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INTRODUCTION 

In mechanics and more specifically in aeronautics light struc­
tures have to be designed in order to have the highest performances for 
the systems such as satellites, rockets, jets, helicopters. A consequence 
of this is that many frequencies of resonance are low and may be easily 
excited. It is then necessary to control the.vibrations occuring in these 
structures. Generally vibration control can be performed by at least two 
ways. In the first a mathematical model of the structure is built and used 
to predict the frequencies and associated mode shapes. This model, now 
generally based on a finite element technique, allows a simple determina­
tion of the influence of modifications of the structure. In the second 
way, as in the first it is possible to change the values of the resonance 
frequencies but generally not to cancel them, some damping is added in 
the structure ~o have limited amplitudes at each resonance. 

Here we present the problem of a reduction gear. It is an axisy­
metric rotating structure whose parts are thin or thick. Here only the 
equations of a thick rotating structure are presented and the finite ele­
ment method is used. Displacements will be develo~ped in Fourier's series 
and the Corio lis effect will be neglec,ed [1], [2J, [3], [4], [5], mode 
shapes have been obtained from holographic measurements and both finite 
elements and experimental results at rest are compared. 

DIFFERENTIAL EQUATIONS OF THE STRUCTURE 

The differential equations of the structure are obtained from 
the following steeps. Kinetic energy T and potential strain energy U are 
calculated, then the finite element method is used and at last Lagrange's 
equations are applied : 

0 (l) 

with 6, nodal displacement vector. 

The dot indicates derivative with respect to time. 
Rl(rJ,el,Zl) is an absolute coordinate system and ZJ axis of symetry of 
the structure is also axis of rotation. R2(r2,82,z2) is an coordinate sys­
tem fixed to the rotating structure, z2 is the same axis as z1 • 

The coordinates in R2 of a typical point M of the structures are 
·a, b, c. Due to the structure deformation the coordinates of M become 
~ + ur~ b + u

8
, c + uz and the velocity of M expressed by its components 
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with 0, speed of rotation. 
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with 

The kinetic energy is expressed by 

T = } f p.Vt V dT 

T 

p, mass per unit volume 
t, matrix transposition symbol 

(3) 

and may be written, using (2), as : 

where 
= 

+ 

T1 + T2 

l f p(Uo 2 + u• 2 + Uo 2)dT + Q2 J (u 2 + u82)dT 
2 r e z 2 r 

(4) n ITp(uru• 8 - u 0 ru8)dT + n2 J p a':r dT 

nIT p a u0 r dT + ~ 2 
f p(a2+:2)dT- n2 J p b u8 dT 

Q JT p b U0 r dT T T 

Tz = 

T 

T2 includes all the terms of T whose influence in the equations of the 
systems due to (!) and the expressions of the displacements functions is 
equal to zero. 

The displacements functions will be choosen as : 

N 
u = E u (r, z) . Cos ne r n•O 

rn 

N 
u = E u (r,z) . Cos ne z n-o zn (5) 

N 
u = E u n(r,z) . Sin ne 

n-o 

with n, Fourier's series order. 

Due to the orthogonality properties of the trigonometric func­
tions in the interval 0 - 2~, integrals of (4) are independant of angular 
position e and only dependant of the cross section geometry of the struc­
ture and the Fourier's series order n. 

Toroidal finite elements are used 
3 nodes and 3 displacements at each node. 
Applying for the whole structure (!) : 

with triangular cross-section, 

N 
E (M o•• + c s• - n2M o - a .F(n2)) 

n=O n n n n gn n n 
= (6) 
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with 

with 

and 

a = 1 for n = 0 
n 

for n f. 0 

nodal displacement vector for n 

classical mass matrix 

Coriolis matrix 

supplementary stiffness matrix 

centrifugal force vector 

The potential strain energy is obtained from 

a, stress vector 
s, strain vector 

0 = D . E 

(7) 

(8) 

Where D is the elasticity matrix function of the characteristics of the 
material : E, Young's modulus and v, Poisson's ratio for isotropic systems. 

From (7) and (8) : 

u = ~ f 
T 

t 
E D E dT (9) 

The second order expressions of the strain vector s will be 
used to take into account the rotation effect. Their expressions are : 
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and 

D = 

1 ~ au au J + - u ___ z - u ___ r 
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Then if cr 0 is the initial stress vector one has 

with 

au as = 
N 
l: 

n=O 
(K + K (cr 0))o en gn n 

classical stiffness matrix 

0 

0 

0 

0 

0 

1-2'f 
2(1-v) 

(11) 

K en' 
K (cr 0), gn geometric stiffness matrix, function of initial stresses. 

Then from (6) and (11) and neglecting Coriolis effect, differen­
tial equations of the structure are obtained : 

for n = 0, and 

M .o•• + (K + K (cra) - n2M )o = o (13) n n en gn gn n 

for n + 0. 

For the first step cr 0 is obtained from (12) by solving 

(K + K (cro) - n2M )co = F(n2) eo go go 
(14) 

With an iterative Newton-Raphson procedure. 
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Next, for each n, frequencies and associated mode shapes are 
obtained from the matrix equations. 

(K + K (a0) - nzM )o en gn gn n 
(IS) 

by solving a classical eigenvalue problems using a simultaneous iterative 
technique. 

The principles of calculation of the thin structures is the 
same and will not be presented here. Novozhilov thin shell theory has been 
used [6]. 

APPLICATION TO A REDUCTION GEAR 

Experiments and calculations have been performed at rest (n = 0). 
The mode shapes have been obtained from holographic measurements. The time 
average method has been used because it is much simpler than the real time 
or stroboscopic method and because the range of the frequencies to be 
measured (higher than 500 Hz) is very convenient. 

The reduction gear is not exactly symmetric because of the 8 
holes that can be observed in fig. 3 but we have neglected that effect. 
The finite element modelisation has been performed with this and thick 
elements. 

. In figure I a cross-section of tre reduction gear is presented 

. In figure 2 finite element and experimental values for n bet­
ween 0 and 8 are presented. The agreement is observed to be satisfactory • 

. In figure 3 some photographs of time average holographic method 
are presented and mode shapes are observed to be very easy to definie using 
Fourier'series. 
This explains the good agreement between theoretical and experimental results 
presented in figure 2. 

·- -·-·-·-·-·-·-·-·-·--·-·-·-·-·-·-·-·-·-·----·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-·-

fie..;:-;? 1: Cross-Section of the Reduct: on Ge-ar 
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n:O n=2 

n=3 n:4 

n:S n:7 

Figure 3: Mode shapes for different Fourier's series orders 
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EXTENSION OF THIS WORK 

A conclusion of these results is that the finite element model 
obtained is convenient and that is can be used easily to predict the change 
in the behaviour of the structure when a slight modification in the struc­
ture is performed. 

The procedure may be the following. For n if w
1
., o ., is a solu­

nl 
t ion one has : 

2 t w. • o . .M • 6 . 
1 n1 n n1 

t 
6 •• K • 6 . n1 n nl 

(16) 

and 6n
1
.t Mn 6 . and 6 .t K 6 . have been obtained in solving (15). 

n1 nl n n1 

If M and K became respectively M + llM , K + llK the frequ~n­
cy wi will be nchange~ in wi(ll) and obtainednfrom DRay~eigh gethod : 

w.2(A).O .t(M +~M )0 . = 0 .t(K +AK )0 . (17) 
1 nl n n n1 n1 n n n1 

t t Then only calculation, needed are those of 6ni .llMn.6ni and 6ni .llKn.6ni 
which are fairly straight forward. 
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