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ABSTRACT

At present, a simplified approach to the prediction of roter blade
airloads is H.rged to be developed in the engineering application,

In this paper, firstly, relations of first two harmonic induced
velocities to the lower and same-order harmonic circulations are obtained
from the generalized classical vortex theory of the rotor, Then, based
on the blade element theory, a closed form of equations for circulation
is established and, by taking the flapping condition into account,
simplified formulae for predicting rotor blade airloads are set wp, In
particular, expressions of flapping coefficients are derived, including
the effect of variable induced velocity distribution but in terms of blade
parameters and flight parameters only.

Finally, a calculation of a typical example is made and compatisions
of airloads with those from the more accurate numerical solution are
shown that the present method is fairly suitable for aerodynamic

analysis and preliminary design of helicopters,
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NOTATION

Q

rotational speed of the rotor

R —— radius of the rotor

o induced velocity

T=v/0R nondimensional

r circulation

F=I/QR? nondimensional

(r, 8) —— polar coordinates in the disk plane

{(p, ¥) dummy polar coordinates

F=r/R nondimensional

e=p/R nondimensional

O air density

k number of blades

Ve —— forward velocity of the rotor

Fo=Vy/QR nondimensional

vV, resultant velocity of the air—stream, constant over the disk
plane

7=V ,/0QR nondimensional

ag angle of attack of the rotor with respect to Vy

a angle of attack of the rotor with respect to ¥,

b — blade chord

i=b/R nondimensional

¢, —— blade section lift coefficient

a. two dimensional lift curve slope

T; — thrust of one blade
T=kT, —— thrust of the rotor
§ —— blade section pitch angle

U

relative velocity of blade section
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nondimensional

g=U/QR

#y ww— blade pitch at the root

A§ e blade twist

#; —— cosine term of blade feathering

¥,

sine term of blade feathering

U, =~ velocity component in the disk plane

U, —— velocity component normal to the disk plane
u=V,cos ap/2R
Ay=Fysin ap/ QR
K

advance ratio

inflow ratio

factor of coupling between [lapping and {eathering

f.-—— flapping angle with origin at pin

Al —— flapping angle with origin at center

- coning angle

@i —— cosine term of blade flapping
b, -—— sine term of blade flapping
e flapping pin offset

e=e¢/R nondimensional

m; —— blade mass

y=m,/ py I8 nondimensional

CT=T/%'pu xR (2 R2 ——— thrust coefficient

J. — inertia moment of one blade about the pin

S, —— mass moment of one blade about the pin
{(M4). —— thrust moment of one blade about the pin
(Mq).

g

gravity moment of one blade about the pin

gravity acceleration

i

root and ti;; losses factor after integration
1 INTRODUCTION
The prediction of rotor blade airfoads in flapping plane is one of the
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fundamental problems in helicopter aerodynmamics and dynamics, This is
because not only helicopter {light performance, handling quality, but
also rotor fatigue life, aeroelastic instability all depend on the
understanding of the rotor blade airloads, particularly of the blade
thrust loads,

Since 1960s, various investigators have done much work in the area
and got great success, In 1973, AGARD organized a specidlists meeting
on “Helicopter Rotor Loads Predicion Methods” in Maly (ref, 1). It was
a survey of the situation of the analytical methods used by different
airframe manufacturers, However, as stated by some reviews and later in
many papers (ref, 2, 3 ), the improvement in recent years is ‘mot so
significant even with the high speed, large scale digital compwter owing
to the complexity of the rotor behavior, Rather, it is reguired to have a
simplified method f{or predicting rotor blade airloads available to the
engineer and the designer at a working level,

In this paper, firstly, relations of first two harmomnic induced
velocities to the lower and same-order harmonic circulatiens are obtained
from the generalized classical vortex theory of the rotor, Then, based
on the blade element theory, a closed form of equatiens for circulation
is established, And finally, by taking the {lapping condition into

account, simplified formulae for calculating rotor blade airloads are

sef up,
9 INDUECED VELOCITIES

According to the generalized vortex theory of rigid wake of the
rotor (ref, 4), the axial induced velocity at any point (7, 8) on the
rotor disk is a function of the bound vortex circulation T'(p, ).

