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Abstract 

Beam theories are approximations in order to present stresses, 
strains, and section forces as unknowns of the beam length 
only. Therefore some basic hypotheses have to be observed 
(for instance Bernoulli's hypothesis). 

If the implications of these hypotheses are disregarded, the 
obtained equations present often a lot of terms pretending 
a higher accuracy. Whereas indeed the basic conditions are 
violated. - As a matter of fact the beam theory is limited 
by its own preconditions to a certain degree of accuracy. 

The aim is to show.\ the consequences on the interaction of 
torsion and tension. The limitations of beam theory are out
lined. A solution which agrees with the preconditions is 
given with the conclusion that interaction between torsion 
and tension occurs only in beams with warping sections. I.e. 
there is no stiffening effect from the centrif·ugal force on 
the torsional stiffness in quasi warp-free helicopter rotor 
blades. 
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1. Introduction 

All beam theories are approximations in order to prevent a three 
dimensional stress and strain analysis. The aim is to present 
stresses, strains, and section forces as functions of the length 
of the beam only. 

The results obtained in deriving the differential equations de
pend on the philosophy applied to the problem under considera
tion. But there are some basic hypotheses and assumptions to be 
observed [7]. 

- Bernoulli's hypothesis of plane sections under deformation. 
- The contour of the section is not changed under deformation, 

i.e. shear strains perpendicular to the beam axis in planes 
parallel to it must vanish. 

- Normal stresses penpendicular to the beam axis are assumed to 
be zero. 

- Shear strains due to lateral forces or a change in the magni
tude of a bimoment are negligibly small, but strains due to 
St. Venant's torsion.are taken into account. 

For short beams the last assumption needs a correcting approxi
mation. But for long beams it is fulfilled up to a certain de
gree of accuracy. Now, the desired degree of accuracy and the 
approximations made in beam theory become contradictory to each 
other if higher order theories are deduced neglecting the limi
tations given by the previous assumptions. 

Equations obtained in this way present often a lot of terms 
which pretend a higher accuracy but indeed violate the basic 
conditions for a beam theory [ 2., 3 , 4). The object in deriving 
a beam theory is, to estimate the order of magnitude of terms 
and to stop the development of additional terms before the con
tradiction with the starting conditions is reached. This was 
done in [ 5]. 

The aim of this paper is to show the consequences of these cri
ticisms on the interaction of torsion and tension. The main 
conclusion will be, that there is only an interaction in the 
case of warping sections. If warp-free or nearly (quasi) warp
free sections are considered there is no coupling between tor
sion and tension in beam theory. 

2. Very Slender Pretwisted Beam Without Prewarping 

If warping effects under torsion are taken into account, Ber
noulli's hypothesis of plane sections is modified. Parts of 
the section differ from the plane section.which is considered 
as a theoretical average one. If the deviations are infinite
simally small, the consequences are not so important. For closed 
section beams this is the case. Open section beams however ex
hibit considerable warping. But the contour of the section re
mains plane wi thin:i:tself, even though the plane· performs no 
longer a right angle with the beam axis. In both cases the 
additions from the warping torsion theory are valid [6 , 7]. 
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Starting the presentations with a very slender beam means that 
the length of it is two orders of magnitude longer than the 
thickness. Thus, we have the following hierarchy of orders. 

0 ( E) : 8', 8", V 

( 2. 1 ) 
0 (E

4
): <p

5 

0 ( E 
5

) : f 
2 

, f 
2
' , f 

3 
, 

For simplicity the problem is reduced to torsion and tension 
without any bending. The beam is manufactured with a pretwist, 
but in the unstressed state no warping occurs. Warping is only 
obtained in the elastically strained state. An axis point in 
the unstressed but pretwisted state is given by 

( 2. 2) 

and any section point may be described as follows. 

