function ¢ is replaced by the warping function P -

a 2 a a
s gyt lmeoEl gl o)
(2 9)
09 395 -
+j[(a_n -g)dﬂk-- 3¥ +§)d§] = 0

Performing the integrations all terms cancel themselves.

Appendix 2: List of Symbols

A section area

é bimoment from warping in éi system
Cs warping moment of inertia

CT special moment of inertia, eg. (5.7)
E Young's modulus

Gi covariant basic vectors of strained state

i . . ;
G contravariant basis vectors of strained state
G metric coefficients of strained state

polar moment of inertia related to shear center

—J .

—

5t. Venant's torsional moment of inertia

Mr torsional moment in éi system

N0 normal force from standard linear beam theory

R vector of section point in the elastically strained
state

Rs vector of shear center axis point in the elastically
strained state

Tk Lagrange stress components

bn transformation coefficients, eg. (2.16)

c, ,C3 integration functions

c,’ ,C integration constants

g; tripod of reference coordinate system
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tripod of pretwisted beam

tripod of elastically strained beam

auxiliary functions to fit beam theory conditions
covariant basis vectors of unstressed state
metric coefficients of unstressed state

torsional loading in éi system

vector of section point in the unstressed state

vector of shear center axis point in the unstressed
state

elongated beam length coordinate
motion in x-direction
motion in x—-direction due to warping

beam length coordinate of unstressed state

angle of elastic torsion
angle of built-in-torsion (pretwisted state)

torsional stress function

Green strain components
Almansi strain components

section coordinates of main axes related to
shear center

shear modulus of elasticity
Poisson's ratio
Euler stress components

warping function of section
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