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Nonlinear'optir'nal control theory is applied to the takeoff and landing of helicopters in
case of an eﬁgine failure. Four types of the optimization problems are formulated: (i) mini-
mization of the touchdown speed, (ii) minimization of the height loss during OEI transition,
(iif} minimization of the restricted region in the H-V diagram, and (iv) maximization of the
takeoff weight for Category A VTOL operation. Predictions of the H-V diagrams and the
operating limitations for Category A show good correlations with the flight fest results for
several helicopters over a wide range of the operating conditions. Some non-optimal controls
conducted by the pilots during the tests are also discussed.

1. Introduction

- A helicopter — whether single or twin engined ~
has a chance to make a safe landing following an
engine failure except for some initial conditions of
the height and velocity. If these conditions are suf-
ficlent to the transition into forward flight on the
remaining power, a twin engine helicopter has an-
other chance to fly away. Such information, usually
illustrated as height-velocity (H-V) diagrams, has
the greatest importance for the planning of Cat-
egory A operation. The typical takeoff paths for
Category A are schemadtically shown in Fig.l. If
an engine faillure occurs before reaching the criti-
cal decision point (CDP), the helicopter must be
landed immediately. The speed at the CDP is re-
stricted by the distance of this rejected takeoff.
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The smaller the heliport size, the lower the allow-
able CDP speed. Once past the CDP, the takeoff
must be completed with a clearance of at least 35
ft from the ground. This condition determines the
height of the CDP. The lower the CDP speed, the
higher the CDP height. If the CDP is located in
or above the restricted region in the H-V diagram,
the payload must be reduced. Consequently, the
performance for one engine inoperative (OEI) op-
erations is closely connected with the economics of
the helicopter operation,

Takeoff 351t Minimum

te— Rejected Takeoff Distance —»

Fig.1 Category A Takeoff Profile.
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Tlight tests are usually conducted to verify the
They, how-
ever, require much cost and time because of the

safety in case of an engine failure.

high risk. In order to support these tests, simu-
lation models have been highly developed in re-
cent years (Refs.[1-4]). Nevertheless, only simple
point-mass models have been used in the applica-
tions of the optimal control theory, which reduced
the reality of the solutions (Refs.[5-7]). In Ref.[8],
the authors applied nonlinear optimal control the-
ory to the rigid body dynamic performance model
combined with the experimentally verified aerody-
namic model. In this paper, this method is ex-
tended to predict the H-V diagram and the maxi-
mum performance for Category A operation.

2. Formulation of the Optimization Problems

2.1 Equations of Motion

In this paper, a rigid body model with three
degrees of freedom is used to evaluate the dynamic
performance of the helicopter. The state variables
are height loss, horizontal and vertical velocities,

pitch attitude, pitch rate, and rotational speed of
the main rotor. The control variables are collec-

tive pitch and longitudinal cyclic pitch. The eqgua-
tions of motion are given in Appendix A-1. The
external forces taken into account are thrust, H-
force, torque, and longitudinal hub moment of the
main rotor, drag of the body, lift of the horizontal
stabilizer, etc. The aerodynamic performance of
the main rotor is calculated based on the modified
momentum theory and the modified blade element
theory. This model is applicable to the vortex ring
state and considers the effect of the blade stall dur-
ing descending flight. The details of this model are
contained in Ref.[8]. The equations of the aerody-
namic coeflicients of the main rotor are given in
Appendix A-2. The flapping motion is assumed to
be quasi-steady. A hingeless rotor is substituted
by an articulated rotor with the equivalent hinge
offset. The flapping equations!®! are given in Ap-
pendix A-3.

2.2 Perfermance Index and Boundary Conditions

Tour types of the optimization problems in
case of an engine failure are formulated as follows:

(i) Minimization of the touchdown speed for a
given set of the initial flight cenditions.

(ii) Minimization of the height loss during the
transition into the level flight on the remaining
power.

(ili) Minimization of the restricted region in
the H-V diagram. In this paper, an H-V diagram
is estimated by calculating three key points: high
hover point, knee point, and low hover point. The
definitions of ‘minimization of the restricted re-
gion’ for each point are as follows: (iiia) For the
high hover point, minimization of the initial hover-
ing height under the conditions that the horizontal
and vertical touchdown speeds are within the re-
spective capabilities of the landing gear. (iiib) For
the knee point, minimization of the initial velocity.
The height of the knee point is determined to max-
imize the minimum initial velocity. (iiic) For the
low hover point, maximization of the initial height.

