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A general structural model, which is an extension of the Vlasov theory, is 
proposed for the analysis of composite rotor blades with elastic couplings. A 
comprehensive analysis applicable to both thick- and thin-walled composite 
beams, which can have either open- or closed profiles is formulated. The theory 
accounts for the effects of elastic couplings, shell wall thickness, and transverse 
shear deformations. A semi-complementary energy functional is used to account 
for the shear stress distribution in the shell-wall. The bending and torsion related 
warpings and the shear correction factors are obtained in closed form as part of 
the analysis. The resulting first order shear deformation theory (Timoshenko) 
describes the beam kinematics in terms of the axial, flap and lag bending, flap and 
lag shear, torsion and torsion-warping deformations. As examples, the stiffness 
coefficients for bending-torsion and extension-torsion coupled !-beams are 
presented. The theory is validated against experimental results for I -beams with 
elastic couplings. 

1. Introduction 

During the past two decades, advanced 
composites are finding increasing 
applications in the construction of helicopter 
rotor blades. At the present time, there is a 
good understanding of the design and 
manufacturing practices of composite rotor 
blades, but the analytical tools are not fully 
developed in particular for structurally 
tailored composite rotors. The favorable 
properties of fiber reinforced composites, 
such as higher specific strength and 
stiffness, superior damage tolerance and 
capability for manufacturing more complex 

geometries than metals, inake them 
attractive for rotorcraft applications. 
Existing blade designs incorporate balanced 
composite laminates in which structural 
couplings are designed to be zero. It is now 
well established that composites offer the 
potential of certain structural couplings that 
can have a favorable influence on the 
aeroelastic behavior of rotor blades to 
improve performance, increase aero
mechanical stability and minimize vibration 
and blade loads. Such couplings have not 
been exploited in current rotor designs 
partly because of the non-availability of 
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proven analytical methods for accurately 
predicting the response of such blades. 

Composite rotor blades are normally of 
closed single- or multi-celled cross-sections 
and are thin-walled except near the root 
where they become thick walled. The flex
beams of bearingless rotors are often of 
open cross-section such as solid rectangular, 
!-section, or cruciform-section beams. Apart 
from the possibility of using different 
materials such as glass, graphite and kevlar, 
various lay-up schemes can be used for the 
construction of the rotor blades to improve 
their performance. 

During the past decade, there has been a 
phenomenal growth of research activities to 
develop methodology to analyze composite 
tailored rotor blades. These range from 
simple analytical models to detailed finite 
element methods. These methods have been 
validated using other analyses and 
experimental data from simple specimens 
and sometimes from scale models. These 
studies have led to a better understanding of 
the structural behavior of composite rotor 
blades and to the importance of nonclasical 
effects such as out-of-plane warping, 
warping restraint, and transverse shear on 
the behavior of composite blades. Jung eta/. 
[1] made an assessment of the current 
techniques of modeling composite rotor 
blades and identified, among others, the 
need for a Timoshenko type model which 
will take into account such features as 
elastic couplings, thickness of the shell wall 
and that will be applicable to beams having 
open- or closed cross-sections. Such a 
model should also be capable of modeling 
cross-section warping due to bending and 
torsion. 

Common to both thin-walled and thick
walled blade analysis is the need to properly 
model the local behavior of the shell wall as 
a reaction to the global deformation of the 
blade. The wall behaves as a thin- or thick -
walled shell and undergoes both in-plane 
and out-of-plane deformations (warpings) in 
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response to the applied external loading. It 
is important to model these warpings 
consistently in order to obtain accurate 
results for the beam response [ 1]. 

The modeling of rotor blades can be 
formulated through either a displacement or 
a force method. The displacement 
formulation, also called the stiffness 
formulation has been used, among others, 
by Rehfield and co-workers [2, 3], Smith 
and Chopra [4], Chandra and Chopra [5]. 
This formulation is based on suitable 
approximations to the displacement field of 
the shell wall. The assumed displacement 
field is used to compute the strain energy, 
and using the energy principles yields the 
beam stiffness relations as well as equations 
of motion. In displacement based models, 
the distribution of warping across the cross
section can only be applied to simple cross
sections. There is no systematic method to 
decide on the distribution of the warping 
distribution to a generic section and the 
choice of suitable functions for such cases is 
a matter of individual judgement. For 
example, the torsion related warping is 
assumed to be the same as that for an 
isotropic beam by Rehfield [2]; this has 
been modified to include the variable shear 
modulus by Chandra and Chopra [5]. The 
warping related with the transverse shear is 
not modeled in the above references. Also, 
in the displacement modes of these methods 
do not satisfY the equations of equilibrium 
of the shell wall and lead to overestimates 
of the beam stiffnesses. 

