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ABSTRACT
This paper describes the theoretical derivation, implementation, and validation of a teetering rotor model for appli-
cations in flight dynamics simulations. The rotor formulation is generic and accounts for both positive and negative
angular rotor speeds. The module is integrated within a generic multi-rotor/wing flight dynamics code implemented in
MATLAB®/Simulink. The model is validated against flight-identified data for an ultralight coaxial helicopter. The im-
pact of the rotor-on-rotor interactional aerodynamics is evaluated in trimmed flight in terms of spectral and frequency
response analyses. Model-order reduction methods are investigated to guide the development of linearized models
that are tractable for flight control design while still predicting the effect of rotor-on-rotor interactions on the vehicle
flight dynamics. Model-following flight control laws based on these reduced-order linearized models are developed
and tested on the nonlinear dynamics. Results indicate that incorporating rotor-on-rotor aerodynamic interactions
significantly affects trim, dynamic response, and power requirements. These interactions introduce nonzero roll trim
attitudes and increased collective and pedal inputs at low speeds due to asymmetric thrust distribution between rotors.
The upper rotor generates higher thrust and inflow while the lower rotor operates in its wake, leading to over 60%
higher total power consumption. Frequency response analysis shows improved gain and phase alignment with flight-
identified data, particularly in roll, yaw, and heave responses above 0.4–0.5 rad/s.

INTRODUCTION

The flight dynamics of a coaxial helicopter differ significantly
from those of a conventional single main–tail rotor helicopter.
For example, while the heave and yaw dynamics of conven-
tional helicopters are strongly coupled due to the torque gen-
erated by the main rotor, this coupling is largely absent in
coaxial helicopters, where the counter-rotating rotors approx-
imately cancel each other’s torque. This not only reduces
inter-axis coupling, but also allows coaxial configurations to
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be trimmed with approximately zero sideslip and bank angle.
Conventional helicopters, on the other hand, must typically
be trimmed for either zero sideslip or zero bank angle, but
not both simultaneously. The coaxial helicopter considered
in this study features a teetering rotor system without a flap-
ping hinge, resulting in a non-dimensional flapping frequency
of one-per-revolution (1/rev), as noted in (Ref. 1). The ro-
tor therefore operates at resonance, and the blade flapping re-
sponse lags the cyclic control input by 90 degrees – consis-
tent with the behavior of second – order systems at resonance.
Consequently, there is no need for swashplate phasing, which
is typically used in articulated rotors to mitigate the roll–pitch
cross-coupling induced by flapping hinge offset. These char-
acteristics may provide operational advantages over conven-
tional configurations, particularly for novice or recreational
pilots, who often require extended training to achieve profi-
ciency in rotorcraft control.

As an ultralight rotorcraft, the coaxial helicopter considered in
this study offers advantages in terms of reduced maintenance

1



requirements and mechanical simplicity compared to conven-
tional designs. However, several flight dynamic challenges –
some common to most hovering vehicles – remain. Prior stud-
ies (Refs. 2, 3), as well as the analysis by McRuer (Ref. 4),
have identified coupled pitch–roll instabilities in hover, which
can pose significant handling challenges, particularly for less
experienced pilots. To improve stability and controllability,
the implementation of a stability and control augmentation
system (SCAS) is warranted. The development of such a sys-
tem requires an accurate flight dynamics model that captures
rotor-on-rotor aerodynamic interactions. This model may be
obtained through system identification based on flight test
data or derived from a first-principles, physics-based formu-
lation. Given the cost and complexity of flight testing, as well
as its applicability primarily to existing airframes rather than
early-stage design evaluations, a physics-based model is par-
ticularly valuable for stability analysis, handling-quality as-
sessment, and flight control system development.

Previous work on coaxial rotorcraft, particularly the edm
aerotec CoAX 600 platform, has primarily focused on control-
oriented modeling and parameter estimation. In Ref. 5, Hos-
seini et al. developed a nonlinear simulation model using
blade element momentum theory (BEMT), which was cou-
pled with a rigid-body fuselage model and used for con-
trol design and validation. Unknown aerodynamic and in-
ertial parameters were identified using maximum likelihood
estimation based on flight test data. The model was vali-
dated in both time and frequency domains, and linearizations
were employed for control law synthesis. Follow-up stud-
ies (Refs. 6–8) extended this approach to include a finite-state
dynamic inflow model and expanded parameter estimation to
forward flight. While these contributions represent important
progress toward dynamic modeling of coaxial rotorcraft, the
resulting models remain partially empirical and do not resolve
the rotor–rotor aerodynamic interactions or nonlinear kine-
matics inherent to teetering rotor systems. To date, a com-
prehensive, physics-based model that captures the flight me-
chanics of a coaxial teetering rotor system system with rotor-
on-rotor interactions has yet to be developed.

