
Effects of Torsional Flexibility on An Unmanned Helicopter Performance      

Including Compressibility Effect 

 
Alaaddin Furkan Uzunkaya, ASELSAN, Middle East Technical University, Ankara, Turkey 

Prof. Dr. Yavuz Yaman, Middle East Technical University, Ankara, Turkey 

 

Abstract 

In this study, torsional deformation of an unmanned helicopter and its effect on the performance characteris-

tics are examined. In the analyses, blade-element momentum theory is used for the calculation of the aero-

dynamic loads by implementing compressibility corrections. For the interactions between the aerodynamic 

loads and torsional deformations, an iterative solution procedure is developed. To obtain the trim points of 

the helicopter, a trim code is written in which blade is modeled as either rigid or elastic in the torsional direc-

tion. It is found that there occur some differences between the rigid and elastic blade in terms of the control 

inputs. However, since the aerodynamic center is close to the shear center of the reference blade, the differ-

ence is found to be negligible small. Therefore, effects of the torsional deformations on the helicopter control 

and performance are minimal. 

 

1. NOTATION1 

Symbols  
𝐵 Tip loss factor 

𝑐 Chord of the blade, m 

𝑐𝑑 , 𝑐𝑑0, 𝑐𝑑𝛼2 Non-dimensional drag coefficient, zero-

lift and second-order drag constants 

𝑐𝑙 , 𝑐𝑙𝛼  Non-dimensional lift coefficient and lift-
curve slope 

𝐷′ Drag force of blade element, N 

𝑒 Non-dimensional flap hinge offset 

𝐹𝑟 , 𝐹𝑥, 𝐹𝑧 Radial, horizontal, and vertical force 
components of the blade, N 

𝐻𝑎,𝑏 Harmonic solution constant 

ℎ Vertical distance between rotor hub and 
center of gravity of the helicopter, m 

𝐼𝑎̂ , 𝐼𝑏̂  Main rotor blade second-order and 
hinged second-order inertia, kg*m2 

𝑖 Rotor incidence angle, rad 

𝐺𝐽 Torsional rigidity, N*m2 

𝐿′ Lift force of blade element, N 
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𝑀 Mach number 

𝑀′ Aerodynamic pitching moment of 
blade element span, N 

𝑀𝐻 Rotor hub moment, N*m 

𝑀𝑋, 𝑀𝑋𝐹  Rotor hub and fuselage aerodynamic 
rolling moment, N*m 

𝑀𝑌, 𝑀𝑌𝐹  Rotor hub and fuselage aerodynamic 
pitching moment, N*m 

𝑀𝑋𝑋, 𝑀𝑌𝑌 Re-arranged rotor longitudinal and 
lateral hub moments, Nm 

𝑁𝑎𝑧 , 𝑁𝑏 , 𝑁𝑏𝑒𝑚 Number of azimuth steps, blades of 
main rotor, blade elements 

𝑃 Compressibity factor 

𝑟 Radial distance between the blade 
element and rotor hub, m 

𝑟𝑅   Aerodynamic root cutout, m 

𝑇 Thrust of the main rotor, 

𝑈 Resultant air velocity, m/s 

𝑢𝑝, 𝑢𝑟 , 𝑢𝑇 Perpendicular, radial, and tangential 
air velocity of the blade element, m/s 

𝑉 Forward flight speed of the helicopter, 
m/s 

𝑋𝐶𝐺 , 𝑌𝐶𝐺  Distance between CG of the helicopter 
and the rotor hub in 𝑥 and 𝑦 axes in 
body fixed frame respectively, m 

𝑋, 𝑌 Horizontal and lateral force of the 
main rotor, N 

𝑋𝐹 , 𝑌𝐹  Aerodynamic drag and lateral force of 
the helicopter, N 

𝑥𝑎𝑐 , 𝑥𝑒𝑎 Aerodynamic center and elastic axis 
location of the airfoil from the leading 
edge, m 

𝛼 Angle of attack, rad 

𝛽, 𝛽0, 𝛽1𝑐 , 𝛽1𝑠 Rotor flapping, coning, longitudinal, 
and lateral flap angles, rad 

Δ𝑟 Length of the blade elements, m 

𝜂 Piecewise function to define vertical 
displacement of the blade, m 



 
𝜃, 𝜃0, 𝜃1𝑐 , 
𝜃1𝑠, 𝜃𝑡𝑤 

Blade pitch, collective input, lateral, longi-
tudinal, and elastic twist angle, rad 

𝜇 Non-dimensional forward speed 

𝜈, 𝜈𝑖  Total and induced inflow, m/s 

𝜉  Non-dimensional flap frequency 

𝜌 Density of air, kg/m3 

Φ Rotor lateral tilt angle, rad 

𝜙  Inflow angle, rad 

  
2. INTRODUCTION 

Helicopters are the aircraft which rotates their blades 

to fly. Since the relative motion between the air me-

dium and the blades are obtained by rotating the 

blades, helicopters are capable of vertical take-off 

and landing. Transporting, searching, and rescuing, 

could be given as examples of the areas where the 

helicopters are widely used. 