In the force formulation, also called the 
flexibility formulation, the direct stress in 
. the shell wall is assumed and the 
distribution of the shear stress and the 
related warpings are obtained from the 
equilibrium equations of the shell wall. The 
flexibility method provides a systematic 
method of choosing the warping functions. 
This method has been used by Mansfield 
and Sobey [6] and Libove [7] and more 
recently by Johnson eta/. [8] for thin walled 
composite blades with closed profiles. 



While these methods give a better 
representation of the shear stresses, and 
hence a better accuracy, they have not found 
wide application since most of the 
comprehensive analysis codes use the 
displacement method. 

Berdichevsky et al. [9] and Suresh and 
Nagaraj [1 OJ used the displacement mett:od 
along with the shear-related warpmg 
functions derived from the equations of 
equilibrium. Berdichevsky and co-workers 
used the variational-asymptotic approach m 
which the shear related terms are refined in 
an iterative manner from an assumed direct 
strain terms in conjunction with the 
equations of equilibrium of an element of 
the shell wall. In the shear-related 
deformations, terms which contribute below 
a certain level to the strain energy are 
neglected. They have applied their method 
(which is equivalent to an Euler-Bernoulli 
model) to analyze thin-walled compos1te 
beams of both open- and closed cross
sections. Ref. 10 also used the equilibrium 
equations of the shell wall to generate the 
shear-related terms from an assumed axial 
deformation. They retained all the terms in 
the shear related deformation and have 
examined the shear lag phenomenon in thin
walled composite beams with closed cross
sections. Hodges et a!. [11] used the 
variational asymptotic method to derive the 
asymptotically correct stiffness matrix and 
warping displacements for a general, 
nonhomogeneous and anisotropic beam 
cross-sections. The elements of stiffness 
matrix were developed using a finite 
element technique. 

In the present paper, a comprehensive 
analysis applicable to both thick- and thin
walled composite beams, which can have 
either open- or closed profile is presented. 
The theory accounts for the effects of elastic 
couplings, shell wall thickness, and 
transverse shear deformations. The shear 
related terms are obtained from the 
equations of equilibrium of the shell wall 
and higher order terms are not discarded. A 
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Fig. Coordinate systems and deform-
ations. 

semi -complementary energy functional is 
used to satisfy, in a variationally consistent 
manner, the continuity condition for 
displacements and transverse stresses. The 
bending and torsion related warpings are 
obtained in closed form as part of the 
analysis and lead to the shear correction 
factors. The resulting first order (Timo
shenko) shear deformation theory describes 
the beam kinematics in terms of the axial, 
flap and lag bending, flap and lag shear, 
torsion and torsion-warping deformations. 

2. Theoretical Formulation 

Figure 1 shows the geometry and coordinate 
systems for composite blades with arbitrary 
cross sections. Two coordinate systems are 
introduced in the present formulation: an 
orthogonal Cartesian coordinate system (x, 
y, z) for the beam, where x is the reference 
axis of the beam and y and z are the 
transverse coordinates of the cross section; a 
curvilinear coordinate system (x, s, n) for 
the shell wall of the section, where s is a 
contour coordinate and is measured along 
the tangent to the middle surface of the shell 
wall and n is normal to this contour , 
coordinate. 

2.1 Fundamental Assumptions 



The following assumptions are made in the 
present theory: 

1) The contour of a cross section does not 
deform in its own plane. This means that 
the in plane warping of the cross section 
is neglected and the zero inplane strain 
assumption (s,, and K:55) or zero inplane 
stress assumption (Nss and Mss) is used 
for the constitutive relations. This 
asumption is made to relate the position 
vectors of a point on the beam cross
section before and after deformation in a 
unique way. 

2) Kirchhoff assumption, which states that 
the straight lines remain straight during 
a deformation, holds for the shell wall. 

2.2 Kinematics 

The global deformations of the beam are ( U, 
V, W) along the x, y and z axes, and 
¢denotes the twist about the x-axis. The 
local shell deformations are (u, v,, vn) along 
the x, s and n directions, respectively. From 
the geometric considerations (Fig. 1) and 
the assumption 1 made in the previous 
section, the shell displacements Vn and v, are 
related to the beam displacements V, W and 
¢as: 

v, = V Y .. , + W z .. , + r¢ 

v=Vz-Wy-q¢ n ,s ,s 

(2.1) 

where r and q are shown in Fig. l and have 
the relation: 

r = ysina- zcosa = YZ .. ,- ZY .. , 

q = ycosa + zsina = YY .. , + zz.s 
(2.2) 

where a is defined in Fig. 1. Assuming that 
the Kirchoff-Love hypothesis is valid, the 
displacements of a point on the shell wall 
away from the mid-plane are given by [12]: 
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u = u0
- n vn,x 

v = v0 

" " 
0 

0 ( 0 v, ) v =v -n v --t t n,s 
a 

(2.3) 

where a is the radius of curvature and 
u0

, v~ and v~ are displacements at the mid

plane. The strain-displacement relations for 
the shell wall are [12]: 

