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Abstract

In this paper, the time-dependent non-linear partial differential equations of motion for both
cantilever and articulated rotorcraft blades are derived based on a Newtonian approach. In the
former case, the initial-boundary value problem is solved using linearized equations, via a central
finite difference method. Deflection, bending moment, and shear force distributions during the vi-
bration have been obtained. Included in the latter case is a semi-active impedance control device
that attenuates higher-harmonic vibration transmitted from the blade to the rotorcraft frame. This
device reduces the transmissibility ratio by replacing the pitch link and controlling the boundary
conditions at the root of the blade. Based on the system state, the controller device engages or
disengages the piezoelectric actuators that change the effective mass and stiffness. In this way,
the elastodynamic system is complicated further by time-variant boundary conditions. Further
research is currently in progress in order to evaluate the effect of the proposed control system on
reducing the blade-frame transmissibility ratio.

Nomenclature
A Cross-section area
~a Acceleration vector
An Transformation matrix from An−1 to

An frames of reference
B1 Blade cross-section integral
B2 Blade cross-section integral
C Product used in control algorithm
c Chord length
C1 Second sectorial moment (warping

constant, Iλλ)
C∗

1 Second sectorial moment (Iλη)
d a) Pitch horn length

b) Variable length between joints
E Young’s modulus
e Center of mass axis offset from elastic

axis
E∗ Flap hinge offset
eA Tension axis offset from elastic axis
F a) Lag hinge offset

b) Force from impedance control device
Ff Friction force from control device
G Shear modulus
Iy′ , Iz′ Moments of inertia (deformed co-ordinates)
J Torsion constant

k Spring stiffness
k2

A Polar radius of gyration
k2

m Torsional mass moment of inertia
k2

m1 , k
2
m2 Principal mass moments of inertia

L Pitch link offset
l Fixed length between revolute joints
~M Moment vector (Mx,My,Mz for

undeformed co-ordinates)
m Mass per unit length
N Normal force from control device
n Co-ordinate frame number
P Distance to blade from pitch hinge
~p Body force vector (px, py, pz)
Pi Length between pitch horn and hinge
Po Length between pitch horn and blade

edge
Px′ Warping restraint boundary condition
~q Body moment vector (qx, qy, qz)
rp Generic point on blade rp = (xp, yp, zp, 1)

T Kinetic energy term in Hamilton’s principle
t Time variable
Tblo Torque on blade (Mx in derivation)
U Strain energy term in Hamilton’s principle
u Axial deflection
~V Force vector (Vx, Vy, Vz for
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undeformed co-ordinates)
v Lag deflection
v̄ Non-dimensional lag deflection
~v Velocity vector
W Non-conservative work
w Flap deflection
w̄ Non-dimensional flap deflection
X Inertial x-direction (pos. aft)
x̄ Non-dimensional blade x position
xi Co-ordinate frame i x-direction
Y Inertial y-direction (pos. starboard)
yi Co-ordinate frame i y-direction
Z Inertial z-direction (pos. up)
zi Co-ordinate frame i z-direction
α T6 skew line angle
β Flap hinge angle
∆t Time step in finite difference scheme
∆x Length of element on blade in finite

difference scheme
ε Engineering strain
ζ Lead-lag hinge angle
η Blade major principal axis co-ordinate
θ a) Commanded pitch angle

b) T6 rotation variable
λ a) Warp function

b) State space variable
λη Derivative of warp function with respect

to chord co-ordinate
λξ Derivative of warp function with respect

to thickness co-ordinate
ξ Blade minor principal axis co-ordinate
ρ Density
σ Engineering stress
φ Aeroelastic pitch angle
ψ Azimuth angle
( )′ Spatial derivative along blade length
˙( ) Time derivative
a (Subscript) Denotes actuating body
bl (Subscript) Denotes blade system
c (Subscript) Denotes controlled body
i (Subscript) a) Denotes i-axis (i = x, y, z, η, ξ)

(Subscript) b) Denotes space variable in finite
difference scheme

i′ (Subscript) Deformed i-axis (i = x, y, z)

ss (Subscript) Denotes impedance control
device

V ol (Subscript) Denotes volumetric properties
I (Superscript) Denotes inertial frame

reference
j (Superscript) Denotes time variable in finite

difference scheme

Introduction

The study of active control techniques to re-
duce the aerodynamically induced vibrations of
rotor blades is a principal subject of current re-
search. In order to solve this problem, the non-
linear dynamic equations governing the vibration
of the active rotor blade system have to be es-
tablished. Two of the early reports that have
focused on the passive analysis of rotor blade
dynamics are those of Refs 1 and 2. In these
references, the nonlinear elastodynamic behav-
iour of hingeless rotor blades has been formu-
lated using beam theory. More recent research
in the same area includes that of Refs 3 to 7.
Apart from the structural dynamic and aeroelas-
tic analyses, active vibration control has also be-
come a main focal point of research. This is ex-
emplified by the recent works presented in Refs
8 and 9. Most of the mentioned contributions
discuss the case of hingeless rotor blades.

The current research is an attempt to present
a method for vibration control of fully articulated
rotorcraft blades and utilizes an impedance con-
trol idea that was presented in Ref 10. A semi-
active impedance control device is introduced as
a substitute for the usual pitch link to attenuate
the higher-harmonic vibrations transmitted from
the helicopter blade to the swash plate. The
elastodynamic behaviour of an articulated rotor
blade implementing the impedance control de-
vice is formulated.

From a dynamics point of view, the articula-
tion changes the kinematics of the blade by in-
cluding rigid body motions. Therefore, the link-
age system results in different acceleration ex-
pressions for arbitrary points on the articulated
blade compared to the hingeless blade. This, in
turn, results in a set of inherently different body
forces and moments for the hinged blade.