Accordingly, the objectives of this study are as follows: (i) de-
velop a generic flight dynamics model of the ultralight coaxial
helicopter shown in Fig. 1, ensuring linearizability and incor-
porating a teetering rotor system, and rotor-on-rotor aerody-
namic interactions, building upon previous work (Refs. 9,10);
(ii) assess the impact of rotor-on-rotor interactional aerody-
namics on flight dynamics; (iii) investigate model-order re-
duction techniques to generate linearized representations suit-
able for flight control design while preserving the key aerody-
namic interactions affecting flight dynamics; and (iv) imple-
ment and evaluate model-following flight control laws based
on reduced-order models, demonstrating their effectiveness in
nonlinear simulations in meeting desired stability, response,
and handling-quality criteria.

Figure 1: Ultralight coaxial helicopter to be modeled generi-
cally. Source: EDM Aerotec GmbH (Ref. 11).

Specific novelties of this work include: (i) the development of
a teetering rotor model for flight dynamics applications; (ii)
the development of a physics-based model of the current tee-
tering coaxial rotorcraft that accounts for rotor-on-rotor inter-
actions; and (iii) the design of an automatic flight control sys-
tem (AFCS) for this configuration, based on linearized models
that incorporate rotor-on-rotor aerodynamic effects.

The paper is organized as follows. It begins with the theo-
retical derivation and formulation of a teetering rotor model
intended for flight dynamics simulation, capable of handling
both positive and negative rotor angular velocities. The im-
plementation of this model within a generic multi-rotor/wing
flight dynamics framework in MATLAB®/Simulink is then
described. Validation is performed against flight-identified
data for an ultralight coaxial helicopter. The influence
of rotor-on-rotor aerodynamic interactions is examined in
trimmed flight through spectral and frequency response anal-
yses. Subsequently, model-order reduction techniques are ex-
plored to generate linearized representations suitable for flight
control design while preserving the effects of rotor-on-rotor
coupling. Finally, model-following flight control laws are
developed based on the reduced-order models and evaluated
within the full nonlinear simulation environment.

TEETERING ROTOR MODEL

Transformation Matrices

As the base for the kinematics and dynamics derivations that
follow, it is convenient to introduce commonly-used transfor-
mations between reference frames.

Body to Hub Frame Transformation Consider Fig. 2. In
the present analysis, rotor hub tilt is defined as positive aft,
while hub cant is defined as positive for right-wing-down ori-
entation. The rotor hub frame, labeled H, is related to the
body frame through two successive transformations. The first
transformation is a rotation about the iiiB axis by an angle φm,
resulting in the intermediate frame T (Fig. 3a).
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Figure 2: Rotor hub cant and tilt angles on a AW609.

(a) Rotation about the iiiB axis by an
angle φm.

(b) Rotation about the jjjT axis by an
angle βm.

Figure 3: Body to hub frame rotations.




iiiT
jjjT
kkkT


=




1 0 0
0 cφm sφm

0 −sφm cφm




︸ ︷︷ ︸
TTT B→T




iiiB
jjjB
kkkB


 (1)

Note that, according to this definition, main rotors with a
rotation axis aligned with the kkkB axis have a cant angle of
φm = 0 deg. Conversely, tail rotors with a rotation axis aligned
with the jjjB axis have a cant angle of φm = 90 deg. The second
transformation is a rotation about the jjjT axis by an angle βm,
resulting in the hub frame H (Fig. 3b).




iiiH
jjjH
kkkH


=




cβm 0 −sβm

0 1 0
sβm 0 cβm




︸ ︷︷ ︸
TTT T→H




iiiT
jjjT
kkkT


 (2)

According to this definition, the tilt angle of either rotor of a
tiltrotor aircraft in helicopter mode is βm = 0 deg. Conversely,
in airplane mode, the tilt angle is βm =−90 deg. Similarly, the
forward tilt of the UH-60 main rotor is represented as βm =
−3 deg. The transformation from the body frame to the hub
frame is obtained by substituting Eq. (2) into Eq. (1).




iiiH
jjjH
kkkH


= TTT T→HTTT B→T




iiiB
jjjB
kkkB




=




cβm sβmsφm −sβmcφm

0 cφm sφm

sβm −cβmsφm cβmcφm




︸ ︷︷ ︸
TTT B→H




iiiB
jjjB
kkkB


 (3)

The inverse transformation, i.e., that from the hub to the body
frame, is:




iiiB
jjjB
kkkB


= TTT T

B→H




iiiH
jjjH
kkkH




=




cβm 0 sβm

sβmsφm cφm −cβmsφm

−sβmcφm sφm cβmcφm




︸ ︷︷ ︸
TTT H→B




iiiH
jjjH
kkkH


 (4)

Hub to Blade Frame Transformation Consider a teetering
rotor blade, as shown in Fig. 4.