In comprehensive helicopter analysis tools, helicop-

ter blades could be modeled as rigid beams. How-

ever, it is well known that the helicopter blades are 

flexible structures. Main objective of this work to 

examine the effects of the torsional deformations of 

the main rotor blade on the helicopter’s performance 

metrics and control inputs. In this study, aerodynam-

ic loads are assumed to be steady, and the inflow of 

the main rotor is assumed to be uniform over the 

main rotor. To obtain aerodynamic load field of the 

main rotor, blade element momentum theory is im-

plemented by including compressibility effect. Aero-

dynamic loads cause a torsional twist which alters 

the aerodynamic load field on the blade. 

To be able to obtain the performance characteristics 

of the reference helicopter, a trim code is written 

which models the reference blade as either rigid or 

elastic. 

An unmanned cargo helicopter and its main rotor 

blades are used as the reference helicopter in the 

study. In Table 1, reference helicopter design 

specifications and main rotor blade mechanical 

properties are given.  

Table 1: Reference Helicopter and Main Rotor Blade 
Properties  

Properties Metric 

MTOW 160 kg 

Payload 40 kg 

Length 2.07 m 

Width 0.78 m 

Height 1.22 m 

CG w.r.t Rotor Hub in x-Body 0 m 

CG w.r.t Rotor Hub in y-Body 0 m 

CG w.r.t Rotor Hub in z-Body 0.4 m 

Max Speed 125 km/h 

Number of Blades 2 

 

3. AERODYNAMIC LOADS 

As mentioned before, blade element momentum 

theory is used to obtain the aerodynamic load field 

on the main rotor blades in which blades are divided 

into finite-length blade elements. Aerodynamic forc-

es are calculated for these blade elements individu-

ally. Leishman (Ref. 1) stated that it is better to use 

at least 40 blade elements to preserve the aerody-

namic load information. Therefore, reference main 

rotor blade is divided into 40 blade elements as 

could be seen in Figure 1. 

 

Figure 1: Reference Helicopter Main Rotor Mesh. 

According to Johnson (Ref. 2), aerodynamic loads 

on the blade is very low up to 20% radius of the rotor 

due to the low dynamic pressure. This region is 

called as aerodynamic root cutout and denoted by 

𝑟𝑅. In addition, due to the three-dimensional effects, 

blade does not produce any aerodynamic lift after 

approximately 97% of its radius (Ref. 1) which is 

called as tip loss effect and it is denoted by 𝐵𝑅 

where 𝐵 is called as tip loss factor. In this study, it is 

assumed that there is no aerodynamic force on the 

blade in the aerodynamic root cutout region and no 

aerodynamic lift force is produced after the 97% of 

reference blade’s radius. 



Aerodynamic forces of a blade element are given in 

(Ref. 3) as: 

(1) 𝐿′ =
1

2
𝜌𝑈2𝑐𝑐𝑙𝛥𝑟  

(2) 𝐷′ =
1

2
𝜌𝑈2𝑐𝑐𝑑𝛥𝑟  

𝑈 in Eq’s. (1) and (2) is the total airspeed 

experienced by the blade element and it could be 

approximated to the tangential velocity of the blade 

element as 𝑈 ≅ 𝛺𝑟 + 𝑉 𝑠𝑖𝑛𝜓. According to (Ref. 4), 

lift and drag coefficient of the reference NACA 0012 

blade has a linear and second order polynomial 

characteristic w.r.t to the angle of attack respectively 

such that 𝑐𝑙 = 𝑐𝑙𝛼𝛼 and 𝑐𝑑 = 𝑐𝑑0 + 𝑐𝑑𝛼2
𝛼2. Lift 

curve slope, zero-lift drag coefficient and second 

order drag coefficient of the reference airfoil could 

be approximated as 𝑐𝑙𝛼 = 5.93, 𝑐𝑑0 = 6.53𝑥10
−3 

and 𝑐𝑑
𝛼2
= 2.78𝑥10−1. Angle of attack 𝛼 is the 

difference between blade pitch angle and the ratio of 

vertical airspeed to the tangential velocity of the 

blade element 𝛼 = 𝜃 − 𝜙 where the vertical velocity 

component of the blade element is: 

(3) 𝑢𝑃 = 𝜈 + 𝑟𝛽̇ + 𝛽𝑉 𝑐𝑜𝑠𝜓  

𝜈 is the inflow and assumed to be uniform over the 

main rotor and 𝛽 is the flap angle of the blade which 

is going to be discussed in the following section.  

 

Figure 2: Inflow of the Main Rotor in Forward Flight 

(Ref. 4). 