In the present paper the dynamics of a ro-
tating uniform blade, with both hinged and hin-
geless configurations, made of a homogeneous
isotropic material is discussed. The cross-
section of the blade is assumed to be symmet-
rical with respect to the chordal axis, i.e., the η-
axis. After the problem is formulated, the corre-
sponding non-dimensional form of the equations
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Figure 1: Inertia forces and moments, together with induced internal forces and moments

is linearized and simplified to the non-articulated
case. Consequently, in order to validate the
general equations for a specific case, they are
compared to the existing literature on cantilever
rotor blades. Next, the response of the non-
articulated rotor blade system in the hovering
flight condition is analyzed using the finite differ-
ence method. To obtain results verifiable from
literature and simulations from other elastody-
namic models, the analysis does not include the
impedance controller. This case will be followed
by future analysis of the fully articulated blade
model.

Elastodynamic Equations of the Blade
Utilizing D’Alembert’s principle for the dy-

namic equilibrium of an infinitesimal blade ele-
ment, dx, loaded as shown (Fig 1), the equations
of motion are

∂~V

∂x
+ ~p = 0 (1)

and

∂ ~M

∂x
+ ~i′ × ~V + ~q = 0 (2)

Equations (1-2) can be combined to eliminate
the dependency on Vy and Vz such that the three
moment equations and one force equation be-
come

∂Mx

∂x
+

(
∂My

∂x
+ qy

)
∂v

∂x
+

(
∂Mz

∂x
+ qz

)
∂w

∂x

+ qx = 0

∂2My

∂x2
+ pz +

∂

∂x

(
Vx
∂w

∂x

)
+
∂qy
∂x

= 0 (3)

∂2Mz

∂x2
+ py +

∂

∂x

(
Vx
∂v

∂x

)
+
∂qz
∂x

= 0

∂Vx

∂x
+ px = 0

The appropriate co-ordinate frame transforma-
tion between the deformed and undeformed axis
systems is given in Ref 2. The same transforma-
tion holds true for the x, y, and z components of
forces and moments. Eliminating the higher or-
der terms, the first of Equations (3) results in

M ′
x′−My′ [v′′ cos(θ + φ) + w′′ sin(θ + φ)]

+Mz′ [v′′ sin(θ + φ) + w′′ cos(θ + φ)] (4)

+ qx + v′qy + w′qz = 0

The other two moment equations in (3) can also
be simplified further since the product of the
torque Mx′ and a deflection slope v′ or w′ may
be ignored compared to the moments My′ and
Mz′ . This is because the chord length is consid-
erably smaller than the rotor length, so a point
force on the rotor blade will have a smaller mo-
ment arm for producing torques than for bend-
ing moments. If the torque applied is small com-
pared to the applied bending moments,

qx � qy, qz

by integrating the latter two moment equations
in (3) and multiplying them by the slopes of the
deflections, then subtracting the result from the
mentioned moment equations, the terms Mx′v′

and Mx′w′ can be eliminated. The additional
terms introduced by these operations are neg-
ligible compared to the second order loading
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Figure 2: Helicopter rotor blade geometry

terms, qy and qz, and therefore the two moment
equations from (3) can be rewritten as

[My′ cos(θ + φ)−Mz′ sin(θ + φ)]′′ + (Vxw
′)′

+ pz + q′y = 0 (5)

[My′ sin(θ + φ) +Mz′ cos(θ + φ)]′′ − (Vxv
′)′

− py + q′z = 0

If the tension in the helicopter blade changes
significantly, an equation for Vx′ from the nominal
centripetal force caused by the blade rotation is
required as a function of the rotor blade deforma-
tion. Transforming the forces from Equation (1)
to the deformed axis system and by substituting
Vy′ and Vz′ for Vx′ into the deformed Equation
(3), and neglecting the higher order terms, Vx′

becomes

Vx′ =
∫ R

x

px dx+ v′
∫ R

x

py dx+ w′
∫ R

x

pz dx (6)

Thus, the principal expressions for the mo-
ment equilibrium, i.e. Equations (4) and (5),
combined with Equation (6) for force equilibrium,
describe the internal and external moments and
forces acting on the blade. For helicopter ap-
plications, the terms of third order or higher are
negligible compared to those of second order,
and therefore, Vx′ = Vx = T .

To satisfy dynamic equilibrium, the summa-
tion of the inertial, internal, and external loadings
is zero. To evaluate this, the inertial expressions,

the stress-strain relationships, and the aerody-
namic loads must be obtained. Then the bound-
ary conditions may be formulated to provide the
necessary equations to solve the mathematical
formulation.

Inertial Loading The position vector of an
arbitrary point on the rotorcraft blade is

~rp =

2
6666666666664

x+ u− λφ′ − v′[η cos(θ + φ)− ξ sin(θ + φ)]

−w′[η sin(θ + φ) + ξ cos(θ + φ)]

v + η cos(θ + φ)− ξ sin(θ + φ)

w + η sin(θ + φ) + ξ cos(θ + φ)

1

3
7777777777775

However, for an articulated helicopter blade,
a generic point on the blade must be trans-
formed to the hub co-ordinate frame before any
inertial loads can be calculated. Based on Fig
2, and following the methodology described in
Ref 11 for the rotor mechanism, the Denavit-
Hartenburg (D-H) parameters are indicated in
Table 1.

Table 1: D-H Parameters
n θn dn ln αn

1 ψ 0 0 0
2 0 0 E∗ π

2

3 β 0 F −π
2

4 π
2 + ζ 0 0 π

2

These values are then input into the following
D-H matrix, which describes the transformation
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between the n− 1 and n frames of reference.

An =
2
6666664

cos θn − sin θn cosαn sin θn sinαn ln cos θn

sin θn cos θn cosαn − cos θn sinαn ln sin θn

0 sinαn cosαn dn

0 0 0 1

3
7777775

However, the last frame of reference does
not conform to the required orientations of the
Denavit-Hartenburg formulation, so it must be
calculated separately as follows

Abl =


0 1 0 0

0 0 1 0

1 0 0 L+ P

0 0 0 1


The final transformation matrix, i.e.,

T6 = A1A2A3A4Abl

is given in Appendix A.
Thus, the coordinates of a generic position

vector of a point on the blade in the “bl” system
shown in Fig 2, pre-multiplied by the transforma-
tion matrix, T6, yields the corresponding posi-
tion in the inertial frame of reference, ~Rp.

