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ABSTRACT
This study extends previous work on the state-space formulation and analytical linearization of viscous vortex particle
methods by incorporating ground effect into rotary-wing simulations. The aerodynamic solver couples a panel method
for modeling blade surfaces and near-wake dynamics with a Viscous Vortex Particle Method (VVPM) for capturing
the far-wake. Ground effect is modeled using the method of images. The combined formulation is expressed as a
system of Ordinary Differential Equations (ODEs), resulting in a Non-Linear Time-Periodic (NLTP) system in first-
order form. Two linearization techniques are applied to this NLTP system: a conventional finite-difference approach
and an analytical linearization scheme extended to include ground influence. Harmonic decomposition is then used
to convert the Linear Time-Periodic (LTP) model into a higher-order Linear Time-Invariant (LTI) system, enabling
the development of a reduced-order linear model suitable for real-time analysis and control. The simulation model
is implemented in MATLAB® and applied to a utility-scale helicopter rotor blade. Validation is performed against
experimental and high-fidelity numerical results for In-Ground-Effect (IGE) conditions. The linearized models are
shown to closely replicate the nonlinear system dynamics across time and frequency domains. Furthermore, the
analytical linearization offers a substantial computational advantage over finite-difference methods, with an efficiency
gain on the order of O(n2). This simulation model enables accurate and efficient modeling of aerodynamic effects in
rotary-wing applications, including ground effect interactions.

INTRODUCTION

Modern rotorcraft configurations, especially those envi-
sioned for Future Vertical Lift (FVL) and Urban Air Mo-
bility (UAM), feature multiple rotors, significant levels
of aerodynamic interactions, and variable-speed rotors.
Modeling these complex phenomena requires aerome-
chanics models beyond the blade-element and finite-state
inflow models typically used in flight dynamics sim-
ulations, thereby making real-time simulation elusive.
In fact, most high-fidelity aeromechanics tools – such
as grid-free methods (e.g., free-wake and vortex parti-
cle methods) and Computational Fluid Dynamics (CFD)
solvers (Refs. 1, 2) – remain computationally intensive
and cannot achieve real-time performance unless mas-
sively parallelized. Moreover, these methods are not for-
mulated in state-space form, which precludes their lin-
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earization alongside the flight mechanics for use in sta-
bility analysis and flight control design.

Several notable simulation models have integrated ad-
vanced wake modeling capabilities in real time. Gen-
Hel employed the CHARM Wake Module to model main
rotor inflow (Ref. 3), later adopted in Navy training en-
vironments (Ref. 4) and even adapted to eVTOL appli-
cations (Ref. 5). Similarly, FLIGHTLAB has incorpo-
rated viscous vortex particle methods (VVPM) for wake-
blade interaction modeling in both helicopters and eV-
TOLs (Refs. 6, 7). While these platforms have signif-
icantly advanced rotorcraft simulation, their underlying
numerical approaches are not structured to support sys-
tematic linearization or reduced-order model extraction.

To overcome these limitations, recent work has focused
on formulating rotor wake models directly in state-space
form. A notable example is the work of Celi (Ref. 8), who
discretized the Maryland Free Wake Model (Refs. 9, 10)
using the method of lines to convert it into a first-order
system of ordinary differential equations. This formu-
lation facilitates linearization and control design, but
struggles with equilibrium definition due to the time-
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periodic nature of rotor wake dynamics. More recent
implementations, such as the PSUHeloSim rotor model
(Refs. 11, 12), incorporated a vortex lattice near-wake
model and achieved linearization via time-periodic sys-
tem theory. Still, these models are limited in resolving
chordwise loading and are numerically unstable for mod-
eling multi-rotor or rotor-wing interactions.

Meanwhile, Vortex Particle Methods (VPMs) have
emerged as powerful mid-fidelity tools, offering a bal-
ance between accuracy and computational cost (Refs. 13,
14). Tools such as DUST (Ref. 15), FLIGHTLAB
(Ref. 16), and other VPM-based solvers (Refs. 17–19)
have demonstrated strong capabilities in modeling rotor
interactions. However, their time-marching nature and
lack of state-variable formulation preclude the extraction
of linear models and make them unsuitable for captur-
ing unstable dynamics, especially critical when modeling
hover or transition phases.

To bridge this gap, a State-Space Panel and Vortex Parti-
cle Method (SSPVPM) was recently proposed (Ref. 20),
enabling efficient linearization and promising real-time
application potential. The solver was initially devel-
oped for fixed-wing configurations (Refs. 20,21), then ex-
tended to model rotary-wing systems (Refs. 22, 23), cap-
turing the unsteady aerodynamics of rotor blades. Build-
ing on this, the Fast Multipole Method (FMM) was in-
tegrated to significantly accelerate the particle–particle
interactions (Ref. 24), reducing computational cost and
further improving the feasibility of real-time simulation.
To enhance the physical realism of the method, vis-
cous effects were incorporated using the Particle Strength
Exchange (PSE) scheme, resulting in the State-Space
Panel and Viscous Vortex Particle Method (SSPVVPM)
(Ref. 25).

Building on this foundation, the present work has two
main objectives. First, ground effects are incorporated
into the SSPVVPM simulation model using the method
of images (Ref. 26), enabling a more complete aerody-
namic model for near-ground operations. Second, the
SSPVVPM is analytically linearized to support reduced-
order modeling and control design. The results from the
nonlinear solver In-Ground Effect (IGE) are validated
against experimental and computational work. The ac-
curacy of the linearized model is validated against the
full nonlinear dynamics, and its computational efficiency
is compared against conventional perturbation-based lin-
earization methods (Ref. 27).

The article begins by presenting the mathematical for-
mulation of the coupled panel and viscous vortex par-
ticle method, expressed in Partial Differential Equation
(PDE) form. The ground effect implementation using the
method of images is then provided. Next, the spatial
discretization process is detailed, converting the PDEs

into Ordinary Differential Equations (ODEs). Two lin-
earization schemes are used to linearize the enhanced
solver: a conventional perturbation linearization scheme
and an analytical linearization scheme. Furthermore, a
reduced order model is introduced to the current simu-
lation model. In the results section, the nonlinear solver
is first validated against experimental data, followed by a
comparison of the linear models with the nonlinear solver
in both time and frequency domains. The study concludes
with a thorough evaluation of the linear solver’s compu-
tational efficiency.

