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Removing Systematic Uncertainty in Core Radius due to Random Uncertainty in Position

Mahendra J. Bhagwat®*, Manikandan Ramasamy®

4Research Scientist, US Army Aeroflightdynamics Directorate (AMRDEC), Ames Research Center MJS 215-1, Moffett Field, CA 94035, USA
bResearch Scientist, UARC/ AFDD, NASA Ames Research Center M/S 215-1, Moffett Field, CA 94035, USA

Abstract

Methods to correct for the effects of vortex wandering or aperiodicity were examined in the context of PIV measurements on
rotor tip vortices. Unless corrected, the uncertainty in vortex center location (random motion of vortices about the mean) can
introduce additional uncertainty in vortex properties derived from the measured velocity field. For example, the vortex core size
derived from averaged or mean flow field appears larger because of aperiodicity. While correcting for aperiodicity is important,
it is also important to understand the role played by the methods used to derive the vortex properties of interest in the resulting
uncertainty. Global methods, which use a large extent of measured data, are shown to give smaller uncertainty in vortex properties
compared to local methods, which use only a small sub-set of data close to the vortex core. The proposed new method is based on a
planar least-squares fit and is global in nature. It also has the capability to include additional flow features such as a second vortex or
a vortex sheet. The results clearly demonstrate this advantage in the form of smaller variation in the estimated core properties, even
in the presence of secondary vortical structures, and also from the self-consistent results obtained using three different aperiodicity
correction methods. The general applicability of the method is demonstrated using previous measurements from the TRAM and
HART II tests.
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1. Introduction surements, there has been significant work done to minimize or
eliminate the systematic uncertainty — see, e.g., [4]. The current
work does not address these uncertainties but instead focuses
only on the random errors in the derived vortex properties, i.e.,
on random uncertainty.

Several measurements (derivations) of a quantity can pro-
vide a statistical estimate of the random measurement uncer-
tainty. This is specified as a mean value with a confidence
interval. The standard deviation represents a 68% confidence
interval, i.e., the probability that a new measurement will fall
within one standard deviation from the mean is 68%. Similarly,
about two standard deviations corresponds to a 95% confidence
interval. Alternatively, the uncertainty in a derived quantity can
be estimated or predicted a priori using propagation of uncer-
tainty in the measured quantities. The propagation of uncer-
tainties can be very challenging to model. For example, vortex
wandering is the uncertainty in the vortex center location and
is often quantified in terms of the standard deviation normal-
ized by the vortex core size. However, this random uncertainty
in vortex location can cause a systematic uncertainty in vortex
core radius (or peak swirl velocity) — the apparent core radius
is larger, and this discrepancy increases with increasing vortex
wandering. Clearly, there is need to correct for such uncertainty
and several methods have been developed for aperiodicity cor-
rection.

Vortex aperiodicity or wandering is a particularly formidable
problem for point measurement techniques like hot-wire anemom-
etry (HWA) or laser Doppler velocimetry (LDV) where an aver-
aged flow field can only be constructed by independently aver-
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Over the last decade particle image velocimetry (PIV) has
found increasing use in rotor flow field and tip vortex measure-
ments, and with great success. The applications have spanned a
wide range from very large-field [1] to microscopic [2, 3] mea-
surements. As the PIV measurement resolution increases, at-
tention is again focused on understanding the associated mea-
surement uncertainties. Perhaps a unique contributor to uncer-
tainty in tip vortex measurements is their wandering or mean-
dering motion; this is a seemingly random movement of the
vortex center location normal to the vortex axis. For rotor tip
vortices, this is often referred to as aperiodicity because the
wandering motion appears as variation in vortex center location
from one rotor revolution (period) to another. Several measure-
ments must be averaged to obtain mean flow quantities and, in
turn, mean vortex properties. Therefore, vortex wandering in-
troduces uncertainty in the averaged flow quantities, and can
potentially increase the resultant measurement uncertainty in
vortex core radius and peak swirl velocity. In particular, the
wandering motion results in a larger apparent core radius and a
smaller peak swirl velocity.

Measurement uncertainty refers to an estimate of error bounds
in the measurement. The two types of uncertainties are sys-
tematic uncertainty and random uncertainty. The first is some-
times called measurement bias and reflects measurement off-
sets. Systematic uncertainty is typically quantified using cal-
ibration and specially designed measurements. For PIV mea-
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Figure 1: Schematic showing simple average and corrected average using a few sample PIV vector fields. The simple average gives a larger core size than
the original samples, whereas the corrected average gives nearly the same core size.

fect can be eliminated by conditional sampling [6] or must be
corrected using some measure of the vortex wandering. Deven-
port et al. [7] present an analytic correction procedure based
on measured wandering magnitude. Leishman [8] presents a
numerical correction procedure, similar to Devenport’s analytic
correction, for measured vortex velocity profiles.

Planar measurement techniques like PIV present other al-
ternatives to help mitigate the effect of vortex aperiodicity. One
of the earliest measurements on rotor tip vortices is presented
in [9] for the TRAM rotor, where the aperiodicity correction
procedure is also described in detail. The procedure is simi-
lar in spirit to conditional sampling where only a small set of
samples with the vortex centers close together are chosen. Tee
individual samples are aligned using their respective vortex cen-
ters prior to averaging, i.e., the measurements are “corrected”
for the movement of vortex center location before averaging —
hence the name corrected average. Unlike point measurement
techniques, PIV allows one to obtain the vortex core properties
from each individual plane measurement (image) as well. The
average of these individual measurements would also be repre-
sentative of mean vortex properties.