~Rp = T6~rp = A1A2A3A4Abl~rp

The inertial accelerations are required to de-
termine the inertial forces and moments. The ac-
celerations are calculated by taking the second
time-derivative of the inertial position vector, Rp.
Now, since the transformation matrix is also time
dependent, the following expression is obtained

~aI = T̈6~rp + 2Ṫ6~̇rp + T6~̈rp

The inertial forces and moments can be de-
termined using the expressions stated in Ref 2
as shown below. Note that although the same
expressions apply, the resulting inertial forces
and moments are not identical due to incongru-
ent definitions of the inertial frames of reference.

pI
x = −

∫ ∫
A

ρaxdηdξ

pI
y = −

∫ ∫
A

ρaydηdξ (7)

pI
z = −

∫ ∫
A

ρazdηdξ

qI
x =

∫ ∫
A

ρay(zp − w)− ρaz(yp − v)dηdξ

qI
y = −

∫ ∫
A

ρax(zp − w)dηdξ (8)

qI
z =

∫ ∫
A

ρax(yp − v)dηdξ

Where the blade mass constants (used in the fi-
nal equations) are defined as follows:

m ≡
∫ ∫

A

ρdηdξ e ≡ 1
m

∫ ∫
A

ρηdηdξ

k2
m1

≡ 1
m

∫ ∫
A

ρη2dηdξ k2
m2

≡ 1
m

∫ ∫
A

ρξ2dηdξ

k2
m ≡ k2

m1
+ k2

m2

Stress Resultant-Displacement Equations
The strain-displacement equations are identical
to those found in Ref 2:

εxx = u′ +
v′2

2
+
w′2

2
− λφ′′

− v′′ [η cos(θ + φ)− ξ sin(θ + φ)]

− w′′ [η cos(θ + φ)− ξ sin(θ + φ)]

+
(
η2 + ξ2

) (
θ′φ′ +

φ′2

2

)
εxη =− (ξ + λη)φ′ (9)

εxξ =(η + λξ)φ′

It is assumed that σηη = σηξ = σξξ = 0. Now,
using Equations (9) and Hooke’s Law, the axial
force on the blade can be expressed as

Vx′ =
∫ ∫

A

σxxdηdξ =
∫ ∫

A

Eεxxdηdξ (10)

= EA

(
u′ +

v′2

2
+
w′2

2
+ k2

Aθ
′φ′

− eA [v′′ cos(θ + φ) + w′′ sin(θ + φ)]
)
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The resultant moments are

Mx′ =
∂

∂x

∫ ∫
A

λσxxdηdξ +
∫ ∫

A

[
ησxξ − ξσxη

+λ
(
∂σxη

∂η
+
∂σxξ

∂ξ

)]
dηdξ (11)

= (GJ + EB1θ
′)φ′ + EAk2

A(θ′ + φ′)×(
u′ +

v′2

2
+
w′2

2

)
− EB2θ

′×

(v′′ cos θ + w′′ sin θ)

− [EC1φ
′′ + EC∗

1 (w′′ cos θ − v′′ sin θ)]′

My′ =
∫ ∫

A

ξσxxdηdξ (12)

= EIy′ [v′′ sin(θ + φ)− w′′ cos(θ + φ)]

Mz′ =−
∫ ∫

A

ησxxdηdξ (13)

= EIz′ [v′′ cos(θ + φ) + w′′ sin(θ + φ)]

− EAeA

(
u′ +

v′2

2
+
w′2

2

)
− EB2θ

′φ′

where the blade geometrical constants are de-
fined as

A ≡
∫ ∫

A

dηdξ eA ≡ 1
A

∫ ∫
A

ηdηdξ

k2
A ≡ 1

A

∫ ∫
A

η2 + ξ2dηdξ Iy′ ≡
∫ ∫

A

ξ2dηdξ

J ≡
∫ ∫

A

η̂2 + ξ̂2dηdξ Iz′ ≡
∫ ∫

A

η2dηdξ

B1 ≡
∫ ∫

A

(
η2 + ξ2

)2
dηdξ C1 ≡

∫ ∫
A

λ2dηdξ

B2 ≡
∫ ∫

A

η
(
η2 + ξ2

)
dηdξ C∗

1 ≡
∫ ∫

A

ξλdηdξ

and the remaining integrals not included are
negligible or identically equal to zero, due to the
antisymmetry of the warping function, λ, and the
assumed symmetry of the blade cross-section.

Substituting Equations (7), (8), (11), (12),
and (13) into Equations (4-5), and Equations (7)
and (10) into (6) the final four equations of mo-
tion are derived. Due to the length of these final
equations, they are included in Appendix B.

Cantilever Blade Boundary Conditions The
helicopter blade rigidly attached to the hub has

identical boundary conditions to a cantilever
beam. These can be expressed as

u = v = v′ = w = w′ = φ = 0

{x = 0}

and

Mx′ = My′ = Mz′ = Vx′ = Vy = Vz = 0

{x = R}

Using the expressions for the shear forces in
terms of stress resultants, i.e.,

Vy = −M ′
y′ sin(θ + φ)−M ′

z′ cos(θ + φ)− qz

Vz = M ′
y′ cos(θ + φ)−M ′

z′ sin(θ + φ) + qy

the shear force boundary conditions at x = R

can be rewritten as

−M ′
y′ sin(θ + φ)−M ′

z′ cos(θ + φ)− qz = 0

M ′
y′ cos(θ + φ)−M ′

z′ sin(θ + φ) + qy = 0

Numerical Solution for Cantilever Case
The cantilever blade can be analyzed as a

special case of the presented formulation. To
this end, the length of the links are set equal
to zero, also the hinges are inactivated by set-
ting the hinge angles equal to zero. To solve
the resulting system of the equations of motion
they were transformed into the state space rep-
resentation. These equations were then trans-
formed into a set of finite difference equations
using the following central difference scheme for
initial-boundary value problems (Ref 12).