a=7(T) (2—~1)

If the circulation I is expanded into Fourier series,

6—4



F=Fu(ﬁ)+21 [T ne(B) cos mO+ T (P) sin mé] (2—2)

the induced velocity 3 could be written into Fourier series also,

5='Eu(ﬁ)+§ [T.(F) cos np+5,.(F) sinny] (2—3)

Here, every harmonic component of %, in general, is induced by all
harmonic components of circulation, [a this work, as a simplification,
only the lower and same-order harmonics of circulation to the induced
velocity are taken into account by considering the major contribution of

vortices, i.e,

al.r=;i’-;]s+7v-: :

(2—4)

Bpe=Ti.+Thi4+v}:
+

........................ J

where the superscripts denote the harmonic orders of circulation,

Based on Wang's vortex theory (ref, 5 ) and limited to second

harmonics, we find (induced velocity is posilive as downward),

Bo= ~ (=T
sl G B F(3 4 0 B) oo
[  der nBls
+(1—et) (=T}
m=~ﬂéﬁ{(c+c)(“?‘)ﬂ+(1+c2) (=T
B ==l %g—;dﬁﬁ-




i hrdone CEN[ 53 3 1 By
R

(TN dle P s
+ (¢ C)( 7 )Io dp 7 dB-+
Tdly, 1 301 , P\
3 Gl 1 B 1 = 4 i
+(C +C)[[g dﬁ Fs 2 F(zy £l 2: g)dp+
z‘il—:ls_l_ 3 1 2\ iz
+(—o) (-T2} (2~5)
where the hypergeometric functions are defined as follows,
— e G
F(a, b, d, z)_1+k?: (e k1 F
in which '
lz] <1,
(a)s=a(a+1)(a+2)(a+k—1)
das—1, ~732, <=
and the symbol ¢ is
1—isina;]  cosa
ST tesar I lsima !

The expressions of induced velocity harmonics above are the key to
the settlement of our problem, The hypergeometric [unctions involved,
according to reference 8, might he cut down to the first several terms

in the series,
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3 EQUATIONS OF CIRCULATION

Based on the blade element theory. (ref, 6} and the famous Joukowsky

formula, the rotor blade airloads can be expressed as

dT,

dr

= onl/ r:% oull?be, (3—1)

here, the conventional assumptions are adopted,

U=U,
cywac(lﬂ*-— g’*)

X

Thus, the circulation relation (nondimensional) is

F="§§“a >~‘(zj Fo—17,) (3—2)

For articulated rotor, the blades are considered as rigid with hinge
offset e and coupling factor between flapping and feathering K, and for
hingless rotor, the blades could be considered as deflected to first
elastic mode and treated as an equivalent model, Therefore,

V=8 +-FIF+ 3, cos -y sinp—KB.
0.=F+usiny

— - B
== Ao+ T+ucos p - fut (F—2) 45 (3—3)
and
= B _ 1 [, _ i —
ﬁ’__lw-e_—l——élia” g‘i(ancosnw-l—b,.smmb)] (3—4)
If introduce following notations
Av=A+d3u
ay=a;—13
by =bi+1}
. __ 0 __ Gy —
95 =th—Ki—s ) (3—5)

r?r=ﬂ;+K1%*E

g3=d, + K2 )

and neglect smaller terms which conta?ned l-"e-é and the flapping
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coefficients higher than third order a;, ba-, we have

SB[ 935+ 497~ T+ A3+ uot |

023[ —Fe—p g+b F 4+ uag-l- #szj]

T=2 [z? gt A =% al‘?‘—%uf{aa%-—é—#bz]
F=% [ —%*#GI+KGQE"+2bﬂ:I
r “2[ _—yb'—ZazF-!-Kbg?] (3-8