According to the Johnson (Ref. 2), total inflow of the 

main rotor 𝜈 could be written as: 

(4) 𝜈 =
𝜈𝑖
2

√(𝑉 𝑐𝑜𝑠 𝑖)2 + (𝑉 𝑠𝑖𝑛 𝑖 + 𝜈)2
  

where induced inflow is 𝜈𝑖
2 = 𝑇 2𝜌𝜋𝑅2⁄ . Thrust of 

the main rotor 𝑇 could be approximated by summing 

the lift force of all blade elements between 

aerodynamic root cutout and tip loss. 

(5) 𝑇 ≅ 𝑁𝑏 ∑ (𝐿′)𝑛

𝑛=𝑁𝑏𝑒𝑚

𝑛=1

  

If Eq’s. (4) and (5) are inspected in detail, it is seen 

that thrust and inflow are coupled. Therefore, they 

could be solved by using an iterative solution 

procedure such that inflow is calculated by assuming 

that thrust of the main rotor is equal to the weight of 

the helicopter. Then aerodynamic lift forces of the 

blade elements are calculated for a given control 

input, i.e., blade pitch 𝜃. By summing the lift force of 

the blade elements, new thrust could be obtained to 

obtain new inflow of the main rotor. After finding 

inflow, thrust is calculated and iteration procedure 

continues until convergence is obtained. 

4. COMPRESSIBILITY CORRECTIONS 

Ref. 1 states that airfoil characteristics are affected 

when experienced Mach number is greater than 0.3. 

In Figure 3, experienced local Mach number of the 

main rotor for hover and maximum forward flight 

speed is given. According to Figure 3, local Mach 

number of the reference blade could reach up to 

0.65 in hover and 0.75 at the advancing side in 

maximum speed forward flight. Therefore, 

compressibility correction should be included in the 

aerodynamic loading calculations to increase fidelity. 

Anderson (Ref. 6) suggests that Prandtl-Glauert 

correction formula could be used to obtain lift-curve 

characteristics of the airfoil for a compressible 

condition if incompressible lift-curve slope is known. 

Prandtl-Glauert correction factor is given as: 

(6) 𝑃 =
1

√1 −𝑀2
  

where 𝑃 is the correction factor and 𝑀 is the Mach 

number. By using Eq. (6), compressible lift-curve 

slope could be obtained by: 

(7) 𝑐𝑙𝛼
𝑐𝑜𝑚𝑝

=
𝑐𝑙𝛼
𝑖𝑛𝑐𝑜𝑚𝑝

√1 −𝑀2
  

 



 

Figure 3: Local Mach Number in Hover and Forward 
Flight. 

5. FLAPPING MOTION 

Aerodynamic load field on the blade is azimuth 

varying in forward flight since the airspeed 

experienced by the blade changes with azimuth of 

the blade as could be seen from Figure 3. Due to 

this azimuth varying load field, blade makes an out-

of-plane motion called as flapping. In (Ref. 3), 

flapping motion of the blade could be described as 

following: 

(8) 𝛽 = 𝛽0 + 𝛽1𝑠 𝑠𝑖𝑛𝜓 + 𝛽1𝑐 𝑐𝑜𝑠 𝜓  

However, Eq. (8) is valid for the blades which are 

connected to the rotor hub with a flap hinge. To be 

able to use Eq. (8), blades of a hingeless rotor are 

assumed to make the flap motion about an 

imaginary flap-hinge at a distance 𝑒𝑅 from the rotor 

hub where 𝑒 is called as equivalent flap hinge offset. 

𝑒 is obtained by drawing a tangent line to the 75% 

radius of the blade’s first out-of-plane bending mode 

shape as illustrated in Figure 4. Equivalent flap 

hinge offset is given in (Ref. 3) as: 

(9) 𝑒𝑒𝑞 =

2
3
(𝜉2 − 1)

1 +
2
3
(𝜉2 − 1)

  

 

where 𝜉 is the non-dimensional natural frequency 

ratio which is the first out-of-plane natural frequency 

to the rotor speed 𝜉 = 𝜔ℎ/Ω. For the reference 

blade 𝜉 is 1.08, equivalent flap hinge offset 𝑒 is 0.1. 

 

Figure 4: Equivalent Flapping Hinge Offset (Ref. 1). 

Since the blade is flapping about the imaginary flap 

hinge, a piecewise function should be introduced to 

define the vertical displacement of the blade 

according to Johnson (Ref. 3): 

(10) 𝜂 = {

𝑟 − 𝑒𝑅

1 − 𝑒
𝑟 ≥ 𝑒𝑅

0 𝑟 < 𝑒𝑅

  

After defining the vertical displacement of the blade 

w.r.t the flap hinge, flapping angle of the blade could 

be written as following by according to Ref. 7: 

(11) 𝛽̈ + (𝜉𝛺)2𝛽 ≅
1

𝐼𝑏̂
∑𝐿′𝜂

𝐵𝑅

𝑟𝑅

  

where 𝐼𝑏̂ is the hinged second order inertia and  

𝐼𝑏̂ = ∫ 𝜂2𝑚𝑑𝑟
𝑅

𝑒𝑅
 and also note that since flap hinge 

offset is less than the aerodynamic root cutout, 

summation limits in Eq. (11) are given from end of 

the root cutout to the tip loss. By using the vertical 

displacement definition given in Eq. (10), vertical 

velocity component 𝑢𝑝 of the blade element could 

be re-written as 𝑢𝑃 = 𝜈 + 𝜂𝛽̇ + 𝑢𝑅𝜂
′𝛽. 