λ

�
x+

∆x

2
, t+

∆t

2

�
=

1

4

h
λj+1

i+1 + λj
i+1 + λj+1

i + λj
i

i
∂λ

∂t

�
x+

∆x

2
, t+

∆t

2

�
=

1

2∆t

h
λj+1

i+1 − λj
i+1 + λj+1

i − λj
i

i
∂λ

∂x

�
x+

∆x

2
, t+

∆t

2

�
=

1

2∆x

h
λj+1

i+1 + λj
i+1 − λj+1

i − λj
i

i
with second order accuracy, O(∆x2,∆t2), and
where λ refers to a general state space variable.

A numerical solution algorithm in time and
space similar to that used in Ref 12 has been ap-
plied. The numerical solution based on the men-
tioned formulation was applied for a NACA0012
airfoil 1.1 m in length, with an aluminium struc-
tural shell. The airfoil was modelled as a shell,
with a chord length of 7.53 cm and a skin thick-
ness of 1.5 mm. For the numerical values used
in the simulation, and a graphical representation
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Figure 3: Lag bending moment and shear force diagram over 4 s at 1 s intervals

Figure 4: Flap bending moment and shear force diagram over 4 s at 1 s intervals

Figure 5: Tip trajectory from rest to 8 s of start-up phase
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of the blade cross-section, see Fig C-1 in Ap-
pendix C.

The simulation was performed on a blade
rigidly attached to the axis of rotation that em-
ulated a rotating cantilever beam. The nu-
merical experiment was conducted through a
10 s start-up phase, in which the rotor assem-
bly underwent a constant angular acceleration
of 20.6 rad/s2, followed by a 5 s constant ro-
tational velocity phase. The hover flight simu-
lation results were obtained by applying basic
aerodynamic excitations, see Ref 4, not includ-
ing blade-vortex interactions.

Simulations were run to determine the sen-
sitivity and stability of the results with respect to
space and time step sizes. The blade was dis-
cretized into 99 elements and the simulation was
run with a time step of 0.001 s.

The bending moment and shear force dia-
grams for the lead-lag and flap modes of mo-
tion of the cantilever blade are shown in Fig 3
and Fig 4, respectively. These figures show the
bending moment and shear force at one second
intervals beginning at 50% of the start-up speed.
The bending moment and shear force have been
non-dimensionalized by dividing the respective
expressions by mΩ2R2 and mΩ2R.

There are two observations that can be used
to validate these results. First, the derivative
of each bending moment roughly corresponds
to the appropriate shear force, even though the
shear forces were not calculated in that way.
Second, the magnitudes of all of these stress re-
sultants increase as the rotational velocity of the
blade increases. This is expected since both the
inertial and aerodynamic loads increase as the
blade rotates more rapidly.

The time history diagrams of the tip deflec-
tion of the blade in different modes and for the
first 8 s have been illustrated in Fig 5. At ap-
proximately 7.6 s into the simulation, an instabil-
ity is observable. Higher order finite difference
schemes are being applied in order to resolve
this numerical issue.

Articulated Blade Boundary Conditions In
the articulated case, it is assumed that there
is a plate attached to the inboard tip of the blade

that provides sufficient warping restraint. At this
same position, there are two groups of con-
straints: the boundary conditions of the blade
and the kinematic constraints of the linkage
mechanism. Referring to the geometry of the
links (Fig 2), the natural boundary conditions at
this end are

Tblo =Fssz
(d cos θ − (L+ Po) sin ζ)

− Fssy
(d sin θ − (L+ Po) sin ζ sinβ)

− (L+ Po + Pi) sin ζ (Vz + Vy sinβ)

My =Fssz
(F + (L+ Po)) cos ζ

− Fssx
(d sin θ − sinβ)

+ (F + (L+ Po + Pi) cos ζ) (Vz + Vx sinβ)

Mz =− Fssy
(L+ Po)

− Fssx(d cos θ − (L+ Po) sin ζ)

− (Vy − Vx sin ζ)(L+ Po + Pi)

The remaining boundary conditions at this
end are as follows

u = 0

φ′ = 0

vbl = (L+ P ) sin ζ + v

wbl = (F + (L+ P ) cos ζ) sinβ + w

where v and w refer to the blade elastic defor-
mations in the blade co-ordinate system; and the
total displacements, vbl and wbl, refer to the sum
of the elastic deflections and the rigid body dis-
placements. The boundary conditions at the out-
board end are identical to those at the free end
of the clamped blade.

Additionally, there is the following kinematic
constraint equation arising from the coupling be-
tween the pitch bearing and the flap hinge:

φ0 =
d cos θ cos ζ + (L+ Pi) sin ζ

(F+(L+Pi)cosβ)cos ζ − d(cos θ sin ζ + sinβ sin θ)
β

There is also coupling between pitch and lag that
can be described as

φ0 = − d sin θ
(L+ Pi) cos ζ − d cos θ sin ζ

ζ

Application of Impedance Control
An impedance controller for vibration at-

tenuation of a system subjected to base-
excitation has been illustrated in Ref 10.
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Figure 6: Impedance control
device replacing the pitch link

In what follows,
the same idea is
utilized in a he-
licopter blade to
reduce the mo-
tion of the con-
trolled mass, i.e.
the swash plate.
The impedance
control device is
mounted on the
swash plate and
connects to the helicopter blade via the pitch
horn (Fig 6).

To reduce the velocity of the controlled mass,
its kinetic energy or linear momentum should be
reduced. Both of these aims can be achieved by
imposing controlled frictional damping.