(iv) Maximization of the takeoff weight for
Category A VTOL operation. The most critical
height for a rejected takeoff is approximately the
height of the knee point in the H-V diagram, which
is usually lower than the CDP height of the VTOL
takeoff procedure. It is required, therefore, to elim-
inate the restricted region in the H-V diagram.
Thus, this problem is equivalent to the maximizs-
tion of the weight under the condition that the he-
licopter can be landed within the allowable touch-
down speed from any initial height if an engine
failure occurs in hover.

The performance indices and the boundary
conditions for these four (six) problems are given
in Table.1.
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Table.l Performance Indices and Boundary Conditions.

Problem Performance Index Initial Conditions Terminal Conditions
2 2 z(1p); given
Min, Touchdown Speed min \/(M) + (Eﬁ'.:.l) (1y); given, .
s ¥y . ©{1y), ¢(1;); given or free
u(0), w(0), $3(0); given (i) =0, (1, ): given
Min. Height Loss during CTO min z(1 ©(0); given from fom T AN '
& (t) ' frim conditions | 4(ts)} =0, O(#y); free
YT Min. Height . #0)¢(0)=0
vV Dxag;'am of High Hover Point min z(ty)
Min. Speed may minu(0 ) \/ u(ty) 2 wty) 2 _
of Knee Point 3(ty) (©) u(0); free ( ug ) +( wy ) =1
AR 2 1 I B(1), ¢(1s); given or free
E Max. Height max #(1;) $h g )5 8 +
u(0) of Low Hover Point 4 2(1y); free
Max. Weigflt .for .Ca.tegory A .VTOL O?eration min max m u(0) =
(for Elimination of Restricted Region) rlty)

2.3 Constraints

In this paper, the following constraints are
considered: (1) and (2) range of the control vari-
ables, (3) maximum value of the averaged resultant
angle of attack of the blade at 0.75R, (4) maximum
value of the vertical load factor, (5) range of the
pitch attitude, and (6) range of the rotor speed.
They are expressed as :

gﬂrm'n S 80 < aﬂmax (1)

esmin S 95 S gsmas (2)
. 4 _. _

dw :

~7 20 (1= nmas) (4)

®min ﬁ © s ema:c ) (5)

‘Qmin S Y] S Qma:z (6)

Only for the cases of fly-away (problem (ii)),
two more constraints are imposed to obtain realis-

tic solutions. They are

w > w(0){1 + cos(ntfts)}/2 ()
du '
720 (8)

These inequality constraints are transformed
into equality constraints by introducing ‘slack vari-
ables'10], '

These nonlinear optimal control problems are
numerically solved through the use of Sequential
Conjugate Gradient Restoration Algorithm{1l.

3. Prediction of H-V Diagram

3.1 H-V Diagrams of Single Engine Helicopters

Fig.2 shows the H-V diagrams of two single
engine helicopters (5-58 and Hughes 269, refer to
Table.A-1). The predictions by the present theory
correlate well with the flight test datal*®!?] egpe-
cially in the vicinity of the knee points. The veloc-
ities and the heights of the knee points are differ-
ent between two helicopters, t.hough' the heights of
the high hover points are almost the same. This
is mainly caused by the different capacities of the
landing gears.

Fig.3 shows the control histories of the above
exemplified helicopters for the cases of landing

from the high hover points, It is observed that

. the pitching motions of both helicopters are simi-
‘lar to the optimal solutions. The pilot of the §-58

helicopter, however, conducted the collective flare
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earlier than the optimal timing. This might be

O Flight Tests }5-58 ~ due to the steep and high rate descent. On the
L — Present Theory

Flicht T other hand, the amplitude of the collective flare
+ t L . .