COUPLED PANEL AND VISCOUS
VORTEX PARTICLE METHODS

The simulation model employed in this work builds upon
the state-space panel and viscous vortex particle method
developed in Refs. 21, 23, with a key enhancement. Pan-
els are used to model the surface of the blade as well as
the near-wake region, while the far wake is represented
using viscous vortex particles. A schematic of the overall
model architecture is presented in Fig. 1.

wing panels
µb , σb

wake panels
µw , rrrw

wake particles
rrrp , αααp, δp

Figure 1: Simulation model schematic.

The main advancement over previous implementations,
including Ref. 23, is the integration of ground effects
through the method of images. This extension enables
the simulation of the IGE conditions, thereby broaden-
ing the applicability of the solver to scenarios involving
ground proximity.

PDE Formulation

The aerodynamic model follows a vorticity–velocity for-
mulation based on Helmholtz’s decomposition and a La-
grangian description of vorticity transport. Incompress-
ibility reduces the continuity equation to the Laplace
equation for the potential function:

∆ϕ = 0 (1)

which is solved using Morino’s method (Ref. 28) to ob-
tain surface pressures. The unsteady evolution of vor-
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ticity is governed by the Lagrangian form of the incom-
pressible Navier–Stokes equations:

Dωωω

Dt
= (ωωω ·∇)uuu+ν∞∇

2
ωωω (2)

where ν∞ is the kinematic viscosity and Dωωω/Dt is the
material derivative.

Blade and Wake Panel Intensity To solve the Laplace
equation in Eq. (1), Morino’s method (Ref. 28) is applied
using a Green’s function formulation. The surface of the
blade is discretized into panels with uniform source σb
and uniform doublet µb strengths. The sources are used
to enforce the non-penetration condition on the blade sur-
face:

σb =−n̂nn · (uuub −UUU∞ −uuuψ) (3)

where n̂nn represents the normal vectors of the blade pan-
els, uuub is the body velocity, UUU∞ denotes the free-stream
velocity, and uuuψ is the velocity induced by the vortex par-
ticles.

The near wake is discretized into panels with doublet in-
tensities µw, while the rotational flow is captured by par-
ticles of strength αp.

The discrete form of the Laplace problem is (Ref. 29):

AAAbµµµb +AAATE
w µµµ

TE
w +AAAwµµµw +BBBbσσσb = 000 (4)

where matrices’ dimensions are defined by the number of
blades and near wake panels.

Three additional boundary conditions are incorporated:
(i) the Kutta condition at the trailing edge (Ref. 28), (ii) a
conversion relation between wake panel and vortex parti-
cle strengths (Ref. 23), and (iii) an advection update for
wake panel strengths (Ref. 8):

KKK5µµµb = µµµ
TE
w (5a)

KKK6µµµw =αααp (5b)

KKK7µµµw +KKK8µµµ
TE
w = µµµ

t+1
w (5c)

By combining Eqs. (3), (4), and (5), the surface doublet
strengths can be expressed in terms of wake quantities
and body motion:

µµµb =−KKK9
[
KKK3µµµw +BBB′(uuuψ −uuub +UUU∞)

]
(6)

where the auxiliary matrices are defined as:

KKK9 =
(
AAAb +AAATE

w KKK5
)−1

(7a)
KKK3 =AAAw (7b)
BBB′ =BBBbNNN (7c)

and NNN contains the unit normal vectors of the body panels.

Vortex Particle Intensity The vorticity field is dis-
cretized using Np vortex particles following Winckel-
mans’ formulation (Ref. 13):

ωωω(rrr, t) =
Np

∑
i=1

ααα
i
p(t)δ

(
rrri

p(t)−rrr
)

(8)

where rrri
p and ααα i

p denote the position and strength of the
ith particle, respectively. The induced velocity field by
the vortex particles is defined as (Ref. 30):

uuuψ(rrr, t) =− 1
4π

Np

∑
i=1

ci
[(

rrri
p −rrr

)
×ααα

i
p(t)

]
= [KKKψ(rrrp,rrr)×]αααp(t) =KKK4(rrrp,rrr) αααp(t)

(9)

where ci and KKKψ are regularization functions defined in
Ref. 23.

Method of Lines

The Method of Lines is used to transform the wake panel
and vortex particle aerodynamics described above from
PDE to ODE form (Refs. 9,10,24,31). This method uses a
spatial discretization matrix, also known as a shifting ma-
trix, to transform wake dynamics into a state-space form
as discussed in 8,31. The motion of a generic collocation
point follows:

Drrr
Dt

= vvvind (10)

where D/Dt denotes the total derivative and vvvind is the
induced velocity, composed of contributions from parti-
cles and panels (Ref. 22). Applying the chain rule, the
governing PDE becomes:

∂ rrr
∂ t

+
∂ rrr
∂xxx

= vvvind (11)

with xxx denoting spatial location. Discretizing the spatial
domain yields a system of ODEs:

∂ rrr
∂ t

= ṙrr = AAArrr+ vvvind (12)

where AAA is the spatial discretization matrix. Different ap-
proximations of AAA are provided in Ref. 8.

State-Space Formulation

The coupled panel and viscous vortex particle dynamics
are formulated as a Non-Linear, Time-Periodic (NLTP)
system of first-order ODEs:

ẋxx = fff (xxx,uuu, t) (13a)
yyy = ggg(xxx,uuu, t) (13b)
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where xxx ∈ Rn, uuu ∈ Rm, and yyy ∈ Rl represent the state,
control input, and output vectors, respectively. The func-
tions fff and ggg are periodic in time with period Tp = 2π/Ω,
where Ω is the rotor speed:

fff (·, t) = fff (·, t +Tp) (14a)
ggg(·, t) = ggg(·, t +Tp) (14b)

The state vector includes the wake panel intensities µµµw,
the vortex particle intensities αααp, the positions of the
wake panels rrrw, the positions of the vortex particles rrrp,
the wing panel intensities µµµb, and the vortex particle core
radii δδδ p:

xxxT =
{

µµµT
w αααT

p rrrT
w rrrT

p µµµT
b δδδ T

p
}

(15)

The inputs are the blade pitch controls:

uuuT =
{

θ0 θ1c θ1s
}

(16)

and the outputs include pressure distribution and aerody-
namic loads:

yyyT =
{

pppT FFFT
a
}

(17)

Wake Panel Intensities The evolution of the wake dou-
blet intensities can be computed using Eqs. (5), (6), and
(9):

µ̇µµw = (WWW 1 −WWW 2KKK5KKK9KKK3)µµµw −WWW 2KKK5KKK9BBB′KKK4αααp+

WWW 2KKK5KKK9BBB′ (uuub −UUU∞)
(18)

Details can be found in Ref. 23.