Referring to Fig 6, the equations of motion
of the impedance controller can be derived from
Hamilton’s principle:∫ t2

t1

[δ(U − T )− δW ]dt = 0

The kinetic and potential energies of the system
are as follows

T =
1
2
maẋ

2
a +

1
2
mcẋ

2
c +

1
2

∫
V ol

ρ~v · ~vdηdξdx

U =
1
2
k1(xc − wbl)2 +

1
2
k2(xa − wbl)2

+
1
2

∫
V ol

(σxxεxx + σxηεxη + σxξεxξ)dηdξdx

The final equations of motion of the im-
pedance control device in the flap direction are

maẍa + k2xa − k2wbl = −Ff (t)

mcẍc − k1wbl + k1xc = Ff (t) (14)

They should be supplemented by the corre-
sponding equations in the other degrees of free-
dom and also the equations of motions of the
blade itself.

The impedance control device utilizes piezo-
ceramic actuators that can supply enough force
to prevent slip between contact surfaces. In
this way, they switch the system state between
the ‘uncoupled’ three-body motion and ‘coupled’

two-body motion. Kinetic energy that would have
been returned to the system in a reactive man-
ner can be removed.

As demonstrated in Ref 10, the only infor-
mation required to control the system is the ab-
solute velocity of the controlled structure (ẋc),
and the relative velocity of the actuators to the
controlled structure, (ẋa − ẋc). The control algo-
rithm will be an on/off switch that is based on the
sign of the product of the preceding two terms.

C = ẋc (ẋa − ẋc) (15)

When C is negative, the actuating mass and
swash plate are moving in opposite directions,
so if the actuator is engaged it will reduce the
motion of the controlled mass. Conversely, if
C is positive, then the masses are moving in
the same direction, and the actuator should be
disengaged to prevent amplification of the mo-
tion of the controlled mass. This idea of ‘state-
switching’ was proposed in Ref 13.

The simulink model of the state-switch con-
troller is shown in Ref 10. This controller would
be used in conjunction with a MATLAB code in
order to determine the elastic deflections and
rigid body motions of the blade.

Conclusions
In this paper, the non-linear behaviour of an

articulated rotorcraft blade with and without a
control device was formulated. The formulation
included bending (in both lead-lag and flap), to-
gether with torsion and extensional equations of
motion for an articulated rotorcraft blade. It also
described the articulated blade boundary con-
straints where the pitch link was replaced by
an impedance control device. The impedance
control device was modelled, and an algorithm
for the reduction of the transmissibility ratio was
presented. The set of equations of motion
for the non-articulated blade and its boundary
conditions were solved using a finite difference
scheme. Having obtained the numerical re-
sults, the dynamic bending moment and shear
force diagrams for the cantilever blade were illus-
trated. The tip trajectories were also plotted, and
a more accurate finite difference scheme was
determined to be necessary for convergence.
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APPENDIX A
The transformation matrix below describes the position and orientation of the helicopter blade with respect to the inertial

frame of reference attached to the hub.

T6 =

2
666666666666664

cosψ cosβ cos ζ − cosψ cosβ sin ζ − cosψ sinβ (cosψ cosβ cos ζ − sinψ sin ζ) (P + L)

− sinψ sin ζ − sinψ cos ζ +cosψ cosβF + cosψE∗

sinψ cosβ cos ζ − sinψ cosβ sin ζ − sinψ sinβ (sinψ cosβ cos ζ + cosψ sin ζ) (P + L)

+ cosψ sin ζ + cosψ cos ζ +sinψ cosβF + sinψE∗

sinβ cos ζ − sinβ sin ζ cosβ sinβ cos ζ(P + L) + sinβF

0 0 0 1

3
777777777777775

(A-1)

APPENDIX B
The following equations of motion describe the dynamics of the articulated helicopter blade with respect to the inertial

co-ordinate frame. However, the integrals and derivatives are properly taken with respect to the rotor blade co-ordinate
frame. The aerodynamic terms are left unknown, however, the aerodynamic loading, according to Ref 4, was used to solve
for the hover flight condition.

The δu equation (longitudinal extension) is:

EA

(
u′ +

v′2

2
+
w′2

2
+ k2

Aθ
′φ′ − eA

�
v′′ cos(θ + φ) + w′′ sin(θ + φ)

�)′

= T ′ =

−m

�
sinψ v̈ + 2

�
cosψζ̇ + cosψψ̇

�
v̇ + 2 cosψβ̇ ẇ +

�
cosψψ̇2 − 2 sinψψ̇ββ̇ + cosψψ̈ζ

+ sinψψ̈ − 2 sinψψ̇ζζ̇ + cosψβ̇2 + cosψββ̈ + sinψζ̈ + cosψζ̇2 + cosψζζ̈ − sinψψ̇2ζ

+2 cosψψ̇ζ̇ − sinψζζ̇2
�
x+

�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2 − sinψζ̇2 + cosψψ̈

�
×

(v + e cos θ)−
�
2 sinψψ̇β̇ − cosψβ̈

�
(w + e sin θ)

+
�
cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψζ̈ + sinψψ̈

�
(P + L)
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+
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F +

�
cosψψ̇2 + sinψψ̈

�
E ∗ −

�
sinψψ̇2 + 2 cosψψ̇ββ̇

+ 2 cosψψ̇ζζ̇ + sinψβ̇2 + sinψββ̈ − 2 sinψββ̇ζζ̇ + sinψζ̇2 + sinψζζ̈ + cosψψ̇2ζ + sinψψ̈ζ

+2 sinψψ̇ζ̇ + cosψζζ̇2 − cosψζ̈ − cosψψ̈
��1

2
v′′(R2 − x2)− v′x

�

−
�
ββ̇2 − β̈ + 2β̇ζζ̇ + βζ̇2 + βζζ̈

� �1

2
w′′(R2 − x2)− w′x

��
(B-1)

The δv equation (lead-lag bending) is:

Lv =

��
EIy′

�
v′′ sin(θ + φ)− w′′ cos(θ + φ)

�
− EC∗

1φ
′′� sin(θ + φ) + cos(θ + φ)×

 
−EAeA

 
u′ +

v′2

2
+
w′2

2

!
− EB∗

2θ
′φ′ + EIz′

�
v′′ cos(θ + φ) + w′′ sin(θ + φ)