—_ Prlegsent?;hseory }H“Ehes 269 conducted by the pilot of the Hughes 269 is lower
than the optimal solution. This follows that the
kinetic energy of the rotor remained unused at the

time of touchdown as observed in the time history

ot of the rotor speed. Not only the theoretical errors
but these non-optimal controls by the test pilots
I cause the discrepancies between the theoretically
20 . ' .
predicted and the experimentally determined H-V
Velocity (m/s) .
diagrams.
Fig.2 H-V Diagram Predictions of the Single
Engine Helicopters.
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Fig.3 Control Historles for the Single Engine
Helicopters Landing from High Hover Point.
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In order to make clear the effects of the differ-
ences in the dynarhic and a.erodyné.mic models on
the prediction of an H-V diagram, comparisons are
made between four combinations of these models
as shown in Fig.4. The point-mass dynamic model
predicts unreasonable restricted regions, though it
has an advantage of simplicity of the formulation.
The simple aerodyhamic model, which neglects the
influence of stall at the blade root and the increased
induced power in the vortex ring state, reduces the

accuracy of the prediction.

< Flight 'Il'ests

o DynamicfAeradynamic Model
— Rigid Body + Modified
—=- Rigid Body + Simple
—-= Point-Mass 4 Modified
Point-Mass + Simple

Height (m)

Velocity {m/s)

Fig.4 Effects of the Dynamic and Aerodynamic
Models on H-V Diagram Prediction.
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Fig.5 H-V Diagram Prediction of the Twin
Engine Helicopter.

3.2 H-V Diagrams of Twin Engine Helicopters

Fig.5 shows the H-V dia.gré.m of a twin engine
helicopter (YUH-61A). The present theory predicts
the boundary of the fly away possible region in
good accordance with the flight test resultsl!*! ex-
cept for the cases of low initial speed. The control
histories for this case of fly away from hovering are
shown in Fig.6. The differences between the opti-
mal solution and the flight test data are remark-
able in the histories of rate of descent. The test
pilot conducted a nose-up maneuver and reduced
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Fig.6 Control Historles for the Case of Fly-Away.
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the sinking rate earlier than the optimal timing.
This resulted in the insufficient forward speed and
the long duration of the slight descent.

The size of the restricted region in the H-V
diagram depends on the various operating condi-
tions. The effects of the outside air temperature,
the pressure altitude, and the gross weight on the
height of the high hover point of a twin engine he-

licopter (BK117) are shown in Fig.7. The correla-
tions between the predictions and the certification
data are close especially for the extreme conditions
such as high altitude and high temperature. This
trend is related to the available power of the resid-
ual engine as mentioned below. Fig.8 shows the
control histories for the case of landing from the
high hover point under a moderate ambient condi-
tion. It is observed from the flight test data that
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Fig.T Effects of the Operating Conditions on H-V Diagram Prediction.

57— 6



the englne torque is reduced to prevent the rotor

from overspeed In this paper, the a.va,ﬂab}e engme _

torque variation with the rotor speed is assumed_ as
shown:in Figg The n.la.xj.'mum.torque is derived
from the engine power chart as a function of the
pressure altitude and the air temperafsure The op-
timal solu_tzon indicates that the rotor speed should
be kept so !';hat. the full engine torque is available.
Under the extreme conditlons, the a.vmla.ble power
is not enough to keep the high rotor speed and
does not cause thls dlfference between the flight
test data. and the optlma.l solutlon
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Fig.8 Control Histories for the Twin Engine
Helicopter Landing from High Hover Point.

Another noticeable difference is sought in the
time histories of collective pitch in Fig.8. The test
pilot did not dxstmctiy conduct collectlve ﬂa.re in
contrast to the optnnal solution. This type of the
collective pjtch control without the flare appears in
the optimal solutions only when the initial height
is relatively low as exemphﬁed in Fig. 10. Under'
such conditions, there is no time before la.ndlng to
exchange the height loss for the kmetic energy and
to store it as a rotor rotational energy.
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Fig.9 Estimated Engine Torque Variation
with Rotor Speed
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Fig.10 Effect of the Initia;l'l-:Iov'ering"Height '
on the Optimal Histories of Rotor Speed.
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4, Prediction of Category A 'I‘a,keoﬁ' Performance

When there 1s no restrlctlon on the a.vaila.bie

hehport size, the maximum weight for Category A

(S’I‘OL) operation is usually determined by the ca-
pability of climbmg at least 100 fpm in case of an

engine failure. Consequently, there i 1s_no interest

as an'optimal 'con_trol problem _in' maxinﬁzing"the .

weight limitation. For Category A VTOL opera-
tion from a small helioort, .however, the maximum
weight is limited by the safe landing capability in
case of a rejected takeoff. Discussed in the follow-
ing sections are the maximum weight for Category
A VTOL operation and the allowable takeoff tra-
jectories for Category A STOL operation.