6. ELASTIC TWIST 

Blade pitch angle 𝜃 consists of two terms. First one 

is the control input, and it could be expressed as 

similar to the blade flapping in Eq. (8): 

(12) 𝜃𝑐𝑜𝑛 = 𝜃0 + 𝜃1𝑠 𝑠𝑖𝑛 𝜓 + 𝜃1𝑐 𝑐𝑜𝑠 𝜓  



Second part of the blade pitch angle is the elastic 

torsional deformation of the blade, and it is denoted 

by 𝜃𝑡𝑤. Expression to find the torsional deformation 

of the blade is given in (Ref. 8) as following: 

(13) 𝑀′ = 𝐺𝐽
𝑑𝜃𝑡𝑤
𝑑𝑟

  

where 𝑀′ is the aerodynamic pitching moment. 

Since the airfoil symmetric it is assumed that 

aerodynamic pitching coefficient of the airfoil is zero; 

therefore, 𝑀′ could be related to the blade element’s 

aerodynamic lift force as following: 

(14) 𝑀′ ≅ 𝐿′(𝑥𝑒𝑎 − 𝑥𝑎𝑐)  

By combining Eq’s. (13) and (14), it is obtained: 

(15) 𝐺𝐽
𝑑𝜃𝑡𝑤
𝑑𝑟

=
1

2
𝜌𝑐𝑐𝑙𝛼𝑃𝑢𝑇

2(𝜃 − 𝜙)(𝑥𝑒𝑎 − 𝑥𝑎𝑐)  

Since tangential velocity 𝑢𝑇 and compressibility 

factor 𝑃 are also a function of radial distance, and 

there is blade elastic twist 𝜃𝑡𝑤 term in the blade pitch 

angle 𝜃, differential equation in Eq. (15) is very hard 

to solve. Therefore, an iterative solution method is 

implemented in this study such that in the first 

iteration, it is assumed that 𝜃𝑡𝑤 as zero. Then 

sectional aerodynamic pitching moment is found by 

using Eq. (14) for the given blade control input. After 

finding the aerodynamic pitching moment, Eq. (13) 

could be solved to obtain torsional deformation. 

Iteration procedure continues until the elastic twist of 

the blade converges. Note that this iterative solution 

procedure is valid only for a specific loading 

condition where the blade is loaded by a single point 

load; however, there is an aerodynamic load field on 

the blade. To obtain torsional twist field of the blade, 

it is assumed that lift forces of blade elements and 

elastic twists could be superposed. Under these 

assumptions elastic twist field of the blade could be 

written as: 

(16) 𝜃𝑡𝑤 =

{
  
 

  
 

𝑀′1𝑟 +𝑀′2𝑟 + ⋯+𝑀′𝑛𝑟

𝐺𝐽
𝑟1 ≥ 𝑟

𝑀′1𝑟1 +𝑀′2𝑟 + ⋯+𝑀′𝑛𝑟

𝐺𝐽
𝑟2 ≥ 𝑟 > 𝑟1

𝑀′1𝑟1 +𝑀′2𝑟2 +⋯+𝑀′𝑛𝑟

𝐺𝐽
𝑟𝑛 ≥ 𝑟 > 𝑟𝑛−1

  

where 𝑀′1, 𝑀′2, … ,𝑀′𝑛 are the sectional aerodynamic 

pitching moments of the corresponding blade 

elements and 𝑟1, 𝑟2, … , 𝑟𝑛 are the distance of the 

blade elements’ distance from the root of the blade. 

By using Eq. (16), elastic twist field of the blade 

could be found. 

7. HARMONIC SOLUTION 

If the relation between blade flapping and 

aerodynamic lift of the blade elements in Eq. (11) is 

written explicitly, it is observed that there will be lots 

of harmonic terms i.e., 𝑠𝑖𝑛 𝜓 and 𝑐𝑜𝑠 𝜓 terms 

including higher-order harmonics such as 𝑠𝑖𝑛2𝜓 

and 𝑐𝑜𝑠2𝜓. Therefore, Johnson (Ref. 3) suggests 

using the numerical operators given in Eq. (17) to 

obtain steady-state solutions. 