( 2. 3) 

The tripod ei is the accompanying one and is related to the re
ference system by 

0 0 

(.2.4). 0 

0 

In the stressed state we get: 

( 2. 5) R5 =(x.u)e 1 , 

( 2. 6) R = R •(f •U le •h•f )e• (~·fle 
5 \ w \ 2 2 3 31 

wit the warping effect 

( 2. 7) 
8' u - 10 

w - 1 • U' '~'s . 
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The tripod e. 
1. 

has the following relation to the reference system: 

e1 0 0 

. 
( 2. 8) e2 = 0 cos(8

0
•8) sin ( 8

0
•8) 

. 
e3 0 -sin(8

0
• e) cos(80•8) 

·The unknown functions f. in eq. (2.6) are introduced in order 
to fit the precondition§ of the beam theory. It is to be shown 
that they are of higher order of magnitude than to be included 
in a beam theory. Nevertheless, their derivatives with respect 
to the section coordinates, which present lower order in (2.1), 
have to be regarded. 

Let us perform a slender beam theory up to fifth order due to 
the above hierarchy. The basic vectors are obtained as follows. 

( 2. 9) 

G1 = ~: = (1·u··e"<p5 ) e 1 •[-~(e~·e') -f 3 e'+tz'] e2 • 

+ [ l](e;•e') ·f2e'• f3'] e3 

=(Jt..a'Ps.afl)e +(,.at2)e .at3 e3 
1+U' a'l] a'l] I al] 2 a'l] 

= ( e' a 'Ps a 11 ) • a f 2 • • ( 1 • a f 3 ) • 
1•u'·a~ ·a~ e1•a["e2 a~ e3 

The basic vectors for the unstressed state are: 

(2.10) 

= e 
1 

~e·- • .,e'e - s o e 2 ., o 3 

e2 

e 
3 

The metric coefficients are performed by scalar products. 

( , , ) ·2 ( 2 2)(e'2 2 , ') G
11 

= 1 • 2 u • e 'Ps • u • 11 • ~ 0 • e0 e 

at 
G22 = 1+ 2-2 

all 

at 
G 33 = 1 •. 2 - 3-

(2.11) a~ 
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g11 = 1 .( lJ 2 • ~ 2) e/ 

g 22 = 
(2.12) 

g 33 = 

g12 = - ~ 8 I 
0 

g13 = 1]81 
0 

g 23 = 0 

The strain tensor components are given by the difference of the 
metric coefficients, y .. = J.(G .. - g .. ) , 

tj L IJ IJ 

I 1 ,2 8 .. ( 2 t:2)e'e' y II = U + 2 U + <Ps + 1] + :, 0 

=~ Y 22 alJ 

Y 
= a f. 3 

33 at: (2.13) :. 
= l[e'(a<Ps_t:). aft •f ~-e~(f .t:af2 -1Jaf3 l] 

Y12 2 01] :. alJ 2 o 3 :. 01] alJ 
= 1 [ l(a<Ps ) aft 1 ~ '(f at2 at3J] 

Yt3 L" 8 or•lJ ·a~+ 3• 8 o 2-~a~ +lJ a~ 

= l(at2 • at 3 ) 
Y 23 2 a~ a 'lt 

The Yij are the Green strain components related to the undeformed 
state. Applying a higher order theory we need of course the Al
mansi strain components related to the deformed state [1]. 

In order to get the transformation coefficients we have to cal
culate the.contravariant base G' to the covariant one in eqs. 
(2.9). Because the lowest order in Yij is E2

• It is sufficient 
to use for the geometrical relations a maximum order of E 3 

• 

G I = G 2 X 53 ( ') • 8 I a <Ps • I a <Ps • "Vb = 1 - u e1 - a11 e 2 - e a~ e3 

(2.14) G 2 G3x G1 ( I I) • ( at2)· a f 2 • 
= = ~ eo+ 8 el • 1-·- e - ar e3 YG' alJ 2 

G 3 Gl X G2 ( I I) 4 a f 3 • (1_af3J' = = -lJ e •8 e - alJ e2 • a~ e3 rr 0 I 

with the scalar triple product 

(2.15) -{(j = G1 ·(G2 x G 3 ) • 
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From eqs. (2.14) we have the coefficients 

(2.16) 

The transformations from the Green to the Almansi strain compo
nents are 

(2.17) 

from which the following expressions result up to the fifth 
order. 

y 11 = 

= 
. 
Y,z = 

= (2.18) . 
Y,3 = 

= 

. 
y22 = 
• 
y33 = 

• 
y23 = 

= 

Applying Hooke's extendend law of elasticity to the Almansi 
strain components we get the Euler stress components. In order 
to verify the beam theory we have to observe the following 
conditions. 

a) 

b) 

c) 

(2.19) 

f, ;::! 

i 22 = 

0 ' I.e. f, 

i;33 = 0 I. e. 