Y"" = Y ..,.z .. , - Y xzY.s 

!::)= 
K:., 

0 

V
o v, +-
'.~ a 

(2.4) 

Equations (2.3) and (2.4) are based on the 
geometry of a cylindrical shell of any 
general cross section. Hence no assumption 
of flat plate is made. The term Yxn is 
included to represent the transverse shear 
strains in the wall. Inserting the 
compatibility condition of the section (Eq. 
(2.1)) into Eq. (2.4), the strains in the shell 
wall are obtained as: 

0 
c.u = u.x 

y ~, = u.~ + VxY.x + Wxz .. , + r¢.x 

K: xx = /3,., z.s- fJYJ Y.s + q¢.xx 

K: « = -2¢.x 

e =O=K: .u .u 

(2.5) 

where {3y and [3, are cross section rotations 
about the y and z axes, respectively and is 
given by the relation as: 

f3>" =rxz- ~x 
/3, =r"""- V:x 

(2.6) 

In Eq. (2.5), the axial displacement u has 
not been specified. This consists of the 



following: (a) axial displacement of the 
beam; (b) a:<ial warping due to bending; (c) 
axial warping due to torsion; (d) axial 
warping due to transverse shear; and (e) 
axial warping due to higher order transverse 
shear effects. To obtain a first 
approximation to u, we use the definition of 
shear strain. In terms of the component 
strains, the shear strain Yxs is: 

r L' = r ""·Y .. , + r ,,z __ , (2.7) 

In terms of the displacements, the shear 
strain is also given by: 

Y xs = u.~ + V1~x = U~ + ~xY,.~ + ~xz .. t + r¢.x 
(2.8) 

Equating Eqs. (2.7) and (2.8), and 
integrating from 0 to s, we obtain the first 
approximation for u as: 

U
0 

= u + yf3, + z/3,. - (/) ¢.x (2.9) 

where the sectorial area W is defined as: 

' 
w= J rds 

0 

(2.9a) 

Using the relation in Eq. (2.9), the strain
displacement relations in Eq. (2.5) can be 
written as: 

t:xx = u.x + zf3,.,x + yf3,,x- w¢.xx 

1( XX = z,.,/3z.x - Y,.,/3y.x + q¢,xx 

l(x< =-2¢,x 

r L< = u~ + V,Y,s + ~xZ,., + r¢.x 

y"" = u.~ + V:,z,.,- W,Y,.,- q¢.x 

2.3 Constitutive Relations 

(2.10) 

The constitutive relations between the stress 
resultants and the strains are given by 
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Nxx A11 A16 B11 B16 t:xx 

NL, A16 .4,6 B16 B66 YL, (2.11) = 
Mxx B11 B16 D11 D16 /(XX 

ML, B16 B66 D16 D66 1( L< 

where, Aij, Bij and Dij are laminate 
stiffnesses for extension, extension-bending 
coupling and bending, respectively [13]. 
These stiffness components are obtained 
using zero inplane strain assumption. When 
zero inplane stress assumption is used, the 
stiffness components are to be adjusted in 
an appropriate manner. The above 
constitutive relations can be rewritten in a 
semi-inverted form as: 

Nxx A"' An< A no Anz t:xx 

Mxx A" Am< Am¢ Amz /(XX = 
ML, An¢ Am~ A,. A,, I(L< 

YL, -An, - Aml"- A¢r ~ NL, 

Qn =AxnYm (2.12) 

where Qn is the transverse shear force in the 
wall and the respective stiffness components 
in Eq. (2.12) have the relation: 

A = _1_ A = B•• A = A,. A = B,. 
""17 .4,

6
' ¢z A.

6
' nz A..' mz A.. 

(2.13) 

2.4 Derivation of the Equations of 
Motion 

Based on the above kinematic and 
constitutive relations, we obtain the 
governing equations for the beam. 
Introducing the semi-complimentary energy 
function cfJc which was proposed by 



Murakami et a/. [14], the variational 
statement for the beam gives 

fo" fco(<l\ ( E .a'" .a'"«' Yx,, N«) 

+ r:,NLJdsdx- OWo = 0 
(2.14) 

where L is the length of the beam, 8W0 is 
the virtual work of the external forces and 
moments, and the first variation of the 
energy functional 8<1>, is given by: 

l 
li<D, = 2(Nu8ex, + M .aoK" xx + Mx,o"""' 

+Q,oy'" -r:Nx.l 
(2.14a) 

Note that r:, and r;, in Eq. (2.14) are used 
here for convenience and the superscript c 
and k stand for constitutive and kinematics, 
respectively, and denote the origins of the 
strain quantities. 