To better understand these aperiodicity correction methods,
examples of simple average and corrected average are shown in
Fig. 1. Individual measurements are shown as velocity vector
field colored with velocity magnitude, with red being the high-
est and the black being the smallest velocity. For visualization
purposes, the vortex center is shown with filled circle symbols
and the approximate vortex core boundary, corresponding to
the local maxima in swirl velocity, is marked with a circle. The
vortex core is seen as a data void because of the difficulty in
seeding the flow inside the core. Large variations in the vortex

center location are readily apparent even in these four instances.
When a number of such individual images are averaged to ob-
tain mean flow properties, the resulting flow field is smeared
because of the variation in the vortex center location. This is
clearly seen in the simple average flow field, where the vortex
appears larger in size, with lower swirl velocity, than any of the
instantaneous measurements (shown by dotted lines).

An intuitively better approach for obtaining the mean flow
characteristics is to first align the instantaneous measurements
using their respective vortex centers — see Fig. 1. In this case,
the averaging does not produce the smearing effect seen with
simple average. In the corrected average flow field, the vortex
looks nearly the same size as the instantaneous measurements.
This is the central idea of the corrected average or conditional
average for aperiodicity correction. The third method is the in-
dividual average, which does not “correct” the individual mea-
surements for aperiodicity. Instead, the vortex properties are
derived from each instantaneous measurement and then aver-
aged to give mean vortex properties. This also readily provides
an estimate of measurement uncertainty in terms of mean and
standard-deviation of the desired vortex property.

Ideally, any of these methods, simple average, corrected av-
erage or individual average, should be equally effective. How-
ever, in [9] the average of individual vortex measurements was
found to be significantly different from the “corrected” aver-
age obtained from the aligned individual measurements. This
was attributed to large scatter in the individual vortex proper-
ties, i.e., to measurement uncertainty. Later experiments on a
model scale rotor [10] and on the HART II rotor [11] also show
such discrepancy between averaged individual measurements
and corrected average profiles. One motivation for the current



work is to better understand and minimize these inconsistencies
and how they affect the measurement uncertainties.

To minimize measurement uncertainty in vortex properties
it is important to understand its sources. The underlying ex-
perimental uncertainty in the velocity measurements itself is
outside the scope of the current work. However, the choice of
analysis method is important in controlling the propagation and
amplification of this uncertainty into derived quantities of inter-
est like the vortex core size, circulation, etc. Determining the
vortex center from the velocity field is an important first step
for the corrected average process. van der Wall & Richard [12]
suggest that a convolution-based method improved the accuracy
of vortex center identification and resulted in reduced scatter in
the derived vortex properties of interest. This claim is explored
further in this paper, and the improvement in the final measure-
ment uncertainty in vortex properties resulting from the vortex
center identification method is examined. Note that while vor-
tex aperiodicity can be a big contributor to the uncertainty in
the derived vortex properties, the methods used to derive those
properties can also play a very significant role.

The current work briefly reviews various methods for deter-
mining the vortex center and other properties of interest, and
how the methods can potentially affect the final uncertainty.
The aperiodicity correction removes a systematic uncertainty in
the vortex core radius (and peak swirl velocity). However the
analysis method determines how the random uncertainty prop-
agates to the derived quantity. It is important to ensure that the
method does add/amplify random uncertainty which may mask
the benefits of aperiodicity correction. A new method based on
a planar least-squares fit is proposed for obtaining both the vor-
tex center and other vortex properties of interest. This method
is shown to give reduced uncertainty in derived quantities like
vortex core radius, circulation, etc. Furthermore, with the pla-
nar fit method the three aperiodicity correction methods give
self-consistent results. The method is first demonstrated using
model-rotor tip vortex measurements [3] and then extended to
other measured flow fields including the TRAM rotor measure-
ments [9] and the HART II measurements [11].

2. Methodology

In this section various methods for aperiodicity correction
are reviewed, followed by methods to determine the vortex prop-
erties. These latter methods are categorized into local and global
methods based on the spatial extent of the data used. The global
methods are assumed to be inherently better because they use
more measured data, while the local methods rely more on a
smaller subset of data.

2.1. Aperiodicity correction

As described in the introduction there are three categories
of aperiodicity correction methods: the simple average (SA),
the corrected average or conditional average (CA), and the in-
dividual average (IA). Figure 2 shows these three methods and
identifies key steps involved in each. The SA can be traced back
to fixed-point measurement techniques like LDV/HWA, where
only a simple average is possible. In this case, the measure-
ments must be later corrected for the aperiodicity using empir-
ical semi-analytic techniques — see [7] and [8]. In the current
work the analytic expression given by Devenport et al. [7] is
used to correct the core radius obtained using simple average.
It must be noted that such correction is valid only when the
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Figure 2: Tip vortex aperiodicity correction methods

aperiodicity magnitude (standard deviation in center location)
is not larger than the core radius.

The corrected average and individual average are possible
only with a field measurement technique like PIV, and can be
computationally intensive. However, these are applicable even
with arbitrarily large aperiodicity magnitude. The third method,
IA, has its advantages in simplicity; no flow field averaging is
required and only the vortex properties derived from each in-
dividual (instantaneous) measurement are averaged. This also
provides an estimate of measurement uncertainty in the form
of mean, u, and standard-deviation, o, of each vortex property
of interest, i.e., the measured property has a 68% confidence
level in the u + o interval. All aperiodicity correction methods
belong to one of these three categories, and differ only in their
implementation details like the method for determining the vor-
tex center and/or other vortex properties.