< 0 ( E 5 ) Bernoulli's hypothesis 

. 
y 22 = 

. . _ afz a f3 Y33 = -vy,, - a1J = ag 

conservation of section 
contour 
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(2.19) 

d) 
i.e. negligible shear strains 

due to lateral forces or 
bimoment variation 

The condition (b) is met by the solution 

12 = 

(2.20) 
f = 3 

and 

c 2 ( g) 
v e" ~ 3 • c 0 = 6 2 

(2.21) 

C3 ( 1] ) = v e" 3 - 6 1] + c 0 

3 

These functions fulfill also the condition (c) which is outlined 
in appendix 1. Thus, the strongest condition that no change in 
the shape of the cross section may occur is satisfied. If terms 
in beam theory are taken into account which will produce shear 
strains y 23 the stiffnesses in bending and torsion will vary 
with the deformation due to the change of the section contour. 
This is not allowed within the beam theory. In order to regard 
these effects shell theory or continuum mechanics have to be 
taken for further analysis. 

It can be seen from eqs. (2.20) the lowest order of magnitude 
in f

2 
and f 3 is E 5 • Therefore, if the condition of negligible 

shear strains is still valid, we have to admit a deviation from 
Bernoulli's hypothesis of order E 7 , which can be neglected. 

(2.22) 

Thus, the Almansi strain components are: 

• 
Y,, = 

• 
'<12 = 
• 
Y,3 = 

• • 
(2.23) Yzz = '( 33 = -vy 

II 

• 
y23 = 0 
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In eqs. (2.23) *(1 - u') means differentation with respect to 
the elongated length. 

(2.24)· as = (1 +u'l ax 

From eqs. (2.23) it is seen that there is an effect of tension 
marked by the elongation u' to the torsional shear strain. This 
effect will vanish, if the section does not warp, i.e. ~5 = 0 
with a ~5 I all = o and a ~5 1 a~ = o • 

3. Fourth Order Normal Beam Theory 

Let us make the attempt to improve the beam theory for normally 
long beams instead for very slender ones. The length now is 
only one order of magnitude longer than the thickness. 

0 ( E ) ll.~ 
a~5 a~5 I IJ 

, all •Bf•e,e 1 v 

0 ( E 2) ~5 I 
u I 

O(E
3) 

at 2 atz at 3 af3 
( 3 • 1 ) all I a~ I ai] I ag 

0 ( E 4 ) fz f3 

As it can be seen from eqs. ( 2. 9) , (2. 11) , and 
these conditions (3.1) the Green component y

11 term. 

(3.2) 

(2.13) under 
will get a further 

In connection with the transformations done in eqs. (2.17) the 
Almansi component will contain this term in negative form. 

( 3. 3) 

This will lead also to further terms in f 2 and f 3 . From 

(3.4) atz at 3 . .!_ v e '2 ( i] 2 + e ) 
8i] = ar = -vy 

1l 2 

we get 
l v e'2(.!_ i13• i1~2) f2 + cz ( ~ ) 
2 3 

(3.5) 

f3 ~ V9 12 (i] 2 ~·i-e) + c (i] ) 
3 

This result will change the contour of the section, because y 23 
does not vanish. 
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( 3. 6) 

The order of magnitude is due to the above convention (3.1) of 
fifth order. But for a theory of fourth order the solution up 
to the fifth order should be free of contradictions, because 
the fourth order terms result by differentiation with re
spect to the section coordinates from the fifth order terms. 
On the other hand the conservation of the section contour is 
just the strongest condition in beam theory. If the shape will 
change under deformation all the preconditions necessary for 
establishing a beam theory will be violated. Thus, the beam 
theory limits itself to an allowable degreee of accuracy. 