Wake Particle Intensities The vorticity fields are de-
scribed using the transpose method (Ref. 30):

α̇αα
∗
p =

Np

∑
j

[
− 1

4π

[
c j ααα

j
p ×αααp +d j ∆rrr j(∆rrr j ·ααα j

p ×αααp)
]
−

ν∞ηδ (rrrp −rrr j
p)[volp ααα

j
p − vol j

p αααp]

]
(19)

In this formula, the viscous effects are implemented using
the PSE method (Ref. 32). Different terms in Eq. (19) can
be found in Ref. 25.

To enhance hover stability, Eq. (19) is further refined
by integrating the modified vortex particle method intro-
duced by Alvarez (Ref. 19):

α̇ααp = α̇αα
∗
p −

g+ f
1/3+ f

[
α̇αα

∗
p ·α̂ααp

]
α̂ααp (20)

In this context, α̂ααp represents the normalized particle
strength vector, calculated as αααp/∥αααp∥, while f and g
are constants determined from a specific application of
conservation principles (Ref. 19).

Position of Wake Panel Nodes and Particles The in-
duced velocity, vvvind, is determined using the Biot-Savart
law, as outlined in Refs. 29, 31. At any point rrr, the in-
duced velocity can be expressed as:

vvvind = vvvσ
b +vvvµ

b +vvvµ
w +vvvp (21)

where each term represents a specific contribution:

vvvσ
b = vvvσ

b (σσσb,rrr) (22a)

vvvµ

b = vvvµ

b (µµµb,rrr) (22b)

vvvµ
w = vvvµ

w(µµµw,rrrw,rrr) (22c)
vvvp = vvvp(αααp,rrrp,δδδ p,rrr) (22d)

where the definitions of these terms can be found in Ref.
23.

Blade Panel Intensities The dynamics of the wing dou-
blet intensities are determined using Eq. (6), as outlined
below:

µ̇µµb =
1
τ

[
−KKK9KKK3µµµw −KKK9BBB′KKK4αααp +KKK9BBB′ (uuub −UUU∞)−µµµb

]
(23)

where τ is the time constant of a first-order filter.

Wake Particle Core Radii The time-dependent behav-
ior of the wake particle core radii, δδδ p, is governed by the
equation outlined in Ref. 19:

δ̇δδ p =− g+ f
1+3 f

δδδ p

∥αααp∥
[
α̇αα

∗
p ·α̂ααp

]
(24)

Aerodynamic Loads and Surface Pressure To calcu-
late the pressure at the center of the blade panels while ac-
counting for compressibility effects, the Prandtl-Glauert
compressibility correction (Ref. 33) is applied, using the
unsteady Bernoulli theorem (Ref. 34):

ppp = p∞ +ρ∞

[1
2
∥UUU∞∥2 − 1

2
∥uuusurf∥2+

uuub ·
(

∇µµµb +uuub
ψ

)
+ µ̇µµb

]
/
√

1−MMM2
(25)

where MMM are the local Mach numbers computed at the
centers of the blade panels and:

uuusurf =UUU∞ +∇µµµb +uuub
ψ (26)

In this equation, ∇µµµb is determined using the Constrained
Hermite Taylor Series Least Squares (CHTLS) method
(Ref. 35).
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When the pressure distribution is obtained, the aerody-
namic loads on the blade are computed as follows:

FFFa =
Nb

∑
i

piAinnni = ÂAAppp (27)

where Ai represents the surface area of the ith wing panel,
nnni is the normal vector associated with the ith panel, and ÂAA
is a matrix containing the area vectors of the blade panels.

Summary of State-Space Model A summary of the dif-
ferential equations is provided below:

µ̇µµw = (WWW 1 −WWW 2KKK5KKK9KKK3)µµµw−
WWW 2KKK5KKK9BBB′KKK4αααp + WWW 2KKK5KKK9BBB′ (uuub −UUU∞)

(28a)

α̇ααp =−AAAαp αααp +α̇αα
∗
p −

g + f
1/3 + f

[
α̇αα

∗
p ·α̂ααp

]
α̂ααp (28b)

ṙrrw =−AAArwrrrw +vvvind(rrrw,rrrp,αααp,µµµw,µµµb,δδδ p) (28c)
ṙrrp =−AAArprrrp +vvvind(rrrw,rrrp,αααp,µµµw,µµµb,δδδ p) (28d)

µ̇µµb =
1
τ

[
−KKK9KKK3µµµw −KKK9BBB′KKK4αααp+

KKK9BBB′ (uuub −UUU∞)−µµµb

] (28e)

δ̇δδ p =−AAAδp δδδ p −
g + f
1 + 3 f

δδδ p

∥αααp∥
[
α̇αα

∗
p ·α̂ααp

]
(28f)

And the output equations are:

ppp = p∞ +ρ∞

[1
2
∥UUU∞∥2 − 1

2
∥uuusurf∥2+

uuub ·
(

∇µµµb +uuub
ψ

)
+ µ̇µµb

]
/
√

1−MMM2
(29a)

FFFa = ÂAAppp (29b)

Definitions of the parameters appearing in Eqs. (28) and
(29) can be located in Ref. 23.

GROUND EFFECT

Overview

The following three main approaches have been adopted
to model ground effect for rotorcraft.

Method of Images (MOI) The first method is the so-
called Method of Images (MOI) (Refs. 26,36). This tech-
nique mirrors the entire rotor system, including the blades
and their wake, about the ground plane. The induced
velocity field generated by this image system is super-
imposed onto the ’real’ flow field, thereby satisfying the
non-penetration boundary condition at the ground plane
(GP). This model ensures the vertical component of in-
duced velocity vz at the ground plane, z = GP, is zero, as

the induced velocities from the wake and rotor and their
images cancel out:

vtot
z (z = GP) = vmain

z (z = GP)+ vimage
z (z = GP) = 0

(30)
This implicitly satisfies the tangential boundary condition
at the ground plane. MOI is attractive for its simplic-
ity and low computational cost, and it performs well for
cases involving infinite flat ground. However, it cannot
easily accommodate finite, non-planar, or complicated
surfaces.