�!#′′

−m

�
v′
Z R

x

n
sinψ v̈ + 2

�
cosψζ̇ + cosψψ̇

�
v̇ + 2 cosψβ̇ ẇ +

�
cosψψ̇2 + sinψζ̈

− 2 sinψψ̇ζζ̇ + cosψβ̇2 + cosψζ̇2 − 2 sinψψ̇ββ̇ + cosψζζ̈ − sinψψ̇2ζ + sinψψ̈

+ cosψψ̈ζ + cosψββ̈ + 2 cosψψ̇ζ̇ − sinψζζ̇2
�
x+

�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2

− sinψζ̇2 + cosψψ̈
�

(v + e cos θ)−
�
2 sinψψ̇β̇ − cosψβ̈

�
(w + e sin θ)

+
�
cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψζ̈ + sinψψ̈

�
(P + L)

+
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F +

�
cosψψ̇2 + sinψψ̈

�
E∗
o
dx

�′

+m

�
sinψ

�
ü− e(v̈′ cos θ + ẅ′ sin θ)

�
− sinψζv̈ + cosψ

�
v̈ − eφ̈ sin θ

�
+ 2

�
cosψψ̇ + cosψζ̇

� �
u̇− e(v̇′ cos θ + ẇ′ sin θ)

�
− 2

�
sinψψ̇ + sinψζ̇

�
×�

v̇ − eφ̇ sin θ
�
− 2

�
cosψψ̇ζ + cosψζζ̇

�
v̇ − 2 sinψβ̇

�
ẇ + eφ̇ cos θ

�
− 2 cosψψ̇β ẇ −

�
sinψψ̇2 + sinψβ̇2 + sinψζ̇2 + 2 sinψψ̇ζ̇ − cosψζ̈ − cosψψ̈

�
×
�
u− e(v′ cos θ + w′ sin θ)

�
− ẅ sinψβ

−
�
sinψψ̇2 + 2 cosψψ̇ββ̇ + 2 cosψψ̇ζζ̇ + sinψβ̇2 + sinψββ̈ − 2 sinψββ̇ζζ̇ − cosψψ̈

+ sinψζ̇2 + sinψζζ̈ + cosψψ̇2ζ + 2 sinψψ̇ζ̇ + cosψζζ̇2 − cosψζ̈ + sinψψ̈ζ
�
x

−
�
2 cosψψ̇ζ̇ + sinψζ̈ + cosψψ̇2 + cosψζ̇2 + sinψψ̈

�
(v + e cos(θ + φ))

+
�
sinψψ̇2ζ − cosψψ̈ζ + sinψβ̇2ζ + 2 sinψββ̇ζ̇ + sinψζζ̇2 + 2 sinψψ̇ζζ̇ − cosψζζ̈

�
× (v + e cos θ)−

�
2 cosψψ̇β̇ + sinψβ̈

�
(w + e sin(θ + φ))

+
�
sinψψ̇2β + sinψββ̇2

�
(w + e sin θ)

−
�
sinψψ̇2 + 2 cosψψ̇ββ̇ + 2 cosψψ̇ζζ̇ + sinψβ̇2 + sinψββ̈ + sinψζ̇2 − cosψψ̈

+sinψζζ̈ + cosψψ̇2ζ + 2 sinψψ̇ζ̇ + cosψζζ̇2 − cosψζ̈ + sinψψ̈ζ
�

(P + L)

−
�
sinψψ̇2 + 2 cosψψ̇ββ̇ + sinψβ̇2 + sinψββ̈ − cosψψ̈

�
F −

�
sinψψ̇2 − cosψψ̈

�
E ∗

�

+m
n
e cos θ

h
− sinψv̈ − 2

�
cosψζ̇ + cosψψ̇

�
v̇ − 2 cosψβ̇ẇ+�

2 sinψψ̇ββ̇ + 2 sinψψ̇ζζ̇ − cosψββ̈ − cosψζζ̈ + sinψψ̇2ζ + sinψ ζζ̇2 − cosψψ̈ζ
�
x

−
�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2 − sinψζ̇2 + cosψψ̈

�
v +

�
2 sinψψ̇β̇ − cosψβ̈

�
w

−
�
sinψζ̈ + cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψψ̈

�
(P + L)

−
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F −

�
cosψψ̇2 + sinψψ̈

�
E∗
i

− e cos(θ + φ)
h�

cosψψ̇2 + sinψψ̈ + cosψβ̇2 + cosψζ̇2 + sinψζ̈ + 2 cosψψ̇ζ̇
�
x
i
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+
�
k2

m2
− k2

m1

�
cos θ sin θ

h
2 sinψψ̇β̇ − cosψβ̈

i
+
�
k2

m2
cos2 θ + k2

m1
sin2 θ

� h
− cosψζ̈ + 2 sinψψ̇ζ̇ + sinψψ̇2 + sinψζ̇2 − cosψψ̈

io′
(B-2)

The δw equation (flap bending) is:

Lw =

��
EIy′

�
v′′ sin(θ + φ)− w′′ cos(θ + φ)

�
− EC∗

1φ
′′� cos(θ + φ)− sin(θ + φ)×

 
−EAeA

 
u′ +

v′2

2
+
w′2

2

!
− EB∗

2θ
′φ′ + EIz′

�
v′′ cos(θ + φ) + w′′ sin(θ + φ)

�!#′′

+m

�
w′
Z R

x

n
sinψ v̈ + 2

�
cosψζ̇ + cosψψ̇

�
v̇ + 2 cosψβ̇ ẇ +

�
cosψψ̇2 + sinψζ̈

− 2 sinψψ̇ζζ̇ + cosψβ̇2 + cosψζ̇2 − 2 sinψψ̇ββ̇ + cosψζζ̈ − sinψψ̇2ζ + cosψψ̈ζ

+cosψββ̈ + 2 cosψψ̇ζ̇ − sinψζζ̇2 + sinψψ̈
�
x+

�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2

− sinψζ̇2 + cosψψ̈
�

(v + e cos θ)−
�
2 sinψψ̇β̇ − cosψβ̈

�
(w + e sin θ)