Determination of N,. 

In order to evaluate each of energy terms in 
the variational equation in Eq. (2.14), we 
have to determine the reactive force 
component N, in terms of known quantities. 
The other terms in Eq. (2.14) can be 
obtained from the constitutive relations (Eq. 
(2.11)) and the strain-displacement relations 
(Eq. (2.10)). For this goal, we use the 
equilibrium equations of an element of the 
shell wall, which can be written as: 

(2.15) 

The second equation in Eq. (2.14) states that 
N, is a function of only s. Combining this 
equation with Eq. (2.10) gives 

NL,,X = 0 

= AJ6.sx.x,x + ~6r x.t.x + BJ6K x.x,.r + B661r .c.t,.r 

(2. 16) 

and we get the relation: 
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y = __ A_I6 E - B,6 /( - _B6_6 /( 
xs,.r ~6 .u,x Au

6 
xx,x Au

6 
.u,x 

(2.16a) 

Using the equations (2.10) and (2.16a) and 
taking the integration with s, 

N - N° f·'N d 
x.t - .r..t - Jo xx,x s 

(2.17) 

where N~, IS an integration constant 
(constant shear flow) and is zero for open 
section beams. Using the strain
displacement relations for Ex•' """and"«' 
Eq. (2. 17) leads to: 

Nxs = N~f - SxU.:u - Syf3z.:u - S,./3:--.:u 

- S,r/J,xxx + Se¢.xx 

with 

S, = J;A,.ds 

s,. = J;cA,.y + A,.z)ds 

S, = J: (A,.z- A,.y)ds 

s, = J;c -A,.co + A,.q)ds 

s¢ = J:2A,,ds 

(2.18) 

(2.18a) 

For closed cross-section beams, N~, is 

obtained using the continuity condition, 

which is fu,,ds = 0. From the constitutive 

equation of Eq. (2.11 ), the shear strain y~ 

can be written as: 



r:I = -Anr.sxx- A,,K XX- ArprK X5 + A,rNxs 
(2.19) 

From the strain-displacement relations, we 
have: 

(2.20) 

Equating Equations (2.19) and (2.20), and 
using the continuity condition for the 
section, we obtain the shear flow equation 
as: 

N~, = f~ds (2.4,¢, + fA,,sxxds + fA,,Kxxds 

+ f A0,K "ds + U,A A,S,ds + /3,.,xf A,S,.ds 

+ f3,..,.f A,S,ds + 1/J.xxxT A,S,ds- ¢ ... AA,S.ds) 

(2.21) 

where Ao is the enclosed area of the cross 
section. Substituting Eq. (2.21) into Eq. 
(2.18) and simplifying this equation leads 
to: 

NL, = JP, + J,/3,, + J,/3,.,, + fwi/J.xx + J,I/J,, 

+ F,U,. + F,{J,.xx + F;f3,..xx + F,I/J.= + f'oif!.xx 
(2.22) 

where, 

f A,,zds- f A,,Y,,ds 

J; = fA,ds 

-f AJi5ds + f Am,qds 
fw = T A,ds 

(2.22a) 

2.4, - 2fA.,ds 
fo = fA,ds 
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f A,S,ds s, §A,S,ds 
S,. F= F= " f A,ds ' §A,ds 

F = fA,S,ds 

' f A,ds 
s, F = f A,S,ds 

'" fA,ds 
S, 

For open cross-section beams, the following 
modifications are needed: 

J; = 0 fori= (x,y,z,w,¢) 

F;=-S; fori=(x,y,z,w) and F•=S• 

(2.23) 

Using the notation of Gjelsvik [15], the 
shear flow equation of N, can be written in 
a symbolic form as: 

(2.24) 

where the superscript a and r denote active 
and reactive forces, respectively. The first 
derivative terms in Eq. (2.22) are active 
shear components and the second derivative 
terms are reactive components. 