4.1 Maximum Weight for VTOL Operation

The maximum takeoff weights for Category A
VTOL operation of a twin engine helicopter (BK
117) are shown in Fig.11. The circular symbols in-
dicate the results by the present theory with the
30% margin of the landing gear capabilities (20
kt forward and 8 ft/sec downward for this heli-

copter). These results are in accordance with the

data for certification better than the results with‘

100% touchdown speed. This is because the cer-
tification source might be more conservative than
the maximum performance. Another reason is that
this is the case for VTOL operation and a very
smail heliport such as a roof-top is assumed, so
that the forward speed at the time of touchdown
might be limited lower than the maximum C.é.-paf‘
bility of the landing gear.

4,2 Takeoff Trajectory for STOL Operation

In order to investigate the safety in case of
an engine failure during takeoff, the H-V diagram
shown in Fig.12 is predicted under the condition
of climbing at the flight path angle of 10°. When
such an H—-V ‘diagram is -available, the CDP is de-
termined as an intersection of the takeoff trajec-
tory and the boundary between the fly away pos-
sible region and the safe landing possible region
as exemplified in Fig.12. The speed at the CDP

varies associated with the tekeoﬁ' .procedﬁre'ifforh
the speed of the knee pomt to takeoff sa,fety Speed‘
(TOSS) at which the ra.l;e of climb of 100 fprn is
enabled on the remammg power
speed at the CDP for the usual STOL operatmn is
selected sufﬁaently hlgh as shown in Flg 12 This

Currently, the'

is besed on the a.ssumptlon that restrachone on the
hehport size can be dlsregarded The differences in _
the continued and the rejected takeoﬂ' trajectorles
between these CDP’s are shown in Fig.13. A take- |
off procedure with the lower speed CDP requ1res'
the shorter rejected takeoff distance.
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3206 mmmmmmmm ""'-..__' eg'or
2800

2400 -

Certification

A 100% Touchdown Speed } '
Present Th
o 70% Touchdown Speed resent Theory

Maximum Takeoff Weight (kg)

2000 L 1 .
0 2000 4000 6000

Density Altitude {ft)

Fig.11 Prediction of the Maximum Weight
for Category A VITOL Operation.
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Fig.12 Takeoff Trajectory and CDP in H-V Diagram.
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Fig.13 Continued and Rejected Takeoff Trajectories.

5. Conclusions

A numerical methed to evaluate the maximum
performance of helicopters under one engine inop-
erative conditions are presented. There is a possi-
bility to reduce the cost, time, and risk of the flight
tests and to expand the current operating limita-
tions experimentally determined through the use
of this method.

The following results are drawn in this paper:

(1) H-V diagrams of the single and the twin
engine helicopters are numerically _pr:edicted in
good correlation with the flight test resulis over
a wide range of the operating conditions.

(2) Maximum weights for Category A VTOL
operation of a twin engine helicopter are also pre-
dicted. Results show good agreement with the cer-
tificated maximum weights. o

(3) As the speed at the CDP decreases, the re-
Jected takeoff distance decreases though the height
of the CDP increases. o _' _'

‘(4) Some non-optimal controls conducted by
the test pilots are pointed out: the premature col-
lective flare, the insufficient collective flare, and the
loss of the available powe_r.of the residual engine

due to the high rotor speed.
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Notation

a= hft curve-slope of blade sectlon
B = tip loss factor
Cy = H-force coefficient, Cy = H /,oSRQ2
Cq = torque coefficient, Cq = @/pSR?*Q?
Cr = thrust coefficient, Cr = T/pSRQ?
Cu, = hub moment coefficient, Cpr, = My [pSR?Q?
C4,C; = drag and lift coefficients of blade section
D = drag
g = acceleration of gra.vnty
H = rotor H-force, positive rea.rward
Hg = -Tsini, + Hcosz,
h = distance above CG, see Fig.A-1
I = moment of inertia
inclination of rotor shaft, pomtlve forward
Ky = nondimensional flapping stiffness
'k; = kg/m,gRgnﬂ
kg = gpring constant of ﬂappmg hinge
= lift
4! == distance behind CG, see Fig.A-1
My = longitudinal hub moment, positive nose up
m =.mass . '
n = vertical !oad fa.ctor