Figure 4: Teetering rotor schematics.
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The blade undergoes the following motion (successive single-
axis rotations), shown in Fig. 5:

1. Rotation with an angular speed −Ω about the vertical
axis of the rotor hub frame kkkH . The degree of freedom
associated to this rotation is the azimuth angle ψ. The
transformation from the hub to the flap frame is:




iiiF
jjjF
kkkF


=




c(π−ψ) s(π−ψ) 0
−s(π−ψ) c(π−ψ) 0

0 0 1






iiiH
jjjH
kkkH




=



−cψ sψ 0
−sψ −cψ 0

0 0 1




︸ ︷︷ ︸
TTT H→F




iiiH
jjjH
kkkH


 (5)

2. Rotation about the kkkF axis, of the teetering angle βT and
with a flap rate β̇T . The transformation from the flap to
the teetering frame is:




iiiT
jjjT
kkkT


=




cβT 0 −sβT
0 1 0

sβT 0 cβT




︸ ︷︷ ︸
TTT F→T




iiiF
jjjF
kkkF


 (6)

3. Rotation about the jjjT axis of an angle βp, where βp is the
precone angle. Both of these quantities are fixed. The
transformation from the teetering to the blade frame is:




iiib
jjjb
kkkb


=




cβp 0 −sβp

0 1 0
sβp 0 cβp




︸ ︷︷ ︸
TTT T→b




iiiT
jjjT
kkkT


 (7)

Because the second and third transformations are conducted
about parallel axes jjjF and jjjT , it is convenient to express these
rotations as a single transformation. As such, the transforma-
tion between the hub and the teetering frame can be found by
substituting Eq. (7) into Eq. (6):




iiib
jjjb
kkkb


= TTT T→bTTT F→T




iiiF
jjjF
kkkF




=




c(βT+βp) 0 −s(βT+βp)
0 1 0

s(βT+βp) 0 c(βT+βp)







iiiF
jjjF
kkkF




=




cβ 0 −sβ

0 1 0
sβ 0 cβ




︸ ︷︷ ︸
TTT F→b




iiiF
jjjF
kkkF




(8)

where β = βT +βp is the total flapping angle, which accounts
for both teetering rotation and precone. Note that because βp

(a) Rotation about the −kkkH axis by
an angle ψ.

(b) Rotation about the jjjF axis by an
angle βT .

(c) Rotation about the jjjT axis by an
angle βp.

Figure 5: Rotor hub to blade frame rotations.

is a constant, β̇ = β̇T . The transformation from the hub to the
blade frame is found by substituting Eq. (5) into Eq. (8):




iiib
jjjb
kkkb


= TTT F→bTTT H→F




iiiH
jjjH
kkkH




=



−cψcβ sψcβ −sβ

−sψ −cψ 0
−cψsβ sψsβ cβ




︸ ︷︷ ︸
TTT H→b




iiiH
jjjH
kkkH


 (9)

The inverse transformation, i.e., that from the blade to the hub
frame, is:




iiiH
jjjH
kkkH


= TTT T

H→b




iiib
jjjb
kkkb


=



−cψcβ −sψ −cψsβ

sψcβ −cψ sψsβ

−sβ 0 cβ




︸ ︷︷ ︸
TTT b→H




iiib
jjjb
kkkb




(10)
Another useful rotation is that from the hub to the teetering
frame, which can be found by substituting Eq. (5) into Eq.
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(6):



iiiT
jjjT
kkkT


= TTT F→TTTT H→F




iiiH
jjjH
kkkH




=



−cψcβT sψcβT −sβT
−sψ −cψ 0

−cψsβT sψsβT cβT




︸ ︷︷ ︸
TTT H→T




iiiH
jjjH
kkkH


 (11)

The inverse transformation, i.e., that from the teetering to the
hub frame, is:



iiiH
jjjH
kkkH


= TTT T

H→T




iiiT
jjjT
kkkT


=



−cψcβT −sψ −cψsβT
sψcβT −cψ sψsβT
−sβT 0 cβT




︸ ︷︷ ︸
TTT T→H




iiiT
jjjT
kkkT




(12)

Blade to Air Mass Frame Transformation When calculat-
ing the lift and drag of an airfoil section, lift and drag are
defined as the components perpendicular and parallel, respec-
tively, to the velocity vector of the air mass through which the
blade section is moving. The air mass frame is obtained by a
positive rotation about the radial axis iiia through an angle of
π−φ, where φ is the inflow angle, to be defined later in the ar-
ticle. The transformation from the blade frame to the air mass
frame is given by:




iiia
jjja
kkka


=




1 0 0
0 c(π−φ) s(π−φ)

0 −s(π−φ) c(π−φ)






iiib
jjjb
kkkb




=




1 0 0
0 −cφ sφ

0 −sφ −cφ




︸ ︷︷ ︸
TTT b→a




iiib
jjjb
kkkb


 (13)

Figure 6: Transformation from the blade to the air mass frame.

Blade to Radial-Tangential-Perpendicular Frame Trans-
formation For aerodynamic calculations, it is convenient to
reverse the direction of the jjjb axis of the blade frame to ob-
tain the radial–tangential–perpendicular (RTP) frame. Note

that the RTP frame is a left-handed coordinate system. The
transformation from the blade frame to the RTP frame, shown
in Fig. 7, is given by:




RRR
TTT
PPP


=




1 0 0
0 −1 0
0 0 1




︸ ︷︷ ︸
TTT b→RT P




iiib
jjjb
kkkb


=




iiib
− jjjb
kkkb


 (14)

Figure 7: Transformation from the blade to the RTP frame.