Inserting the equations (2.19) and (2.20) 
into the variation equations in Eq. (2.14), 
we can identify the cross-section stress 
resultants as: 

N= fcN,.ds 

M,. = fclN,.z-Mxxy.Jds 

M, = fc[N ,.Y + M xxz)ds 

M" = fc[- N xx(J) + M xxq ]ds 

T, = fc[ -N;Jr-w)-2ML,]ds 

V, = fc[(N~, + N~JY., + Q,z)ds 

V,. = fc[(N:, + N';,)z.,- Q,y.Jds 

(2.25) 

where T, is St. Venant torsion and Vy and Vz 
are shear loads acting in the y and z 
coordinates, respectively. In obtaining Eq. 



(2.25), we use the following relation that 
can be readily proved: 

(2.26) 

Using the relations (2.10), (2.12) and (2.22) 
with application of the calculus of 
variations, the Eq. (2.25) can be expanded 
as: 

(2.27) 

where, 

In Eq. (2.27), the components in [C] matrix 
are given in Appendix (a.l). The first term 
on the right hand side of Eq. (2.27) 
represents the contribution of the active 
forces and the second term that of the 
reactive forces. The elements of the matrix 
[B] can be obtained using the definition of 
N, from Eq. (2.22). Differentiating Eq. 
(2.27) with respect to x and neglecting 
higher order terms, we obtain: 

(2.28) 

where, 

(2.28a) 

where T., is the Vlasov torsion. In deriving 
Eq. (2.28), the following relations have been 
used: 

lFb, r = l o v,. v, T, or (2.29) 

Considering Equations (2.22) and (2.25) and 
using Eq. (2.28), we have the relation for 
N' as: 

~' 
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N~,=lF: ~F. F"' ~r[cr'{Fhl 
(2.30) 

This expression can be simplified as: 

N~, = g,.(s)V,. + g,(s)V, + g"'(s)T"' (2.31) 

where g,., g, and g, are the shear-related 

warping terms and represent the sectional 
distribution of shear which result in shear 
correction coefficients for the section in the 
respective directions. From the variational 
equation in Eq. (2.14), we can obtain the 
force vector {Fh} in terms of strains as: 

(2.32) 

where the components in [E] and [D] are 
given in Appendix ((a.2) and (a.3)) and {qh} 

is the generalized displacement vector 
which is defined as: 

{qh) =lux y X)' y n. rf>.x !3,., !3,, rf>.~ r 
(2.33) 

Substituting Eq. (2.30) into Eq. (2.27) and 
using Eq. (2.28), we obtain: 

lFJ =[C]{qb)+[B][Cr'lEr'[D]{qh} 

(2.34) 

Combining Equations (2.32) and (2.34) and 
using the relation for the torque, T=T,+T.,, 
we obtain the beam equation as: 

(2.35) 

where, 

LFJ=lN v, v, T M,. M, M"'J 
(2.36) 

The (7x7) stiffness matrix of Eq. (2.3 5) 
represents the beam stiffness matrix at a 
Timoshenko level of approximation. The 
nonlinear distribution of the shear strains is 



considered in calculating the shear 
correction factors and the stiffness matrix is 
expressed in terms of the shear strains at the 
neutral axis. The stiffness matrix is derived 
in two stages. First, the (5x5) matrix of Eq. 
(2.27) consists of two parts: the [C] matrix 
which is equivalent to an Euler-Bernoulli 
approximation and the matrix [B] which 
represents the correction due to the reactive 
forces. When the effects of shear corrections 
are not significant, the [C] matrix gives 
results of good accuracy. In the second step, 
the reactive shear flow is obtained in terms 
of the externally applied loads and the 
associated warpings (Eq. (2.31)). The shear
related warping functions, gx, gy , gz are 
obtained in closed form in Eq. (2.31 ). These 
shear-related warping terms are used to 
express the applied forces in terms of the 
generalized strains (Eq. (2.32)). Combining 
these relations leads to the (7x7) stiffness 
matrix (Eq. (2.35)). 

2.5 Comparison with Other Theories 

In order to compare the present theory with 
other methods, we first consider the (5x5) 
[C] matrix of Eq. (2.35). This matrix is 
symmetric and its elements for single-celled 
cross-section beams are given in Appendix 
(Eq. (a.l)). In Eq. (a.l), the associated terms 
containing f;' s arise from the redundant part 
of the shear flow equation in Eq. (2.22) and 
are only applicable to closed cross-sections. 
For beams with open cross-sections, these 
terms in all the elements of the stiffness 
matrix are equivalent to zero. 

