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Abstract

A study of the indicial response of finite aspect
ratio yawed wings has been conducted. The indicial
response was obtained directly from solutions of the
unsteady Euler equations for two- and three-
dimensional wings subjected to a step change in
incidence.

The computed data reveal several important
characteristics in the behaviour of the unsteady
response of three-dimensional wings. The initial
response is shown to be independent of both aspect
ratio and yaw confirming the results of linearized
theory. During the subsequent development of the
unsteady response significant differences are
observed between the two- and three-dimensional
behaviours as a consequence of changes to both
wing aspect ratio and yaw angle. These differences
cannot be explained entirely through simple sweep
theory or shaping of the local lift curve slope
distribution. The formation and spanwise propagation
of acoustic waves is shown to have a significant
influence on the development of the unsteady forces
and moments, while for yawed wings it is shown that
changes in the way that the windward and leeward
tip vortices form are also important.

It is concluded that current industrial approaches
based upon the use of two-dimensional indicial
response functions may be unreliable.

Nomenclature
Semi-span
lift coefficient
pitching moment coefficient
pressure coefficient
energy
numerical flux
cell index
characteristic length scale
Mach number
surface unit normal
pressure
pitch rate
conserved variables
residual
time
non-dimensional time
surface area
Cartesian components of local velocity
freestream velocity
Cartesian co-ordinate system
Volume
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incidence angle (degrees)

ratio of specific heats (1.4 for air)
coefficient in MUSCL scheme
sweep angle (degrees)

fluid density

pseudo-time
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Introduction

Accurate modelling of the unsteady aerodynamic
loads generated by the helicopter main rotor during
forward flight is important in understanding vehicle
aerodynamic performance, vibration and aero-
acoustics. Although it is possible to simulate
unsteady flows around aerodynamic bodies directly
through solutions of the Navier-Stokes equations the
difficulty of the task faced, particularly when the
problem involves a strong non-linear coupling
between the unsteady motion and the fluid dynamics,
is such that some compromise must be made
between overall accuracy and the cost of obtaining
solutions.

The cost of generating numerical solutions of the
partial differential equations that govern fluid flow and
recognition that much of the resulting information,
such as field data, may not be required in a design
context has motivated the study of high-fidelity
reduced order modelling techniques that accurately
capture the behaviour of the unsteady forces and
moments at significantly reduced expense.

Reduced order modelling approaches based on
inexpensive quasi-steady representations of the
aerodynamics have proven inadequate for predicting
loads and moments on manoeuvring bodies. This is
because they fail to account for the influence of
important physical phenomena such as interactions
with the shed vortical wake and the propagation of
acoustic pressure disturbances generated at the
body surface. Classical indicial theory provides an
inexpensive but rigorous mathematical approach to
the modelling of these unsteady phenomena.

The indicial function is a mathematical concept
that relates the unsteady response of a system to
excitation in a particular degree of freedom. They are
obtained by considering the response of a system to
a step excitation applied instantaneously and then
held constant. Once the indicial functions of the
system are known the response to arbitrary
excitations can be obtained in a cost effective
manner using linear superposition and convolution.



The classical indicial theory is based on the
assumption that the aerodynamic response is
independent of the prior motion history and is
determined completely by the current forcing. Thus
the indicial response of pitching moment to a step
variation in pitch rate can be defined fully as,
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This linearization has proven to be robust provided
that the topology of the flow is unchanged by the
forcing. The theory has subsequently been extended
to include the influence of compressibility and
unsteady separation through the use of physics
based inference models and empirical data, see for
example Beddoes [Ref 1,2].

Unfortunately closed form analytical expressions
for the indicial functions of interest in external
aerodynamics can only be determined for inviscid,
incompressible, irrotational flows. A range of
empirical techniques have been developed that
provide a means of extracting indicial response
functions from physical and computational
experiments. Leishman [Ref 3] has presented
techniques for identifying indicial functions from
oscillatory experiments, while Sitaraman and Baeder
[Ref 4] proposed using computational fluid dynamics
to extract indicial models directly from impulse
responses. Shaw and Qin [Ref 5,6] independently
proposed the use of step inputs to obtain indicial
functions for both pitch and in-plane responses and
have shown that the resulting models are almost
identical with those obtained from oscillatory data.
They also proposed models that included a weak
dependence on the time history of the motion
through the use of motion dependent model
coefficients.

