
 IMPACT OF ROTOR INFLOW MODELING ON MAXIMUM THRUST, 
AND BEYOND, OF AN ISOLATED ROTOR IN HOVER 

 
Berend G. van der Wall, German Aerospace Center (DLR), 

Institute of Flight Systems, Braunschweig, Germany 
 

Abstract 
Comprehensive rotorcraft simulation codes are the workhorses for designing and simulating helicopters and 
their rotors under steady and unsteady operating conditions. These codes are also used to predict helicopters’ 

limits as they approach rotor stall conditions. This paper focuses on the prediction of maximum rotor thrust 
when hovering (due to stall limits) and the thrust and power characteristics when the collective control angle 
is further increased. The aerodynamic factors that may significantly affect the results are as follows: steady vs. 
unsteady aerodynamics, steady vs. dynamic stall, blade tip losses, curvature flow, yaw angle, inflow model, 
and blade-vortex interaction. The inflow model and tip losses are found to be the most important factors. For 
real-world applications vortex-based inflow models are considered the best choice, as they reflect the blade 
circulation distribution within the inflow distribution. Because the focus is on the impact of aerodynamic mod-
eling on rotor stall, the blade design and its flexibility are intentionally not considered. 
 

1. NOTATION 

Symbols  
𝐵  Effective non-dimensional blade radius 
𝑐  Blade chord, m 
𝐶𝐷  Helicopter drag coefficient 
𝐶𝑙 , 𝐶𝑑, 𝐶𝑚  Aerod. lift, drag and moment coeff. 
𝐶𝑛, 𝐶𝑐   Aerod. coefficients normal to and in 

chord direction 
𝐶𝑍, 𝐶𝑋, 𝐶𝑀  Leiss’ airfoil coefficients 
𝐶𝑇 , 𝐶𝑃  Thrust and power coefficient 
𝐹𝑀  Rotor figure of merit, 𝐹𝑀 = 𝑃𝑖𝑑𝑒𝑎𝑙 𝑃⁄  
𝑘  Reduced frequency, 𝑘 = 𝜔𝑐 (2𝑉)⁄  
𝑀, 𝑀ℎ  Mach number, hover tip Mach number 
𝑀𝑧 , 𝑀𝑥  Mach number components normal to 

and in chord direction 
𝑁𝑏  Number of blades 
𝑃  Total rotor power, kW 
𝑃𝑖𝑑𝑒𝑎𝑙  Ideal induced power, kW 
𝑟  Non-dimensional radial coordinate 

𝑟𝑡𝑙   Non-dimensional tip loss radius 
𝑅  Rotor radius, m 
𝑅𝑒  Reynolds number 
𝑇  Rotor thrust, N 
𝑉, 𝑉∞  Local velocity, flight speed, m/s 
𝑥, 𝑦  Chordwise and radial coordiantes, m 
𝑦𝑎   Radial begin of airfoiled section, m 
𝑦𝑡𝑤   Zero twist radius. m 
𝛼, 𝛼𝑠𝑠   Aerod. and stall angle of attack, deg 
𝛽  Yaw angle, deg 
𝛽𝑝  Precone angle, deg 
Θ𝑡𝑤   Pretwist angle per radius, deg  
Θ75  Collective control angle, deg  
Λ  Rotor disk aspect ratio, Λ =  4 𝜋⁄  
𝜇  Advance ratio, 𝜇 = 𝑉∞ (Ω𝑅)⁄  
𝜆𝑖   Induced inflow ratio  
𝜎  Rotor solidity, 𝜎 = 𝑁𝑏𝑐 (𝜋𝑅)⁄  
𝜓  Rotor azimuth, deg 
𝜔  Oscillation frequency, rad/s 
Ω Main rotor speed of rotation, rad/s 
  
Acronyms 
CF Curvature flow 
FW Free-Wake 
PW Prescribed wake 
VS Vortex shedding 
 

2. INTRODUCTION 

Since the end of the 1920s, when autogyros emerged 
as the first rotating-wing aircraft, and 10 years later 
with helicopters, the trimmed maximum thrust capa-
bility of their main rotor has been of interest. It defines 
the aerodynamic limit of the operational envelope 
from hover (helicopters only) or minimum speed 
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(autogyros) to their maximum speed and maximum 
ceiling height. In those times, the blade rotational 
speed of both types of rotating-wing aircraft was ra-
ther low with a blade tip Mach number of around 0.4. 
Therefore, the envelope of rotor operation was essen-
tially limited by the stall and reversed flow conditions 
on the blades, and not yet by compressibility effects 
on the advancing side. 

Bailey, Gustafson and Myers at NACA experimentally 
investigated rotor blade stall on a YG-1B autogyro via 
observation of tufts attached to the blade surface [1-
2]. In Germany, Sissingh extended rotor aerodynamic 
theory to include steady airfoil stall, yawed flow effect 
on airfoil characteristics, and compressibility effects 
[3]. In helicopter developments at the Focke and Flett-
ner companies, compressibility effects were known to 
become important for future high-speed rotorcraft, as 
highlighted by Focke [4]. German knowledge on ro-
torcraft theory and experiments was summarized af-
ter the Second World War [5]. 

By the end of the 1960s, the rotor blade tip Mach 
number of helicopters increased to values of around 
0.65, balancing retreating blade stall and advancing 
blade compressibility effects for optimum helicopter 
performance throughout the flight regime. The centrif-
ugal forces and the dynamic pressure (and with it the 
rotor thrust capability) acting on the rotor blades 
therefore rose twofold, with the power required being 
threefold. 

In the early 1970s, the rotor limits were explored nu-
merically and experimentally, mainly at high speed 
and with a focus on retreating blade stall. Bellinger [6] 
found by comparing theory with full-scale measure-
ments of a H-34 rotor, that modeling unsteady airfoil 
characteristics significantly improves the rotor lift pre-
diction, albeit not fully sufficiently. Variable inflow and 
blade flexibility in flap and lag appeared unimportant, 
but elastic torsion was found to play a primary role, as 
it directly affected the angle of attack. 

The effect of the Reynolds number on rotor stall was 
investigated by Hardy [7] on 2D data for the Vertol 
23010-1.58 airfoil. A large influence on the maximum 
lift coefficient was found at low Mach numbers. Up to 
Mach numbers of 0.6, this effect diminished. For an 
advance ratio of 0.3, rotor measurements were made 
with fixed collective and zero cyclic control angles. 
The shaft angle varied from −35 deg to zero with a 
progressive stall development and associated reduc-
tion in the rotor lift curve slope. 

McCroskey [8] performed 1: 7.5 model-scale CH-47C 
rotor experiments with a pressure sensor instru-
mented blade section at 75% radius. In hover meas-
urements, the rotating blade stall was still showing the 
leading-edge pressure peak, while in the 2D data, the 
peak collapsed, resulting in higher maximum lift coef-
ficients in the rotating case. In forward flight with an 
advance ratio of 𝜇 = 0.35, rotor stall was investigated 
with a fixed collective control angle by varying the 
shaft angle of attack as was implemented by Hardy 
[7]. No trim was performed on the rotor and only stall 
characteristics were studied. 

Landgrebe and Bellinger [9] performed an experi-
mental study on model rotor stall with eight variations 
of twist, airfoil, taper, number of blades, and torsional 
frequency, while keeping radius, chord, tip Mach 
number, and hinge offset constant. Because of a very 
low tip Mach number below 0.3, only minor compress-
ibility effects were observed. Again, no cyclic control 
angle was used to trim the rotor. 

Amer and LaForge [10] showed that the maximum 
steady thrust capability of teetering and articulated ro-
tors is the same in the range of advance ratios from 
𝜇 = 0.25 to 0.36, based on trimmed flight test data at 
the never-exceed velocity for different flight levels. 
The maximum thrust was also found to be the same 
during unsteady pull-up maneuvers at advance ratios 
ranging from 𝜇 = 0.15 to 0.39. 

McHugh [11] examined the lift limits of a 1: 10 model-
scale CH-47B/C rotor by using wind tunnel tests from 
hover up to advance ratios of 𝜇 = 0.64. The rotor was 
trimmed to lift, propulsive force, and minimum flap-
ping by the rotor control angles and the shaft angle. 
He found the maximum trimmed rotor lift limits to de-
pend on the propulsive force 𝐶𝐷 (Λ𝜎)⁄  applied; see 
Figure 1. Λ = 4 𝜋⁄  is the rotor disk aspect ratio and 𝐶𝐷 
is the helicopter drag coefficient. 