Blade Kinematics

Blade Element Position It may be useful to know the posi-
tions of the blade elements for either visualization purposes,
or to interpolate velocity perturbations at each blade element.
Assume the position vector from the rotor hub to the teeter-
ing location to be rrrT

H→T = euRkkkT , where eu is the undersling
distance non-dimensionalized by the rotor radius R. Addition-
ally, assume the position vector from the teetering location T
to an arbitrary point P on the blade to be rrrb

T→P = riiib, where
r is the blade dimensional radial coordinate. Then, the posi-
tion vector from the hub frame origin to the blade element,
expressed in the hub frame:

rrrH
H→P =rrrH

H→T +rrrH
T→P

=TTT T→HrrrT
H→T +TTT b→Hrrrb

T→P

=



−cψcβT −sψ −cψsβT
sψcβT −cψ sψsβT
−sβT 0 cβT






0
0

euR




+



−cψcβ −sψ −cψsβ

sψcβ −cψ sψsβ

−sβ 0 cβ






r
0
0




=



−cψ

(
euRsβT + rcβ

)

sψ

(
euRsβT + rcβ

)

euRcβT − rsβ




(15)

The position vector from the origin of the inertial frame to the
blade element, expressed in inertial-frame components, is:

rrrI
O→b =rrrI

O→ +TTT B→IrrrB
→H +rrrI

H→P

=rrrI
O→ +TTT B→IrrrB

→H +TTT B→ITTT H→BrrrH
H→P

=




x
y
z


+TTT B→I




xH
yH
zH




+TTT B→ITTT H→B



−cψ

(
euRsβT + rcβ

)

sψ

(
euRsβT + rcβ

)

euRcβT − rsβ


=




xb
yb
zb




(16)
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Blade Element Velocity The velocity of the teetering loca-
tion with respect to the inertial frame, expressed in the hub
frame, is:

vvvH
T/I =vvvH

H/I +ωωω
H
T/I ×rrrH

H→T

=vvvH
H/I +

(
TTT F→Hωωω

F
T/F +ωωω

H
F/H +ωωω

H
H/I

)
×
(
TTT T→HrrrT

H→T
)

=




uH
vH
wH


+


TTT F→H




0
β̇

0


+




0
0

−Ω


+




pH
qH
rH






×


TTT T→H




0
0

euR






=




uH
vH
wH


+



−β̇sψ + pH

−β̇cψ +qH
rH −Ω


×



−euRcψsβT
euRsψsβT
euRcβT




=




uH + euR
[
cβT

(
qH − β̇cψ

)
−ωzsψsβT

]

vH − euR
[
cβT

(
pH − β̇sψ

)
+ωzcψsβT

]

wH − euRsβT

(
β̇+ωy

)


=




uT
vT
wT




(17)

The velocity of the blade element with respect to the inertial
frame, expressed in blade-frame components, is:

vvvb
P/I =vvvb

T/I +ωωω
b
b/I ×rrrb

T→P

=TTT H→bvvvH
T/I +

(
ωωω

b
T/F +ωωω

b
F/H +ωωω

b
H/I

)
×rrrb

T→P

=TTT H→bvvvH
T/I

+
[
TTT T→bωωω

T
T/F +TTT H→b

(
ωωω

H
F/H +ωωω

H
H/I

)]
×rrrb

T→P

=TTT H→b




uT
vT
wT


+






0
β̇

0


+TTT H→b




pH
qH

rH −Ω




×




r
0
0




=




ub
vb
wb




(18)

where:

ub =−uHcψcβ + vHsψcβ −wHsβ + euRcβp

(
β̇+ωy

)
(19a)

vb =−uHsψ − vHcψ + r
(
ωxsβ +ωzcβ

)

+ euR
(
−ωxcβT +ωzsβT

) (19b)

wb =−uHcψsβ + vHsψsβ +wHcβ +
(

euRsβp − r
)(

β̇+ωy

)

(19c)

Recall that ωx, ωy, and ωz are the components of the angular
velocity of the hub frame with respect to the inertial frame

expressed in the rotating frame:

ωωω
F
H/I =ωωω

F
F/H +ωωω

F
H/I

=ωωω
F
F/H +TTT H→Fωωω

H
H/I

=




0
0

−Ω


+



−cψ sψ 0
−sψ −cψ 0

0 0 1






pH
qH
rH




=



−pHcψ +qHsψ

−pHsψ −qHcψ

rH −Ω


=




ωx
ωy
ωz




(20)

Blade Element Acceleration The acceleration of the blade
element with respect to the inertial frame, expressed in blade-
frame components, can be found via the vector derivative
transport theorem:

aaab
P/I =

I d
dt

(
vvvb

P/I

)

=
b d

dt

(
vvvb

P/I

)
+ωωω

b
b/I ×vvvb

P/I

=
b d

dt

(
vvvb

P/I

)