(17) 

1

𝑁𝑎𝑧
∑ (… )

𝑛=𝑁𝑎𝑧

𝑛=1

2

𝑁𝑎𝑧
∑ (… )

𝑛=𝑁𝑎𝑧

𝑛=1

𝑐𝑜𝑠 𝜓
𝑛

2

𝑁𝑎𝑧
∑ (… )

𝑛=𝑁𝑎𝑧

𝑛=1

𝑠𝑖𝑛 𝜓
𝑛

  

where 𝑁𝑎𝑧 is the total number of discretization 

points of one revolution which is chosen as 36 in this 

study as shown in Figure 1, 𝜓𝑛 is the angle of 𝑛𝑡ℎ 

azimuth step and is defined as 𝜓𝑛 = 2𝜋 𝑛 𝑁𝑎𝑧⁄ . If 

the operands given in Eq. (17) are applied to the 

flapping terms in Eq. (11), steady-state blade 

flapping angles are obtained as: 

(18) 

1

𝑁𝑎𝑧
∑ (𝛽̈𝑛 + (𝜉𝛺)

2𝛽𝑛)

𝑛=𝑁𝑎𝑧

𝑛=1

= (𝜉𝛺)2𝛽0

2

𝑁𝑎𝑧
∑ (𝛽̈𝑛 + (𝜉𝛺)

2𝛽𝑛)

𝑛=𝑁𝑎𝑧

𝑛=1

𝑐𝑜𝑠 𝜓𝑛 ≅ 𝛺
2(𝜉2 − 1)𝛽1𝑐

2

𝑁𝑎𝑧
∑ (𝛽̈𝑛 + (𝜉𝛺)

2𝛽𝑛)

𝑛=𝑁𝑎𝑧

𝑛=1

𝑠𝑖𝑛 𝜓𝑛 ≅ 𝛺
2(𝜉2 − 1)𝛽1𝑠

  

To apply the operands to the aerodynamic flapping 

moment term, summation order should be changed. 

Since aerodynamic lift force is continuous over both 

radial and rotational direction, order of blade 

element and azimuth summations could be changed 

such that aerodynamic flapping moment is summed 

over the azimuth first then blade element summation 

is done. If the operands applied to the aerodynamic 



flapping moment term in Eq. (11) and it is equated to 

the flapping angles as suggested in (Ref. 7), it is 

obtained: 

(19) 
(𝜉𝛺)2𝛽0 =

1

𝐼𝑏̂
∑

1

2
𝜌𝑐𝑐𝑙𝛼 (𝜃0{(𝛺𝑟𝑚)

2𝐻𝑚
0,0

𝐵𝑅

𝑟𝑅

+ 2𝛺𝑟𝑚𝑉𝐻𝑚
1,0 + 𝑉2𝐻𝑚

2,0}

+ 𝜃1𝑠{(𝛺𝑟𝑚)
2𝐻𝑚

1,0 + 2𝛺𝑟𝑚𝑉𝐻𝑚
2,0 + 𝑉2𝐻𝑚

3,0}

+ 𝛽1𝑐{𝛺
2𝑟𝑚𝜂𝑚𝐻𝑚

1,0

− 𝛺𝑟𝑚𝑉𝜂𝑚
′ 𝐻𝑚

0,2 + 𝛺𝑉𝜂𝑚𝐻𝑚
2,0 − 𝑉2𝜂𝑚

′ 𝐻𝑚
1,2}

− 𝜈{𝛺𝑟𝑚𝐻𝑚
0,0 + 𝑉𝐻𝑚

1,0}

+
1

𝑁𝑎𝑧
∑ 𝑃𝑚,𝑛 𝑢𝑇

2
𝑚,𝑛
𝜃𝑡𝑤𝑚,𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

)𝜂𝑚𝛥𝑟 

 

(20) 𝛺2(𝜉2 − 1)𝛽1𝑐

=
2

𝐼𝑏̂
∑

1

2
𝜌𝑐𝑐𝑙𝛼 (𝜃1𝑐{(𝛺𝑟𝑚)

2𝐻𝑚
0,2

𝐵𝑅

𝑟𝑅

+ 2𝛺𝑟𝑚𝑉𝐻𝑚
1,2 + 𝑉2𝐻𝑚

2,2}

− 𝛽0{𝛺𝑟𝑚𝑉𝜂𝑚
′ 𝐻𝑚

0,2 + 𝑉2𝜂𝑚
′ 𝐻𝑚

1,2}

− 𝛽1𝑠{𝛺
2𝑟𝑚𝜂𝑚𝐻𝑚

0,2 + 𝛺𝑟𝑚𝑉𝜂𝑚
′ 𝐻𝑚

1,2

+ 𝛺𝑉𝜂𝑚𝐻𝑚
1,2 + 𝑉2𝜂𝑚

′ 𝐻𝑚
2,2}

+
1

𝑁𝑎𝑧
∑ 𝑃𝑚,𝑛 𝑢𝑇

2
𝑚,𝑛
𝜃𝑡𝑤𝑚,𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑐𝑜𝑠 𝜓𝑛)𝜂𝑚𝛥𝑟 

(21) 𝛺2(𝜉2 − 1)𝛽1𝑠

=
2

𝐼𝑏̂
∑

1

2
𝜌𝑐𝑐𝑙𝛼 (𝜃0{(𝛺𝑟)