1t should be noted that, under the premise of the simplified treatment
(i.e. ouly the lower and same-order harmonics of circulation to the
induced velocity are taken into account), the relationship between
circulation and the induced velocity is obtained as a closed form,
From (2—5) and (3-—6), the harmonic components of the induced

velocity might be written as {follows

— -’1 { -
UO Lo U f? ﬁ_}_dﬂ 7-2_]_ :E + i1 G
le .UI]F' l‘ M az 2!11{2 1;4 le

FI
1¢
de‘;l,=—AEL[( R ua)(%‘?“-{—é-W)-f—

w93{~Er i pes Lo 4

+ad(~Lr-Lrtd )]

Fre= AL: [ ;y+d§p?—a;?——%-uKag+—é—ybg] -’—iA AT,
A= (934207 + (1wt

T = _fif [1 pat+Ka, 7+ ZE?zfrjl-l- l+1 07 — A0

ATpo= i'fifg [—Lase—tase]+



* 1+345{T{1f54cg I:(M'l'“flg‘# ﬂ?)('—lisff—%w_ga FS)—}-
+a=(f—0¢~§;-a_—§_;~s)+ 40(1—25¢+§_g¢3_i_2?5)]+

(- -kl

A}

+—Iﬁ}~:—?1 [*i(lqm)y . dﬁ+é~a;_

2 1+ 43

Al /cos ay o1 1 AN
—_ll-l——A?,_ 2 (lo-l-?.u az)}.i‘ (1+In 7‘)]

A 1 . - -
g == 2 —[7#51"202T+szf]+—wdmg,

Bl bue) (-t r)s

5
il o) e (i)

+ Ad(lm‘ﬁfé_c—ff‘—) e S L

e ) o

t e, — AD 251'.1'10.'1 1 [ 2
Aii=4Aq i4sina,’ Api=4s 1+sin a;
4sina,

o 2+2sin?ay 2e 40 )
Azi=4y (1+sin a1)?

Agg:Aa‘(ﬁ“s“i“ﬁ‘a_;)z':
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2 cos a;
Ale=A4) Al.= A4°
e ? 1+sin oy 1e e

0 OZ_ZSinCtl [ T o
Azc AO 1+Sina1 1 Azs—'.Azc

2cos a;sin @
AT 7 Ayi= A%

1¢
Az: (l+5iﬂa1)2 s

i

o ZCOSG[ _ 13, 1%
A“(H—sina])z’ Ayi=Ai:

i

Ay:
Here must be mentioned that, in doing the integration for the induced
velocity, the lower limit of the integrals should be changed to 7
instead of o, where ¥ is the nondimensional radial distance at blade root

cutout, if the infinite occures,
Since circulation I" is expanded into Fourier series, the blade

airload could be also written as Fourier series,

G T B (CF) oo my s (), sinmy]
(3—8)
From expressions (2—2), (3—1) and (3—3), we have
(dggln)g=—§—,(fu?+—;“#}:h
(-‘!—Smii)” —_-—ﬁ"(Flcf"l‘%PFzs)
(L), =Z(Tur+ulo—Tuls)
(id?ﬂ“)zc =-j—(1'“'a=$ -%ufﬂd— ; #Fss)
(55, =2 (rerebiribunt) oo

Then, the relations between harmaonics of the hlade airloads and
harmonics of circulation are established,

As for the thrust coefficient of the whole rotor, it is easily given as

cr=kj:; (ﬂd—iﬂ)ﬂdfzxk[; (4 ) dr (3—10)

where 7y is the nondimensional radial distance at blade root cutout and
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ri is the tip loss factor, if it is desired to be considered

4 FLAPPING CONDITION

Since there are flapping coefficients in the expressions of circulation

and the induced velocuty, it is necessary to study the flapping motion

For articulated rotor,

reference 6, is given as

d ﬂ S+ BT+ eS)= (ML), ~(Mo).

where

=r:(r—e)2dm1

inertia moment of one blade about the flapping pin

R
=j (r—e)dm
—-—mass moment of one blade about the flapping pin

M=["(r=e)dT,
"
——thrust moment of one blade about the flapping pin
(Ma)czgsc

——gravity moment of one blade about the flapping pin

or in nondimensional form.