Surface Singularity Method The second method is a
surface singularity method, also described in Ref. 26.
In this approach, the ground is modeled using a grid of
panels, each endowed with a source singularity, σGP, of
unknown strength. These singularities are solved for by
enforcing flow tangency at discrete control points, typi-
cally located at the panel center. This results in a linear
system of equations that can be solved to determine the
singularity strengths. The total induced velocity at any
point is defined as:

vvvtot
ind =UUU∞ +vvvind +vvvGP

ind (31)

where vvvGP
ind is the velocity induced by the ground plane

panels. Mathematically, the boundary condition at a point
xxxi on the ground enforces:(

UUU∞ +vvvind +vvvGP
ind
)
· n̂ = 000 (32)

where n̂ is the unit normal vector at the control points of
the ground plane panels. Now, reorganizing Eq. (32):

vvvGP
ind · n̂ =ϒϒϒσσσ

GP · n̂ =AAA σσσ
GP =−(UUU∞ +vvvind) · n̂ (33)

where ϒϒϒ matrix is based on the source-induced velocity
governing equation (Ref. 29), only dependent on the geo-
metric relation between the ground plane panels. Hence,
it only needs to be computed once. This method provides
more flexibility than MOI and allows for arbitrary ground
geometries, but it still does not satisfy the no-slip condi-
tion.

Vortex Sheet Method A third and more advanced ap-
proach is the vortex sheet method (Ref. 37). This tech-
nique also discretizes the ground using panels, but in-
stead of source singularities, each panel is assigned a
vortex sheet, γγγ . This method is capable of satisfying
both the non-penetration as well as the no-slip bound-
ary conditions, making it more physically accurate in the
near-ground region where viscous effects and shear lay-
ers become important. To solve for the vortex sheet, two
boundary conditions have to be satisfied at the control
point of the ground plane panels:(

UUU∞ +vvvind +vvvGP
ind
)
· n̂ = 0 (34a)(

UUU∞ +vvvind +vvvGP
ind
)
· t̂ = 0 (34b)
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where t̂ are the normal and tangential unit vectors on the
ground surface.

In summary, these three approaches represent a trade-
off between accuracy and computational efficiency. The
method of images is straightforward and efficient, but
limited to simple ground geometries. The surface singu-
larity method adds flexibility and explicit representation.
The vortex sheet method satisfies both non-penetration
and no-slip conditions at the cost of increased computa-
tional and implementation complexity.

Implementation

In the present work, MOI is used to account for the
ground effect. MOI models the ground effect by creating
an image of the rotor below the ground plane, as shown in
Fig. 2. This approach was first applied to ground effect
problems by Knight and Hefner (Ref. 38) using a vor-
tex cylinder model. It was later adopted in the works of
Saberi and Maisel (Ref. 39), as well as Rossow (Ref. 40),
as well as Leishman (Ref. 26).

Figure 2: Method of Images illustration.

In the inertial frame, the wake and its image share iden-
tical x and y coordinates but have opposite z coordinates.
The strengths of the image are of the opposite sign of the

main domain. The states of the image are as follows:

µµµ
image
w =−µµµw (35a)

αααp : (αααx
p,ααα

y
p,ααα

z
p)

image = (−ααα
x
p,−ααα

y
p,ααα

z
p) (35b)

rrrw : (xxx,yyy,zzz)image
w = (xxx,yyy,−zzz)w (35c)

rrrp : (xxx,yyy,zzz)image
p = (xxx,yyy,−zzz)p (35d)

µµµ
image
b =−µµµb (35e)

δδδ
image
p = δδδ p (35f)

When adding the image rotor to the free-vortex wake
model, the solution algorithm is modified to account for
both the above-ground rotor and wake and their image.
Induced velocities at any collocation point are calculated
by considering the influence of both systems (Eqs. (28c)
and (28d)):

ṙrrtot
w =ṙrrmain

w + ṙrrimage
w (36a)

ṙrrtot
p =ṙrrmain

p + ṙrrimage
p (36b)

These are the only equations that need to be modified in
Eqs. (28) and (29). The method of images is beneficial
for two reasons: simplicity, as it creates symmetry about
the ground plane and satisfies the boundary condition;
and computational efficiency, as it avoids storing addi-
tional wake geometry data for the image, thereby saving
memory.

LINEARIZATION

This section outlines the theoretical simulation model and
implementation details for linearizing the coupled panel
and wake dynamics using both numerical perturbation
methods and a novel analytical approach.

Numerical Linearization Consider the non-linear
time-invariant (NLTI) coupled panels and wake dynam-
ics at equilibrium:

ẋxx = fff (xxx,uuu) (37a)
yyy = ggg(xxx,uuu) (37b)

where xxx∈Rn, uuu∈Rm, and yyy∈R l are the trim state, con-
trol input, and output vectors such that the state dynamics
ẋxx and output yyy are constant. Using Taylor series expan-
sion and by neglecting those terms with order higher than
first, the linearized system can be written as:

∆ẋ∆ẋ∆ẋ =AAA∆x∆x∆x+BBB∆u∆u∆u (38a)
∆y∆y∆y =CCC∆x∆x∆x+DDD∆u∆u∆u (38b)
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where:

AAA =
∂ fff (xxx,uuu)

∂xxx

∣∣∣
xxx,uuu

=


∂ f1(xxx,uuu)

∂x1
· · · ∂ f1(xxx,uuu)

∂xn
...

. . .
...

∂ fn(xxx,uuu)
∂x1

· · · ∂ fn(xxx,uuu)
∂xn


xxx,uuu

(39a)

BBB =
∂ fff (xxx,uuu)

∂uuu

∣∣∣
xxx,uuu

=


∂ f1(xxx,uuu)

∂u1
· · · ∂ f1(xxx,uuu)

∂um
...

. . .
...

∂ fn(xxx,uuu)
∂u1

· · · ∂ fn(xxx,uuu)
∂um


xxx,uuu

(39b)

CCC =
∂ggg(xxx,uuu)

∂xxx

∣∣∣
xxx,uuu

=


∂g1(xxx,uuu)

∂x1
· · · ∂g1(xxx,uuu)

∂xn
...

. . .
...