Berdichevsky, eta/. [9] have derived similar 
expressions for beams of open cross
section. For beams of closed cross-section, 
they have derived the corresponding (4x4) 
matrix that neglected the warping restraint 
effects. They use the plane stress 
approximation for the constitutive relations. 
For beams with closed cross-section, they 
do not include the thickness terms in their 
analysis. Taking these differences into 
account, the stiffness matrices derived by 
Berdichevsky et a/. are identical to those 
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obtained in the present paper. Chandra and 
Chopra [ 5] have extended the Vlasov theory 
to composite beams of both open and closed 
cross-sections using a displacement 
formulation. For both types of cross
sections, their model is a Timoshenko type 
theory with the shear correction factor set to 
unity. The stiffness matrix derived by 
Chandra and Chopra [ 5] is of the order 
(9x9) since they include Yxy,x and Yxz.x as 
independent degrees of freedom in their 
formulation, while they are included in the 
curvatures in the present paper (Eq. (2.4)). 
In addition, they used the plane strain 
assumption for the constitutive relations 
whereas in the present paper, the reduced 
stiffness terms (Eq. (2.12) are used. After 
accounting for these factors, the [ C] matrix 
of the present paper agrees with the stiffness 
terms presented by Chandra and Chopra for 
both open and closed cross-section blades. 
In addition, the shear related terms of the 
present paper agree with the corresponding 
terms of Ref. 5 if the shear correction 
factors are set to unity. For composite 
beams with thin-walled closed cross
sections, the (7x7) matrix of the present 
paper with the shear correction terms set to 
unity has a form similar to that used by 
Rehfield et a/. [3] who used a stiffness 
formulation. They used the plane stress 
assumption for the constitutive relations. 

3. Examples 

In order to bring out the special features of 
the present formulation, it is instructive to 
consider some examples where closed-form 
solutions are available. A solid rectangular 
beam and an !-beam both having symmetric 
layup are considered. 

3.1 Solid Rectangular Section Beam 

Consider a composite beam with solid 
rectangular cross-section with a generally 
orthotropic layup in which all the fibres are 
oriented at the same angle e to the beam 
axis. The width and height of the beam are 



2b and 2h, respectively. Such a beam 
exhibits bending-torsion and extension
shear couplings. The non-zero stiffness 
elements for this beam are: 

5 5 
K12 = 2b(-A16 ) K21 = 2b(-A,;6 ) 

6 6 
K33 = 2bA,5 K44 = 8bD66 (3.1) 

K45 = 2bD16 
K = 2h' A 

55 3 II€ 

2b1 2b1 

K66 = 3A"" K77 = -D11 3 

The elements of the stiffuess matrix are the 
same as those obtained by Chandra and 
Chopra [5] for a rectangular beam with 
symmetric lay-up. Their formulation is 
equivalent to using a shear correction factor 
of unity instead of (5/6) obtained in the 
present formulation. It is noteworthy that 
the shear correction factor affects not only 
the direct shear stiffness, K22, but also both 
the axial stiffness (K11 ) and the coupling 
stiffness (K12). 

3.2 !-Beam 

For an !-beam with width 2b and height 2h 
having a symmetric lay-up (Fig. 2), the 
shear stiffness K 33 in the vertical direction 

is identified as: 

(3.2) 

where the superscript w denotes web of I
beam and kz is the shear correction factor 
which can be written as: 

l0(3m + 1)2 

k = ----'---;;----;:-
z (12+60m+90m2 +l5m2n) 

with 

(3.3) 
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Fig. 2 Layup configurations in a symmetric 
!-beam. 

(3.3a) 
b(~+~) 

n= 
~ 

where the superscript t and b denote the top 
and bottom flanges of the !-beam. For the 
case of m = 0, (i.e., when the flange is 
absent), the shear correction factor becomes 
(5/6), which is the same value as for a 
rectangular beam. It is noted that the shear 
correction factor given in Eq. (3.3) is 
different from that given by Cowper [16] for 
isotropic !-beams and by Banks [17] for 
orthotropic !-beams, since both Cowper and 
Banks defme the deformations as average 
values over the cross-section, while in the 
present paper, these correspond to the 
neutral axis of the beam. 

4. Finite Element Formulation 

The finite element equations are derived 
through the application of the stationary 
potential energy theorem. The potential 
energy for the beam undergoing extension, 
flap- and lag-bending, shear, torsion and 
warping deformation can be expressed as: 



(4.1) 

F b is the vector of one-dimensional 
generalized bar forces (Eq. (2.36)), qb is the 
corresponding deformations (Eq. (2.33)) 
and fc is the generalized load vector which 
is defined as: 

The components in fc are generalized load 
intensities on the beam, derived from the 
loadings on shell [14]. Inserting Eq. (2.35) 
into Eq. (4.1) and applying stationary 
condition, 8TI = 0, yields 

L L 

m = s qrK,8qhdx-s 8qr(dx = o (4.3) 
0 0 

In the finite element formulation, the 
bending and twist deformations are 
interpolated using a two-node Hermite 
shape function to satisfy the C1 continuity at 
each extremity of an element. The axial and 
shear degrees of freedom are interpolated by 
a four-node Lagrangian shape function and 
a two-node Lagrangian shape function, 
respectively. This yields the following set of 
bar displacements in terms of nodal 
variables and shape functions over the 
element. 