+
[
TTT T→bωωω

T
T/F +TTT H→b

(
ωωω

H
F/H +ωωω

H
H/I

)]
×vvvb

P/I

=
b d

dt

(
vvvb

P/I

)

−vvvb
P/I ×

[
TTT T→bωωω

T
T/F +TTT H→b

(
ωωω

H
F/H +ωωω

H
H/I

)]

=




u̇b
v̇b
ẇb


−




ub
vb
wb


×






0
β̇

0


+TTT H→b




pH
qH

rH −Ω






=




u̇b
v̇b
ẇb


−




0 −wb vb
wb 0 −ub
−vb ub 0






ωxcβ −ωzsβ

β̇+ωy
ωxsβ +ωzcβ




=




ax
ay
az




(21)
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The time derivatives of the blade element velocities expressed
in the blade frame are:

u̇b =− u̇Hcψcβ +uHsψcβΩ+uHcψsββ̇

+ v̇Hsψcβ + vHcψcβΩ− vHsψsββ̇

− ẇHsβ −wHcββ̇

+ euRcβp

(
β̈+ ω̇y

)
(22a)

v̇b =− u̇Hsψ −uHcψΩ

− v̇Hcψ + vHsψΩ

+ r
(

ω̇xsβ +ωxβ̇cβ + ω̇zcβ −ωzβ̇sβ

)

+ euR
(
−ω̇xcβT +ωxβ̇sβT + ω̇zsβT +ωzβ̇cβT

)
(22b)

ẇb =− u̇Hcψsβ +uHsψsβΩ−uHcψcββ̇

+ v̇Hsψsβ + vHcψsβΩ+ vHsψcββ̇

+ ẇHcβ −wHsββ̇

+
(

euRsβp − r
)(

β̈+ ω̇y

)
(22c)

Then, the blade element accelerations, expressed in the blade
frame, will be:

ax =− rβ̇
2 −2rβ̇ωy − rω

2
z c2

β
+2rΩωxsβcβ

+ euRβ̈cβp + euR
(

β̇
2 +2β̇ωy

)
sβp − euRω

2
z sβT cβ

+2euRΩωxsβT sβ − euR
(

ṗHsψ + q̇Hcψ

)
cβp

(23a)

ay =2rβ̇
(
ωxcβ −ωzsβ

)
− r

(
ṗHcψ − q̇Hsψ

)
sβ + rω̇zcβ

+2euRβ̇
(
ωxsβT +ωzcβT

)
+ euR

(
ṗHcψ − q̇Hsψ

)
cβT

+ euRω̇zsβT

(23b)

az =− rβ̈− rω
2
z sβcβ −2rΩωxc2

β
+ r

(
ṗHsψ + q̇Hcψ

)

+ euRβ̈sβp − euR
(

β̇
2 +2β̇ωy

)
cβp − euRω

2
z sβT sβ

−2euRΩωxsβT cβ − euR
(

ṗHsψ + q̇Hcψ

)
sβp

(23c)

Like for the articulated rotor, the derivation of the equation
above relies on the following assumptions:

1. The influence of the hub velocities is neglected such that
uH ≈ vH ≈ wH ≈ 0.

2. The hub accelerations are also neglected, i.e., u̇H ≈ v̇H ≈
ẇH ≈ 0.

3. The products between lateral and longitudinal hub angu-
lar velocities in the rotating frame are considered to be
small: ω2

x ≈ ω2
y ≈ ωxωy ≈ 0.

4. A simplification is made for the product between the lon-
gitudinal and vertical hub angular velocities in the rotat-
ing frame: ωxωz ≈−Ωωx.

5. A similar simplification is made for the product between
the lateral and vertical hub angular velocities in the ro-
tating frame: ωyωz ≈−Ωωy.

Rotor Forces and Moments

Aerodynamic Loads on Blade Elements Consider the ge-
ometry in Fig. 8, showing a section of a representative rotor
blade moving through the air.

Figure 8: Section of a representative rotor blade element mov-
ing through the air.

Define the following quantities:
θ = θ(r) is the geometric pitch of the blade,
φ = φ(r) is the aerodynamic incidence angle,
α is the blade section angle of attack,
vvvb/a is the velocity of the blade with respect to the air mass,
uT is the velocity tangent to the blade leading edge (− jjjb

verse),
uP is the velocity perpendicular to the iiib − jjjb plane (kkkb

verse), and
uR is the velocity in the radial blade direction (iiib verse).

Note that up arises from the blade flapping motion, as well
as from the rotorcraft vertical and angular motions; uT arises
mainly from the rotorcraft rotation and forward motion; and
uR arises mainly from the rotorcraft forward and lateral mo-
tion.