The choice of methods for determination of vortex core prop-
erties from either the averaged or the instantaneous flow field is
independent of the aperiodicity correction. For the CA method,
the vortex center for each individual measurement must be de-
termined prior to determining the vortex core properties from
the averaged flow field. For SA, the subsequent correction,
like the Devenport correction, also needs the vortex center lo-
cations (aperiodicity magnitude). In fact, the accurate estima-
tion of the vortex center is necessary for the accurate estimation
of the vortex core properties [12]. These methods are divided
into two categories, local methods and global methods. As the
names suggest, the “local” methods are based on the flow field
in close vicinity of the vortex center while the “global” meth-
ods are based on a larger flow field surrounding the vortex. It
should be noted that the global/local categorization is not very
rigid; it is simply the means to explain the observed differences
in these methods.

2.2. Methods to determine vortex center

The most common methods to calculate the vortex center
from measured flow field are based on some flow invariant prop-
erty like vorticity, A, and Q-criterion, etc. Most, if not all,
of these flow quantities have a local maximum at the vortex
center — hence the name local methods. Commonly used lo-
cal methods include the measurement grid node that carries the
maximum value of vorticity [9, 10, 13, 14], helicity, axial ve-
locity [15], or Q-criterion [12, 15]. Centroid or area center of
vorticity [11, 15] has also been used to determine the vortex
center. Ideally the vortex center defined by any of these criteria
is the same. However, the vortex center estimates do not always



agree [10, 11]. One short-coming of all of these methods is that
they rely mostly on measurements near the vortex core, where
reliable measurements are difficult to make. This is because of
the challenges in getting enough seed in the vortex core [16]
and the higher turbulence levels near the vortex core boundary.
As a result, the measurements near the vortex core have a lower
signal to noise ratio (a result of higher fluctuations and fewer
samples), and contribute to errors in the estimated vortex cen-
ter location. Eliminating such measurements with low signal to
noise ratio results in a data void near the vortex center, which
will make application of local methods even more difficult.

For the model-rotor tip vortex measurements presented here,
the strict signal-to-noise ratio limits imposed on the PIV data
resulted in a large data void region around the vortex center,
which was often as big as the vortex core. In such cases, a lo-
cal method is obviously ruled out and a global method must be
employed. One global method found in the rotorcraft literature
is the convolution-based method in [12]; this showed improved
accuracy in determining the vortex center. Although the mea-
surements reported in [12] did not show a data void near the
center, the results definitely demonstrated the benefit of using a
larger measured flow field rather than only a few measurement
points inside the vortex core.

2.3. Methods to determine vortex properties

Having determined the vortex center, the next step is to de-
termine key vortex properties like vortex core radius, peak swirl
velocity, circulation, etc. As with the vortex center, the meth-
ods to determine vortex properties can also be divided into local
and global categories. In this case, the local methods are usu-
ally based on measurements along straight-line cuts through the
vortex center, perhaps using the analysis techniques developed
for LDV/HWA measurements, which were often made only
along straight line(s) passing through the vortex. The peak swirl
velocity along these cuts defined the vortex core radius and
asymptotic value of circulation defined the vortex strength [9,
17]. These methods are considered local methods because the
core radius and peak-swirl velocity are determined from a local
maximum in velocity. A variation of this uses a linear curve fit
(based on an assumed vortex model) to the data along a straight
line [11, 18]. A global method based on a planar fit to the entire
measurement plane (or a suitably large enough subset of that)
was used in [12] with good success.

It seems intuitively obvious that a global method that uses a
large amount of measured data would be better than local meth-
ods that use a very, very small subset confined to the vicinity of
a local maxima (often including measurements with lower sig-
nal to noise ratio and excluding those with possibly higher sig-
nal to noise ratio). However, this hypothesis remains to be care-
fully examined. The planar fit is a global method that combines
the two tasks (determine vortex center and other properties of
interest) into a single planar least-squares fit to the entire mea-
surement plane (all velocity data). The planar fit is similar to
the convolution method in the sense that maximizing the con-
volution of measurements with an assumed distribution is, in
principle, the same as minimizing the error between the mea-
surements and an assumed distribution. The key difference is
that the same fit is used to obtain both the vortex center and the
vortex properties of interest, like core radius, circulation, etc.

2.4. New method: planar least-squares fit

The newly proposed method is based on a planar least-squares
fit of the measured velocities to those given by an assumed vor-
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tex model. In general, the measurement plane is not normal to
the vortex axis. Therefore, the vortex axis orientation relative
to the measurement plane must be taken into account to cor-
rectly identify the vortex core properties. A transformation is
required between the measurement coordinate system (x,y, z)
and the vortex coordinate system, (x,, y,, z,). The vortex axis is
aligned with the z,-axis and positive circulation, I',, is defined
by the right-hand-rule. In the initial analysis only a swirl ve-
locity model is used and is defined as a function of the radial
distance, r,, from the vortex center, along with a core radius, r,,
and the vortex circulation, I',. This can, however, be easily ex-
tended to include all three vortex induced velocity components.

The center of the vortex (x.,y.) is defined in the measure-
ment coordinates, (x,y,z). The vortex convection velocity or
background velocity is represented by (i, v.), also in the mea-
surement coordinates. Two rotation angles are required for the
transformation from the measurement coordinates to the vortex
coordinates. This is schematically shown in Fig. 3 where the
PIV measurement window is shown along with the measure-
ment and vortex coordinates. A first rotation of 6, around the
y-axis results in an intermediate coordinates (x1,y;,z;) and a
subsequent rotation 6, around the x;-axis gives the vortex coor-
dinates. The transformation matrices are given by

[ cosf, 0 -—sin6, |

R, = 0 1 0 (1)
| sind, O cosé,
[ 1 0 0

R, = 0 cosf, sin6, 2)
| O —sinf, cos6; |

The transformation from the measurement coordinates to the
vortex coordinates is then given by

Xy X — X,
W o= [Ry] [Ry] Y=Y r = ‘\/ X% +y\2) 3
Zy Z

The vortex swirl velocity is transformed to the Cartesian vortex
coordinates as

u, = =Vysinf = —ng—v

& “4)
v, = VycosO = Vgﬁ

r

v



These velocities are then transformed back to the measure-
ment coordinates using the inverse transform. The resulting
function for the vortex velocity field is given by

f (r(., Ty, Xey Ve Ues Ve, O, HV) =

R
T r Ue
Vo (r e, T) [Ry| IRAITS 20 f 44w (5)
r
0 0

The least-squares fit uses the above function with the eight
independent variables, viz., r., I, X¢, ye, e, Ve, 05, 0y, to obtain
the best match with measured velocities.