Much later, Yeo [12] used CAMRAD II [13] to calcu-
late the rotor performance and loads of McHugh’s ex-

periments. His results for model-scale Reynolds num-
bers (𝑅𝑒𝑚𝑠) are shown below the model-scale test 
data; see Figure 1. Computations with full-scale 
Reynolds numbers (𝑅𝑒𝑓𝑠) with higher maximum lift co-
efficients of the same airfoil are depicted above the 
model-scale data. 

In addition, Johnson [14] sketched the lift limits of 
modern rotors (with advanced airfoils and modern 
blade planforms) in level flight from hover to high ad-
vance ratios; see Figure 1. With increasing advance 



ratio, the maximum rotor lift capability reduces due to 
the increasing asymmetry of dynamic pressure on the 
advancing and retreating sides. This limits the capa-
bility of trimming the rotor, especially due to stall on 
the retreating side. 

 

Figure 1. McHugh’s maximum rotor lift limits curve, 

1: 10 scale CH-47B/C rotor, 620 ft/s tip speed, with 
Yeo’s calculations [12] ] of model- and full-scale 
Reynolds numbers and Johnson’s level flight limits of 

modern rotors [14]. 

The availability of computers enabled engineers to 
develop comprehensive simulation codes (e.g. 
CAMRAD II [13]) for a fast evaluation of helicopter 
and rotor performance, including dynamics, aerody-
namics, and the rotor wake with an ever-increasing 
variety of models and refinements, representing the 
physics in an engineering manner. 

In pre-design studies and real-time helicopter simula-
tions, the simplicity of these models is essential, yet 
these must simultaneously represent the main fea-
tures reliably well and physically correctly. Look-up 
tables are often used for aerodynamic coefficients 
and are set up for the required range of Mach num-
bers and angles of attack. They include steady stall 
characteristics and the compressibility of the airfoils 
used, but are lacking unsteady aerodynamics such as 
dynamic stall with stall delay and post-stall vortex 
shedding. 

Yawed flow is present everywhere in forward flight 
and causes an advantageous stall delay. Centrifugal 
forces in the boundary layer, especially at the inboard 
regions of a rotating blade with large curvature flow, 
also delay stall. These effects are usually not covered 
by look-up tables, because they would require multi-
dimensional tables. 

For the prediction of the maximum rotor lifting capa-
bilities, the ability to model dynamic stall in combined 
unsteady yaw and periodic free-stream velocity be-
comes increasingly important, as demonstrated in a 
GARTEUR activity about dynamic stall and blade tor-
sion [15]. Measurements on a model rotor with re-
duced tip speed at an advance ratio of 𝜇 = 0.4 were 
used to validate and improve comprehensive codes. 
The rotor was trimmed as in the wind tunnel to a pre-
scribed shaft angle, rotor lift, and propulsive and lat-
eral forces. Deep stall was encountered on the re-
treating side with increasing rotor lift. The simulations 
using comprehensive rotor codes were only able to 
trim to the highest measured rotor lift (if at all), when 
both dynamic stall and yawed flow models were ena-
bled. 

The AIAA Rotorcraft Hover Prediction Workshop [16] 
provides data from three model-scale rotors up to a 
blade loading of 𝐶𝑇 𝜎⁄ = 0.1 for a UH-60A rotor meas-
ured in 1983, and 0.125 for the HVAB rotor tested in 
2022 [17], but without reaching or exceeding the stall 
limits. Recently, the measurements of a rotor in axial 
flow up to and beyond rotor stall provide some exper-
imental data in these regimes, although not really in 
hover, but rather under an aerodynamic climb condi-
tion [18], supporting the interest in the topic of maxi-
mum rotor thrust. The prediction activities of the work-
shop essentially make use of computational fluid dy-
namics codes (see the publications of [16]). 

A variety of advanced comprehensive codes, begin-
ning with the lifting surface method for blade aerody-
namics, that were coupled to advanced curved vortex 
element free-wake code, and higher-level wake meth-
ods up to the vorticity transport model (VTM), were 
presented in [19] with a revision given in [20] and [21]. 
Despite the higher level, the VTM predicted a prema-
ture deep stall, compared to the experiment of [16], 
while the free-wake method did not. 

In comprehensive rotor codes, the blade pitch angle 
(control angles, pretwist, and elastic torsion distribu-
tion) and the induced inflow model used are essential 
for the computation of the local aerodynamic angle of 
attack, and thus the prediction of stall onset at large 
thrust. A variety of induced inflow models exist that 
are based on momentum theory (constant inflow or 
with longitudinal and/or lateral inflow gradients), po-
tential theory, and vortex theory (with prescribed or 
free-wake geometry). 

The loss of lift due to flow around the blade tip is often 
treated by simply cutting off the two-dimensional lift 
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distribution at an “effective” non-dimensional radial 
station 𝐵 (its equivalent at the blade root is usually 
neglected). This simultaneously increases the mean 
induced inflow ratio because of the reduced effective 
rotor disk area. Such a crude approximation does not 
represent the actual cause of the lift dropping to zero 
at the end of the blade, i.e., the induced velocities due 
to the airflow around the blade tip. Therefore, a more 
physical approach should be used, such as the 
Prandtl/Betz formulation [22], or a simpler approxima-
tion of it. 

Since all these models impact the capability of com-
prehensive codes to predict the trimmable rotor thrust 
limits in hover and forward flight, their impact and im-
portance are investigated in this paper. The rotor 
blade is treated as stiff in this study in order to isolate 
the influences of aerodynamic modeling from the 
blade design parameters (e.g., geometry, taper, twist, 
sweep, an-/dihedral, elasticity, airfoil selection). A 
Mach-scaled Bo105 model rotor geometry is taken as 
a basis here. 

Other limits, most often reached before the aerody-
namic rotor limits, such as structural load limits, max-
imum available power, and mechanical limits of blade 
pitch control, are ignored in this study to focus on the 
pure aerodynamic limits that represent the boundary 
of a trimmable rotor with maximum possible thrust. 

This article demonstrates the capabilities of combin-
ing low-level, semi-empirical methods for blade sec-
tion aerodynamics, tip loss, curvature flow stall delay, 
and a variety of inflow models, with respect to the 
maximum rotor lift computation. Such modeling has 
the advantage of very low computational effort (a ne-
cessity in the early design stage), and the impact of 
each individual model on the results will be shown. 
The article is based on a conference paper of the au-
thor [23], expanded by the inclusion of yet un-
published free-wake computation results and pub-
lished in [24]. The range of results for maximum trim-
mable thrust obtained in this study is indicated by the 
circles under the hovering condition (𝜇 = 0) in Fig-
ure 1. 

 

3. SEMI-EMPIRICAL PHYSICAL MODELS 

3.1. Rotor blade model 

A Mach-scaled Bo105 model rotor with rectangular 
blades is used here, and its characteristics are given 
in Table 1. Rotor radius and root cutout are scaled to 

40.73% of the full-scale vehicle, while the chord 
length is scaled to 44.81% to partially account for loss 
of maximum lift capability due to the lower Reynolds 
numbers of the model rotor. Thus, the resulting solid-
ity 𝜎 is 10% greater than that of the full-scale rotor, 
while the tip Mach number is the same. The nominal 
thrust coefficient is based on a 2.46-ton Bo105 as a 
starting value for a thrust sweep towards the maxi-
mum trimmable limit. 

Table 1. Mach-scale model rotor characteristics. 

Characteristic Symbol Metric 
Rotor blade radius 𝑅 2.0 m 
Rotor blade chord length 𝑐 0.121 m 
Aerodynamic root cutout 𝑦𝑎 0.44 m 
Radius of zero twist angle 𝑦𝑡𝑤 1.5 m 
Number of rotor blades 𝑁𝑏 4 
Rotor blade precone angle 𝛽𝑝 2.5 deg 
Blade pretwist per radius Θ𝑡𝑤 -8 deg 
Airfoil, tabbed trailing edge NACA 23012 
Rotor speed of rotation Ω 109 rad/s 
Rotor blade tip speed Ω𝑅 218 m/s 
Hover tip Mach number 𝑀ℎ 0.639 
Rotor solidity 𝜎 0.077 
Nominal thrust coefficient 𝐶𝑇 0.00547 
Nominal rotor blade loading 𝐶𝑇 𝜎⁄  0.071 

 

DLR’s high-resolution rotor simulation code S4 is 
used; a detailed description of its features is given in 
[25]. The rotor blade is represented by 20 elements 
of equal annulus area in the rotor disk, leading to 
wider elements at the root (where low dynamic pres-
sure is present) and progressively smaller ones to-
wards the blade tip (with the highest dynamic pres-
sure and where the largest radial gradients of lift are 
to be expected); see Figure 2. 