∂gp(xxx,uuu)
∂x1

· · · ∂gp(xxx,uuu)
∂xn


xxx,uuu

(39c)

DDD =
∂ggg(xxx,uuu)

∂uuu

∣∣∣
xxx,uuu

=


∂g1(xxx,uuu)

∂u1
· · · ∂g1(xxx,uuu)

∂um
...

. . .
...

∂gp(xxx,uuu)
∂u1

· · · ∂gp(xxx,uuu)
∂um


xxx,uuu

(39d)

In practice, the partial derivatives are computed nu-
merically using a central difference scheme. For in-
stance, the elements of the AAA matrix are found as fol-
lows (Refs. 41, 42):

Ai j =
∂ fi (xxx,uuu)

∂x j
≈

fi (xxx+∆x∆x∆x j,uuu)− fi (xxx−∆x∆x∆x j,uuu)
2∆x j

(40)

where the perturbations are performed one by one for
each state. A similar procedure is adopted for finding the
elements of the BBB, CCC, and DDD coefficient matrices.

Analytical Linearization Linearization via finite dif-
ferences is an O(n2) time-complexity method, where n
denotes the number of system states, as it requires per-
turbing each governing equation with respect to every
state variable. To reduce the computational cost associ-
ated with this approach, an analytical differentiation of
the aerodynamic system is pursued. The resulting system
matrix from the analytical linearization takes the follow-
ing form (Refs. 21, 23):



∆µ̇µµw
∆α̇ααp
∆ṙrrp
∆ṙrrw
∆µ̇µµb
∆δ̇δδ p


=


AAAµw

µw . . . . . . AAAµw
δp

...
. . .

...
...

. . .
...

AAAδp
µw . . . . . . AAAδp

δp





∆µµµw
∆αααp
∆rrrp
∆rrrw
∆µµµb
∆δδδ p


(41)

To demonstrate the analytical linearization process, con-
sider the time rate of change of the doublet intensities of
the blade panels. Then:

µ̇µµb =
1
τ

[
−KKK9KKK3(rrrw)µµµw −KKK9BBB′KKK4(rrrp)αααp+

KKK9BBB′ (uuub −UUU∞)−µµµb

] (42)

The perturbation form of this equation can be obtained
by expanding it into a Taylor series truncated at the first
order and by performing simple algebraic manipulations:

∆µ̇µµb ≈
1
τ

[
−KKK9KKK3∆µµµw −KKK9BBB′KKK4∆αααp−

KKK9
∂KKK3

∂rrrw
µ̄µµw∆rrrw −KKK9BBB′ ∂KKK4

∂rrrp
ᾱααp∆rrrp+

III ∆µµµb −KKK9BBB′ ∂KKK4

∂δδδ p
ᾱααp∆δδδ p

]
≈ AAAµb

µw∆µµµw +AAAµb
αp∆αααp +AAAµb

rw ∆rrrw +AAAµb
rp ∆rrrp+

AAAµb
µb∆µµµb +AAAµb

δp
∆δδδ p

(43)

The inclusion of the ground effect into the analytical lin-
earization is in the induced velocity equations. For in-
stance:

ṙrrtot = ṙrr+ ṙrrimage (44)

It is important to note that ṙrr is a function that depends
on the inducing states and the evaluation point, and its
output represents the induced velocities at that point. Ac-
cordingly, Eq. (36a) can be rewritten as:

ṙrrtot(xxxtarget,xxxmain,xxximage)= ṙrr(xxxtarget,xxxmain)+ṙrr(xxxtarget,xxximage)
(45)

where xxxtarget are the evaluation points, which in the cur-
rent case are equal to xxxmain. Now, using Taylor series
expansion to get the derivatives with respect to xxxmain:

∂ ṙrrtot

∂xxxmain =
∂ ṙrr
∂xxx

∣∣∣∣
xxxmain

+
∂ ṙrr
∂xxx

∣∣∣∣
xxximage

∂xxximage

∂xxxmain (46)

where ∂xxximage/∂xxxmain can be computed from Eq. (35).

Harmonic Decomposition

For notational simplicity, the ∆ symbol is omitted, and all
state and control vectors are understood as perturbations
from a periodic equilibrium. The state, input, and out-
put vectors of the Linear Time-Periodic (LTP) system are
subsequently expressed using a truncated Fourier series
that captures a finite number of harmonics of the funda-
mental period:

xxx = xxx0 +
N

∑
i=1

[
xxxic cos

(
2πit
Tp

)
+xxxis sin

(
2πit
Tp

)]

(47a)

uuu = uuu0 +
M

∑
j=1

[
uuu jc cos

(
2π jt

Tp

)
+uuu js sin

(
2π jt

Tp

)]
(47b)

yyy = yyy0 +
L

∑
k=1

[
yyykc cos

(
2πkt

Tp

)
+yyyks sin

(
2πkt

Tp

)]
(47c)
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The harmonic decomposition method, as detailed in Ref.
43, facilitates the transformation of the LTP system
into an approximate, higher-dimensional Linear Time-
Invariant (LTI) system expressed in first-order form:

ẊXX =AAAXXX +BBBUUU (48a)
YYY =CCCXXX +DDDUUU (48b)

where the augmented state vector XXX ∈Rn(2N+1), the aug-
mented control vector UUU ∈ Rm(2M+1), and the augmented
output vector YYY ∈ Rl(2L+1) are defined as follows:

XXXT =
[
xxxT

0 xxxT
1c xxxT

1s . . . xxxT
Nc xxxT

Ns
]

(49a)

UUUT =
[
uuuT

0 uuuT
1c uuuT

1s . . . uuuT
Mc uuuT

Ms
]

(49b)

YYY T =
[
yyyT

0 yyyT
1c yyyT

1s . . . yyyT
Lc yyyT

Ls
]

(49c)

Closed-form expressions for these matrices are detailed
in Ref. 43.