To perform a least-squares fit to the function f as defined
above, a suitable vortex velocity profile model for swirl velocity
distribution must be chosen. The results shown in current work
used the Lamb-Oseen model, i.e.,

Vo= 3 (1 - exp(-a(/r,?)) ©)

where a = 1.25643. The laminar Lamb-Oseen model is used in
all the results presented here for several reasons. First and fore-
most, the data suggests that the vortex profile is nearly laminar
even though the chord or vortex Reynolds numbers may sug-
gest a turbulent vortex. Secondly, the Lamb-Oseen model has
a simple closed-form expression and can be readily extended
to three-dimensions using the Newman model [19]. It should,
however, be noted that the planar fit can readily incorporate
other vortex models. It was shown in [3] that the choice of
vortex models did not affect the vortex center location. Each
model gave a slightly different core radius corresponding to
different values of core circulation to the final circulation ra-
tio. For example, a potential vortex (or Rankine vortex) where
all the circulation is contained inside the vortex core, a lami-
nar Lamb-Oseen vortex [20, 21] where about 70% circulation
is contained in the core, a fully turbulent model by Iversen [22]
where only about 40% circulation is contained in the core, give
progressively smaller core radius.

Another consideration is sub-grid analysis where a small
sub-set of data is chosen around the vortex based on either the
distance from the vortex center or threshold value of flow prop-
erties such as vorticity, e.g. [11]. The local methods for vortex
center determination typically show some sensitivity to the size
of the sub-grid surrounding the vortex. The planar fit, a global
method, was shown in [3] to be essentially insensitive to sub-
grid size. While the vortex center location obtained using dif-
ferent sub-grid sizes varied within 0.01% chord of each other,
the vortex properties, like circulation and core radius, showed
very low sensitivity to sub-grid size. In [3], the sensitivity to
sub-grid size was used as a statistical filtering criteria such that
the individual measurements that showed a difference of greater
than 2% in vortex circulation between three sub-grid sizes were
not included in the analysis. Only about 2-3% of the measure-
ments did not meet this criterion. In the current work, therefore,
the entire flow field data is used for the analysis unless other-
wise stated.

The planar fit that uses a vortex model to fit the data gives
sub-grid accuracy in the sense that the vortex center location
is not constrained to coincide with a grid node, as would be
the case if it was based on, for example, maximum vorticity.
Similarly, the core radius is not constrained by the grid resolu-
tion as would be the case if it was based in peak swirl velocity
locations. Therefore, the current work does not involve any

re-meshing and/or interpolation of the measured data to a sub-
grid. For the corrected average, the individual measurements
are aligned using the measurement grid node closest to the vor-
tex center determined using the planar fit. This, in effect, only
reduces the aperiodicity in the tip vortex location, rather than
eliminate it all together.

3. Results & Discussions

In this section the results obtained using the planar fit are
shown for three different rotor tip vortex measurements. The
first set of measurements is the model-scale rotor tip vortex
measurements made at AFDD using microscopic-PIV [3] us-
ing highly-twisted tilt-rotor blades. Results at C = 0.0076 are
shown at two vortex ages of 4 deg and 15 deg. Measurements
were also made at zero thrust, where a tip vortex with nega-
tive strength (per usual conventions) was seen going above the
rotor owing to the high negative blade twist. The second set
of measurements are the TRAM rotor measurements originally
reported by Yamauchi et al. [9] in 1999, and the final set of mea-
surements is the HART II measurements at position 17, studied
in detail by all the HART II partners, and summarized in [11].

3.1. AFDD model-rotor tip vortices

The measurements presented here were performed on a three-
bladed model-scale rotor system with a highly-twisted rotor
blade that was similar to the XV-15 blade. The blade had a
radius of 656 mm and 49 mm chord and was operated at a tip
speed of 55 m/s. Figure 4 shows a summary of all the vortex
properties for the Cr = 0.0076, ¥, = 15deg case. Measure-
ments at i, = 4deg show the same qualitative trends and are
not shown. A map of vortex center locations, and the represen-
tative core size are shown in Fig. 4(a). Recall that the corrected
average procedure used in the current work does not re-mesh
and interpolate measurements after aligning the vortex centers.
As aresult, the corrected average does not completely eliminate
the aperiodicity, but only reduces it to less than one grid cell.
The grid lines correspond to the measurement grid and show
the high resolution achieved using a microscope. The residual
aperiodicity can be seen in Fig. 4(a) from the corrected vortex
center locations. The distribution of vortex center locations x.
and y, is shown in Fig. 4(b), which is suggestive of a Gaussian
distribution. The Devenport correction is based on the decon-
volution of a Gaussian wandering motion; the observed distri-
bution suggests that such an analytic correction would indeed
be applicable.