i

ii

5

Q) = required torque

Qs = available torque
g = pitch rate, positive nose up
R = rotor radius
S = rotor disk area
T = rotor thrust
Ty = Tcost, + Hsint,
1y = time of touchdown from power failure
u = horizontal velocity
U, =u—Ah,q

u; = limitation of forward speed at touchdown

5
¥ = reference velocity
w = descending rate
w, =w-L, g
w, = limitation of descending rate at touchdown
z= fr): r(dmg fdr)dr fmaR? .
= average radius of blade stall region
a = angle of attack
B¢ = longitudinal ﬁappmg angle, pomtwa nose down
v = flight path angle, positive climbing, or
Lock number, v = pacR*/I

@ = pitch attitude, positive nose up
#, = longitudinal cyclic pitch, positive nose up
6; = blade twist angle, positive twist up
8y = collective pitch at 0.75R

A = inflow ratio

4 = advance ratio

v = descent ratio

7 =bmgf/pSHR

-p = alr density

¢ = rotor solidity

£ = rotor rotational speed

Subscripis _
B = relative to body-fixed axes
= fuselage
H horizontal stabilizer
R = rotor

B = flapping hmge
Abbreviations

AEO =all engine opérating
CDP = critical decision point
CTO = continued takeoff

IAS = indicated zir speed

ISA = international standard atmosphere
OAT = outside air temperalure

OEI = one engine inoperative

RTO = rejected takeoff
TOSS = takeoff safety speed
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Appendix A-3. Flapping Equations
A-1. Equations of Motion

K;

13£=w B = n——J—W L { - K, — 2o + Kapd+ 2+ Kp) - "}
1
du 1 . where
- = ——(Tgsm @+ Hp cos ® + Dp cosap) -
—E:—-——(TB cos® — Hpsin® 4 Dypsinar) + g olms
dt m K= I(ly _EB:‘ )
©_ FT3\; Dt
at K1=1(B_“§:=ﬁ)
Eg:——l——(My—TB-lR-I-HB‘hR—LH‘fH) ’ 43 52
dt g, K =I(B___._B z
aa ITIV 2 "
‘E‘{’_“M(Q QI) ¥ Bg

K3 = (5 —By)

A-2. Aerodynamic Coeflicients of Main Rotor

3k 3 -k 3 Bz__k 2
1 [B . 90_.8 2:, At 23’; 1193]

1 i B3 — ke ?
Cy = ;—a{(l - zsi)Cg + ::':,Cgs},u-f' -i-aa' [{ -'"—'—"Z"—'L'Bs
B-k B — k2 ® 3(B% — kz ?
+ =l A+ { - iy + ( = 3
B3 — e ? Bl — k=2 ?
- 3 = ,llgs+ 4 £ pﬁc}ﬁ:] e
1 .
Cy= Eo‘{(l —254)0,10 +z:,C-'¢s} U o) hple
Bs-kza B% ke ? B — k2 ? —
+"‘°’[{ 0o — —gmid kT uh, 1A U™
——kz B —kz 3 Bi-kz t
+{-Z g, - - —— ’ﬁe}ﬂe] v
3 w
_ 1 (B —ke, q] 1 1_
Crty = zpzacr[ 3 B g:cpzﬁﬁ, 2pk,rﬂ=

Fig.A-1 Helicopter Model.

where

k=1 Clstall [Clmaz

o= oy s -

and where Table.A-1 Description of the Exemplified Helicopters
H= {“‘ncos(e —ig— B —w,sin{@—i, — ﬂc)}/m
v = {u,0in{@ =iy = Be) 4w, cos(® —i; — Bo) }/RO Type  Max Weight Rotor Radius Number of
Am vt IP (kg) {m) Engine(s)
Bere . 5-58 5900 8.53 1
‘= (2) *sin? o, Hughes 269 760 3.85 1
- , YUH-61A 8500 7.47 2
+sinay - \/ (3’;) - (%) (c2 #in? oy +co.=a,,) BK117 3200 5.50 2
where
= Cg'fz

Gx=%, C'n=(1+\/;)—‘

For the simple serodynamic model,
z, =0
C]_ = 1, Cg =0
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