 

Figure 2. Model rotor, 20 blade element distribution. 

The dashed line marks the pitch axis at quarter-chord 
and the + symbols denote the aerodynamic colloca-
tion points at three-quarter chord. The velocities act-
ing normally and tangentially to the chord line are 
computed there, including the pitch rate (due to blade 
pitch control) times semi-chord. However, in hover, 
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the blade pitch angle is constant and therefore the 
pitch rate remains zero. 

3.2. Airfoil model 

The classical way to compute section lift, drag, and 
the moment coefficient in comprehensive codes is 
based on a steady look-up table. With the local Mach 
number and angle of attack, both computed by the 
velocity components acting on the section of interest, 
the aerodynamic coefficients are interpolated from 
the table. Although compressibility and steady stall ef-
fects are included, yaw and curvature flow effects and 
dynamic stall are missing, because these would re-
quire multi-dimensional tables. The impact of all of 
these on the delay of the steady stall angle of attack 
𝛼𝑠𝑠—and hence the capability of the representation of 
dynamic stall hysteresis including lift overshoot—calls 
for a semi-empirical, physics-based analytical formu-
lation of the airfoil coefficients instead of using look-
up tables. 

Starting in the 1970s, several unsteady aerodynamic 
methods—partly based on the tables with the addition 
of unsteady contributions and partly fully analytical 
computations of the coefficients—have been devel-
oped, e.g. by Gormont [26], Bielawa [27], Tran [28], 
Beddoes [29], Gangwani [30], Leiss [31-32], Leish-
man [33], Petot [34], and Truong [35]. 

Here, the Leiss model [31-32], applied to the Bo105 
NACA 23012 airfoil [36] (as used on the Bo105 rotor 
blades), is used. Its advantage is the fully analytical 
mathematical formulation without any if-then-else de-
cisions, resulting in smooth lift, drag, and moment 
curves under steady and unsteady conditions. The 
model parameters are identified using airfoil data ob-
tained in the wind tunnel or via CFD for the range of 
Mach (and associated Reynolds) numbers and an-
gles of attack exceeding the stall in positive and neg-
ative directions (for both flow from the front and back). 
The analytical formulation ensures physical results 
even far beyond the regimes covered in the database, 
and also inherently includes reversed flow.  

The Leiss model has been applied to other airfoils 
and was validated, e.g., in [15]. The airfoil coefficients 
of this model act at the quarter-chord point normal to 
the chord line (𝐶𝑍 = 𝐶𝑛𝑀2, positive up) and in a chord-
wise direction (𝐶𝑋 = −𝐶𝑐𝑀2, positive forward), while 
the moment acts about the quarter-chord point (𝐶𝑀 =

𝐶𝑚𝑀2, positive nose-up). These aerodynamic coeffi-
cients are based on the sonic speed dynamic pres-
sure, and hence, they directly represent non-

dimensional forces and moments. In traditional com-
prehensive rotor codes, the local dynamic pressure is 
used, such that the coefficients represent the local 
aerodynamic characteristics, but not the radial distri-
bution of forces and moments. The conversion of 
these coefficients from the aerodynamic coordinate 
system to the airfoil coordinate system is shown in 
Figure 3. 

 

Figure 3. Conversion of aerodynamic coefficients. 

The fully analytical, semi-empirical formulation in-
cludes compressibility effects and stall, and covers 
the entire range of angles of attack from 𝛼 =

−180 deg to +180 deg in purely analytical form. Re-
versed flow, however, usually is confined to Mach 
numbers of 𝑀ℎ(𝑟𝑎 − 𝜇) at 𝜓 = 270 deg azimuth on the 
retreating side (𝑀ℎ is the blade tip Mach number in 
hover and 𝑟𝑎 is the non-dimensional blade root cut-
out), which for this rotor reaches a maximum value of 
𝑀 = −0.179 (indicating reversed flow) for a high ad-
vance ratio of 𝜇 = 0.5. In this case, the advancing tip 
at 𝜓 = 90 deg azimuth already experiences a Mach 
number of 𝑀ℎ(1 + 𝜇) = 0.959. 

The steady stall angle of attack 𝛼𝑠𝑠 depends on the 
Mach number 𝑀 and is large in incompressible flow, 
while in the higher subsonic speed range it progres-
sively approaches much smaller values. At nominal 
rotational speed of the rotor, the variation of 𝛼𝑠𝑠 is 
given in Figure 4. The circles denote the radial distri-
bution of blade element aerodynamic collocation 
points. The Mach number here also is a direct meas-
ure of the blade radial coordinate 𝑟, as they are pro-
portional to one another: 𝑀 = 𝑀ℎ𝑟. 

Rotating wing experiments both in hover and with ax-
ial flow revealed that—especially inboard near the 
hub—the curvature flow (CF) acting on the boundary 
layer generates significantly higher maximum lift co-
efficients, compared to 2D flow conditions. This effect 
progressively dies out towards the blade tip and can 
be interpreted as a shift of the steady stall angle of 
attack to higher values. Viterna and Corrigan [37] sug-
gested a global correction of airfoil lift and drag coef-
ficients in the context of wind turbine simulations. 



Airfoil tables in comprehensive rotor codes often em-
pirically extend the attached flow regime of lift, drag, 
and moment coefficients by some degrees in the 
range of Mach numbers up to ca. 0.4, i.e., mainly in 
the inner portion of the rotor blade. 

In this study, that effect is simulated empirically by an 
offset Δ𝛼𝑠𝑠,𝐶𝐹(𝑟) ∝ 1 𝑟⁄  with the value at the blade root 
𝑟𝑎 as the sole characteristic parameter. In this study, 
an empirical value of Δ𝛼𝑠𝑠,𝐶𝐹(𝑟𝑎) = 4 deg is used. For 
large radii, this stall offset approaches zero and then 
represents the 2D airfoil characteristics. It is under-
stood that this is a crude approximation and requires 
reliable data for a better representation of the physics, 
but it is at least a physically reasonable approach for 
studying the impact of such an effect on rotor stall. In 
application, this offset is used the same way as if it 
was caused by a yaw angle, also delaying the stall 
angle of attack. 

 

Figure 4. Steady stall angle of attack in hover, without 
(solid) and with inclusion of curvature flow (CF) effect 
(dashed). 

The conversion of the Leiss’s coefficients to the clas-
sical lift, drag, and moment coefficients based on the 
dynamic pressure of the velocity components is 
shown in Figure 3 and given by Equation (1). The trig-
onometric functions can be replaced by the Mach 
components acting in the chordwise direction, 𝑀𝑥, 
and normal to it, 𝑀𝑧: cos 𝛼 = 𝑀𝑥 𝑀⁄  and sin 𝛼 =

𝑀𝑧 𝑀⁄ : 
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Two examples for lift, drag, and moment coefficients 
are given in Figure 5, where the black line represents 
the 2D steady airfoil characteristics without the CF ef-
fect, and the red line with the inclusion of it, for two 
radial stations (Figure 5a, inboard and Figure 5b out-
board), and their respective Mach numbers. Fig-
ure 5a shows the data for the first blade element with 
𝑟 = 0.269, 𝑀 = 0.172, i.e., incompressible flow, and 
Figure 5b shows the data for 𝑟 = 0.964, 𝑀 = 0.618 in 
the compressible range near the blade tip. 

 

(a) incompressible flow regime near the blade root 

 

(b) compressible flow regime near the blade tip 

Figure 5. Steady airfoil characteristics in hover, with-
out (black lines) and with inclusion of curvature flow 
(CF) effect (red lines). 

The example is computed with the rotor at nominal 
speed of rotation in hover without inflow or tip loss, 
with steady aerodynamics, both without and with the 
CF model. The range of angles of attack is obtained 
by a collective control angle at 75% radius of 6 deg 
(without CF) and 10 deg (with CF) to include the stall 
angle in both cases. A 10 deg cyclic control angle is 
applied to cover a sufficient range of angles of attack. 
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Real-world steady post-stall conditions result in un-
steady aerodynamic coefficients with stochastic vari-
ations of frequency and magnitude, due to permanent 
vortex shedding. Although a model for such post-stall 
vortex shedding (VS) with some randomness in shed-
ding frequency and magnitude of fluctuations was de-
veloped in the 1990s [15], a reduced form is used 
here. It includes a fixed frequency (depending on the 
Mach number) and a constant magnitude in deep 
stall, which diminishes when approaching the stall an-
gle of attack. 