Alternative approaches to the reduced order
modelling of unsteady aerodynamics include the
contributions of Gaitonde and Jones [Ref 7] who
have developed model identification techniques,
intended for use in state-space modelling that are
based upon numerical solutions of the linearized
Euler equations. These models can easily be recast
in a form suitable for use in indicial modelling. Beedy
et al [Ref 8] have shown how CFD can be used to
populate the ONERA dynamic stall model which
requires the solution of a simple ordinary differential
equation.

Even in the absence of three-dimensional
planform variation the flow experienced by rotor
blades in forward flight is highly three-dimensional.
This is illustrated in Fig. 1 which shows local sweep
contours for a rectangular blade at a modest forward
flight speed. Beddoes has developed a sophisticated
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physics based approach for three-dimensional rotor
simulations incorporating two-dimensional indicial
response functions, a free wake model [Ref 9] and
elements of classical wing theory for the effects of
sweep and aspect ratio [Ref 10,11]. This method has
been exercised for a range of problems and appears
to provide credible results that could be used within a
rotor design [Ref 10, 11,12].

Singh and Baeder [Ref 13] computed the indicial
response of unswept finite aspect ratio wings and
concluded that there was a simple relationship
between the 3D response and the response
functions of the wing section. More recently
Sitaraman and Baeder [Ref 14] extended these ideas
by combining computed 2D response functions with
a simplified aerodynamic representation of fixed and
rotating wings to compute blade vortex interactions
on three-dimensional lifting surfaces.

Magnitude of the
Local Sweep Angle

- 45.0°
30.0°
15.0°

I 0.0°

Fig 1. Local Sweep in Forward Flight

Despite the progress that has been made in
applying indicial theory to increasingly complex
motions, geometry and physics the nature of the
response functions in three-dimensional flows
remains poorly understood. Although Singh and
Baeder [Ref 13] had suggested that it should be
possible to model three-dimensional flows using two-
dimensional response functions and the local lift
curve slope this was not demonstrated. Indeed,
examination of their computed data suggests that not
only is the amplitude modified by three-dimensional
effects, but also the basic form of the response.
Accepting this observation then the use of two-
dimensional response as the underpinning
conceptual model in three-dimensional methods
remains a significant weakness.

The objective of this paper is to explore in detail
the indicial response of finite aspect ratio yawed
wings. Particular attention is paid to the form of the
computed response and how this is modified by
three-dimensional effects. This is achieved through
the numerical solution of the unsteady three-
dimensional Euler equations for aerofoils and wings
subjected to a step change in incidence. Results are



presented that assess both the effects of aspect ratio
and the effects of sweep on the unsteady response.

Numerical Model

Governing Equations

The equations governing the flow of an unsteady,
inviscid, iso-thermal fluid are the three-dimensional
Euler equations. This system of equations can be
written for a domain Q with boundary dS using an
arbitrary Lagrangian-Eulerian frame of reference
(ALE) in the following conservative integral form,

% [[1Qd-+[[ F -ndS =0 2)

The vector of conserved variables Q and the flux
vector F are determined from,
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In these equations n; are the Cartesian components
of the outward pointing unit vector normal to the

surface. U is the velocity normal to the element
surface and U is the contra-variant velocity given by,

(4)

where u; are the components of the absolute velocity
dx, . .
and %are the components of the grid velocity. In

order to close this system of equations the fluid is
considered to be an ideal gas and the density,
pressure and energy per unit mass are related to one
another through the equation of state,

£=(7—1)[E—lzz}
P 2

the working fluid is assumed to be a di-atomic gas
with a ratio of specific heats y=1.4.

()

Boundary Conditions

At the surface of the body subsonic outflow is
assumed. A no penetration condition is imposed on
the velocity vector at the solid surface and the
remaining variables are extrapolated from values
within the computational domain. At the far-field
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boundary  characteristic  based  non-reflecting
boundary  conditions determined from an
approximate solution of the Riemann boundary value
problem [Ref 15] are employed.

Numerical Method

Spatial Discretization

The governing equations are solved using an
unstructured cell-centred finite volume scheme. The
discrete equations for cell i are of the form,

7.0)n-5),,
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here f,(Q) is the inter-cell flux through face m and

M is the number of faces defining cell i. The
numerical flux is evaluated using the approximate
Riemann solver described by Osher and Solomon
[Ref 16] with modifications that account for the
changed eigenvalues of the governing equations in
the moving frame of reference, see Shaw [Ref 17].