2𝐻𝑚
1,0 + 2𝛺𝑟𝑉𝐻𝑚

2,0

𝐵𝑅

𝑟𝑅

+ 𝑉2𝐻𝑚
3,0} + 𝜃1𝑠{(𝛺𝑟)

2𝐻𝑚
2,0

+ 2𝛺𝑟𝑉𝐻𝑚
3,0 + 𝑉2𝐻𝑚

4,0}

+ 𝛽1𝑐{𝛺
2𝑟𝜂𝐻𝑚

2,0 − 𝛺𝑟𝑉𝜂′𝐻𝑚
1,2 + 𝛺𝑉𝜂𝐻𝑚

3,0

− 𝑉2𝜂′𝐻𝑚
2,2} − 𝜈{𝛺𝑟𝐻𝑚

1,0 + 𝑉𝐻𝑚
2,0}

+
1

𝑁𝑎𝑧
∑ 𝑃𝑚,𝑛 𝑢𝑇

2
𝑚,𝑛
𝜃𝑡𝑤𝑚,𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑠𝑖𝑛 𝜓𝑛)𝜂𝑚𝛥𝑟 

 

where 𝐻𝑎,𝑏 is the harmonic parameter used to 

express non-zero higher-order harmonics of the 

flapping moment term and it is defined as: 

(22) 𝐻𝑎,𝑏 =
1

𝑁𝑎𝑧
∑ 𝑃𝑛 𝑠𝑖𝑛

𝑎(𝜓𝑛) 𝑐𝑜𝑠
𝑏(𝜓𝑛)

𝑛=𝑁𝑎𝑧

𝑛=1

  

8. TRIM PROCEDURE 

Trim points are one of the important metrics since 

performance analyses are done w.r.t these trim 

points. Blade flapping angles, rotor incidence and 

roll angle for a leveled trim flight are given in (Ref. 3) 

and (Ref. 7) as following: 

(23) 𝛽1𝑐 =

𝐷
𝑇
+
𝐻
𝑇
−
𝑋𝐶𝐺
ℎ
−
𝐷
𝑊
+
𝑀𝑌𝐹
𝑊ℎ

+
𝑀𝑌𝑌
𝑊ℎ

1 +
𝑁𝑏𝛺2(𝜉2 − 1)𝐼𝑎̂

𝑊ℎ

  

(24) 𝛽1𝑠 =

𝑌𝐹
𝑇
+
𝑌
𝑇
+
𝑌𝐶𝐺
ℎ
−
𝑌𝐹
𝑊
−
𝑀𝑋𝐹
𝑊ℎ

−
𝑀𝑋𝑋
𝑊ℎ

1 +
𝑁𝑏𝛺

2(𝜉2 − 1)𝐼𝑎̂
𝑊ℎ

  

(25) 𝑖 =
𝑋𝐶𝐺
ℎ
+
𝐷

𝑊
−
𝑀𝑌𝐹
𝑊ℎ

−
𝑀𝑌
𝑊ℎ

  

(26) 𝛷 =
𝑌𝐶𝐺
ℎ
−
𝑌𝐹
𝑊
−
𝑀𝑋𝐹
𝑊ℎ

−
𝑀𝑋
𝑊ℎ

  

where 𝐼𝑎̂ is called as second order inertia of the 

main rotor blade and defined as 𝐼𝑎̂ = ∫ 𝑚𝜂𝑟𝑑𝑟
𝑅

𝑒𝑅
. 𝐻 

and 𝑌 are rotor horizontal and lateral forces which 

could be given by: 

(27) 

𝐻 =
𝑁𝑏
𝑁𝑎𝑧

∑ ( ∑ (𝐹𝑥𝑚,𝑛 𝑠𝑖𝑛 𝜓𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑁𝑏𝑒𝑚

𝑚=1

+ 𝐹𝑟𝑚,𝑛 𝑐𝑜𝑠 𝜓𝑛)𝛥𝑟) 

 

(28) 

𝑌 =
𝑁𝑏
𝑁𝑎𝑧

∑ ( ∑ (−𝐹𝑥𝑚,𝑛 𝑐𝑜𝑠 𝜓𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑁𝑏𝑒𝑚

𝑚=1

+ 𝐹𝑟𝑚,𝑛 𝑠𝑖𝑛 𝜓𝑛)𝛥𝑟) 

 

where 𝐹𝑥 and 𝐹𝑟 are horizontal and radial 

components of the blade element and they are 

defined as 𝐹𝑥 ≅ 𝐿
′𝜙 + 𝐷′ and 𝐹𝑟 ≅ −𝛽𝐹𝑧 (Ref. 2). 