This is shown exemplarily in Figure 6 for a non-di-
mensional radial station of 𝑟 = 0.598 (𝑀 = 0.38). The 
computational setup is as before, without the CF ef-
fect, but with a collective control angle of 10 deg and 
15 deg cyclic control applied to cover a range far 
enough above the stall angle. The thick black line rep-
resents the airfoil data without the VS model; the thin 
line represents the airfoil data with it. 

 

(a) lift coefficient 

 

(b) moment coefficient 

Figure 6. Steady (thick black lines) and unsteady 
(thick red lines) airfoil characteristics in hover, without 
and with inclusion of vortex shedding (VS) effect (thin 
lines). 

Because this application with a cyclic control angle is 
an unsteady motion, the unsteady aerodynamics 
model needs to be switched on, which adds three ef-
fects: first, a phase delay of the effective angle of at-
tack relative to the geometric incidence angle as de-
scribed by the Theodorsen function [38]; second, a 
stall onset delay and that of flow reattachment; third, 
apparent masses (non-circulatory forces and mo-
ments). 

The phase delay results in a hysteresis; the stall delay 
causes a significant lift overshoot in the upstroke mo-
tion, and a significant delay in flow reattachment dur-
ing the downstroke. All this is shown by the red curves 
in Figure 6, where the mean angle is the same as for 
the steady data, but the amplitude of the cyclic control 
angle is reduced to 10 deg. In addition, the thin red 
line indicates the additional dynamics from when the 
VS model is switched on. 

A validation of the model with experimental steady 
and unsteady data of an OA213 airfoil in 2D flow (yaw 
angle 𝛽 = 0 deg) and under the 𝛽 = 22 deg yawed 
flow condition at a Mach number of 0.18 was per-
formed within a GARTEUR activity [15]. Steady 
measurements were performed first with time-aver-
aged results; thus, no vortex shedding in the stalled 
region could be seen. The airfoil was periodically 
pitched at a reduced frequency of 𝑘 = (𝜔𝑐) (2𝑉)⁄ =

0.05, and data for several individual successive cy-
cles were made available. The VS model included 
random variations of frequency and magnitude in the 
GARTEUR study, such that each cycle is different, as 
in the experiment. 

Lift and moment coefficients are compared to the 
model in Figure 7. The model correctly predicts both 
the steady and unsteady lift coefficient loops, as well 
as the difference between unyawed (Figure 7a) and 
yawed conditions (Figure 7b). The latter exhibits a 
smaller lift curve slope, a thinner dynamic stall hyste-
resis, and a slightly higher maximum lift coefficient at 
a significantly higher stall angle of attack, both in the 
steady and unsteady cases. 

The aerodynamic moment shown in Figure 7c for the 
unyawed case and in Figure 7d for the yawed condi-
tion also reveal that the model correctly predicts the 
change of the steady and dynamic airfoil characteris-
tics. As in the case of the lift coefficient, the yaw angle 
shifts the moment stall (steady and unsteady) to 
larger angles of attack. Drag data were not available; 
thus, they cannot be compared here with the experi-
mental data.  
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3.3. Rotor-induced inflow models 

The inflow models investigated were as follows: con-
stant inflow (the “Glauert” model) from momentum 

theory [39], inflow including linear longitudinal and lat-
eral variation (the “Drees” model) [40], a potential the-
ory based model with nonlinear radial and multi-har-
monic circumferential distribution (the “Mangler” 

model) [41], a vortex wake method with computation-
ally efficient prescribed geometry (called prescribed 
wake, “PW”) as used by DLR e.g. in [25] ], and a free-
wake model developed at DLR. 

In hover, Glauert and Drees are identical, just the 
Mangler model has a nonlinear radial variation of in-
duced velocities, but is constant in circumference. In 
forward flight, the Drees model has a longitudinal and 
lateral gradient relative to the constant mean values 
of Glauert’s model. The Mangler model is laterally 

symmetric, which leads to a non-linear longitudinal 
gradient, and results in radially nonlinear distributions 

with multi-harmonic periodic variation in the circum-
ference of the rotor disk. 

The prescribed wake (PW) model generates nonlin-
ear inflow distributions all over the disk. It is fed by 
trailed vorticity all along the span within the near 
wake. Up to three trailed vortices are kept in the far 
wake: one at the root, one at the tip, and—depending 
on the lift distribution near the tip—a secondary more 
inboard tip vortex of an opposite sense of rotation. 

The wake contraction and its convection are pre-
scribed, and its geometry was originally based on 
Beddoes’ model [42], and was later on significantly 
enhanced to include both the root cutout region and 
harmonic loading effects on the wake geometry per-
turbations [43], as well as the perturbations due to the 
presence of a fuselage [44]. 

DLR’s in-house development of a free-wake (FW) 
code originated from the mid-1990s for code 

 

(a) normal force coefficient, unyawed   (b) normal force coefficient, yawed 

 

(c) moment coefficient, unyawed   (d) moment coefficient, yawed 

Figure 7. Steady (black) and unsteady (red) airfoil characteristics in hover, without and with inclusion of 
vortex shedding (VS) effect. 
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enhancements related to higher harmonic rotor blade 
control for vibration and noise reduction purposes 
[45]. The free-wake consists of five revolutions behind 
the blades, which is sufficient for the high thrust levels 
investigated here. Eleven trailers are fitted to the 
blade elements, and the azimuthal resolution is 
10 deg segments, but time integration of the geome-
try is performed with 2 deg azimuth steps. 

An example of the free-wake structure obtained in 
hover at high thrust is shown in Figure 8. It is cut 
across the center to show the radial variation of verti-
cal convection of the vorticity sheets, following the ra-
dial induced inflow distribution. At the bottom, the 
wake truncation is visible with reduced wake convec-
tion due to the missing remainder of the wake to infin-
ity. 

 

Figure 8. Free-wake structure in hover, 𝐶𝑇 𝜎⁄ = 0.16. 
The colors represent the trailed vorticity strength. Red 
= tip vortex with high positive vorticity, blue = inboard 
vorticity with moderate to low negative values. 

A weak coupling strategy between the rotor air loads 
computation, the free-wake geometry iteration, and 
its induced velocity computation at the blade ele-
ments was employed, and a trim to desired thrust (or 
power) was performed with the collective control an-
gle. In hover, the aerodynamics of an isolated rotor 
are considered stationary, because a blade element 

experiences constant velocities and angles of attack 
throughout the revolution. Under these conditions, 
only trailed vorticity is fed into the wake, based on ra-
dial gradients of the blade bound circulation distribu-
tion. 

Usually, after four to five iterations, the rotor aerody-
namics, the wake geometry, and the wake-induced 
velocities acting at the rotor blades are converged. A 
trim to thrust near its maximum value is difficult be-
cause the gradient 𝑑𝑇 𝑑Θ⁄  approaches zero. Beyond 
the maximum thrust, that derivative initially reverses 
its sign until the thrust curve flattens out and gradually 
rises again, similar to the steady lift curves shown in 
Figure 5 to Figure 7. A trim to thrust therefore is diffi-
cult and requires a proper initial value of the collective 
control angle to converge. 

In this region, a trim to rotor power converges quickly, 
because the gradient 𝑑𝑃 𝑑Θ⁄  progressively increases 
with thrust throughout the rotor stall regime. The 
drawback of trim to power is that some iterations are 
needed in order to compare the results for the same 
thrust under these post-stall conditions. Alternatively, 
a stepwise increase in the collective control angle 
without trim and just converging the result will also 
produce the thrust curve, and the finer steps around 
the maximum thrust can be used to identify the maxi-
mum itself. Again, the drawback of this procedure is 
that some iterations are needed to obtain the same 
thrust with the various models employed for a direct 
comparison. 