+
�
cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψζ̈ + sinψψ̈

�
(P + L)

+
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F +

�
cosψψ̇2 + sinψψ̈

�
E∗
o
dx

�′

−m
n
ẅ + eφ̈ cos θ + 2β̇

�
u̇− e(v̇′ cos θ + ẇ′ sin θ)

�
− 2

�
β̇ζ + βζ̇

�
v̇ − 2ββ̇ẇ

+ β̈(u− e(v′ cos θ + w′ sin θ)) +
�
−ββ̇2 + β̈ − 2β̇ζζ̇ − βζ̇2 − βζζ̈

�
x

− 2β̇ζ̇(v + e cos(θ + φ))−
�
β̈ζ + βζ̈

�
(v + e cos θ)− β̇2(w + e sin(θ + φ))

− ββ̈(w + e sin θ) +
�
β̈ − ββ̇2 − 2β̇ζζ̇ − βζ̇2

�
(P + L) −

�
ββ̇2 − β̈

�
F
o

−m
n
e sin θ

h
− sinψv̈ − 2

�
cosψζ̇ + cosψψ̇

�
v̇ − 2 cosψβ̇ẇ+�

2 sinψψ̇ββ̇ + 2 sinψψ̇ζζ̇ − cosψββ̈ − cosψζζ̈ + sinψψ̇2ζ + sinψ ζζ̇2 − cosψψ̈ζ
�
x

−
�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2 − sinψζ̇2 + cosψψ̈

�
v +

�
2 sinψψ̇β̇ − cosψβ̈

�
w

−
�
sinψζ̈ + cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψψ̈

�
(P + L)

−
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F −

�
cosψψ̇2 + sinψψ̈

�
E∗
i

− e sin(θ + φ)
h�

cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + sinψζ̈ + 2 cosψψ̇ζ̇ + sinψψ̈
�
x
i

+
�
k2

m2
− k2

m1

�
cos θ sin θ

h
− cosψζ̈ + 2 sinψψ̇ζ̇ + sinψψ̇2 + sinψζ̇2 − cosψψ̈

i
+
�
k2

m2
sin2 θ + k2

m1
cos2 θ

� h
2 sinψψ̇β̇ − cosψβ̈

io′
(B-3)

The δφ equation (aeroelastic twist) is:

Mφ =

 
GJφ′ + EAk2

A(θ + φ)′

 
u′ +

v′2

2
+
w′2

2

!
+ EB∗

1θ
′2φ′

− EB∗
2θ

′ �v′′ cos θ + w′′ sin θ
�
−
�
EC1φ

′′ + EC∗
1

�
w′′ cos θ − v′′ sin θ

��′ �′−
�
EIy′

�
v′′ sin(θ + φ)− w′′ cos(θ + φ)

�
− EC∗

1φ
′′� [v′′ cos(θ + φ) + w′′ sin(θ + φ)]

+

 
−EAeA

 
u′ +

v′2

2
+
w′2

2

!
− EB∗

2θ
′φ′ + EIz′

�
v′′ cos(θ + φ) + w′′ sin(θ + φ)

�!

× [v′′ sin(θ + φ)− w′′ cos(θ + φ)]

+m
n
e sin θ

h
sinψü−

�
sinψψ̇2 + sinψβ̇2 + sinψζ̇2 + 2 sinψψ̇ζ̇ − cosψζ̈ − cosψψ̈

�
u

+2
�
cosψψ̇ + cosψζ̇

�
u̇− sinψζv̈ − 2 cosψψ̇βẇ − 2

�
cosψψ̇ζ + cosψζζ̇

�
v̇

+2 sinψββ̇ζζ̇x+
�
sinψψ̇2ζ + sinψβ̇2ζ + 2 sinψββ̇ζ̇ + sinψζζ̇2 + 2 sinψψ̇ζζ̇ − cosψψ̈ζ

− cosψζζ̈
�
v − ẅ sinψβ +

�
sinψψ̇2β + sinψββ̇2

�
w −

�
2 cosψψ̇ββ̇ + 2 cosψψ̇ζζ̇

+ sinψββ̈ + sinψζζ̈ + cosψψ̇2ζ + cosψζζ̇2 + sinψψ̈ζ
�

(P + L) +
�
− sinψββ̈
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−2 cosψψ̇ββ̇
�
F
i

+ e sin(θ + φ)

�
cosψv̈ − 2 sinψβ̇ẇ − 2

�
sinψψ̇ + sinψζ̇

�
v̇

−
�
sinψψ̇2 + 2 cosψψ̇ββ̇ + 2 cosψψ̇ζζ̇ + sinψβ̇2 + sinψββ̈ + sinψψ̈ζ − cosψψ̈

+sinψζ̇2 + sinψζζ̈ + cosψψ̇2ζ + 2 sinψψ̇ζ̇ + cosψζζ̇2 − cosψζ̈
�
x

−
�
2 cosψψ̇ζ̇ + sinψζ̈ + cosψψ̇2 + cosψζ̇2 + sinψψ̈

�
v −

�
2 cosψψ̇β̇ + sinψβ̈

�
w

−
�
sinψψ̇2 + sinψβ̇2 + sinψζ̇2 + 2 sinψψ̇ζ̇ − cosψζ̈ − cosψψ̈

�
(P + L)

+
�
cosψψ̈ − sinψψ̇2 − sinψβ̇2

�
F +

�
cosψψ̈ − sinψψ̇2

�
E ∗

�

− e cos θ
h
2β̇u̇+ β̈u− 2

�
β̇ζ + βζ̇

�
v̇ − 2ββ̇ẇ − βζζ̈x

−
�
β̈ζ + βζ̈

�
v + ββ̈w −

�
ββ̇2 + 2β̇ζζ̇ + βζ̇2

�
(P + L)− ββ̇2F

i
− e cos(θ + φ)