To enhance the spatial resolution of the method
the left and right states are evaluated using a
nominally third-order accurate upwind biased
interpolation scheme based upon the work of van
Leer [Ref 18]. For the interface between cells i and j
the left and right hand states are calculated from,

0, =0, +l[(1—lr)lj +(1+ K)Zj]
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0, =0, +i[(1—/c)5*j +(1+ /c)l*j]

in which A' and Aare estimates of the solution

gradient in cell i based upon forwards and backwards
difference operators. A value for x of 1/3 results in a
third-order interpolation scheme. To avoid spurious
oscillations in the vicinity of discontinuities slope
limiters are employed that reduce the spatial
accuracy of the scheme to first-order.

Temporal Discretization
Following spatial discretization a system of
ordinary differential equations of the form,

inQi _

dt —R, (Q)

(8)

is obtained. This system of equations is marched in
time using a second-order implicit scheme,

3Qin+l _4Qin + Qin—l _ﬂ
2
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A fictitious time derivative is introduced in Equation
(9) and the resulting system is marched to a
converged solution in pseudo-time using a first-order
explicit scheme at each global time step. Local
pseudo-time stepping is employed to accelerate
convergence to the solution of the implicit system.

The resulting numerical scheme is third-order in
space and second-order in time in smooth regions of
the flow and first-order in space and second-order in
time in the proximity of large flow gradients, such as
shock waves.

Parallel Implementation

The numerical method described in the previous
sections has been parallelized by partitioning the
domain into several smaller sub-domains. The
domain decomposition is performed on the graph of
the unstructured grid using the MeTiS software [Ref
19] Communication between the domains, which are
assigned to individual processors within the parallel
computing environment, is achieved using the MPI
message passing library.

Verification
In an effort to demonstrate the suitability of the
model for its intended application, computations of
the two-dimensional indicial response of NACA 0006
and NACA 0012 airfoils to step changes in heave
were performed. Initially steady results were obtained
at an incidence of 0° and 5° for Mach numbers in the
range 0.2 < M < 0.7. Unsteady computations were
then performed at heave velocities corresponding to
a step change of 1° and 2° of incidence using the

steady data as initial conditions.

Convergence Studies

A grid convergence study was performed for both
the steady and unsteady solutions following the
method proposed by Roache [Ref 20]. The effect of
grid refinement in the chord-wise and airfoil normal
directions was investigated independently. In the
chord-wise direction grids having 489, 245 and 123
nodes were studied with 33 points in the normal
direction, while in the normal direction grids of 65, 33
and 17 nodes were investigated with 245 points
around the airfoil. Grid points were distributed to
capture the expected gradients at the stagnation
point, trailing edge and close to the airfoil surface. In
all cases the grid extended at least 15 chord lengths
from the aerofoil surface in all directions.

Analysis of the steady data and initial impulse
response show that the solutions lie within the
asymptotic range with an observed order of accuracy
slightly greater than the nominal order of accuracy of
the numerical method. Computed pressure loadings
shortly after the application of the step response (s =
0.391) are shown in Fig. 2. Large variations in the
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computed solution between grids with 17 and 33
points in the normal direction are observed, while the
computed solution is largely insensitive to the
number of points around the airfoil. The data suggest
that a grid having 245 points around the airfoil and 33
points in the airfoil normal direction is sufficient for
the current class of problems. Al subsequent
computations were performed on grids having these
dimensions.
AC,

15 4

— 12333
— - —-245x33
------- 489x33

0.2 0.4 0.6 0.8

(a) Airfoil chord direction

———-245x33

------- 245x65

0.0 0.2 0.4 0.6 0.8

(b) Airfoil normal direction

Fig 2. Influence of grid resolution on computed
pressure loading s = 0.391, NACA 0006 aerofoil,
M=03a=0°+1°

The sensitivity of the computed data to time step
was also investigated. Five different time steps using
a refinement ratio of 2 were employed. Care was
taken to ensure that iterative convergence was
achieved during the pseudo-time iterations. Following
the analysis of Roache [Ref 20] the error due to the
temporal truncation error was estimated to be
approximately 1% for the coarsest time step. This
level of error was deemed to be acceptable and all
subsequent computations were performed with a
time step that was half of the coarsest time step
considered.