Hovering is a difficult condition for a free-wake solu-
tion due to the inherent wake instability and roll-up 
caused by wake truncation at the end of the com-
puted wake. To avoid these instabilities and to obtain 
a quasi-steady solution, the contraction and convec-
tion are considered final after a specified wake age 
(e.g., one or two revolutions behind the blade). For 
the remaining wake, the radial displacements of vor-
tex filaments are suppressed. The reasoning for this 
is to simulate an ideal infinitely long wake. Although 
wake elements far away from the rotor practically do 
not contribute to induced velocities at the rotor, they 
influence the truncated end of the limited wake length 
used in simulations. 

The suppression of radial displacements results in an 
almost cylindrical wake (quite comparable to a pre-
scribed wake) without instabilities. It still results in a 
reduced convection speed at the truncated end, 
which results in a closer proximity of the wake sheets 
than in the region above. At low thrust, where the 



wake remains close to the rotor, this would overpre-
dict induced velocities at the rotor. However, for the 
high thrust conditions investigated here, the wake end 
is sufficiently far away from the rotor. 

An example radial distribution of induced inflow ratio 
in hover for all these models is shown in Figure 9. The 
Mangler model represents a distribution similar to an 
expected lift distribution. The PW distribution is more 
parallel to the constant inflow up to 80% radius, and 
near the tip, the inflow decreases due to the wake 
contraction and the upwash generated by the tip vor-
tices of the preceding blades. The FW inflow distribu-
tion is close to the PW for the blade tip region, and 
inboard of 80% radius around the middle between the 
Mangler and PW models. The mean value, however, 
is the same for all models. 

 

Figure 9. Example distributions of induced inflow ratio 
from various models in hover, 𝐶𝑇 𝜎⁄ = 0.071. 

3.4. Tip loss model 

The simple but non-physical cutting off of the blade 
tip at a non-dimensional effective radius 𝐵 is often 
used in comprehensive codes (mostly selected as 
𝐵 = 0.97). Alternatively, it can be computed based on 
the thrust coefficient as 𝐵 = 1 − √2𝐶𝑇 𝑁𝑏⁄ , a simpli-
fied result derived by Prandtl [22]. Wheatley [46] sug-
gested a tip loss factor independent of thrust, based 
on the blade chord-to-radius ratio: 𝐵 = 1 − 𝑐 (2𝑅)⁄ , 
and similarly, Sissingh [3,47] by 𝐵 = 1 − 𝑐 (1.5𝑅)⁄ . 
The blade element aerodynamics are treated as 
purely 2D from the blade root to the effective radius 
𝐵, and the momentum-based induced velocity is cor-
rected due to the reduced rotor disk area by 𝜆𝑖,𝑒𝑓𝑓 =

𝜆𝑖 𝐵⁄ . 

Example values for 𝐵 using the different methods are 
given in Table 2. At zero thrust, Prandtl’s method re-

sults in 2D aerodynamics up to the blade tip, 𝐵 = 1. 

With increasing thrust, it leads to smaller 𝐵, which ap-
pears more physical due to the increased tip vortex 
strength and increased radial portions affected by it. 
For nominal thrust and twice this, the values com-
puted by the other methods are rather close to 
Prandtl’s result. 

In the S4 code, the tip losses are introduced in a semi-
empirical manner by additional induced velocities, as 
if generated by a continuous trailed vorticity. The root 
losses are also accounted for in this manner. This al-
lows the combination of any inflow model with more 
realistic lift losses in the tip and root regions. These 
additional induced velocities begin with zero at a ra-
dial station 𝑟𝑡𝑙 indicating the beginning of the tip loss 
region, and progressively increase until the zero-lift 
angle of attack is obtained at the blade tip itself. This 
leads to zero lift at the tip, as required, which approx-
imates the Prandtl‒Betz tip loss formulation [22]. The 
innermost element of the blade is treated the same 
way. 

Table 2. Examples for effective radius 𝐵, rotor data 
from Table 1. 

𝐶𝑇 𝐶𝑇 𝜎⁄  Prandtl Wheatley Sissingh 
0.00000 0.000 1.000 0.97 0.96 
0.00547 0.071 0.974 0.97 0.96 
0.01094 0.142 0.962 0.97 0.96 
0.01641 0.213 0.954 0.97 0.96 

 

Various values for the tip loss parameter 𝑟𝑡𝑙 were in-
vestigated, namely 0.8, 0.9, 0.95, and 1.0 (which 
means no tip loss) to study its effect on the results. 
Considering a constant 2D lift coefficient of unity, the 
tip loss model leads to a continuous progressive drop 
towards zero in the tip and root regions, as shown in 
Figure 10a. The actual lift force distribution is based 
on the local dynamic pressure, i.e., proportional to 
𝑟2𝐶𝑙, and sketched in Figure 10b. 

It appears justified to ignore the small overall loss at 
the root region, compared to that at the blade tip. It is 
interesting to note which value of 𝑟𝑡𝑙 approximately 
represents an equivalent to the loss caused by cutting 
off the blade at the typical value of 𝐵 = 0.97. This is 
shown in Figure 10c, where only the tip region of Fig-
ure 10b is shown. The area hatched in red is the loss 
due to cutting off at 𝐵. It appears rather equivalent to 
selecting 𝑟𝑡𝑙 = 0.9, generating the loss of the area 
hatched in blue, which appears somewhat less than 
the red hatched area. 𝑟𝑡𝑙 = 0.8 will be more equivalent 
to a factor of 𝐵 = 0.96. 
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(a) 2D lift coefficient of unity 

 

(b) 2D non-dimensional lift, based on (a) 

 

(c) comparison of tip loss methods for various 𝑟𝑡𝑙 
values from 0.8 to 1 

Figure 10. Root and tip loss impact on lift distribution 
for various 𝑟𝑡𝑙 values. 

 

 

 

 

4. RESULTS AND DISCUSSION 

4.1. General remarks 

In general, the following procedure is applied: a rotor 
trim is performed with a prescribed shaft angle and 
zero rotor hub rolling and pitching moments. It starts 
with a blade loading of nominal thrust (𝐶𝑇 𝜎⁄ = 0.071) 
which is first increased in constant thrust increments. 
When stall onset is encountered, the increment is re-
duced to progressively finer steps until the maximum 
trimmable thrust is reached and the rotor lift curve 
slope with respect to the collective control angle be-
comes zero: 𝑑𝐶𝑇 𝑑Θ75⁄ = 0. This procedure is re-
peated for a range of parameter variations with the 
different aerodynamics models described in the pre-
vious section, for: 

• Airfoil aerodynamics: steady / unsteady; 
• CF model: off / on; 
• VS model: off / on; 
• Inflow model: Glauert / Mangler / PW / FW; 
• Begin of tip loss: 𝑟𝑡𝑙 = 0.8 / 0.9 / 0.95 / 1.0. 

The trim computation is based on a single blade only, 
assuming that all blades experience the same condi-
tions at the same azimuth, which ensures the perio-
dicity. The trim accuracy was set very tight to 1 N in 
thrust and 1 Nm in aerodynamic hub moments. For a 
maximum thrust in hover of up to 11 kN, this trim tol-
erance is less than 0.1 permille. 

Due to a constant circumferential flow environment 
under the hovering condition, no cyclic control angles 
are needed for trimming the hub moments to zero, 
and hence Θ𝐶 = Θ𝑆 = 0 deg. The region above maxi-
mum rotor thrust (𝐶𝑇,𝑚𝑎𝑥) can also be explored by us-
ing Θ75 = Θ75(𝐶𝑇,𝑚𝑎𝑥) + 1, 3, 5 and 10 deg of collec-
tive control angle settings.  

Such a further increase in the collective control angle 
reveals an initial loss of thrust due to increasing stall 
regions on the rotor blade. A further increase of Θ75 
then again generates an increase in thrust, similar to 
the individual steady airfoil lift coefficient behavior 
when exceeding stall. In hover, the Glauert and Drees 
inflow models generate identical constant inflow all 
over the disk; hence identical results were obtained 
and only the Glauert model was applied here. 

As long as the attached flow is present everywhere, a 
constant circumferential flow condition is a valid as-
sumption. When stall occurs, unsteady flow struc-
tures develop, for example due to VS. In order to re-
duce the theoretical number of combinations of the 
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above list, the VS and yaw models were individually 
applied only to the 𝑟𝑡𝑙 = 0.9 setting. 

The VS model introduces another difficulty, because 
the frequency of vortex shedding is modeled depend-
ent on the Mach number, and therefore differs for 
each radial position. In general, it results in a non-in-
teger harmonic of the rotor rotational frequency. 
Therefore, each individual revolution becomes 
slightly different and no steady mean rotor thrust nor 
hub moments can be obtained anymore. Then, suffi-
cient thrust and hub moment thresholds must be 
specified when trimming the rotor, such that the thrust 
fluctuations remain within the thresholds specified. 