Model Order Reduction

Model order reduction is performed to runtime of the lin-
earized dynamics. Model order reduction is performed
using residualization, a portion of singular perturbation
pertaining to the LTI systems (Ref. 44). By assuming
some fast and stable states to reach steady-state quicker
than some other slow, and possibly unstable states, the
state vector in Eq. (49a) can be partitioned into fast and
slow components:

XXXT =
[
XXXT

s XXXT
f
]

(50)

Consequently, Eqs. (48a) and (48b) can be reformulated
as: [

ẊXX s
ẊXX f

]
=

[
AAAs AAAsf
AAAfs AAAf

][
XXX s
XXX f

]
+

[
BBBs
BBBf

]
UUU (51a)

YYY =
[
CCCs CCCf

][XXX s
XXX f

]
+DDDUUU (51b)

By neglecting the dynamics of the fast states, effectively
setting ẊXX f = 0, a reduced-order system with a state vector
comprising only the slow states can be derived. This is
achieved by solving the ẊXX f equation for XXX f and substitut-
ing the resulting expression into the ẊXX s and YYY s equations:

ẊXX s = ÂAAXXX s + B̂BBUUU (52a)

YYY s = ĈCCXXX s +D̂DDUUU (52b)

where:

ÂAA =AAAs −AAAsfAAAf
−1AAAfs (53a)

B̂BB =BBBs −AAAsfAAAf
−1BBBf (53b)

ĈCC =CCCs −CCCfAAAf
−1AAAfs (53c)

D̂DD =DDD−CCCfAAAf
−1BBBf (53d)

In this analysis, the zeroth harmonic states are selected
as the slow states, while the higher harmonic states are
designated as the fast states.

RESULTS

The SSPVVPM method was integrated with a rotor sim-
ulation model with properties similar to the UH-60 ro-
tor (Table 1). The simulation model is developed in
MATLAB®.

Table 1: Geometric characteristics and rotational speed
of the UH-60-like main rotor blade (Ref. 45).

Parameter Value Units
Radius, R 8.168 m

Blade chord, c 0.527 m
Blade twist, θtw −13 deg

Flapping hinge offset, rc 0.381 m
Angular speed, Ω 27 rad/s

Nonlinear Dynamics

A four-bladed rotor configuration is used to validate
the nonlinear dynamics, incorporating a total of 43,696
states. The discretization includes 5×10 near-wake pan-
els, 10×10 surface panels per blade, and 150×10 vortex
particles distributed along the chord and span. The non-
linear dynamics are validated against experimental and
computational work.

Figure 3 shows the computed thrust ratio, TIGE/TOGE, as
a function of the non-dimensional height above ground,
z/R. The numerical predictions are compared against ex-
perimental data from Leishman (OH-6A, OH-58A, UH-
1H, and UH-1C) (Ref. 46) , Light (Ref. 36), Borisov et
al. (Ref. 47), Fradenburgh (Ref. 48), and Cheeseman et
al. (Ref. 49) and as well as computational results from
Zhao et al. (Ref. 50). The current simulation results lie
within the range of both experimental and numerical re-
sults, demonstrating the solver’s ability to capture the es-
sential aerodynamic characteristics of ground effect. No-
tably, the results reflect the nonlinear increase in thrust
as the rotor descends below z/R = 1, consistent with ex-
perimental expectations. Note that the current solver was
validated against experimental work for the OGE condi-
tion in Refs. 23, 25.

The radial distribution of thrust coefficient is shown in
Fig. 4 for different ground proximities. From Fig. 4,
it can be seen that as the rotor descends closer to the
ground, the peak of the circulation distribution shifts in-
board, and the overall unsteadiness increases. At higher
altitudes (z/R ≥ 4), the radial load distribution stays
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Figure 3: TIGE/TOGE comparison.

mostly similar to the OGE condition. However, as the
rotor approaches the ground, the influence of returning
tip vortices causes the radial load to spread more evenly
along the span. This contrasts with the OGE case, where
the returning tip vortices primarily affect the blade near
its tip.

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

Figure 4: Radial load Comparison at different z/R.

Figure 5 visualizes the wake structure for various ground
heights. For OGE and IGE at z/R = 4, there is no signif-
icant change in the wake structure, which is also evident
in Figs. 3 and 4. As the rotor gets closer to the ground,
the wake starts to compress about the ground location, in-
creasing the thrust of the rotor. Notably, the lateral con-
traction in the wake fades out as the rotor gets closer to
the ground plane (z/R < 1.0), as evident in Ref. 26. Ad-
ditionally, because of the ground effect, vortex particles
near the rotor hub, which are typically weaker due to low
bound circulation and smaller inflow, tend to get deflected
upward. Since they have less inertia and are more easily

influenced by local velocity fields, they lift up instead of
remaining in the wake plane. This creates a pronounced
upward deflection in the inner cutout region of the rotor
disc, forming a fountain-like structure. A similar pattern
can be observed in the wake visualizations presented in
Ref. 51. Also, it is worth noting that when the ground
plane is placed very close to the rotor, some particles
may pass below the ground level. This nonphysical phe-
nomenon occurs because the method of images models
the ground effect without enforcing a physical boundary.
The issue becomes more noticeable under extreme IGE
conditions and can be influenced by large time steps or
steep inflow gradients.
As discussed in Refs. 25, 26, the inclusion of viscous
effects improves the fidelity of wake modeling near the
ground. In this work, the influence of viscosity is ex-
amined by comparing both the wake structure and result-
ing loads for viscous and inviscid formulations. Viscosity
is incorporated through the diffusion term ν∞∇2ωωω in the
vorticity transport equation (Eq. (2)), and numerically
implemented using the Particle Strength Exchange (PSE)
scheme (Ref. 32).
Figure 6 illustrates the rotor wake structure in OGE and
IGE conditions at two representative heights (z/R = 1
and z/R = 0.5) for both the viscous and inviscid cases.
In the OGE case, the influence of viscosity on the wake
structure becomes noticeable. When viscous effects are
included, the wake exhibits reduced contraction com-
pared to the inviscid case. This is primarily due to the
diffusion of vorticity, which weakens the strength of the
wake and leads to a more spread-out flow field. As a
result, the overall wake contraction is less pronounced
when viscosity is taken into account (Ref. 46). In the
IGE cases, the influence of viscosity is apparent as well.
Without viscosity, the wake remains highly organized and
compact. When viscosity is included, the wake shows in-
creased diffusion and broader vorticity spreading, reduc-
ing the coherence of the wake structure.
To further examine the influence of viscosity on ground
effect predictions, the normalized thrust ratio TIGE/TOGE
is plotted in Fig. 7 for both the VPM and VVPM solvers.
As shown, the inviscid VPM tends to overpredict thrust
in ground effect, primarily because the vorticity in the
rotor wake and its image system remains undiffused,
leading to stronger induced velocities and, consequently,
greater thrust augmentation. Notably, the difference be-
tween the viscous and inviscid cases diminishes at very
low altitudes (z/R ≤ 0.5). This can be attributed to
the limited spatial and temporal extent available for vis-
cous effects to develop. At such close proximities to
the ground, the increase in thrust is governed predom-
inantly by near-field pressure accumulation rather than
wake-induced flow modifications, making the influence
of viscosity less pronounced.
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(b) IGE z/R = 4, GP @ z = -32.67 m
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(c) IGE z/R = 1, GP @ z = -8.17 m
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(d) IGE z/R = 0.75, GP @ z = -6.13 m
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(e) IGE z/R = 0.5, GP @ z = -4.08 m
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(f) IGE z/R = 0.25, GP @ z = -2.04 m