Initial Response

The initial aerodynamic response of an aerofoil of
zero thickness to a step change in incidence can be
determined exactly using piston theory,

CN (O+)=i (10)
Aa M

see for example Beddoes [Ref 1]. As the numerical
method requires a finite time-step it is not possible to

compute the solution at s=0" directly, instead
results from the initial two steps were extrapolated to

time s =0". The exact solution is compared with the
computations for the NACA 0006 aerofoil in Fig. 3.
Good overall agreement is observed between the
computed and theoretical values, the small over-
prediction in the CFD solutions at low Mach numbers
is attributed to the finite thickness of the aerofoil used
in the numerical computations. At the higher Mach
numbers the linearized theoretical analysis is no
longer applicable and consequently the presence of
shock waves in the numerical simulations leads to an
increasingly large discrepancy.
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Fig 3 Comparison of analytical and computed
initial response to a step change of incidence,
NACA 0006 aerofoil, M =0.3 o= 5° + 2°

Lomax [Ref 21] used the linearized Euler
equations to derive exact closed-form expressions of
the compressible indicial response of a flat plate
aerofoil to a step change in incidence. Lomax
presented results for both the change in lift,

ACN(S)_iil_l—Msj (11)
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and the change in pressure distribution,
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Fig 4 Comparison of analytical and computed lift
response to a step change of incidence, NACA
0006 aerofoil, M=0.3 a=0° + 1°

0.0 0.2 0.4 0.6 0.8 1.0
Fig 5 Comparison of analytical and computed
pressure response to a step change of incidence,
NACA 0006 aerofoil, M=0.3 aa=0° + 1°

Computed lift data are compared with the exact
result for the NACA 0006 aerofoil in Fig. 4 at a Mach
number M = 0.3. Although the peak response is not
captured exactly by the computed data for the
reasons discussed earlier, the subsequent decay
rate closely approximates the theoretical result. This



comparison indicates that the initial lift decay is well
represented by the computed solution.

Computed surface pressure distributions at
several instants in time following the forcing are
compared with the analytical solution in Fig. 5.
Agreement with the linearized theory is considered to
be fair. The discrepancies that are observed are
related to two-dimensional effects, in particular the
finite thickness and surface curvature of the aerofoil
used for the computations, that are not represented
in the theoretical analysis. The curvature of the
aerofoil causes refraction of the acoustic waves,
which are considered planar in the theory, leading to
a poor prediction of the phase. The present data are
comparable with those obtained by other authors for
this problem; see for example Singh and Baeder
[13].
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Fig 6. Comparison of empirical and computed lift
response to a step change of incidence, NACA
0012 aerofoil, M=0.3 o =0° + 1°

A short time after the forcing is applied the lift
response of the aerofoil is dominated by the
transport of vorticity shed into the wake. This so
called circulatory response has been determined
empirically by Leishman from oscillatory test data,
see [Ref 3] for further details. Leishman
approximates the response by an exponential series
of the form,

AC, (s)
C Aa

g
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Fig. 6 presents a comparison of the computed data
and Leishman's approximation for a Mach number of
0.2. Clearly the computation is in poor agreement
with Leishman's result in the initial phase of the
response. But once the influence of the impulsive
loading becomes negligible excellent agreement is
found between the empirical and numerical models.

Results

Having established that the MERLIN flow solver
was suitable for its intended application it was then
used to investigate the unsteady response of finite
aspect ratio yawed wings subject to step changes in
incidence. During the study 12 rectangular wings of
differing aspect ratio and yaw were investigated,
details are provided in Table 1, at a range of Mach
numbers and incidences. The wings, based on the
NACA 0012 aerofoil, were untwisted and had a
straight cut at the tip.

Grids were generated based upon the two-
dimensional meshes discussed above. An
unstructured grid was generated on the wing tip
surface and merged with the existing two-
dimensional aerofoil grid. The resulting mesh was
then extruded in the span-wise direction to obtain a
three-dimensional mesh. The grid was clustered
towards the wing tips to provide resolution of the
expected tip-vortices. The resulting grids have a total
of 33, 33 and 65 nodes in the spanwise direction for
the aspect ratio 3, 6 and 20 wings respectively. The
grids extend 15 chord lengths from the wing tips.

Aspect Ratio 3 6 20
Yaw (°)
0 Wing 1 Wing 2 Wing 3
15 Wing 4 Wing 5 Wing 6
30 Wing 7 Wing 8 Wing 9
45 Wing 10 Wing 11 Wing 12
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Table 1. Detail of aspect ratio and yaw angle of
the wings considered in the study

The three-dimensional computations discussed in
the present paper were performed at a Mach number
of M = 0.2 and initial incidences of o, = 5° and o, =
7°. The pitch forcing was applied by rotating the grid
about the quarter chord point. Computed data were
obtained for step changes of Aa = +2° and of Ao = -
2°. Converged steady solutions were obtained at the
initial incidence and the resulting data was then used
to compute the unsteady flow around the wing at an
incidence of o = o, + Ao

Total Lift Response

The computed total lift response to a step change
in incidence is presented in Fig. 7 for the aspect ratio
6 wings considered in the present study. The
calculated data were obtained for a Mach number of
M = 0.2 and an incidence of o = 5° + 2°.