The velocity of the blade with respect to the air mass, ex-
pressed in blade-frame coordinates, is:

vvvb
b/a = vvvb

b/I −vvvb
a/I

= vvvb
b/I −TTT H→bvvvH

a/I

=




ub
vb
wb


−TTT H→b




0
0
vi


=




ub + visβcζ

vb
wb − vicβ


=




uR
−uT
uP




(24)

where vi = vi(r,ψ) = ΩRλi(r,ψ) is the induced velocity at the
blade element. The geometric pitch of the blade is given by:

θ(r,ψ) = θP(ψ)+θtw(r)+β tanδ3 (25)

where δ3 is the pitch-flap coupling, θP represents the pre-
scribed blade pitch at the root (from the pilot or control sys-
tem), and θtw is the twist angle distribution. Here, θtw = 0 at
the root r = 0 and θtw < 0 for 0 < r ≤ R. The blade pitch at
the root is:

θP(ψ) = θ0 +θ1c cos
(
ψ−∆sp

)
+θ1s sin

(
ψ−βT ∆sp

)
(26)
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where θ0 is collective pitch, θ1c is lateral cyclic, and θ1s is lon-
gitudinal cyclic. Additionally, ∆sp is the swashplate phasing
angle. The total speed at the blade element is:

Utot =
√

u2
R +u2

T +u2
P (27)

The velocity component in the plane of the blade section is:

U =
√

u2
T +u2

P =

√
u2

T

(
1+

u2
P

u2
T

)
(28)

The local angle of attack is:

α = θ+φ = θ+ tan−1
(

uP

uT

)
≈ θ+

uP

uT
(29)

The local Mach number is:

M =
Utot

vsound
(30)

where vsound is the speed of sound. The local lift and drag
coefficients are calculated in one of two ways. The first way
is by using lookup tables of the airfoil section such that:

Cl = f (α,M) (31a)
Cd = f (α,M) (31b)

where Cl and Cd are the lift and drag coefficients. The second
way is to assume linear lift variation of the angle of attack and
constant drag coefficient, that is:

Cl ≈ a0α (32a)
Cd ≈ δ (32b)

where a0 is the lift-curve slope (for a NACA 0012 airfoil at
representative Mach numbers of order 106, a0 ≈ 5.72 1/rad)
and δ ≈ 0.01.

The sectional blade lift and drag are, expressed in the air mass
frame, are:

l(r,ψ) =
1
2

ρc(r)U2Cl (33a)

d(r,ψ) =
1
2

ρc(r)U2Cd (33b)

where ρ is the air density and c(r) is the blade chord. The
blade segment forces, expressed in the RTP frame, are:




fR
fT
fP


= TTT a→RT P




0
− 1

2 ρc(r)U2Cd
1
2 ρc(r)U2Cl




=




0
1
2 ρc(r)U2 (Cl sinφ−Cd cosφ)

1
2 ρc(r)U2 (−Cl cosφ−Cd sinφ)




(34)

Assuming uP ≪ uT such that U ≈ uT and tan−1
(

uP
uT

)
≈ uP

uT
,

the blade segment forces become:

fR = 0 (35a)

fT =
1
2

ρc(r)u2
T

[
a0

(
θ+

uP

uT

)
uP

uT
−δ

]

=
1
2

ρc(r)
[
a0 (uT θ+uP)uP −u2

T δ
] (35b)

fP =
1
2

ρc(r)u2
T

[
−a0

(
θ+

uP

uT

)
−
�
�
�7
≈ 0

δ
uP

uT

]

=−1
2

ρc(r)a0
(
u2

T θ+uPuT
)

(35c)

Aerodynamic Forces and Moments About the Teetering
Hinge The total blade aerodynamic loads, expressed in the
RTP frame, are:

FR =
∫ R

0
fR(r)dr = 0 (36a)

FT =
∫ R

0
fT (r)dr =

1
2

ρa0

∫ R

0
c(r)

[
(θuT −uP)uP −u2

T δ
]

dr

(36b)

FP =
∫ R

0
fP(r)dr =−1

2
ρa0

∫ R

0
c(r)

(
u2

T θ+uPuT
)

dr (36c)

The total blade aerodynamic loads, expressed in teetering
frame, are:

FFFT
aero = TTT b→FTTT RT P→b




FR
FT
FP




=




cβ 0 sβ

0 1 0
−sβ 0 cβ






1 0 0
0 −1 0
0 0 1






FR
FT
FP




=




FRcβp −FPsβp

−FT
FRsβp +FPsβp


=



(
FT

x
)

aero(
FT

y
)

aero(
FT

z
)

aero




(37)

The total aerodynamic moments about the teetering location,
expressed in the blade frame, are:

MMMb
aero =

∫ R

0
rrrb

F→P ×


TTT RTP→b




fR
fT
fP




dr

=
∫ R

0




r
0
0


×






1 0 0
0 −1 0
0 0 1






fR
fT
fP




dr

=
∫ R

0




r
0
0


×




fR
− fT

fP


dr

=
∫ R

0




0
−r fP
−r fT


=



(
Mb

x
)

aero(
Mb

y
)

aero(
Mb

z
)

aero




(38)
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where the single components are:
(

Mb
x

)
aero

= 0 (39a)
(

Mb
y

)
aero

=−
∫ R

0
fP(r)rdr

=−1
2

ρa0

∫ R

0
c(r)

(
u2

T θ+uPuT
)

rdr
(39b)