Figures 4(c) and (d) show the results for the vortex axis ori-
entations, 6, and 6, and the mean vortex convection velocities,
u. and v, respectively. The vortex core radius and circulation
are shown in Figs. 4(e) and (f), respectively. All three aperiod-
icity correction methods give results consistent with each other
for all vortex properties. For the core radius, in Fig. 4(e), the SA
method gives a larger core radius as expected; the subsequent
Devenport correction gives a core radius that closely agrees
with the CA and IA results. Notice that in all cases the vortex
properties show a roughly Gaussian distribution. The standard
deviation in circulation and core radius is about 5% standard-
deviation, relative to their respective mean values. The differ-
ences in vortex properties obtained using the three aperiodicity
correction methods are smaller than the standard deviation. In
this paper the random measurement uncertainty is quantified
using the standard-deviation normalized with the mean (O'/Iu),
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Figure 4: Example of vortex properties obtained using the planar fit for the AFDD model-rotor tip vortex measurements, Cr = 0.0076, ¥, = 15deg.
Distribution of individual samples is shown as histograms along with the simple average, corrected average and individual values (mean and standard
deviation) are shown. (a) Vortex center locations before and after center alignment, (b) Vortex center locations, x., y., (¢c) Vortex axis orientation angles,
6y, 6y, (d) Vortex convection velocities, u., v., (e) Vortex core radius, r., and (f) Vortex circulation, I',.

bearing in mind that the interval u + o corresponds to a 68%
confidence level.

Figure 5 shows the measurement uncertainty in the vortex
core radius and the vortex circulation, expressed as a percent-
age relative to the respective mean values. These are compared
with results from three previously reported rotor tip vortex mea-
surements: the UMD measurements from [17] for a small-scale
rotor tip vortices; the TRAM measurements from [9] for the
high thrust case; and the HART II measurements from [12] for
the hover ¥, = 44 deg case. The corresponding vortex aperi-
odicity magnitudes (standard deviation of vortex location nor-
malized by core radius) are also shown for comparison. Inter-
estingly, the two measurements with higher aperiodicity mag-
nitudes showed lower resulting measurement uncertainties. It
appears then that uncertainty must result from other factors like
the measurement resolution. For tip vortex measurements, res-
olution is not compared as an absolute length scale, but relative
to the vortex core being measured. The ratio of the measure-
ment length (window size) to the core radius, i.e., [, /r., has
been used in the past as a measure of relative PIV resolution.
This is schematically shown at the top of Fig. 5 with the squares
representing the PIV processing window relative to the vortex
core size shown by the circle. The current measurements have a
significantly lower [, /r. ratio owing to the use of a microscopic
lens. However, this appears to have played only a small part
in the resulting measurement uncertainty. The UMD measure-
ments have a small /,,,/r. ratio but a larger uncertainty, while the
HART II measurements have a larger /,,/r, ratio but a smaller
uncertainty.

It must be reiterated that the uncertainty in derived quanti-
ties such as the vortex core radius, or circulation, is not simply
experimental uncertainty. Instead the uncertainty is the result
of the underlying experimental uncertainty in the velocity mea-
surement propagated into the derived quantities, along with any
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Figure 5: Measurement uncertainty in the vortex core radius and circula-
tion compared for various experiments including the AFDD model-rotor
measurements. The vortex aperiodicity magnitude (standard deviation
normalized by vortex core radius) is also shown for all cases along with
a schematic representation of the vortex core and the relative PIV window
size.

additional uncertainty associated with the derivation method it-
self. Therefore, it is important to examine the methods used to
derive these quantities of interest, and to ensure that their contri-
bution to the resulting measurement uncertainty, over and above
the underlying experimental uncertainty, is minimal. The analy-
sis methods appear to have a role in the final perceived measure-
ment uncertainty because one key difference between the four
results shown in Fig. 5 lies in the analysis methods. The UMD
and TRAM experiments used local methods for obtaining the
vortex center and other vortex properties. The HART II results
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Figure 6: Vortex core radius for the AFDD model-rotor derived from the measured velocity field using (a) a local method (based on peak swirl velocity
along horizontal/vertical cuts through the center), and (b) a global method (the planar fit based on least-squares fit). Cr = 0.0076, ¢, = 4 deg.

(in particular, the results presented in this figure from [12]) used
global methods; the vortex centers were obtained using a con-
volution of A, and the vortex properties were obtained from a
planar curve fit. The current work also uses a global method as
described earlier. Figure 5 strongly suggests that using global
methods for data analysis result in significantly lower measure-
ment uncertainty in derived vortex properties. This working
hypothesis can be tested in two ways: reanalyze the present
measurements using a local method and reanalyze other mea-
surements using the planar fit.

3.2. Local method applied to the AFDD model-rotor measure-
ments

The model-rotor measurements were analyzed using a lo-
cal method are shown in Fig. 6 for the case of C7 = 0.0076,
¥, = 4deg. In this case, the vortex center was first identified
using the planar least-squares fit. The vortex properties were,
however, not obtained from the fit. Instead, horizontal and ver-
tical cuts were made through the vortex center, and the vor-
tex core was identified using the peak swirl velocity locations
along these cuts. The core radius was given by the distance be-
tween the peak swirl velocity and the vortex center. Similar cuts
were made to the averaged flow fields using both SA and CA
methods. These results are shown as a scatter plot in Fig. 6(b)
with the core radius for each measurement sample along with
the averaged values. The IA results show a significantly large
scatter of about 23%, compared to those obtained using the
least-squares fit shown in Fig. 6(b). The results obtained us-
ing only horizontal/vertical cuts also show inconsistencies —
the SA core radius is much smaller than the CA result and the
IA result. The local method clearly introduces a much larger
uncertainty in the vortex core radius as compared to the global
method.