The unsteady development of the lift mirrors that
observed for the two-dimensional wing. Initially, 0 < s
< 0.25, there is an impulsive disturbance related to
the generation of the starting acoustic waves and
their associated reflections from the leading and
trailing edges and wing tips. The initial decay of the




impulsive loading is linear as predicted by theory for
infinite chord finite span wings, see the discussion of
Tobak [Ref 22]. At later times, s > 1.0, the lift history
is dominated by the influence of the shed vorticity.
The shed vorticity reduces the effective incidence
experienced by individual wing sections, but as the
vorticity is transported downstream its influence
diminishes allowing the lift to asymptote towards the
new steady value.

ey

———00 degrees
———-15degrees

30 degrees
—-—--45 degrees

0.8 |

0.6 |

04"

0.2 -

0

Fig 7. Total lift response (aspect ratio 6)

The initial response, s = 0" is presented in Fig. 8.
This value was obtained using linear extrapolation
between the computed values at the first two time-
steps. At constant yaw angle the computed data are
independent of aspect ratio, while at constant aspect
ratio the initial response is seen to depend upon the
yaw angle, diminishing as yaw is increased. If the
computed values are adjusted in line with simple
sweep considerations the data are observed to
collapse to a single value (the difference between the
largest and smallest values is approximately 0.3%).
This behaviour is expected from simple acoustic
considerations and the computed values are in
favourable agreement with the result predicted using
piston theory. As for the two-dimensional case the
discrepancies observed between the computed and
theoretical results are attributed to two- and three-
dimensional flow, in particular the effects of finite
thickness and the tip vortices.

The circulatory response of the wings can be
explored in further detail by examining the ratio of the
unsteady change in lift to the difference between the
initial and final steady state values. This ratio, which
at later times is equivalent to the circulatory response
function, is presented in Fig. 9 for unswept wings of
aspect ratio 3, 6 and 20.

The effect of aspect ratio on the total computed
response is substantial. As might be expected from
simple physical considerations the computed data
tend towards the two-dimensional result as aspect
ratio is increased, but only in the latter stages of the
response. At earlier times there are clear differences
in behaviour even for the relatively high-aspect ratio
wing. These differences can be partially explained in
terms of the phenomena already observed in the two
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Fig 10. Variation of chordwise loading with time
(aspect ratio 6, A = 0°)

dimensional case. The chordwise propagation of
pressure waves can be clearly seen in the contours
of unsteady pressure loading A(Cpypp-Criow)
presented in Fig. 10. Of note is the more rapid
response in the vicinity of the tips compared to that
observed at the centre section. This is attributed to
the development of additional acoustic disturbances
along the wing tip that propagate inboard and is



illustrated more clearly in Fig.11 which shows the
spanwise variation of loading at the centre chord for
several instants in time.

AdC(s)/dy

2 — ‘ . y/b

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

Fig 11. Development of spanwise lift distribution
for the unswept aspect ratio 6 wing

The effect of yaw angle on the computed
circulatory response is presented in Fig. 12 for the
wings of aspect ratio 3, 6 and 20. The behaviour is
complex and strong coupling between aspect ratio
and yaw angle is evident.

Local Lift Response

The results presented thus far suggest that while
simple theory can be used to describe the variation
of local lift curve slope the common assumption that
the response function itself is independent of
planform geometry is flawed. That this is the case
can be demonstrated by studying the response at
individual spanwise locations. This is done in Fig. 13
and 14 which provides computed response functions
for the aspect ratio 6 wing at various yaw angles.

At 0° yaw the local response over most of the wing
exhibits similar behaviour to that of the two-
dimensional aerofoil. As yaw angle is increased
significant differences develop in the local response
at the windward and leeward tips, Fig. 13 and Fig. 14
respectively.