(
Mb

z

)
aero

=−
∫ R

0
fT (r)rdr

=−1
2

ρa0

∫ R

0
c(r)

[
(θuT −uP)uP −u2

T δ
]

rdr

(39c)

The aerodynamic moments about the teetering hinge, ex-
pressed in the teetering frame, are found as:

MMMT
aero =TTT b→TMMMb

aero +rrrT
H→T ×

(
TTT b→TFFFb

aero

)

=




cβp 0 sβp

0 1 0
−sβp 0 cβp





(
Mb

x
)

aero(
Mb

y
)

aero(
Mb

z
)

aero




+




0
0

euR


×






cβp 0 sβp

0 1 0
−sβp 0 cβp





(
Fb

x
)

aero(
Fb

y
)

aero(
Fb

z
)

aero






=



(
MT

x
)

aero(
MT

y
)

aero(
MT

z
)

aero




(40)

The total aerodynamic moments about the flapping hinge, ex-
pressed in hub frame components, are:

(
MMMH

b/F

)
aero

= TTT F→HTTT T→F

(
MMML

b/F

)
aero

=




Laero
Maero
Naero


 (41)

Then, the aerodynamic forces and moments coefficients are:

CT =
∑

Nb
i=1

(
−FF

zi

)
aero

πρΩ2R4 (42a)

CL =
∑

Nb
i=1 (Li)aero
πρΩ2R5 (42b)

CM =
∑

Nb
i=1 (Mi)aero
πρΩ2R5 (42c)

where these quantities are used to drive the inflow dynamics.

Inertial Forces and Moments About the Undersling Lo-
cation Like for the articulated rotor, the inertial forces are
calculated by integrating the blade element acceleration along
the span,

FFFb
inertial =−

∫ R

0
m(r)aaab

P/I(r)dr

=−
∫ R

0
m(r)




ax
ay
az


dr =



(
Fb

x
)

inertial(
Fb

y
)

inertial(
Fb

z
)

inertial




(43)

with the exception that there is no flapping hinge. This results
in the following inertial forces:

(
Fb

x

)
inertial

=−Mβ

[
−β̇

2 −2β̇ωy −ω
2
z c2

β
+2ωωxsβcβ

]

−mbeuR
[
β̈cβp +

(
β̇

2 + β̇ωy

)
sβp −ω

2
z sβT cβ

+2ΩωxsβT sβ −
(

ṗHsψ + q̇Hcψ

)
cβp

]

(44a)
(

Fb
y

)
inertial

=−Mβ

[
2β̇

(
ωxcβ −ωzsβ

)
−
(

ṗHcψ − q̇Hsψ

)
sβ

+ ω̇zcβ

]
−mbeuR

[
2β̇

(
ωxsβT +ωzcβT

)

+
(

ṗHcψ − q̇Hsψ

)
+ ω̇zsβT

]

(44b)
(

Fb
y

)
inertial

=−Mβ

[
− β̈−ω

2
z sβcβ −2Ωωxc2

β

+
(

ṗHcψ + q̇Hcψ

)]

−mbeuR
[
β̈sβp −

(
β̇

2 + β̇ωy

)
cβp

−ω
2
z sβT sβ −2ΩωxsβT cβ +

(
ṗHsψ + q̇Hcψ

)
sβp

]

(44c)

The inertia forces are transformed to the teetering frame via:

FFFT
inertial = TTT b→TFFFb

inertial

=




cβp 0 sβp

0 1 0
−sβp 0 cβp





(
Fb

x
)

inertial(
Fb

y
)

inertial(
Fb

z
)

inertial


=



(
FT

x
)

inertial(
FT

y
)

inertial(
FT

z
)

inertial




(45)

The inertial moments about the flapping hinge, expressed in
the blade frame, are calculated as:

MMMb
inertial =−

∫ R

0
rrrb

F→P ×m(r)aaab
P/Idr

=−
∫ R

0




r
0
0


×


m(r)




ax
ay
az




dr

=−
∫ R

eR




0
−rm(r)az
rm(r)ay


dr =



(
Mb

x
)

inertial(
Mb

y
)

inertial(
Mb

z
)

inertial




(46)
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resulting in:
(

Mb
x

)
inertial

=0 (47a)
(

Mb
y

)
inertial

=Iβ

[
−β̈−ω

2
z sβcβ −2Ωωxc2

β
+
(

ṗHcψ + q̇Hcψ

)]

MβeuR
[
β̈sβp −

(
β̇

2 + β̇ωy

)
cβp −ω

2
z sβT sβ

−2ΩωxsβT cβ +
(

ṗHsψ + q̇Hcψ

)
sβp

]

(47b)
(

Mb
y

)
inertial

=− Iβ

[
2β̇

(
ωxcβ −ωzsβ

)
−
(

ṗHcψ − q̇Hsψ

)
sβ

+ ω̇zcβ

]
−MβeuR

[
2β̇

(
ωxsβT +ωzcβT

)

+
(

ṗHcψ − q̇Hsψ

)
+ ω̇zsβT

]

(47c)