4. Iterative Linearized Solution 

The previous statements were made by differential geometry cal
culus, which is indeed a mathematical way of derivation. Much 
more convenient to engineers is the way of an iterative proce
dure. 

Let us consider the case of linear standard beam theory where 
no distinction has to be made whether the components of stress 
or strain are related to the deformed or undeformed state. Than 
the longitudinal stress will give a first approximate relation 
between elongation and tensile force. 

( 4 • 1 ) u ' = 

Corresponding to eqs. (2.13) we obtain the linearized Green 
components of strain. 

N 
e 'e' y11 = _o_. 9 " <P • ( 11z. ~ z ) 

EA 5 0 

y12 = 1 e' (a<Ps ) 
2 all-~ 

1 e' (a4ls ) 
y13 2 ay•l] 

( 4. 2) 
No . 

0 (E3) Yzz = y33 =- v rA 

Yz3 = 0 

Within the standard beam theory no further use is made of the 
lateral contraction occurring in y 22 and y 33 • If it is taken 
into account the auxiliary functions f. have to be introduced. 
In the previous sections however it wa§ shown that the conse
quent use of these additional functions will give no effect as 
long as the limits of beam theory are respected. 

For 
and 

i transformation linearized coefficients bj , see 
(2.16), are used. 

eqs. (2.14) 
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'8<Ps ·-e'a<Ps -e-81] ag 

( 4 . 3) b. i = g ( e '• e ') 0 
J 0 

- 11 ( e '• e ') 0 

The linearized Almansi components are given by the following 
equations. 

. 2 e 'g 2 e' ~ + e"<.p + e'e '( g a<Ps -1] a<Ps ) y11 = y11 + y12 0 - y 13 0 1] = EA s o a11 ag 
(4.4) . e, a<Ps l e'(a<Ps -g)- e'~ alPs y12 = + y12 = -y11 81] 2 a11 EA a11 

• - ' a\Ps 1 '(a<P ) , No alPs 
Yn = Y11 8 ag + y13 = 2 8 ag • ll - 8 IT Bf 

The Euler stress components are given by the extended Hooke's 
law of elasticity. Using only linearized terms, where the lon
gitudinal force is assumed to be a known function, the Lagrange 
components of the cross section stress vector do not differ 
from the Euler components. Langrange components are related to 
the undeformed state but acting in the deformed direction. There
fore these components are suitable for simple integration up 
to section forces. 

No 
-- + 
A E[e"4l •e'e'(~~- 8<Psl] s o s all ll ag 

• 11 
= T 

( 4. 5) '12 
"t = e ' [ ~ - g - 2 ~ a IPs J 11 a11 EA all = 

• 12 
T 

"t 13 = '[alP N0 8<.p J 
lle ar·1]-21Aar = 

• 13 
T 

with 

( 4. 6) 1-1k = rr b1
· 

II jk 
"t 

J 

5. Section Forces and Conclusions 

From eqs. (4.5) the section forces are obtained. The moments 
of inertia are defined as follows. 

( 5 . 1 ) 

alPs + 1]2 + g 2 J d A St. Venant' s torsional 
all moment of inertia 

Jp =f (112 + g2) dA polar moment of inertia 
related to shear center A 
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1 P - J r = J ( ~ aa~s - 11 ~~s ) dA 
A 

( 5. 1 ) 

warping moment of inertia 
(sixth order of cross 
section dimensions) 

All other combinations have a zero result. 

The bimoment is given by 

( 5. 2) 
. 
8 -J '" i- 11 

d A = E c e " + E c e ' e' - "'s s T o • 
A 

The torsional moment is given by 

M T = J ( 11 t 13 
- g T 12 

) d A = 
( 5. 3) 

A 

= 

As it can be seen from eq. (5.3) there are the following con
sequences for the coupling of torsion and tension: 

(a) Open section beams with considerable warping: 

-] >> J 
p T 

(b) Closed section beams, 

warp-ffee (e.g. circular tube): 

quasi warp-free: 

E 
With the approximation 2 [1 = 1 + v:::: E 
equilibrium [ 7]: 

( 5. 4) 

]- ;::: J 
p T 

we get for the torsional 

In the case of a warping, open section with constant longitudi
nal force the terms with 8" are nearly 
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( 5. 5) [ N -]II 
- 1-L \ + Ao \ e . 