U = H;q, 

V = H;q, 

W = H;qw 

¢ = H;q~ 

y = H~qr 

(4.4) 

where the nodal displacement vectors are: 
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q: =LVI u, u, u4J 
q; = L v; ~' I Vz v;j 

q~ =Ln-; W.' I w2 w;j (4.5) 

q~ = L¢~ ¢; ¢2 ¢;J 
q~ = lr ,., y ,., Y..rxl y "' J 
The result of this finite element is a four 
node, 20 degrees of freedom element that 
can capture extension, bending, shear, 
torsion and warping deformations. Inserting 
these discretized displacements into the 
potential energy expression and integrating 
over the beam length results in the 
following set of finite element beam 
equations: 

(4.6) 

where FE is an element force vector, and the 
stiffness matrix, KE, and the generalized 
displacement vector, qE, are given by: 

K"" K"' KU\\1 K," K,r 
Kw K~ K," K,r 

KE= Kww Kw¢ Kwr (4.6a) 

K"" K~~r 
Sym Krr 

(4.6b) 

The components in the element stiffness 
matrix represent the magnitude of direct and 
coupling stiffnesses. Kuu is direct extension 
stiffness, K uv is coupling stiffness between 
extension and lag bending motions. The 
other terms in the stiffness equations can be 
defined in a similar manner. Depending on 
particular composite layups used in the 
beam structure, these coupling stiffnesses 
play a significant role as discussed in Ref. 1. 
The finite element stiffness matrix in Eq. 
(4.6a) is similar to that of Floras and Smith 
[18] except the shear coupling terms. 
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5. Results and Discussion 

Numerical predictions for symmetric 
composite !-beams undergoing different 
types of loading are evaluated to validate 
the current approach against experimental 
data and other existing analytic beam 
results. The !-beams used in the comparison 
study were tested by Chandra and Chopra 
(5] and the mechanical material properties 
are presented in Table 1. The beam has a 
length of 30 in. with 1 in. x 0.5 in. section. 
Figure 2 shows the details of the layups for 
the I-beam. The !-section has a symmetric 
configuration with respect to the beam axis: 
[(0/90)2]s for web and [(0/90)3/82] for 
flanges. 

Figure 3 represents the results for the twist 
distribution of a cantilevered I-beam with 
[(0/90)2]s layups in web and [(0/90)2]s 
layups in flanges. The beam is subjected to 
a unit tip torque. The beam is clamped at the 
root with warping restrained both at the root 
and loading tip. The current predictions 
were obtained by using 12 beam finite 
elements for ease of comparison with 
experimental test data performed by 
Chandra and Chopra [5]. Both the results of 
plane strain and plane stress cases are 
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Fig. 4 Variation of bending slope in a 
symmetric [(0/90)2], !-beam under unit tip 
bending load. 

presented in this plot. Very good correlation 
between the current results and the test data 
is seen over the entire beam length. The 
results for the variation of bending slope for 
this uncoupled configuration undergoing 
unit tip bending load (vertical shear load) is 
presented in Fig. 4. Though not noticeable, 
the plane stress approximation shows a 
slightly better correlation than the plane 
strain approximation. This slight difference 
between the two cases is due to the 
inclusion of A 12, A 11 and D22 for the cross 
ply configuration beams. The correlation is 
also seen to be good. 
Results for bending-torsion coupled !-beams 
are presented in Figs. 5 to 7. Figure 5 shows 
the comparison results for the twist 
distribution along the beam span subjected 
to unit tip torque. The beam considered had 
flange layups of ((0/90)3/302] and a web 
layup of [(0/90)2],. The present finite 
element results are compared with 
experimental test data of Ref. 5 and with the 
results of Berdichevski et a/. [9] which are 
reproduced here for the comparison. The 
present results in Fig. 5 are categorized into 
three parts according to the approximations 
made in the beam kinematic and/or 
constitutive relations: (a) displacement
based approach with plane strain 
assumption which is similar to Chandra and 
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Chopra [5]; (b) mixed approach with plane 
strain assumption; (c) mixed approach with 
plane stress assumption. The term, mixed, is 
used here because the current approach uses 
both the displacement and stiffness 
formulation. As can be seen in this plot, the 
current predictions with plane stress 
assumptions present the best correlation 
with experimental data. This fact is due to 
the additional flexibility introduced by plane 
stress assumption together with the mixed 
formulation used in the beam kinematics. It 
is noted that the results of the mixed 
formulation with plane strain assumption 
are comparable to those of Bedichevsk.i et 
a!. [9]. 