Figure 5: Wake structure variation with z/R.
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(b) OGE with viscosity.
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(c) IGE z/R = 1 without viscosity.
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(d) IGE z/R = 1 with viscosity.
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(e) IGE z/R = 0.5 without viscosity.
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(f) IGE z/R = 0.5 with viscosity.

Figure 6: Wake structure with z/R with and without viscosity.
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Figure 7: TIGE/TOGE with and without viscosity compar-
ison.

Linear Dynamics

The nonlinear dynamics were linearized about the peri-
odic equilibrium over one rotor revolution, forming an
LTP system. Harmonic decomposition was then applied
to approximate this system as a high-order LTI model, re-
taining the first state and output harmonics (N = L = 1
in Eqs. (47a)–(47c)) and only the zeroth harmonic of
the control input (M = 0), consistent with low-frequency
control inputs such as primary flight controls. The trun-
cation of harmonics constitutes an implicit model reduc-
tion, with the final LTI model comprising 22,272 states,
3 control inputs, and 309 outputs.

Figure 8a compares eigenvalues from the high-order LTI
model obtained via analytical and numerical linearization
for IGE z/R = 1, showing acceptable agreement. Fur-
thermore, Figure 8b shows the eigenvalue distribution
of both the full and reduced-order systems, exhibiting
a characteristic ”cloud” structure typical of rotary-wing
systems with tip-vortex dynamics (Refs. 12, 52).

The computational time advantages of analytical lin-
earization were evaluated by comparing the processing
times of numerical and analytical methods across a range
of state dimensions. As illustrated in Figure 16, the an-
alytical approach demonstrates a reduction in computa-
tional complexity of O(n2), where n represents the num-
ber of states. Additionally, it can be seen that the inclu-
sion of the ground effect has a higher contribution to the
numerical linearization cost than the analytical lineariza-
tion cost.

Time-Domain Verification

The linearized models were validated in the time domain
by comparing their responses to a 2◦ collective pitch dou-
blet input against the nonlinear system response. The
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(a) High order analytical linear and high order numerical linear
systems.
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(b) High order analytical linear and reduced-order analytical
linear systems.

Figure 8: Eigenvalues of the coupled panel and viscous
vortex particle linear dynamics for IGE z/R = 1.

nonlinear time histories were obtained by integrating Eqs.
(13), while the harmonic decomposition model was inte-
grated via Eq. (48), and the residualized dynamics via
Eqs. (52a) and (52b).

To evaluate discrepancies in the wake dynamics, selected
states and the vertical load were examined. Figure 10
compares the nonlinear, numerically linearized, and ana-
lytically linearized responses for these quantities for IGE
z/R = 1. Figure 11 further compares the nonlinear re-
sponse with both the high-order and reduced-order ana-
lytical models. Linearized output perturbations were re-
constructed using Eq. (47c), while state perturbations
from the high-order model were reconstructed using Eq.
(47a).

A minor discrepancy in δδδ p is observed in Figs. 10 and
11, attributed to the nonlinear evolution of particle core
radii in Eq. (28f), which is not fully captured by the linear
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models. Nevertheless, Fig. 11 shows excellent agreement
between the nonlinear, high-order, and reduced-order an-
alytical models. These results confirm the accuracy and
robustness of the linearization approach.

The comparison between the OGE and the IGE cases is
extended to include the linearized system dynamics. Fig-
ure 12a shows the vertical load response for OGE, IGE
at z/R = 1, and IGE at z/R = 0.5, resulting from a dou-
blet collective input. As seen in Fig. 12a, the linearized
model successfully captures the dominant aerodynamic
behavior. Additionally, Fig. 12b presents the correspond-
ing mean inflow λ0 responses for the same conditions
and input. The observed discrepancies between the linear
and nonlinear solvers in predicting the mean inflow re-
sponse can be attributed to nonlinear dependencies in the
inflow calculation, particularly αααp, rrrp, and δδδ p, which are
not fully captured by the linearized dynamics. Overall,
the analytical and numerical linearization schemes show
excellent agreement, demonstrating the potential of the
analytical approach to serve as an effective replacement
for numerical linearization. Furthermore, from Figs. 12a
and 12b, it can be seen that as the rotor gets closer to
the ground, the thrust increases and the mean inflow de-
creases, consistent with the observations in Refs. 53, 54.

Frequency-Domain Verification

To further validate the linearized models, their frequency
responses are compared against those extracted from the
nonlinear system using standard frequency sweep tech-
niques (Ref. 55). The nonlinear model is excited with a
range of frequencies in the collective pitch input, and the
resulting responses in the selected states and vertical load
are recorded. These input-output datasets are then used
to compute the corresponding frequency responses. For

the linearized models, frequency responses are obtained
directly from their state-space representations. A Fast
Fourier Transform (FFT) is applied using a 20-second
Hamming window with a 0.8 overlap fraction. This com-
parison enables the assessment of how accurately the lin-
earized models capture the system’s behavior across a
range of frequencies.

Figure 13 compares the frequency responses of selected
states and outputs from the nonlinear model, the high-
order analytical linearization, and the high-order numeri-
cal linearization for IGE z/R = 1. Overall, the linearized
models show good agreement with the nonlinear system
at low frequencies, particularly in terms of magnitude and
phase response.

For µµµw, αααp, and µµµb (Figs. 13a, 13b, and 13e), the
linearized models closely match the nonlinear behavior
across most frequencies, with coherence remaining ac-
ceptable. Deviations at higher frequencies are minimal.
In contrast, rrrw and rrrp (Figs. 13c and 13d) exhibit larger
discrepancies at mid-to-high frequencies, particularly in
magnitude, indicating nonlinear interactions not captured
by the linear models. For δδδ p (Fig. 13f), notable discrep-
ancies appear around 1 rad/s, accompanied by a signifi-
cant drop in coherence. However, the responses realign
at higher frequencies, likely due to the reduced influence
of nonlinear core-radius evolution.