The measurement uncertainty using the local and global
methods is compared in Fig. 7 for the current measurements
at Cr = 0.0076, ¥, = 4deg. As a small variation of this lo-
cal method, the distance between two swirl velocity peaks on
either side of the center was considered to be the core diam-
eter. There is some cancellation of errors leading to slightly
less uncertainty in the core radius as shown in Fig. 7. A sim-
ilar behavior was observed earlier in Fig. 5. The UMD mea-
surements [17] used the distance from the vortex center to the
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Figure 7: Effect of local and global methods on uncertainty C7 = 0.0076,
¥, = 4deg.

peak-swirl location as the vortex core radius. The TRAM re-
sults [9] used the distance between two opposite peaks as the
core diameter. This observation reinforces the intuition that the
analysis method used to derive the vortex properties adds to
the perceived measurement uncertainty, with the local methods
giving significantly larger uncertainty than the global methods.

Recall that the region near the vortex center is characterized
by lower signal to noise ratio for the velocity measurements
because of insufficient number of good data samples available
there, suggesting that local methods would lead to larger un-
certainties in the derived quantities than the global methods.
To better understand why the local methods increase the mea-
surement uncertainty, the horizontal/vertical cuts are examined
further. If data with lower signal to noise ratio is removed, then
there is a void near the vortex center. This data void may not al-
ways be symmetric relative to the vortex center — see Fig. 8(a).
In this case, the derived core radius may be much larger than the
underlying vortex. Alternately, the higher fluctuations in veloc-
ity near the vortex core may result in some spurious velocity
measurements. Note that these measurements are not, strictly
speaking, wrong, but are statistically incomplete due to lack of
large enough samples. Such measurements may play a bigger
role in determining the vortex properties using local methods.
This problem is further exacerbated by the data void near such
spurious measurements. For example, in Fig. 8(b) one spurious
data point is seen to significantly alter the derived vortex core
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Figure 8: Examples showing the advantage of the least-squares fit in the presence of (a) asymmetric void, and (b) spurious measurements near the vortex

center. Cy = 0.0076, ¢, = 4deg.

radius. Issues such as these contribute to the increased uncer-
tainty in derived vortex properties obtained using local meth-
ods. Notice that in both Figs. 8(a) and (b) a curve-fit gives a
better estimate of the vortex core, because it gives equal weight
to data points further away — hence the name global — in de-
termining the vortex properties and thereby limiting the impact
of such errors.

Having reinforced the hypothesis that global methods for
determining vortex center and vortex properties are better, the
planar fit is applied to two of the previous measurements shown
in Fig. 5 for additional confirmation.

3.3. TRAM measurements

The planar least-squares fit was applied to the TRAM re-
sults first reported in Ref. [9]. Two cases were considered: one
high thrust case and one low thrust case, where two counter-
rotating vortices were measured. The TRAM measurements are
different from the hover measurements shown earlier and would
challenge the planar fit. These are forward flight measurements
and the PIV flow field shows large mean vortex convection ve-
locities and larger vortex axis orientation angles. Results for
the vortex core radius are shown in Fig. 9 as a scatter plot along
with the respective SA, CA and IA values. Unlike the AFDD
model-rotor hover measurements, shown in Fig. 6(b) for exam-
ple, the TRAM measurements show a much larger scatter of
about 15%. The averaged results were inconsistent with the
CA showing a very large core size compared to the SA or [A
values. The results for vortex circulation (not shown here) also
showed similar inconsistencies, even larger in magnitude. Vi-
sualization of the measured flow field provided a clue for un-
derstanding these inconsistencies — one example is shown in
Fig. 9(b) where the velocity vectors are shown with the contour
colors representing the vorticity. The reason for the inconsis-
tent results appears to be the presence of two vortices in the
flow field, which can significantly influence the derived vortex
properties.

The simple first step to correct this behavior is to remove
the second vortex near the left hand bottom corner. This was
done by only considering the right half of the image as shown
by the dotted rectangle in Fig. 9(b). This was also the approach
followed in [9] and, as a result, only one vortex was reported
for this high thrust case. The results obtained using the planar
fit with the smaller measurement window are shown in Fig. 10.

Notice that the scatter is only slightly lower than the earlier re-
sults but now the three different methods SA, CA and IA agree
closely with each other. As shown earlier in Fig. 5, the aperiod-
icity magnitude in this case was very small and the correction to
SA does not change the core radius very much at all. This sug-
gests that the planar fit can be applied to these measurements
but some modifications are called for based on the flow field
being studied.

The second case from the TRAM experiments was the low
thrust case with two counter-clockwise vortices present in the
flowfield. In this case, the vortices are much closer to each
other, and it would not be possible to eliminate the effect of one
vortex on the other by simply reducing the measurement win-
dow being considered. Instead, the least-squares fit was modi-
fied to include two vortices. This is easily done by modifying
the fit function to include additional parameters corresponding
to the second vortex, i.e.,

@)

The vortex core radii derived using this two-vortex fit are
summarized in Fig. 11. The SA, CA and IA results are com-
pared with those reported in [9]. Note that only one vortex for
the high thrust case was reported in [9], whereas the current
work includes results for both the vortices. As expected, the
SA results are similar for the two methodologies but the CA
results show a consistent behavior with the planar fit. The IA
results for the planar fit show a much smaller standard devia-
tion than the results from [9]. This again confirms the hypothe-
sis that a global method results in a much smaller measurement
uncertainty than a local method. This is best seen from Fig. 12
where the results are presented as uncertainty in vortex core and
circulation measurements for both the previous and the current
work. Again, the normalized standard deviation as a 68% con-
fidence level is used as a measure of the uncertainty. This figure
show the same effect as previously shown in Fig. 7 but with the
TRAM measurements; the least-squares fit gives a much lower
uncertainty than that obtained using peak vorticity for vortex
center determination with half-peak-to-peak swirl velocity giv-
ing the core radius.

f<rc‘17FV|7-xC17yC]’9x179y17 rszer’-xprCza9){279)127“& VC)

3.4. HART Il measurements

The planar fit was also applied to the HART II measure-
ments at position 17. This position has been studied in great
detail by the HART II partners, and a comparative summary
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Figure 9: TRAM high thrust case: (a) Scatter plot of core radius for each individual sample shown with SA, CA and IA results. (b) Example flow field
shows the presence of two vortices in the measurement window. Velocity vectors are shown along with contours of vorticity (blue positive, red negative).