Fig. 15 shows comparisons of local initial
response immediately following application of the
forcing with the value predicted by piston theory for
the aspect ratio 6 wings at several yaw angles. The
data over the centre sections require no comment,
but closer to the wing tips piston theory is observed
to breakdown. This behaviour can be attributed to
strong local three-dimensional effects induced by the
presence of the wing tip vortices. Yawing the wing
leads to asymmetric behaviour at the windward and
leeward tips; At the windward tip there is a significant
growth in the region influenced by the tip as yaw
angle is increased, while at the leeward tip the initial
response is largely insensitive to changes in yaw
angle.
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Fig 12. Variation of computed circulatory
response with yaw angle

The initial rate of decay is found to be independent
of both wing aspect ratio and yaw angle. This is
illustrated in Fig. 16 for the aspect ratio 6 wing at a
yaw angle of 0° and in Fig. 17 for a yaw angle of 30°.
Although the initial decay of the impulse response is
seen to be independent of planform geometry at later
times the impulse responses diverge, thisis most
evident in the response presented at y/b = 0.70 and
y/b = 0.50 for the straight wing. The length of time
between the forcing and the time at which the decay
rates diverge can be correlated with distance from
the wing tip implicating spanwise propagation of
acoustic waves as the most likely physical
explanation for the observed behaviour. This



ACN(8)/A Cy(e0) ACN(8)/A Cy(e0)
8.0 8.0
— y/b=1.00 — y/b=1.00
704 o _y/b=0.99 704 o _y/b=0.99
sot y/b=0.96 sot y/b=0.96
504 —-—--y/b=0.89 s0d —-—--y/b=0.89
— = y/b=0.70 . — = y/b=0.70
—y/b=050 4.0 —y/b=050
3.0 4
2.0 M
10 {4
0.0
1.0 1 1.0
20 : : : : ‘ s 20 : : : : , 8
0.0 2.0 4.0 6.0 8.0 10.0 0.0 2.0 4.0 6.0 8.0 10.0
— N° — N°
ACN(s)/A Cy(eo) (@) A =0 ACN(s)/A Cy(e) (@) A =0
8.0 - 8.0
—_y/b=1.00 _yb=1.00
7.01 — = —-y/b=-0.99 7.01 ———-y/b=0.99
604 e y/b=-0.96 eo4 e y/b=0.96
5.0 ) —-=--y/b=-0.89 504 —-—--y/b=0.89
g — = -y/b=-0.70 -+ = y/b=0.70
4.0 1 — y/b=-0.50 — y/b=050
3.0
20 4
1.0
0.0
1.0
20 ‘ ‘ ‘ ‘ .S ‘ ‘ ‘ .S
0.0 2.0 40 6.0 8.0 10.0 4.0 6.0 8.0 10.0
— o _ o
ACy(s)/A Cx(o) (VA =15 ACx(s)/A Cy(eo)  (0) 2 =15
8.0 8.0
— y/b=-1.00 — y/b=1.00
7.0 —— —-y/b=-0.99 707 —— —-y/b=0.99
04 y/b=-0.96 60 e y/b=0.96
504 — = -y/b=-0.89 50 ——--y/b=0.89
—--—-y/b=-0.70 —--—-y/b=0.70
401 — y/b=-0.50 4.0 9 —y/b=0.50
3.0 1 3.0
2.0 1 :-, i 2.0 1
1.0 1.0 !
\- 'y
0.0 0.0 |\
1.0 1.0
2.0 : : : : .8 2.0 : : : : .S
0.0 2.0 40 6.0 8.0 10.0 0.0 20 4.0 6.0 8.0 10.0
— o _ o
ACK(s)/A Cy(eo)  (€) =30 ACK(s)/A Cx(es) (€)1 =30
8.0 1 8.0
—  yb=1.00
7.0 1 o be099 7.0 ———-y/b=0.99
YOEOSSL y/0-0.96
o4 | y/b=-0.96 6.0 1 b
5ot ——--y/b=0.89 5ol b0
— - y/b=0.70 ] 10-0.50
4.0 1 —  y/b=0.50 4.0 1 -
3.0 4 3.0 {4
20 2.0
,.
1.0 1.0
0.0 0.0
1.0 1.0 1
2.0 ‘ ‘ ‘ ‘ . S 20 ‘ ‘ ‘ ‘ . S
0.0 2.0 40 6.0 8.0 10.0 0.0 20 40 6.0 8.0 10.0
(d) A = 45° (d) A = 45°

Fig. 13 Spanwise variation of the computed lift
response, M = 0.3 and o = 5° + 2° (windward tip)

Fig. 14 Spanwise variation of the computed lift
response, M = 0.3 and a = 5° + 2° (leeward tip)
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x/c x/c x/c x/c x/c
Fig 17. Variation of chordwise loading with time

(aspect ratio 6, A = 30°)

hypothesis is supported by visualizations of the
computed loading distribution, Fig. 18.