In a real-world environment, this does not only affect 
the blade element(s) generating the VS, because the 
vortices also are released to the flow and will possibly 
be encountered by the following blades. However, VS 
will happen only at high thrust that comes along with 
a high induced velocity, transporting these disturb-
ances downwards and away from the rotor. There-
fore, here the assumption is made that such turbu-
lence may be ignored and each blade is operating in 
a generally undisturbed free-stream, even when ex-
periencing deep stall with VS. 

Consequently, the application of the unsteady aero-
dynamics model is no different from the steady model 
in this setup, but the VS model may be switched on 
to generate periodically oscillating aerodynamic coef-
ficients of the blade elements operating in the post-
stall regime. However, with or without the VS model, 
no difference in maximum 𝐶𝑇 𝜎⁄  was found in this 
study. 

4.2. Rotor thrust, power and figure of merit 

The results for a thrust sweep from its nominal value 
to the individual maximum thrust (𝐶𝑇,𝑚𝑎𝑥) and up to 
Θ75(𝐶𝑇,𝑚𝑎𝑥) + 10 deg with every combination of the 
inflow model (Glauert, Mangler, PW, FW) are given in 
Figure 11. In addition, 𝑟𝑡𝑙 = 0.9 is also combined with 
the curvature flow model (CF). 

The blue dots are experimental data from the Bo105 
model scale rotor obtained in the DNW [48] that reach 
up to only 𝐶𝑇 𝜎⁄ = 0.106 and remain within the at-
tached flow regime. In contrast to the assumptions 
made for the computations of this paper, the tested 
rotor blades were flexible, slightly dissimilar, and de-
veloped an increasing amount of steady elastic twist 
with rising thrust. The test was conducted in the open-
jet closed test hall of the DNW-LLF. Therefore, air 

turbulence increased that was re-ingested into the ro-
tor at high thrust, which caused increasing vibration, 
and a further thrust increase was abandoned. 

 

The Glauert and prescribed wake (PW) inflow lead to 
similar results, with a gradual decrease in thrust in the 
post-stall regime. The Mangler model reaches the 
greatest maximum thrust of all models, with a larger 
loss of thrust in the post-stall area. In all cases, no tip 
loss 𝑟𝑡𝑙 = 1.0 allows for the highest maximum thrust. 
With 𝑟𝑡𝑙 moving inboard, maximum thrust is reduced 
continuously because of lift loss mainly at the blade 
tip, and to a much lesser degree also at the blade 
root. 

Regarding the power prediction, all inflow model re-
sults appear rather similar to each other. The experi-
mental thrust and power curves are matched by all 
inflow methods, with the best fit achieved by the Man-
gler model. The effect of 𝑟𝑡𝑙 variation is in accordance 
with its impact on thrust. Any loss of lift at the blade 
tip is associated with a reduction mainly in the in-
duced drag and also of the airfoil drag there, and due 
to the long moment arm to the rotor center, this re-
duces the power. 

The figure of merit 𝐹𝑀 is very sensitive to power pre-
diction. The best fit to the test data is seen for the 
Mangler model with a tip loss beginning between 𝑟𝑡𝑙 =

0.8 and 0.9. As expected, the highest possible 𝐹𝑀 is 
obtained without tip loss, 𝑟𝑡𝑙 = 1.0, and in the region 
around 𝐶𝑇 𝜎⁄ = 0.11, i.e., in the region of attached 
flow, but close to stall. 

The curvature flow model (CF) was only applied to the 
𝑟𝑡𝑙 = 0.9 setting and its results are given by the red 
lines. As long as the flow is attached, there appears 
to be no difference from the cases without the inclu-
sion of the CF model. Once stall starts to develop, the 
CF model generates a delay in the steady stall angle 
of attack especially in the inboard region of the rotor 
blade with an increase in the maximum lift coefficient 
to larger values; see Figure 5. This leads to a higher 
maximum thrust capability of the rotor, and also a 
higher thrust in the post-stall regime, while the power 
appears only slightly increased over the value without 
the CF model. 

The same is seen in the impact of the CF model on 
the 𝐹𝑀, independent of the inflow model used. In at-
tached flow, the slight increase in power results in a 
slightly lower 𝐹𝑀 than without the CF model. Alt-
hough the CF model allows for a higher maximum 



thrust, the 𝐹𝑀 at the highest possible thrust is similar 
to that without the CF model employed. 

The results for the individual maximum rotor thrust 
achievable with the various inflow models are sum-
marized in Figure 12a. For each of the inflow models 
used, the increase in 𝑟𝑡𝑙 from 0.8 to 1 increases the 
maximum trimmable thrust by about the same 
amount, and the same applies when adding the CF 
model. The respective power required for the maxi-
mum thrust is shown in Figure 12b. The power 

increases according to the thrust of the individual in-
flow model shown in Figure 12a; and only the PW 
model results in a steeper increase in power than the 
other inflow models. 

The power sensitivity with respect to the tip loss re-
gion cannot directly be judged by Figure 12b, be-
cause at 𝑟𝑡𝑙 = 0.8, a significantly smaller maximum 
thrust is obtained than for a value of 1. For 𝑟𝑡𝑙 = 0.8, 
less power is expected at the blade tip because of 
lower induced and airfoil drag due to the smaller 

   
(a) Constant inflow (Glauert) 

   
(b) Nonlinear inflow (Mangler) 

   
(c) Prescribed wake (PW) 

   
(d) Free-wake (FW) 

Figure 11. Influence of the inflow model, the tip loss parameter 𝑟𝑡𝑙 and curvature flow CF model on thrust 
(left), power (middle) and figure of merit (right). 
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angles of attack. But any loss of lift at the tip must be 
compensated for by more inboard lift and hence more 
induced and airfoil drag there, until the maximum ro-
tor thrust is reached. 

The CF model increases the power required at maxi-
mum thrust in all cases, in agreement with the in-
crease in the maximum thrust itself. It is also ob-
served in Figure 12 that the power level depends on 
the inflow model used. Although the PW and FW in-
flow models reach the lowest maximum thrust, their 
power is the highest. The Mangler inflow model pre-
dicts higher thrust, but also requires more power than 
the Glauert inflow. FW is close to PW in maximum 
thrust capability, but the power required is always 
higher. The reason for these results requires the anal-
ysis of the radial distribution of aerodynamic parame-
ters, as given in the next section. 

 

(a) maximum trimmable thrust 

 

(b) power required at maximum trimmable thrust 

Figure 12. Influence of tip loss, inflow and CF models 
on maximum rotor thrust and power required. 

 

 

4.3. Distribution of aerodynamic parameters 

In order to understand the development of power in 
Figure 12b, first the radial distribution of the inflow ra-
tio 𝜆𝑖 needs to be investigated. In Figure 13a, it is 
given for the nominal thrust (𝐶𝑇 𝜎⁄ = 0.071, black 
curves), a rather high thrust commonly achieved by 
all inflow models (𝐶𝑇 𝜎⁄ = 0.16, red curves), and un-
der a condition of 5 deg in collective control angle 
larger than that of the individual maximum thrust. The 
latter is different for each inflow model (𝐶𝑇 𝜎⁄  differs, 
blue curves), but in every case represents a deep stall 
condition for the rotor. The tip loss factor is set to 𝑟𝑡𝑙 =

0.9 in every case, and the different inflow models 
used are identified by different line styles. 

Because of the tip loss beginning at 𝑟𝑡𝑙 = 0.9, the in-
duced inflow progressively increases towards the tip 
and the root of the blade for all inflow models; com-
pare this to 𝑟𝑡𝑙 = 1.0 (= 2D from root to tip), as shown 
in Figure 9. Outboard of 𝑟 ≈ 0.8, the Mangler model 
generates the highest induced inflow and the PW and 
FW models the lowest, which is due to the tip vortex 
quickly moving inboard and then inducing an upwash 
at the outer region 0.85 < 𝑟 < 1. Inboard of 𝑟 ≈ 0.6, 
the PW and FW generate the highest inflow due to 
their wake contraction, and the Mangler model the 
lowest. 