It is worth noting that deviations around 1 rad/s may be
partially attributed to spectral leakage and windowing ar-
tifacts from the FFT process, rather than purely physical
dynamics. The coherence trends support this interpreta-
tion, as reduced coherence in this region suggests noise
and numerical limitations in the frequency-domain esti-
mation. Overall, the results confirm that the linearized
models provide accurate predictions of the system’s low-
frequency behavior, with increasing deviation as nonlin-
ear and unmodeled dynamics become more significant at
higher frequencies.

Figure 14 shows the frequency response comparison for
selected states across the nonlinear model, high-order an-
alytical linear model, and reduced-order analytical linear
model. At low frequencies, the reduced-order model gen-
erally follows both the nonlinear and high-order models
closely in terms of both magnitude and phase. This is
particularly clear for µµµw (Fig. 14a), αααp (Fig. 14b), rrrw
(Fig. 14c), and µµµb (Fig. 14e), where the response shapes
match well.

As the frequency increases, some differences start to ap-
pear. For µµµw, the reduced-order model starts to drift
from the other two models, especially beyond the mid-
frequency range. A similar pattern is seen for αααp, where
the reduced-order model no longer tracks the high-order
and nonlinear responses as well. In the case of rrrw, the
agreement holds over the whole frequency range. For
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Figure 10: Nonlinear vs linear solvers for a 2 deg doublet input IGE z/R = 1.

-30

-25

-20

-2

0

2

-5

0

5

-2

0

2

0 0.5 1 1.5 2

5

6

7

0 0.5 1 1.5 2

2.1

2.15

0 0.5 1 1.5 2

2

2.5

3

10
4

Figure 11: Nonlinear vs analytical linear solver (high-order model and reduced-order model) for a 2 deg doublet input
IGE z/R = 1.
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Figure 12: Time history as a result of 2-deg doublet col-
lective input for OGE, IGE z/R = 1, and IGE z/R = 0.5.

rrrp (Fig. 14d), the magnitude stays consistent up to high
frequencies, but the phase response starts to differ no-
ticeably at higher frequencies, likely due to nonlinear ef-
fects. The response for µµµb stays consistent across the
full range, with only small phase differences, suggesting
the reduced-order model works well for that state. Fi-
nally, for δδδ p (Fig. 14f), the reduced-order model begins
to break down around mid-frequencies, with mismatches
in both magnitude and phase and a clear drop in coher-
ence.
In summary, the reduced-order model provides a good
match at low frequencies, but its accuracy drops off at
higher frequencies where nonlinearities and unmodeled
dynamics become more significant.
Figure 15 shows the frequency response of the vertical
load Fz. In Fig. 15a, the nonlinear, high-order numeri-
cal, and high-order analytical models are in close agree-
ment with a minor phase shift, consistent with the time-
domain trends in Fig. 10. Figure 15b compares the non-
linear, high-order, and reduced-order analytical models.
The reduced-order response shows some mismatch, par-
ticularly at higher frequencies, following the same pattern
seen in Fig. 11. Still, the coherence remains high across
the frequency range, suggesting that nonlinearities have
limited impact on the vertical load.
It is important to emphasize that the time and frequency
responses presented for selected states are meant to il-
lustrate representative aspects of the system’s behavior
rather than imply consistent dynamics across all states.
Differences in individual responses may arise due to vari-
ations in their dynamic characteristics. However, integral
quantities such as the vertical load and mean inflow pro-
vide a more complete picture of the overall system dy-
namics.

Computational Cost Study

Following the validation of the linearized dynamics in
time and frequency domains, the computational speedup
was evaluated across varying state dimensions. Simula-
tions were conducted on an AMD® CoreTM EPYC 9754
processor with 128 physical cores, where nonlinear sim-
ulations utilized parallelization, while linearized models
were executed on a single core. As illustrated in Fig.
16, the linearized models, particularly the reduced order
form, offer substantial computational advantages com-
pared to the parallelized nonlinear solver. Results indi-
cate a potential three-order-of-magnitude speedup if the
nonlinear solver were executed on a single core. How-
ever, the relative speedup decreases with increasing state
count, narrowing the runtime gap between nonlinear and
linearized simulations. Additional speed improvements
may be achievable through the parallelization of the lin-
earized solvers.
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Figure 13: Frequency response of the selected states: non-linear, high-order linear analytical, and high-order linear
numerical IGE z/R = 1.

CONCLUSIONS AND FUTURE WORK
This work presents an enhanced state-space aerodynamic
solver that integrates ground effect using the method of

images within a coupled panel and viscous vortex par-
ticle method. The resulting formulation enables model-
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Figure 14: Frequency response of some of the selected states: non-linear, high-order linear analytical, and reduced-
order linear analytical IGE z/R = 1.

ing of rotorcraft wake-ground interaction while preserv-
ing the state-space structure necessary for linear systems

analysis. The solver supports both analytical and numeri-
cal linearization techniques, and the full nonlinear model
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Figure 15: Frequency response of the load Fz IGE
z = 1R.

was validated against experimental data and high-fidelity
numerical simulations. The linearized models were rig-
orously verified against the nonlinear dynamics across
varying ground proximities, demonstrating good agree-
ment in both time and frequency domains.

Results indicate that the full linear model captures low-
and mid-frequency dynamics effectively, with only mi-
nor discrepancies observed at higher frequencies. The
proposed analytical linearization approach matches the
accuracy of numerical perturbation methods while of-
fering significantly reduced computational cost, scal-
ing as O(n2). Reduced-order models also demonstrate
acceptable performance, particularly in the low-to-mid
frequency range, although their accuracy diminishes at
higher frequencies, limiting their applicability in broad-
band or highly dynamic scenarios.

Future work will expand the solver’s capabilities to in-
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3

Figure 16: Simulation speed up for varying number of
states OGE and IGE.

clude inclined ground surfaces (Refs. 53, 56), and to
model forward flight conditions under both OGE and IGE
conditions. Additionally, it will implement and linearize
the other techniques mentioned previously to incorporate
the ground effect.
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