LB T 4B Fom (A= (o),

And it can be written as

gﬁ T8 7 M,—7

where

TJe=J/mR?, J=T./(1—~&)*

eS
52—

142t =1y

"Q
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S.=S./mR, $=5./(1—&)
(M )e=(M )e/mQPR, Ma=@a/(1—2)
- (Mo)e=(Me)/m2R,  Mo=35
g=g/$"R
If we express A, into & Fourier series

A_rf,r—“()l"h)ﬁ"% ((M.)ee cOs nyp+(Madu sinnyp}  (4—3)

then, we f{ind
a7 T=(M1)—~F S

---------------------

an(nz_..—p'z)jz (Ffﬁ)nc

ba (P —=32) T =(M.4)n: (4—4)
and

— \ _ Pul ]"—! f—e = (dCn

M=) T 2( F )od

f— HR3 jTl ')-"—E R dCﬂ

(M"I)M:_ m) 70 1—e 2( dar )nc df

—_ _ p“R j'_l F—e T dc'r]_ = _

@=L | =5 5 (5., 4 (4—3)

""" Qrey Qpsy WE must

thus, in order to calculate flapping coefficients gy,

solve (M), = CMadney (Ma)o: belore, These are long integrals, In a

simple case, put fF=constant, ¢=0, »°=1, and denote
PKR3 anh //,T

Y= 2

we get

el L)+ ) -

t_ N L _ §S
— it dri—=| = FdF | — 22
-[u vormar ]o 2 #h T T] J

e 24, 1 Lo w5 s2dr={"uz, 7
alz[gﬂu y-l-?dr? .u+~'2'—/io u—J‘U’anr df— M BoF df+
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+[ 4 wmee 7] [(G—07)
b,'=U; 5y 72 dF.«i-[; L ppardrts o ,u]/(%'l'—é“#z)

@=(q1p1+q:p23/Cqi +a3)
b= (q1p2—q2p1)/(a? +4q3) (4—6)

where

A ge 2 1 ZIL—-—_I‘——2~_1_~
pr1= #3 p 64fﬁﬂ+ozumsra’r ;T df +5ua

4
LI S b g 2 1 .
Pa=— nkqu“,,'r'df— 0"025"‘ dr — M ﬂa"!‘:‘é“,ubl
=3 _g(lilLl 2)
N=" K(4_+ )
=41
qz_z 8.”

Here, when we determine a.,. 6., only ag,-3, bn_z, u_1, by, are taken
into account, but ayey, .Bay1, On+z, basz are not, as we noticed that the
magnitude of higher order harmonies of flapping coelficients is smaller
than lower ones,

And also we have

ook ol b ralied) s

3
t b1 :
+%A;—I;’«sﬁdf-_[n —;-u T a’rj (4—7)
In the formulae of flapping coefficients ag, a}, &Y, - and thrust

coefficient C;, by contrast to classical formulae, there are additional

terms of induced velocity integrals, Using equations (3—7), we can

integrate them out and further obtain,

R, U 7Y (R SRS NI Al/eos ay )
Cr=x T a»b[ﬂ0(3(1+Ag) +Z(1+ A::)# 21IF ADN(AF AT ‘u)“'l‘

1 1 . A%/cosa )

+ i IO A TaA T AT H T IO A (AT H )+
. 1 e Af,/_cosal .2 —
+’1°(z(1+A3) AF AL ATy # )] (4—8)
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= . 1 1 o Ayjcosar .