That means the effecti~e St. Venant's torsional stiffness 1-LJr 
is strengthened by ~ J P , if a tensile force is acting. In 
the case of a compressive force the stiffness is reduced and 
stability failure may occur. 

If warp-free sections or nearly (quasi) warp-free sections 
are considered the effect of the tensile force on torsion is 
cancelled. That is the obvious result of a physically evident 
conclusion. If only St. Venant's torsion occurs, there is no 
longitudinal displacement of any section point. Thus, an inter
action with a longitudinal force is not given. The shear and 
the tensile effects are perpendicular to each other, andany 
coupling of them is excluded. 
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Appendix 1: Proof of Conservation of Section Shape 

The condition to met was formulated in eqs. (2.19) as part 
(c) • 

(A 1 ) 

From eqs. (2.20) and (2.21) we get 

~fl = -v [ e"f~~5 dll + e'eo'(<p5+~~~5 -Jll ~~~5 dlll] + ~ e"~2 
(A 2) ~~~ = - v [ e"J ~~5 d ~ + e' e0 '(J~ a~~~ d~ -<p5 -11 ~~5 ) J- ~ e" 11

2 

Let us first consider the terms of 8 ". 

(A 3) 

We introduce the torsional stress function¢. 

(A 4) and 

With eqs. (A 4) in eq. (A 3) we have: 

(A 5) 

Performing the integrations in eq. (A 5) the zero result is 
obtained. 

Now, the terms of 8
0
'8 are taken. 

(A 6) d ~ ) = 0 

We make again use of eq. (A 4) for insertion in eq. (A 6). 

(A 7 )' 

Integration by parts produces 

+ 

(A 8) 
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Now, the stress function¢ is replaced by the warping function ~s . 

a~ a~ a~ ( a<p 5 ) -~.::..:!3·1]~-1](-5-~J-~ ---1] • 
" a~ a11 a11 " " a~ 

(A 9) 

Performing the integrations all terms cancel themselves. 

Appendix 2: List of Symbols 

A . 
B 

Cs 

CT 
E 

G; 

G i 

Gii 

jp 

\ 
• 
MT 

No 

R 

R. 

+ ik 

b i. 
I 

c 2 ' c 3 

c 0 

2 
I c 30 

e; 

section area 

bimoment from warping in ~ system e. 
]. 

warping moment of inertia 

special moment of inertia, eq. ( 5 • 1 ) 

Young's modulus 

covariant basic vectors of strained state 

contravariant basis vectors of strained state 

metric coefficients of strained state 

polar moment of inertia related to shear center 

St. Venant's torsional moment of inertia 

torsional moment in ei system 

normal force from standard linear beam theory 

vector of section point in the elastically strained 
state 

vector of shear center axis point in the elastically 
strained state 

Lagrange stress components 

transformation coefficients, eq. (2.16) 

integration functions 

integration constants 

tripod of reference coordinate system 
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' e; 

11,12,13 

Q; 

g ij 

r 

r, 

s 

u 

X 

e 

v 
' k l 
1: 

IJls 

tripod of pretwisted beam 

tripod of elastically strained beam 

auxiliary functions to fit beam theory conditions 

covariant basis vectors of unstressed state 

metric coefficients of unstressed state 

torsional loading in e. system 
~ 

vector of section point in the unstressed state 

vector of shear center axis point in the unstressed 
state 

elongated beam length coordinate 

motion in x-direction 

motion in x-direction due to warping 

beam length coordinate of unstressed state 

angle of elastic torsion 

angle of built-in-torsion (pretwisted state) 

torsional stress function 

Green strain components 

Almansi strain components 

section coordinates of main axes related to 
shear center 

shear modulus of elasticity 

Poisson's ratio 

Euler stress components 

warping function of section 
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