𝑀𝑋𝑋 and 𝑀𝑌𝑌 are re-arranged rotor lateral and 

longitudinal moments. They are re-arranged to 



obtain (1 +
𝑁𝑏𝛺

2(𝜉2−1)𝐼𝑎̂

𝑊ℎ
)
−1

terms in Eq’s. (23) and 

(24) thanks to which the trim code could work stable 

and converge. 𝑀𝑋𝑋 and 𝑀𝑌𝑌 are defined in (Ref. 7) 

as following: 

(29) 

𝑀𝑋𝑋 = 𝑁𝑏
2

𝑁𝑎𝑧
∑ {( ∑ 𝐿′𝑚,𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑠𝑖𝑛𝜓𝑛)(𝑟𝑚

𝑁𝑏𝑒𝑚

𝑚=1

−
𝐼𝑎̂

𝐼𝑏̂
𝜂𝑚)𝛥𝑟} 

 

(30) 

𝑀𝑌𝑌 = 𝑁𝑏
2

𝑁𝑎𝑧
∑ {( ∑ 𝐿′𝑚,𝑛

𝑛=𝑁𝑎𝑧

𝑛=1

𝑐𝑜𝑠 𝜓𝑛)(
𝐼𝑎̂

𝐼𝑏̂
𝜂𝑚

𝑁𝑏𝑒𝑚

𝑚=1

− 𝑟𝑚)𝛥𝑟} 

 

In Eq’s. (23) and (24), flapping angles of the blade 

are given for leveled trim flight. If these flapping 

angles are put into the flapping equations (19), (20) 

and (21) control inputs could be solved. However, it 

could be easily observed that all the equations of 

flapping angles and control inputs are coupled. In 

addition, rotor inflow and blade elastic twists are 

coupled with rotor flapping angles and control inputs 

as well. To be able to obtain all the states, an 

iterative solution procedure is implemented similar to 

the trim workflow given in (Ref. 9). In Figure 5, 

details of the iterative trim procedure are shown. In 

the first step, forward flight speed of the helicopter is 

defined and all control inputs except the collective 

input, blade flapping angles, elastic twist field, 

fuselage aerodynamic drag force and pitching 

moment, rotor incidence and rolling angle are 

assumed to be zero. Then, rotor thrust is assumed 

to be equal to the weight of the helicopter from 

which collective input and inflow of the main rotor is 

found. Since collective input is known, elastic field of 

the rotor, inflow of the rotor, and rotor forces could 

be found. If the difference between calculated inflow 

and found inflow in the previous iteration is not in the 

tolerance limit inflow iteration starts until 

convergence. After the inflow is converged, elastic 

twist field iteration starts. If the inflow and elastic 

twist field are converged, control inputs, blade 

flapping angles, rotor incidence and rolling angle, 

fuselage aerodynamic drag force and pitching 

moments are calculated. If the difference of control 

inputs and blade flapping angles of two consecutive 

iteration steps is in the tolerance, trim iterations stop. 

 

Figure 5: Trim Procedure Workflow. 
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𝑇0 = 𝑊 → 𝜃0
0, 𝑣0 

 

𝜃𝑡𝑤
𝑛 , 𝜈𝑛 , 𝑇𝑛, 𝐻𝑛 , 𝑌𝑛 

 

ȁ𝜈𝑛 − 𝜈𝑛−1ȁ ≤ 𝜈𝑒𝑟𝑟 

𝑉 is defined. 

Set 𝜃1𝑐
0 , 𝜃1𝑠

0 , 𝛽0
0, 𝛽1𝑐

0 , 𝛽1𝑠
0 , 𝜃𝑡𝑤

0 , 

 𝑋𝐹
0, 𝑀𝑌𝐹

0 , 𝑖0 and Φ0 as 0. 

Trim iterations stop. 

ȁ𝜃0
𝑛 − 𝜃0

𝑛−1ȁ ≤ 𝜃0𝑒𝑟𝑟  & 

ȁ𝜃1𝑐
𝑛 − 𝜃1𝑐

𝑛−1ȁ ≤ 𝜃1𝑐𝑒𝑟𝑟  & 

ȁ𝜃1𝑠
𝑛 − 𝜃1𝑠

𝑛−1ȁ ≤ 𝜃1𝑠𝑒𝑟𝑟 & 

ȁ𝛽0
𝑛 − 𝛽0

𝑛−1ȁ ≤ 𝛽0𝑒𝑟𝑟  & 

ȁ𝛽1𝑐
𝑛 − 𝛽1𝑐

𝑛−1ȁ ≤ 𝛽1𝑐𝑒𝑟𝑟  & 

ȁ𝛽1𝑠
𝑛 − 𝛽1𝑠

𝑛−1ȁ ≤ 𝛽1𝑠𝑒𝑟𝑟 

No 

 𝛽1𝑐
𝑛 , 𝑖𝑛 

 

𝑋𝐹
𝑛, 𝑀𝑌𝐹

𝑛  

 

𝜃0
𝑛 

 

𝛽1𝑠
𝑛 , Φ𝑛 

 

𝜃1𝑐
𝑛 , 𝜃1𝑠

𝑛  

 

ȁ𝜃𝑡𝑤
𝑛 − 𝜃𝑡𝑤

𝑛−1ȁ ≤ 𝜃𝑡𝑤𝑒𝑟𝑟 

 

No 



9. RESULTS 

In Figure 6, elastic tip twist of the blade is given. 