×
h
ẅ −

�
ββ̇2 − β̈ + 2β̇ζζ̇ + βζ̇2

�
x− 2β̇ζ̇v − β̇2w + β̈(P + L) + β̈F

i
+
�
k2

m2
− k2

m1

�
cos θ sin θ

h
− sinψv̈′ − 2

�
cosψψ̇ + cosψζ̇

�
v̇′ − 2 sinψβ̇φ̇

+ sinψψ̇2ζ + sinψβ̇2ζ + 2 sinψββ̇ζ̇ + sinψζζ̇2 + 2 sinψψ̇ζζ̇ − cosψζζ̈ − cosψψ̈ζ

+2β̇ẇ′ + ββ̈ + w′β̈ + v′
�
sinψψ̇2 + sinψβ̇2 + sinψζ̇2 + 2 sinψψ̇ζ̇ − cosψζ̈ − cosψψ̈

�i
+
�
k2

m2
− k2

m1

�
cos(θ + φ) sin(θ + φ)

h
β̇2 − 2 cosψψ̇ζ̇ − sinψζ̈ − sinψψ̈

− cosψψ̇2 − cosψζ̇2
i

+
�
k2

m1
cos2 θ + k2

m2
sin2 θ

� h
− sinψẅ′ − cosψφ̈

− 2
�
cosψψ̇ + cosψζ̇

�
ẇ′ + 2

�
sinψψ̇ + sinψζ̇

�
φ̇+ sinψψ̇2β + sinψββ̇2

+w′
�
sinψψ̇2 + sinψβ̇2 + sinψζ̇2 + 2 sinψψ̇ζ̇ − cosψζ̈ − cosψψ̈

�i
−
�
k2

m1
cos2(θ + φ) + k2

m2
sin2(θ + φ)

� h
2 cosψψ̇β̇ + sinψβ̈

i
−
�
k2

m1
sin2 θ + k2

m2
cos2 θ

� h
φ̈− 2β̇v̇′ − β̈ζ − βζ̈ − v′β̈

i
+
�
k2

m1
sin2(θ + φ) + k2

m2
cos2(θ + φ)

� h
2β̇ζ̇

io
−mv′

n
e sin θ

h
− sinψv̈ − 2

�
cosψζ̇ + cosψψ̇

�
v̇ − 2 cosψβ̇ẇ

+
�
2 sinψψ̇ββ̇ + 2 sinψψ̇ζζ̇ − cosψββ̈ − cosψζζ̈ + sinψψ̇2ζ + sinψ ζζ̇2 − cosψψ̈ζ

�
x

−
�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2 − sinψζ̇2 + cosψψ̈

�
v +

�
2 sinψψ̇β̇ − cosψβ̈

�
w

−
�
sinψζ̈ + cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψψ̈

�
(P + L)

−
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F −

�
cosψψ̇2 + sinψψ̈

�
E∗
i

− e sin(θ + φ)
h�

cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + sinψζ̈ + 2 cosψψ̇ζ̇ + sinψψ̈
�
x
i

+
�
k2

m2
− k2

m1

�
cos θ sin θ

h
− cosψζ̈ + 2 sinψψ̇ζ̇ + sinψψ̇2 + sinψζ̇2 − cosψψ̈

i
+
�
k2

m2
sin2 θ + k2

m1
cos2 θ

� h
2 sinψψ̇β̇ − cosψβ̈

io
+mw′

n
e cos θ

h
− sinψv̈ − 2

�
cosψζ̇ + cosψψ̇

�
v̇ − 2 cosψβ̇ẇ+�

2 sinψψ̇ββ̇ + 2 sinψψ̇ζζ̇ − cosψββ̈ − cosψζζ̈ + sinψψ̇2ζ + sinψ ζζ̇2 − cosψψ̈ζ
�
x

−
�
cosψζ̈ − 2 sinψψ̇ζ̇ − sinψψ̇2 − sinψζ̇2 + cosψψ̈

�
v +

�
2 sinψψ̇β̇ − cosψβ̈

�
w

−
�
sinψζ̈ + cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + 2 cosψψ̇ζ̇ + sinψψ̈

�
(P + L)

−
�
cosψψ̇2 + cosψβ̇2 + sinψψ̈

�
F −

�
cosψψ̇2 + sinψψ̈

�
E∗
i

− e cos(θ + φ)
h�

sinψψ̈ + cosψψ̇2 + cosψβ̇2 + cosψζ̇2 + sinψζ̈ + 2 cosψψ̇ζ̇
�
x
i

+
�
k2

m2
− k2

m1

�
cos θ sin θ

h
2 sinψψ̇β̇ − cosψβ̈

i
+
�
k2

m2
cos2 θ + k2

m1
sin2 θ

� h
− cosψζ̈ + 2 sinψψ̇ζ̇ + sinψψ̇2 + sinψζ̇2 − cosψψ̈

io
(B-4)
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APPENDIX C
The following calculations include blade mass and geometrical constants using the definitions in the previous sections.

The calculated values below are based on properties of an aluminium 2026-T6 NACA0012 airfoil as mentioned, with a chord
length of 7.53 cm and an average skin thickness of 1.5 mm, as shown in Fig C-1. The blade mass and geometrical constants
are:

m = 0.5788
kg

m
e = 1.722× 10−12m k2

m1
= 7.217× 10−7m2 k2

m2
= 4.094× 10−4m2

k2
m = 4.101× 10−4m2 A = 2.090× 10−4m2 eA = 1.053× 10−11m k2

A = 4.101× 10−4m2

EIy′ = 10.56Nm2 EIz′ = 5.988× 103Nm2 GJ = 3.047× 102Nm2

B1 = 9.440× 10−11m6 B2 = 4.634× 10−8m5

C1 = 0 C2 = 0

Figure C-1: Blade cross section used to calculate constants
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