Dotted lines denote small region separately analyzed to isolate one vortex.
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Figure 10: TRAM high thrust case: only half the flow field, shown by
dotted lines in Fig. 9(b) is analyzed to exclude the vortex near the left hand
bottom corner. Scatter plot of core radius is shown with SA, CA and IA
results.
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Figure 11: Core radius calculated from the flowfield using the planar fit
compared with results presented in [9] (only one vortex was reported for
the high thrust case). The results are shown as IA with standard-deviation
together with CA and SA values. Current results include the Devenport
correction with SA.

of analyses performed by US Army AFDD, DLR and ONERA
are presented in [11]. An example flow field shown in Fig. 13
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Figure 12: Measurement uncertainty in vortex core radius and circulation
for the TRAM results using both the planar fit and the results reported in
[9].

shows a relatively strong vortex sheet in close vicinity of the
vortex core being examined. The presence of this vortex sheet
is biasing the vortex center determined by the planar fit more
toward the left. In this case the contours represent the velocity
magnitude, and at least a part of the vortex core boundary can
be clearly identified by the large swirl velocity region near the
right-top corner.

The planar fit can be easily modified to account for the pres-
ence of a vortex sheet. The sheet appears like one half of a vor-
tex with the other half stretched along the sheet length. A quick
representation of such vortex sheet was devised using the Lamb
vortex profile at the sheet edge (semicircular region), combined
with the tangential velocity along the length of the sheet also
given by the Lamb profile as a function of normal distance from
the sheet. In the vortex sheet coordinates as shown in Fig. 13(b),
with the vortex sheet extending along the negative x;-axis, the
sheet induced velocity field given by

xg >0 Lamb vortex

®)

_ L s _
X <0 ug= %(1 —exp(—afz),vs =0

The least-squares fit now includes the sheet location, circula-
tion strength (y,), core radius (r;) and orientation axes as ad-
ditional parameters. Note that the sheet representation requires
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Figure 13: Simple average flow field for the HART II position 17 . (a)
The measured flow field, (b) Function fit including a vortex sheet. Velocity
vectors are shown along with contours of velocity magnitude, blue is the
smallest and red is the largest.

one extra orientation angle to account for in-plane rotation of
the sheet, as shown by the orientation of x;, y;-axes shown
in Fig. 13(b). An example of the flow field given by such a
functional representation is shown in Fig. 13(b) and appears to
be a good representation of the measured flow field shown in
Fig. 13(a), though the Lamb-vortex based model is certainly
not the most appropriate functional representation of a vortex
sheet. If the vortex sheet properties are also of interest, then a
more appropriate function must be chosen. However, the sim-
ple representation used here certainly helps eliminate the effect
of the sheet on vortex properties.

The importance of including the vortex sheet in the func-
tional fit can be best understood by comparing the results with
and without it. The core radius and vortex centers calculated
by the planar fit without the vortex sheet are shown in Fig. 14
along with the results from different HART II partners. The
individual vortex center locations using the planar fit, as well
as those calculated by AFDD in [11] using the centroid of vor-
ticity, are shown. The diamond symbols represent the vortex
centers determined by various methods (AFDD, DLR, ONERA
results from [11]), and the circles represent the vortex cores
themselves; the core radius is the radius of the circle. The mea-
surement grid is also shown to give an idea about the PIV res-
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Table 1: Peak vorticity and orientation angles for HART II position 17

‘ Method/source | Vorticity, ¥/Q | 6. | 6, |

AFDD 33.1 -0.7° | -19.4°

[11] DLR 30.8 4.3° | -19.2°
ONERA 31.5 1.6° | -25.7°

CA 27.4 7.9° | -18.9°

Planar SA 25.2 o o
fit SA+D 33.2 77 -22.2
1A 33.9 -2.5° | -16.3°

olution. All methods appear to pick this high velocity region
as the vortex core boundary as suggested by Fig. 14, where the
vortex cores calculated using different methods all line-up along
this high swirl velocity region. The planar fit also identifies this
region as the vortex core boundary. However, the vortex cen-
ter is shifted to the left (compared to all other calculations) re-
sulting in a larger core radius. The reason for this behavior is
clearly the presence of the vortex sheet in close proximity to the
vortex.

The results are shown again in Fig. 15 using the modified
methodology that accounts for the vortex sheet. The scatter in
individual vortex center location is only slightly affected. How-
ever, the average vortex center is now in close agreement with
prior AFDD and DLR calculations. The core radius obtained
using the planar fit is also in close agreement with other results,
and in fact, is a little bit smaller. This suggests that the planar
fit would also give accurate results for the peak vorticity and/or
the peak swirl velocity.