According to the figure, twist is in the order of nega-

tive 0.06 degrees. Since aerodynamic center is 

closer to the trailing edge than the shear center, 

aerodynamic lift force produced creates a negative 

pitching moment which twists the blade in the nega-

tive direction. Therefore, tip twist of the blade is ob-

tained as negative in Figure 6. 

 

Figure 6: Tip Twist of the Reference Blade for Dif-

ferent Flight Speeds. 

Another important observation regarding the tip twist 

figure is that as the forward flight speed increases, 

tip twist at the advancing side i.e., 𝜓 = 90o is differ-

ent than the retreating side’s tip twist i.e., 𝜓 = 180o. 
Main reasons behind this situation are the difference 

of the dynamic pressure between advancing and 

retreating side, and longitudinal cyclic input 𝜃1𝑠 and 

lateral blade flapping 𝛽1𝑐. In hover flight, there is no 

state changing with azimuth; therefore, in hover 

blade twist is uniform. However, as the forward flight 

speed increases, azimuth varying states such as 

effect of the forward flight speed of the helicopter 

over the dynamic pressure experienced by the 

blade, cyclic inputs and flapping angles becomes 

significant which creates a non-symmetrical        

distribution of aerodynamic lift force causing a non-

symmetrical distribution of the elastic tip twist. 

Before making any comment about the magnitude of 

the torsional deformation of the blade, magnitude of 

the necessary collective input in a trimmed level 

flight should be inspected. If Figure 7 is inspected, it 

is seen that necessary collective input is in the order 

of 4 to 6 degrees. When the collective input magni-

tude is compared to the magnitude of the tip twist of 

the blade, it is found that twist of the blade is much 

less than the collective input which makes that the 

difference between rigid blade and elastic blade is 

small. However, negative tip twist effect is observed 

in Figure 7. It is observed that necessary collective 

input in the elastic blade analyses are higher than 

the rigid blade analyses due to the negative torsional 

deformation of the blade. 

 

Figure 7: Necessary Collective Input Comparison for 
Rigid and Elastic Blades in Forward Flight. 

In Figure 7, it is also observed that necessary collec-

tive input decreases up to some forward flight speed 

which is one of the main characteristics of the heli-

copter forward flight analyses. As forward flight 

speed increases inflow over the main rotor decreas-

es up to some forward flight speed. Therefore, nega-

tive effect of the inflow over the angle of attack de-

crease as well. In other words, as the inflow de-

creases rotor produces more thrust for a given col-

lective input. As a result, collective input should be 

decreased up to some forward flight speed to pro-

duce same thrust.  

Figure 8 shows the nominal required power of the 

helicopter forward flight. Similar to the collective 

input decreasing characteristic, required power de-

creases up to some point as well. In fact, the main 

reason behind this decrease is same as the collec-

tive input. Required power consists of three terms: 

profile power to rotate the blades in the air, parasite 

power to move the helicopter in the air, induced 

power to keep the helicopter in the air. Induced 

power is directly related to thrust and inflow. Since 

the inflow decreases with forward flight speed up to 

some point required power decreases drastically. 



However, after some point parasite and profile  

power dominates the overall required power; as a 

result, required power graph starts to increase. 

 

Figure 8: Required Power Comparison for Rigid and 
Elastic Blades in Forward Flight. 

Another important observation regarding Figure 8 is 

that required power of the elastic blade analysis is 

almost identical to the required power of the rigid 

blade analysis. Since parasite power is related to the 

aerodynamic drag force of the fuselage and forward 

flight speed of the helicopter and induced power is 

related to the thrust and inflow, they are almost iden-

tical for rigid and elastic blade analyses. Torsional 

deformation of the elastic blade is very small com-

pared to the collective input. Profile power of rigid 

and elastic blade are almost identical as well which 

makes required power of the elastic and rigid blade 

almost identical. 

10. CONCLUSIONS 

In this work, torsional deformations of an unmanned 

helicopter’s main rotor blade and their effects to the 

main rotor collective input and required power of the 

forward flight speeds are inspected by including 

compressibility effects. It is observed that although 

required collective input of the elastic blade analysis 

is a little higher than the rigid blade, elastic defor-

mations of the blade has little effect on the main 

rotor collective input and almost no effect on the 

performance characteristics due to the small magni-

tude of deformations. Therefore, it could be con-

cluded that the blade might be assumed as rigid in 

torsional direction for reference helicopter and blade. 
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