The results presented at y/b = 0.99, y/b = 0.89 and
y/b = 0.50 for the yawed wing, Fig. 17, suggest that
there is some influence of yaw angle on the
generation and propagation of the spanwise acoustic
disturbances In an effort to understand this
behaviour further the spanwise loading variation was
studied. Fig. 18 presents spanwise distributions of lift
at three instants in time. The selected data
correspond to instances of initial, transitional and
circulatory behaviour. The presented data confirm
the presence of strong three-dimensional effects at
the tips. At zero yaw angle the development of the tip
vortices provides a local increase in effective
incidence with an associated local variation of lift. An
increasingly asymmetric lift distribution is produced
as yaw angle is increased. This variation is related to
changes in the way the tip vortex is formed. At the
windward tip, which projects into the oncoming
freestream, the formation of the tip vortex s
disrupted by the presence of stagnating flow on the
wing tip. Two distinct vortical structures develop on
the upper and lower surfaces at the wing tip. These
structures pass across the planform into the wake
where they roll up into a single vortex. At the leeward
tip, which projects out of the flow, a single vortex is
formed that separates from the geometry close to the
point of maximum thickness. The development of the
windward and leeward tip vortices is visualized at the
initial steady flow conditions in Fig. 19 for the aspect
ratio 6 wing at a yaw angle of 30°.

The circulatory response is illustrated for the
aspect ratio 6 wing in Fig. 20 and Fig. 21 for yaw
angles of 0° and 30° respectively. The data show
significant influence of both aspect ratio and yaw.
The data can be fitted using an exponential function
of the form,
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(b) Leeward Tip

Fig. 19 Visualization of tip vortex formation on
the aspect ratio 6 wing, A = 30°
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Fig. 20 Computed circulatory response, aspect
ratio 6 wing, A = 0°
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Fig. 21 Computed circulatory response, aspect
ratio 6 wing, A = 30°



=(1.0-Ae™ +(0.5-A4,)e ™) (14)

which is of a similar functional from to the well known
Wagner function [Ref 1]. For the straight wing the
exponential terms are of constant magnitude, A; =
0.13 provides an acceptable fit and there is little
variation of the coefficient by, see Table 2. The
variation of coefficient b, is more pronounced. On the
outboard section of the wing the variation is nearly
linear and approaches a value of 0.4 at the centre
section.

y/b b1 b2
0 0.100 0.400
0.20 0.105 0.415
0.50 0.115 0.460
0.70 0.110 0.500
0.89 0.105 0.550
(a)A=0°
Y/b b1 b2
0.89 0.099 0.425
0.70 0.100 0.405
0.50 0.100 0.390
-0.50 0.120 0.500
-0.70 0.115 0.595
-0.89 0.115 0.700
(b) A = 15°
Y/b b1 b2
0.89 0.110 0.355
0.70 0.110 0.355
0.50 0.110 0.355
-0.50 0.133 0.560
-0.70 0.134 0.680
-0.89 0.136 0.850
(c) A = 30°
Y/b b1 b2
0.89" 0.133 0.305
0.70 0.130 0.300
0.50 0.131 0.290
-0.50 0.165 0.700
-0.70 0.164 0.85
-0.89" 0.160 1.200
(d) A = 45°

Table 2 Circulatory Response Coefficients,
aspect ratio 6

More significant variations are observed for the
yawed wings. The magnitude of the exponential
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terms can be considered constant except close to
the tips of the A = 45° wing (indicated by *in Table 2)
where a value of A; = 0.12 was found to give a better
fit. The coefficients controlling the phase of the
response vary little close to the leeward tip, while at
the windward tip there is significant variation of both
coefficients.

Discussion

The treatment of three-dimensional planform
effects in modern indicial methods is described in
some detail by Beddoes [Ref 10]. At the heart of the
method is the assumption of spanwise independence
of the indicial functions, or that the response function
is essentially two-dimensional in character. Some
local shaping of the lift curve slope, based upon
classical steady theory, and the magnitude of the
impulse response is employed to reflect the three-
dimensional nature of the wing. The correlations
presented by Beddoes suggest that the model is
relatively robust in its treatment of pitching wings
having widely varying planform characteristics. The
model deals effectively with small aspect ratios,
although comparisons of predicted and measured
spanwise loading deteriorated towards the tip (this
was attributed to a relatively crude discretization). For
swept wings the method was found to be less reliable
but provided acceptable agreement with the available
experimental data. Overall the indicial method was
demonstrated to provide improved predictions when
compared to a lifting line code at significantly
reduced computational expense. Although the
improvement over lifing line analysis remains
unexplained it is likely that the inclusion within the
indicial model of the impulsive loading generated by
the oscillating wing is important.