The vortex core radius and peak swirl velocity are shown as
scatter plots in Fig. 16(a) and (b), respectively. At this position,
the tip vortex exhibited a moderate aperiodicity magnitude and,
therefore, the Devenport correction applied to SA results gave a
smaller core radius and larger peak swirl velocity. For the core
radius, the corrected SA and the IA results were close to the
previous calculations by AFDD, ONERA and DLR reported in
[11]. There was a small variation in peak swirl velocity among
these different calculations. Contrary to the commonly held be-
lief, the simple average, albeit with the Devenport correction,
gave as good results as the other methods. The CA and IA
results are also in overall good agreement, and show that the
uncertainty in core radius or peak swirl velocity is about 20%.
The peak vorticity calculated by different methods is reported
in Table 1, where the present results are derived from the Lamb
vortex model. The vortex orientation angles are also shown
along with similar results from the HART II partners reported
in[11].

Another aspect hidden in Figs. 14 and 15 is the uncertainty
in vortex center location. As mentioned earlier, the AFDD cal-
culations shown in Ref. [11] used a local method for vortex
center based on centroid of vorticity. The ONERA calculations
also used a local method based on the centroid of A,, while
the DLR calculations used a global method based on convolu-
tion of A,. The uncertainty in vortex center location (that is,
the standard deviation in the vortex center location) is shown in
Fig. 17 for these different methods along with the planar fit. The
distinction between local and global methods is again apparent
with the global methods (convolution of A, and the planar least-
squares fit) resulting in significantly lower uncertainty.
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Figure 14: Vortex core size and center locations calculated using the pla-
nar fit (with only a single vortex fit to data) for the HART II position 17,
along with the results from HART II partners [11]. The large discrepancy
observed in the planar fit is a result of fitting a single vortex model to a

measured flow field that includes a strong vortex sheet.
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Figure 15: Vortex core for the HART II position 17 calculated using the
planar fit modified to include a vortex sheet. The average vortex center
location and core size calculated by different HART II partners [11] are
also shown for comparison. In addition, the vortex center locations for
individual measurements are also shown for the planar fit with those from
AFDD in [11].

4. Concluding Remarks

Vortex aperiodicity correction methods can be divided into
three general categories: the simple average (SA), the corrected
average (CA) or conditional average, and the individual average
(IA). The simple average is typically followed by an analyti-
cal/empirical correction based on the aperiodicity magnitude.
All methods found in literature belong to these categories and
differ only in the methods used to determine the vortex prop-
erties of interest like vortex center, core radius, peak swirl ve-
locity, etc. These methods are also important because they sig-
nificantly affect the final perceived measurement uncertainty.
Random measurement uncertainty in this context is compared
using standard deviation and mean. Global methods that use
a larger area of measured data were hypothesized to give less
uncertainty in the vortex properties compared to local meth-
ods that use only a small subset of data in close to the vortex
core. The planar least-squares fit is a global method based on a
least-squares fit to a model vortex flow field. This was shown
to give a reduced uncertainty in vortex properties like core ra-
dius and circulation, and also gave self-consistent results with
all three aperiodicity correction methods. The method was also
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Figure 16: Scatter plots for the vortex properties for HART II position
17 shown with the SA, CA and IA results using the planar fit to include a
vortex sheet. Results from the HART II partners reported in [11] are also
shown for comparison. (a) Vortex core radius, r., (b) Peak swirl velocity,
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Figure 17: Scatter in vortex center location for individual samples for the
HART II position 17. The results using the planar fit are compared with
those using different methods in [11].

applied to previous tip vortex measurements for the TRAM and
the HART II rotors. In all cases the results showed essentially
the same behavior, thus confirming the wide applicability and
versatility of this method. Specific conclusions from this study
are summarized below.



. Contrary to commonly held belief, even the simple av-
erage, which is both the simplest and the fastest, gave a
good estimation of vortex core properties, provided the
core radius and peak swirl velocities were corrected us-
ing the inverse convolution method developed by Deven-
port et al. The mean vortex core properties estimated us-
ing all three aperiodicity correction methods (SA, CA
and IA) were self-consistent and the differences were smaller
than half the standard deviation of the individual mea-
surements.

. The analysis method used to derive vortex properties, like
the core radius, plays a significant role in the resulting
uncertainty, perhaps a more significant role than the mea-
surement resolution. This was evident from the smallest
uncertainty (i.e., the smallest normalized standard devia-
tion) in vortex core radius and circulation for the AFDD
model-rotor as compared to other rotor tip vortex PIV
measurements. It was hypothesized that global meth-
ods, which use all measured data, result in lower uncer-
tainty in the derived vortex properties than local methods,
which use only a small sub-set of data close to the vortex
core.

. The AFDD model-rotor measurements were re-analyzed
using local method(s) based on horizontal and vertical
cuts through the vortex center. These methods showed
a higher resultant uncertainty in the vortex core radius
and circulation, compared to the global planar fit method.
Unlike such straight-line cuts, the results using planar fit
were not adversely affected by the lack of valid velocity
vectors at the vortex core boundary or by the presence of
spurious vectors near the vortex core.

. The TRAM measurements (both high and low thrust cases)
were analyzed using the planar fit, modified to include
two vortices. The results showed noticeably lower uncer-
tainty in the derived vortex properties as compared to the
previous results using a local method. The results using
all three aperiodicity correction methods gave consistent
results for both the vortices present in the measured flow
field.

. The HART II measurements at position 17 were also an-
alyzed using the planar fit modified to include a vortex
sheet. The results, even the simple average results with
the Devenport et al. correction, were consistent with those
obtained using different methods by the HART II part-
ners. Furthermore, the planar fit was shown to give accu-
rate vortex center location even in close vicinity of other
vortical structures. It was shown that the global methods
indeed resulted in smaller uncertainty in vortex center lo-
cation as compared to the local methods.
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