do "?[’9°(4(1+Ag) T A D TR A+ ATD “)+
1 1 - Al /cos ay 2

+ 29 I+ 40 TE0F AP TEIF AN AT AT w)+

1 Ajeosa;  g\]_3S. _
+’1°(3(1+A3) 2(1+A2)(1+Ati)‘”ﬂ T (4=9)

v [ ge 1 1 _ Al Jcos a;
g [’?°“(3(1+Ag)+3(1+A::) 3(1+.A3)(1+A}:))+

I o 1 _ Ap./cos a; )+
401+AY) AL+ A 41+ AD(L+F AN

+ a8

. 1 AL/
‘“‘”‘( 2(1+4Y) "'2(1+A3)c(itaf]1:_:) )1/

1 Alo,/COS a, 2 1 2 i 2
/[4(1+ A I AN G A D ¥~ Tr A4 “ 1 “]

{4—10)
b'=[m—1—~r— ap+ 4ie (0.0885-+0,0449+
LA FATRDHNT G A aFarny Y
PRI S N ) B S —_
+0.2(13+1 ua,):l,[d(l_%_A{:) +4] (4—11)

in which, ¥, and T, are neglected,

[t can be seen [rom equations (4—8), (4—9) and (4~—11) that, under
the same flight condition (A}, g, #3), the values of Cr and gg, in which
the variable induced velocity distribution is taken into consideration,
are smaller than that of considering constant induced velocity
distributiqn, while the value of §? is much larger, As already discussed
in references 7 and 9, the lpqgitudinal induced velocity distribution has
a pronounced influence on the sine flapping coefficient 5! and it is very
importaﬁt to the lateral control, In this paper, we first bring up the
analytical expressions for Cr and flapping coefficients with the effect of
variable induced velocity distribution but in terms of blaae parameters
and flight parameters only,

Furthermore, we have

a;= (qeap1i+ quzp22)/(qugae+ qrzqar)
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ba= (g1 pra— qu1p11)/(qu1q22+ qi2q21) (4—12)

where
T —Agc _ 1 2 ‘_A““fcosal
p““"°[12(1+Ag)(1.+A§:) 4(1+A}:)’“(1 1+ At )]*‘
AT o 1 of i Al/cosary
+‘4”[10(1+A3)(1+A§:) 6(1+A;:)“(1 1+ A8 )J+
1o 1 1644¢ .
+ 6”“‘[ 1+45 HBEY ]+ 125(1F A ) (1F A1) 0
— [__ 3A?c . SAg.-/ﬁE.‘._OSCH _
Pa=Yolll = og(IF AN+ AL 5 19(1F AT+ ALY
204y A8 /cos
87(1+Ai:)(1+f1§:)(1 1+ A7 )]+
_ A% L 2A45./cos a1 _
] TAFAD(F ALY B+ A (AF AT
e _(1__A?,/cosgl)j|_
125(1F A D) (1+ A2 1+48

_ 1 -, 1645 e
AT Ay Ot s A (F Ay O F

+'é"“br(1+}4: et 1+{4§: )

N U D SIS R
m=y [4(1+A§:) TEaTATHH ]K'
I ,

T2 TR F AT B+ A D

_8 [ 1 N
= [4(1+ %:)+8(1+Ai:)“]K’

| 1 g
P T4 T4

in py; and ps, some smaller terms are neglected,

5 BLADE AIRLOADS

Substituting the expressions of the induced velocity harmenics (3—7)

into the equations of the circulation harmonics {(3—6), we obtain the

latter in & matrix form.
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3ty

_ A8
(T B
o
Tlc -
—— Gulr Ao
Ty | = ——1Q1- (5—1)
z at |
fZC : : b
~ TZSJ i
a2
\bz-J

where all elements in matrix [Q) are given in Appendix 1,
Next, substituting the expressions of the circulation harmonics (5—1)

into the equations of the blade airloads (3—9), we obtain finally.