The section angle of attack 𝛼 can be computed based 
on the blade pretwist, the collective control angle re-
quired for the respective thrust, the circumferential 
velocity, and the inflow. This is shown in Figure 13b 
for the same conditions as in Figure 13a, together 
with the stall onset boundary (see Figure 4). At the 
inner radial stations with small circumferential veloci-
ties, the same inflow ratio leads to larger angles of 
attack than at the outer radial stations with large cir-
cumferential velocities. 

At the tip region, the PW and FW models show the 
smallest inflow and therefore the largest angle of at-
tack, the inverse of which is true at the regions in-
board of 𝑟 ≈ 0.6. For the thrust level of 𝐶𝑇 𝜎⁄ = 0.16, 
the PW and FW models are the only ones that exceed 
the stall angle of attack near the tip region, while the 
Glauert and Mangler models remain below it. This is 
caused by the upwash in the tip region due to the 
wake contraction in the PW and FW inflow models. 
This upwash generates more lift and drag, and be-
cause of the large distance to the hub center, more is 
power required here than the other inflow models. 
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By increasing the collective control by 5 deg above 
the maximum trimmable thrust (blue lines), the major-
ity of radial stations are under post-stall conditions at 
very high angles of attack. Only the Glauert and PW 
inflow models are below the stall inboard of 𝑟 ≈ 0.45, 
owing to the higher inflow ratio when compared to the 
Mangler model. The overall inflow is slightly lower 
than for 𝐶𝑇 𝜎⁄ = 0.16, because the rotor thrust under 
this deep stall condition is less. 

 

(a) inflow ratio 

 
(b) section angle of attack 

Figure 13. Radial distributions of aerodynamic pa-
rameters the for various thrust levels and inflow mod-
els in hover, 𝑟𝑡𝑙 = 0.9. 

In Figure 14a,b the respective distributions of the sec-
tion normal force, 𝐶𝑛, and moment about quarter 
chord, 𝐶𝑚, coefficients are plotted. The generally 
small angles of attack for 𝐶𝑇 𝜎⁄ = 0.071 are within the 
attached flow regime far away from stall all over the 
blade. This leads to moderate normal force and small 
negative moment coefficients (because of airfoil cam-
ber). 

The high thrust 𝐶𝑇 𝜎⁄ = 0.160 comes along with 
higher normal force coefficients. The expected stall of 

the PW and FW models in the outer region 0.85 < 𝑟 <

1 cannot immediately be seen in the normal force co-
efficient, because of the stall behavior at this Mach 
number is very gradual, see Figure 5 (b). However, 
the stall is seen in the moment coefficient of the PW 
and FW models with the red dotted curve dropping 
sharply to larger negative values, Figure 14 (b). The 
other blade areas are close to stall, indicated by zero 
or slightly positive moment coefficients. 

The blue lines are for the case where the collective 
control angle is increased by 5 deg over that of the 
individual maximum thrust achieved by the different 
inflow models. Nearly all radial stations are then in 
deep stall condition. Although the normal force coef-
ficients are at the same levels of as for the 𝐶𝑇 𝜎⁄ =

0.160 case, the moment coefficients indicate deep 
stall almost all over the blade by their large negative 
values.  

 

(a) normal force coefficient 

 

(b) moment coefficient 

Figure 14. Radial distributions of aerodynamic coeffi-
cients for various thrust levels and inflow models in 
hover, 𝑟𝑡𝑙 = 0.9. 
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This is because from 𝑟 ≈ 0.65 to the tip, the Mach 
numbers exceed 0.4, and the stall characteristics of 
the normal force coefficient flatten out; see Figure 5b. 
For 𝑟 < 0.6, however, the FW and Mangler inflow 
models show a significant loss of normal force coeffi-
cient in Figure 14a, while the Glauert and PW inflow 
models remain below stall, which results in large 𝐶𝑛. 
In this area, the moment coefficients for these two in-
flow models are close to zero, which indicates angles 
of attack close to, but not beyond, stall (Figure 14b). 

4.4. The maximum trimmable thrust 

As shown in Figure 11 and Figure 12a, the maximum 
trimmable thrust varies depending on the inflow 
model, the tip loss model, and the CF model. In the 
following, 𝑟𝑡𝑙 = 0.9 is used. Radial distributions of the 
inflow, angle of attack including stall onset, normal 
force, and moment coefficients at the individual max-
imum trimmable thrust are shown. As before, the in-
flow models are identified by the line styles, and black 
curves are without the CF model, while the curves in-
cluding it are red. In general, the inclusion of the CF 
model allows for a higher maximum thrust for all in-
flow models; see Figure 12a. 

The inflow distributions are shown in Figure 15a and 
are rather comparable to the curves for 𝐶𝑇 𝜎⁄ = 0.160 
in Figure 13, but at a higher value due to a higher 
thrust. Recall that each of the curves is for a different 
thrust; therefore, the mean of the inflow models differs 
as well. Due to the higher thrust with the CF model 
involved, the red curves are slightly higher than the 
black ones. 

The distribution of angles of attack along the span is 
given in Figure 15b, which can be compared with the 
curves for 𝐶𝑇 𝜎⁄ = 0.160 of Figure 13b, but here for 
the higher maximum trimmable thrust. Independent of 
the CF model, all inflow models exceed the stall angle 
near the tip region. Most prominent are here the PW 
and FW models, which are the only ones that include 
the tip vortex upwash due to the wake contraction, 
and thus increase the angle of attack there. In the re-
gion 0.75 < 𝑟 < 0.95, the angle of attack exceeds the 
stall angle. Inboard of it, the Glauert, PW, and FW 
models generate angles of attack which are signifi-
cantly lower than the Mangler model. Therefore, with 
the Mangler model at 𝑟 ≈ 0.35, the stall angle is 
slightly exceeded. 

The normal force and moment coefficient distributions 
for the maximum trimmable thrust show the stall ef-
fects of normal force and moment coefficients in 

Figure 16, which can be compared to Figure 14 for 
the lower thrust of 𝐶𝑇 𝜎⁄ = 0.160. Because the Man-
gler inflow model leads to angles of attack rather 
close to stall all over the radius (see Figure 15b), its 
distribution of 𝐶𝑛 values is close to the maximum nor-
mal force coefficient at each of the radial positions 
and its respective Mach number. 

 

(a) inflow ratio 

 

(b) section angle of attack 

Figure 15. Radial distributions of aerodynamic pa-
rameters for maximum trimmable thrust and different 
inflow models in hover, 𝑟𝑡𝑙 = 0.9. 

In the region near the tip for 𝑟 > 0.75, all inflow models 
generate rather similar 𝐶𝑛 values, despite very differ-
ent angles of attack. This is due to the flat 𝐶𝑛(𝛼) 
curves in the post-stall regime at the higher subsonic 
Mach numbers experienced there; see Figure 5b. 

Near 𝑟 ≈ 0.35, the Mangler model leads to slight stall 
without the CF model (black curve; see Figure 15b). 
Due to the small Mach number there (see Figure 5a), 
the post-stall region is accompanied by a moderate 
drop in normal force coefficient, which is seen at that 
position in Figure 16a. When including the CF model, 
the angle of attack here just reaches the stall angle, 
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and the normal force coefficient reaches its highest 
value. 

Finally, the moment coefficients for these conditions 
of maximum trimmable thrust are shown in Fig-
ure 16b. The moment coefficient is much more sensi-
tive to stall than the normal force coefficient, because 
in attached flow it remains at small negative values, 
but during stall, sharply drops to larger negative val-
ues. This is seen especially at the tip region for all 
inflow models, and also near the root of the blade for 
the Mangler inflow model. 

Concluding the hover investigations, the maximum 
trimmable thrust of the rotor always includes stall over 
some radial extent of the blade, at least for this rotor 
blade geometry. Therefore, to further enhance the 
thrust capability, the blade design must be changed 
in terms of twist distribution, chord distribution, and 
airfoil selection, but that is outside of the scope of this 
paper. 

 
(a) normal force coefficient 

 

(b) moment coefficient 

Figure 16. Radial distributions of aerodynamic coeffi-
cients for maximum trimmable thrust and different in-
flow models in hover, 𝑟𝑡𝑙 = 0.9. 

The range of 𝐶𝑇 𝜎⁄  obtained with all the various com-
binations of inflow model, realistic 𝑟𝑡𝑙 values of 0.8 
and 0.9, and the CF model switched on or off, covers 
values from 0.168 to 0.184 with one exception ob-
tained using the Mangler inflow model plus CF reach-
ing 0.196, as given in Figure 12a and also included in 
Figure 1 for comparison with existing test data and 
estimates. For the highest thrusts, results with 𝑟𝑡𝑙 =

0.8 are close to Johnson’s estimate. 