One of the drawbacks of the reported study was
the concentration on tests conducted using swept
back half models and swept wings obtained by a
shearing transformation. In other words the model
was validated for wings having only leeward
projecting tips or tips that were aligned with the flow
direction. The reported validation study did not
consider the case of a windward projecting wing tip,
and to the authors knowledge this deficiency has not
been addressed in subsequent work.

As has been shown in the present study the
unsteady aerodynamics of the leeward tip are much
simpler than those of the windward tip and can, with
acceptable accuracy, be reliably described using a
constant response function provided that the
coefficients are judiciously chosen. Thus the reported
validation is wholly consistent with the results of the
current investigation. In order to understand the
implications of the current results further we must
consider the case of a rotating wing.

Correlation studies of rotor flight test data with load
prediction methods, such as those reported by Lau,



Louie, Sotiriou and Griffiths [Ref 23] and Hansford
and Vorwald [Ref 24] implicate modelling of blade
unsteady aerodynamics in poor prediction of
aerodynamic performance, blade dynamics and
vibratory loads. Sitaraman, Datta, Baeder and
Chopra [Ref 25] have explored this issue in depth
and identify problems with the calculated values of
the advancing blade forces and moment as the
principal causal factor.

In forward flight at modest to high advance ratios
the advancing blade experiences a yawed flow
resulting in the blade tip being projected into the
oncoming freestream, see Fig. 1. From the results of
the present investigation we expect that there will be
significant three-dimensional influence on the local
unsteady response that is not accounted for in
current aerodynamic models. Although the amplitude
of the resulting response is unlikely to be altered
significantly, the more gradual development of the
circulatory response will lead to important changes in
phase which may help to explain the deficiencies of
the indicial models in current use by the rotorcraft
community.

Conclusions

The indicial response of finite aspect ratio yawed
wings was investigated using numerical solutions of
the unsteady Euler equations. Computations were
performed for a step forcing in pitch at low Mach
number and modest incidence. Aspect ratio 3, 6 and
20 wings of rectangular planform and constant NACA
0012 cross-section were investigated at yaw angles
of 0°, 15°, 30° and 45°. Based upon the computed
data the following observations can be made:-

Initial Response
It was found that the total initial response was

independent of aspect ratio and yaw angle. Using
simple sweep theory the computed data was shown
to correlate with predictions made on the basis of
simple acoustic considerations.

The presence of the tip vortex was found to
change the local initial response close to the tips.
Further inboard the initial lift response was correlated
with piston theory. For the yawed wing the windward
projecting tip was found to be more sensitive, as the
vortical flows at the tip passed over the lower and
upper surfaces of the wing before rolling up into a
single vortex downstream of the trailing edge.

Impulsive Decay

The initial rate of decay of the impulsive loading
was found to be independent of planform for the
configurations studied. However, at later times the
local impulse responses were observed to diverge.
The time interval between the initial forcing and
divergence of the impulse responses was found to
be correlated with distance from the blade tip
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implicating the generation and propagation of
spanwise acoustic waves as the responsible physical
mechanism.

Circulatory Response

Circulatory response functions based upon a
modified exponential form of Wagner's function were
extracted. The magnitude of the exponential terms
was observed to be largely independent of aspect
ratio and yaw away from the tips. The coefficients
that control the phase of the response were found to
be dependent upon the yaw angle. The coefficients
were found to vary rapidly with distance from the tip
at the windward tip, while at the leeward tip the
variation was much smaller.

The implications of the observed three-
dimensional response for prediction techniques
employing two-dimensional response functions were
considered. Although validation studies provide some
confidence in the approach, it appears that the case
of an oscillating wing tip projecting into the oncoming
freestream had not previously been considered. The
yawed flow experienced by the advancing blade at
modest to high-flight velocities results in a windward
projecting blade tip. Consequently the observed
three-dimensional behaviour may play a role in
explaining poor prediction of the advancing blade
aerodynamics, dynamics and vibratory loading.

The results suggest that current industrial
approaches for three-dimensional planforms are
unreliable because of their reliance on two-
dimensional indicial response functions. Further
effort is required to understand and model the
physical phenomena associated with the blade tip
and the tip vortex.
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