- (a’d&l)\ 3~
i T A0
4 |
()., 1
(). |- =
at F
()., b
a
)
" where matrix {P] is; _
x 3

[Pl=}u O 'Fu% o |-[Q}

,
[

R
o
<
e
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6 AN EXAMPLE

In illustration of the present method, we take the rotor blades of
Y—2 Helicopter as an example and compute the flapping coefficients for
#=0.05, 0.075, 0.10, 0.125, 0.15, 0.20, 0.24 and the thrust loads for

#==0,20 with a calculator, The initial data are given as follows,

R=5m 5=0.0486
A8=—0,1396 rad, e=0.014

K=023 k=3

m=2,755 kg-sec’/m 2=37.48 rad/sec
pa=0,108 Lkg-sec?/mt G.=5.73

and the flight parameters are taken from trim calculation, For instance,
at 4=0,20, we find,

7 1=0.2053 cos a;=0,9741

d5=0.2409 ?=—0.02494
Then, according to the formulae of calculating the {lapping coefficients
(4—9), (4—10), (4—11), (4—12) and (4—13), the results of aq, «?, 6!, as,
and b, versus advance ratio u are obtained and plotted in Figures 1, 2,
3, 4 and 5 respectively,

In those figures, the results of the f{lapping coefficients for constant
induced velocity distribution are also plotted in comparision, It can be
seen that, as stated before, the curve of gy for variable induced velocity
distribution is lower than that of a; for constant distribution, The
curves of af for two distributions are nearly the same, However, the
curves of 5* for two distributions are quite different, The former is
larger than the latter, particularly, there is a peak at low speeds, This
phenomenon was observed in many tests (ref, 9), The curves of a, and
of (—by) are slightly similar to that of 6f, but the magnitude of a,-and of

(—b;) are one-tenth smaller than that of 7, And it is resonable in fact that
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we might neglect the higher order flapping coefficients when calculating

the lower ones,

Finally, from formulae of the induced velocity harmonics (3—7) and

from formulae of the blade airloads harmonics {5—2), the values of

o (S5, (), (4R, (409, - (4,

are calculated along radius for x=0.20, And the results are shown in

Figs., 6—10 and in Figs. 11—15. In order to verify the accuracy of the
simplified method, the results of the blade airloads harmonics {rom the
numerical integration method (rel, 10) are also plotted in Fips, 11—15,
It can be seen that the curves of the airloads from different methods
are in good coincidence, Besides, in Fig, 16, the curves of the blade
airloads along azimuth for different radial distances are plotted for
illustration, The tendency of these curves are very similar to those,

which were found in reference 1,

7 CONCLUSIONS

The major conclusions obtained form the present study can be

summarized below,

{1) Based on the generalized classical rotor vortex theory and the
biade element theory, a closed {orm of relations between the induced
velocity and circulation is established,

(2) It might be the {irst time to set up the analytical expressions
of flapping coefficients and blade zirloads, including the effect of
variable induced velocity distribution but in terms of blade parameters
and flight parameters only,

(3) The method developed here for predicting rotor blade airloads

is simplified for calculation and it is believed to be suitable for engineering
application,
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APPENDIX I

Q=

2

oo
=)

1
1+4

72,

1
Q”“1+Ag

N
Q13—1+Ag ]

Qu=0,

1
QIS'—':Z' (1+Ag) i,

Qu=0Qn=Q=

G = (1+A:§§61+A )(%f"gfz—%o"ﬂ)'
(e o a v i )
Q= (1+A3fﬁ’+Ai 5 (-37-37).

QH=T;§E?<—uL

= aaray (i E ")
Q= 1+j4:z 7,

Q=




_ 1 _AlJcosa
Q5= 1+A§:(1 1548 )“”

1 (_AlJeosayy 1
Qu=rp (R
Q34=Us

— _AdJeosa 1, 1
Css 1+A::( 147 2% 7F ”)’

Oum 1_[ 2 boAy s (QH
WS TR AS T T UF AN (A 10

+Zptdm)),

Oy L [ 3c Al.Ajé (_lﬂ_
ST AL+ A T AN+ A D\ 15
165y | 1 g Ajc/cos a Ai/eosary o

390 T1e7 )"*"2(14- ) (1 1A ) ]
— 1 _ A?E_A;: X 3 :r_ 3

Q-ﬁ“‘ 1+A EI-(l-I-AS)( :) + '-f"' 7 )+

Qus= 1+1A§—:—“1:1 t+ (1+j°?)°<1l4§z4 : -+
by )i
+ ?Iiczzal%ﬂz ?12_(1+1nf))].
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