4.5. Effect of the vortex shedding (VS) model 

Adding the VS model impacts all blade sections oper-
ating in the stalled region, as shown in Figure 6 and 
Figure 7 for steady, unsteady, and yawed airfoil coef-
ficients. In the results obtained at maximum thrust 
with the Glauert model and 𝑟𝑡𝑙 = 0.9 tip loss formula-
tion, airfoil stall is experienced near the blade tip; see 
Figure 15. The time history of the normal force coeffi-
cient 𝐶𝑛 at a radial position of 𝑟 = 0.913 is shown in 
Figure 17 for one rotor revolution, and the rotor thrust 
𝐶𝑇 𝜎⁄  is given in Figure 17b. The results without the 
VS model and with it are compared with each other. 

At this outboard region near the blade tip, a Mach 
number of ca. 0.58 is present and the frequency of 
fluctuations is near the 15th harmonic at the blade, 
with a magnitude of about Δ𝐶𝑛 = 0.11. The frequency 
of 𝐶𝑛 oscillations is a function of the Mach number and 
varies between the radial stations of the blade. How-
ever, the mean value is that of the steady stall 𝐶𝑛 of 
the result without the VS model. The summation of all 
four blades results in the rotor thrust as shown in Fig-
ure 17b. 

Again, the steady computation without the VS model 
represents the mean value of the result including the 
VS model. Due to the summation of thrust from all 
four blades, the remaining frequency content has 
changed. However, it is seen that some non-har-
monic fluctuations in thrust remain. This necessitates 
the adaptation of the trim strategy, i.e., allowing for 
some bandwidth of thrust to develop, or applying a 
long-term averaging of the results, instead of a single 
revolution. 

4.6. Effect of Unsteady Aerodynamic Modeling 

It must first be recalled that in this study, the blades 
are modeled as rigid bodies without elasticity to focus 
solely on the aerodynamic effects. After all aerody-
namic transients during the trim process have died 
out, the hovering condition always results in a steady 
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aerodynamic environment at the blade elements for 
the global downwash models. 

 

(a) normal force coefficient 

 

(b) thrust coefficient 

Figure 17. Effect of the VS model on aerodynamic co-
efficients at maximum thrust in hover, 𝑟𝑡𝑙 = 0.9, 
Glauert inflow. 

Without any unsteadiness of the input, the results ob-
tained with steady and unsteady aerodynamics mod-
els become identical. Using PW with tip (and possibly 
secondary) trailed vortices, or FW with trailed and 
shed vortex elements, any unsteadiness of the blade 
bound circulation (either generated due to the trim 
steps or by the VS model) will be fed into the wake 
system. Consequently, a time-varying blade circula-
tion strength will result in a time-varying induced ve-
locity distribution at the blade elements via the wake-
induced velocities.  

However, in the current setup, the trailed and shed 
vortex circulations are low-pass filtered to the first six 
rotor harmonics to account for fundamental blade 
load variations, but not for such high-frequency con-
tent as shown in Figure 17a. In addition, a soft cou-
pling strategy for both PW and FW is applied with 

updates of the wake geometry and its induced veloc-
ities only after a trim step has converged. Therefore, 
in the current setup, only a small amount of unstead-
iness was developing, as exemplarily shown in Fig-
ure 17b. This will likely change in a tight coupling be-
tween rotor and wake at each time step of the simu-
lation at the expense of significantly higher computa-
tional effort, but that is outside of the scope of this ar-
ticle. 

 

5. CONCLUSIONS 

In this article, the impact of inflow models (Glauert, 
Mangler, prescribed (PW) and free-wake (FW)), ra-
dial extent of tip loss (𝑟𝑡𝑙), stall delay due to curvature 
flow (CF), and post-stall vortex shedding (VS) on 
maximum rotor thrust in hover have been investi-
gated. A Bo105 model-scale rotor was used for the 
study with rigid blades to eliminate the influence of 
blade flexibility on the results. The results for global 
parameters (thrust/power curves, figure of merit 
(𝐹𝑀)) were investigated in detail via the analysis of 
the radial distributions of the inflow, blade section an-
gle of attack, stall angle of attack, and airfoil normal 
force and moment coefficients. The following conclu-
sions can be drawn: 

5.1. Trim strategy and global observations: 

1. In attached flow, a trim to thrust converges quickly 
due to a large derivative 𝑑𝐶𝑇 𝑑Θ75⁄ . 

2. In the vicinity of maximum thrust, a trim to thrust 
is difficult, because 𝑑𝐶𝑇 𝑑Θ75⁄  becomes zero at 
the maximum thrust. It even changes its sign for 
higher control angles. In contrast, a trim to power 
converges quickly there, because the derivative 
𝑑𝐶𝑃 𝑑Θ75⁄  grows progressively in this regime. 
However, to match a specific thrust, some itera-
tions of power trim are needed. 

3. The maximum possible thrust is similar for the 
Glauert, PW, and FW inflow models, and highest 
for the Mangler inflow model. 

4. The maximum figure of merit (𝐹𝑀) is found in the 
range of 𝐶𝑇 𝜎⁄ = 0.1 to 0.12, significantly below 
the maximum possible thrust of 𝐶𝑇 𝜎⁄ ≥ 0.17. The 
larger the tip loss, the smaller the 𝐹𝑀. Up to the 
maximum 𝐹𝑀, the CF model has virtually no im-
pact on the results, because max. 𝐹𝑀 is obtained 
under the attached flow conditions. 
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5.2. Impact of inflow models: 

5. Induced inflow ratio distributions vary significantly 
between the inflow models and accordingly vary 
the distributions of the resulting angle of attack. 
This has a significant impact on where the stall 
angle is reached first, because the local stall an-
gle depends on the local Mach number. 

6. The Glauert model provides constant inflow over 
the entire radius. It leads to a rather constant an-
gle of attack distribution. Therefore, stall is expe-
rienced first in the blade tip region where the stall 
angle is the lowest. 

7. The Mangler model generates the lowest inflow of 
all inflow models at the blade root, leading to large 
angles of attack there. This is advantageous be-
cause the stall angle at the low Mach numbers 
near the root are large as well. In the outer part of 
the blade, it generates the largest inflow of the 
models; hence, the smallest angles of attack and 
therefore blade tip stall are reduced significantly. 

8. The prescribed wake (PW) model’s inflow distri-

butions are rather constant inboard of 𝑟 ≈ 0.8 and 
a little larger than the Glauert inflow. Outboard the 
PW inflow is significantly lower due to the upwash 
generated by the contracted wake geometry. 
Therefore, angles of attack are slightly below 
those of the Glauert model inboard of 𝑟 ≈ 0.8 and 
slightly larger outboard. 

9. Free-wake (FW) inflow distributions which are 
near the Glauert at the blade root, reach the larg-
est values of all inflow models at about 𝑟 ≈ 0.7, 
and the lowest values of all at 𝑟 ≈ 0.85. The re-
sulting angles of attack are between the Glauert 
and the Mangler models near the blade root, 
close to the Glauert and PW models in the mid 
region of the blade, and highest at the blade tip 
for 𝑟 > 0.85. Therefore, blade tip stall develops 
first for this model. 

10. The highest possible thrust is predicted by the 
Mangler model, because of its low inflow in the 
inboard region and high inflow in the outer region 
of the blade. The resulting angle of attack distri-
bution fits best to the stall angle distribution. 

5.3. Tip loss and CF modeling impact: 

11. The tip loss model progressively increases the in-
duced velocities at both ends of the blade, such 
that zero lift results at the ends. This reduces the 
angle of attack from 𝑟𝑡𝑙 on, progressively towards 

the end, therefore alleviating stall near the blade 
tip and root. 

12. Increasing the tip loss region reduces the maxi-
mum possible thrust due to the increased loss of 
lift in the tip and root regions. Reasonable values 
for high thrust range from 𝑟𝑡𝑙 = 0.8 − 0.9. 

13. The curvature flow (CF) model increases the lin-
ear lift range by an increase in the steady stall an-
gle from small values at the blade tip progres-
sively to larger values at the blade root. This has 
a significant impact on increasing the maximum 
thrust prediction, because it allows for larger an-
gles of attack. This is the reason why the Mangler 
model predicts the largest possible thrust of all in-
flow models. 
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