Figure 6 shows the varratwn of bending 
slope along the beam span for the beam 
loaded with a unit tip bending load. The 
flange layup for this case is [(0/90)J/15z] 
with web layup of [ (0/90)z],. In this figure, 
all the four cases are listed together for 
comparison with experimental test data. The 
analytical results slightly underpredict the 
bending deformations in comparison with 
test data, but, as a whole, the correlation is 
good. Figure 7 presents the distribution of 
bending induced twist along the beam span 
for the 15 deg. !-beam configuration. For 
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this particular case, the displacement 
solutions with plane strain assumption show 
an excellent correlation with experimental 
test data. Generally, the other predictions 
are in a good agreement with test data, 
especially with plane strain assumptions. 



6. Conclusions 

A structural model has been presented for 
the analysis of composite blades with elastic 
couplings. The model includes the influence 
of the thickness of the wall and accounts for 
the non-uniform distribution of the shear 
strains due to bending and torsion. Beams of 
open and closed cross-section are modeled 
in a unified approach which is based on a 
semi-complementary energy functional and 
combines the displacement formulation with 
the flexibility formulation. The bending and 
torsion warpings are derived in a closed 
form and all the terms in the warpings are 
retained. Comparison with other theories 
shows that the Euler-Bernoulli formulation 
which is a subset of the present formulation 
is easy to apply and has more features such 
as inclusion of thickness effects than those 
available in other theories. Closed form 
solutions for bending-torsion coupled beam 
of solid rectangular cross section and !
beam show that the influence of the shear 
correction affects not only the direct shear 
term but also the axial and coupling terms. 
Comparison of results for bending-torsion 
coupled I -beams shows that the present 
method gives results which have a good 
agreement with experiments. 
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Appendix 

The elements of matrix [C] in Eq. (2.27) 
can be identified as: 
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C11 = fcA"'ds + f} fcA,...ds 

C12 = fc( A"'z- A,.Y,., )ds + !J, fcA,...ds 

C13 = fc( A"'y + A"'z.)ds + fJ,. fcA,...ds 

C14 = fc(-A",w+A"q)ds+ fJwfcA,...ds 

C15 = fc2A" 9zds + fJ9 fcA,...ds 

C22 = fc( A",z
2

- 2A""ZY .. , + A,<Y.: )ds 

+ ( fcA,...ds 

C23 = fcf A",YZ +A,< ( zz .. , - YY,,) 

- Am<Y,,Z,., }ds + fJ,. fcA,...ds 

C24 = fcf( -A"'z + A"<Y.)W + ( A""Z 

-Am,Y.)q}ds+ fJwfcA,...ds 

Cz.1 = fc2(-A"¢z + Am¢Y .. ,)ds 

+ fJ9 fcA,...ds 

C11 = fc( A",/ + 2A""YZ .. , + Am<z.: )ds 

+ f,Z fcA,...ds 

C14 = fcf(-A",y-A",z.)w +(A""y 

+ Am<z .. , )q }ds + f,.!w fcA,...ds 

C15 = fc2( -A"9y + Am0z . .Jds 

+ f,f9 fcA,...ds 

(a. I) 

C44 = f/ A",w 
2 

- 2A""qw + A"'"q' )ds 

+ 1: fcA,...ds 

C45 = fc2( A"0W- Am0q)ds + fwfo fcA,...ds 

C55 = fc 4A99 ds + / 0
2 

fcA,...ds 

The elements of matrices [E] and [D] m 
Eq. (2.32) are obtained respectively as: 



- I , £ 11 "' cA,g,.ds 

£,, "'fcA_,g,g,ds 

£,, "'fcA_,g,.g"'ds 

E22 == fcA,g;ds 

En == fcA_,g,g"'ds 

E, == fcA_,g~ds 

(a.2) 

The expressions for D2; and D,; (i = 1, 7) 

are same as D~; except that gy is replaced 
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D11 = fcg,.(A,- A,fJds 

D12 = fcg,.y .. ,ds 

DD = fcg,.z .. ,ds 

D, 4 = fcg,.(-2Ae,- A,J,)ds 

D15 = fcg,.(A,z- AmrY,, - A,f )ds 

D16 = fcg,.(AnTY + Am,z,,- A,f,.)ds 

Dn = fcgY (AnTW + A,"q- A,fw )ds 

(a.3) 

by gz and g"', respectively. Note that [E] is 
symmetric whereas [D) is asymmetric. 