Inertial Forces and Moments About the Teetering Hinge
The inertial moments about the teetering hinge, expressed in
the teetering frame, are found as:

MMMT
inertial =TTT b→TMMMb

inertial +rrrT
H→T ×

(
TTT b→TFFFb

inertial

)

=




cβp 0 sβp

0 1 0
−sβp 0 cβp





(
Mb

x
)

inertial(
Mb

y
)

inertial(
Mb

z
)

inertial




+




0
0

euR


×






cβp 0 sβp

0 1 0
−sβp 0 cβp





(
Fb

x
)

inertial(
Fb

y
)

inertial(
Fb

z
)

inertial






=



(
MT

x
)

inertial(
MT

y
)

inertial(
MT

z
)

inertial




(48)

Total Forces and Moments about the Teetering Hinge The
total forces at the teetering hinge, expressed in the teetering
frame, are:

FFFT =FFFT
aero+FFFT

inertial =



(
FT

x
)

aero(
FT

y
)

aero(
FT

z
)

aero


+



(
FT

x
)

inertial(
FT

y
)

inertial(
FT

z
)

inertial


=




FT
x

FT
y

FT
z




(49)
The total moments about teetering hinge, expressed in the tee-
tering frame, are:

MMMT =MMMT
aero +MMMT

inertial +MMMT
spring

=



(
MT

x
)

aero
0(

MT
z
)

aero


+



(
MT

x
)

inertial
0(

MT
z
)

inertial


+




0
kββ

0


=




MT
x

MT
y

MT
z




(50)

where Mx is the torsional moment, My is moment through the
flapping hinge, and Mz is the in-plane moment. Note that
My ̸= 0 only exists if there is a flapping spring (i.e., kβ ̸= 0),
as no moments are transmitted through the flapping hinge. In
the current study, no root spring is used.

Rotor Hub Forces and Moments The total forces acting at
the flapping hinge of each blade can be summed to form the
resultant forces at the rotor hub. These forces, expressed in
the rotor hub frame are:

FFFH =
Nb

∑
i=1

(
TTT T→HFFFT

i
)

=
Nb

∑
i=1





−cψcβT −sψ −cψsβT
sψcβT −cψ sψsβT
−sβT 0 cβT






FT
xi

FT
yi

FT
zi






=





[
XH YH ZH

]T
, counterclockwise rotor

[
XH −YH ZH

]T
, clockwise rotor

(51)

The same can be done with the moments about each flapping
hinge, such that the hub moments, expressed in the rotor hub
frame are:

MMMH =
Nb

∑
i=1

{
TTT T→H

(
MMMT

i +rrrT
H→T ×FFFT

i
)}

=
Nb

∑
i=1

{
TTT T

H→T
(
MMMT

i −FFFT
i ×rrrT

H→T
)}

=
Nb

∑
i=1



TTT T

H→T






MT
xi

MT
yi

MT
zi


−




FT
xi

FT
yi

FT
zi


×




0
0

euR









=
Nb

∑
i=1



TTT T

H→T




MT
xi
− euRFT

yi
MT

yi
+ euRFT

xi
MT

zi







=





[
LH MH NH

]T
, counterclockwise rotor

[
−LH MH −NH

]T
, clockwise rotor

(52)

The forces can be transformed to the body frame in the same
manner as for an articulated rotor. Similarly, the moments can
be resolved about the CG and then transformed to the body
frame, following the same approach as in the articulated rotor
case.

Flapping Dynamics

Individual Blade Coordinates By applying Newton’s sec-
ond law, i.e., by performing a summation of the moments
across both blades about the teetering hinge, one obtains:

0 =
(
MT

y1

)
aero +

(
MT

y2

)
aero +

(
MT

y1

)
inertial +

(
MT

y2

)
inertial

+
(
MT

y
)

spring

(53)
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This results in the following flapping dynamics about the tee-
tering hinge:

β̈T =−
(

Ω
2 +

kβ

IβT

)
βT +2Ω(pH cosψ−qH sinψ)

+(ṗH sinψ+ q̇H cosψ)+

[(
MT

y1

)
aero −

(
MT

y2

)
aero

IβT

]

(54)
where:

IβT = 2Iβ

(
1− 2euRMβ sinβp

Iβ

+
e2

uR2mb

Iβ

)
(55)

is the total second mass moment about the teetering hinge.
Here, Iβ is the second mass moment of the blade, Mβ is the
first mass moment, and mb is the blade mass. Note that the
flapping dynamics equation above adopts the small angle ap-
proximations in the teetering angle. Additionally, the teeter-
ing angle is that of a reference blade, as the rotor is treated as
a whole. This means that the teetering angle of one blade will
be the opposite of that of the other blade, i.e., βT2 =−βT1 .

Multi-Blade Coordinates Define an azimuthally averaged
tip path plane to represent the rotor via β1c and β1s, such that
the transformation from MBC to IBC is (Ref. 1):

[
βT1

βT2

]
=

[
cosψ1 sinψ1
cosψ2 sinψ2

][
β1c
β1s

]
(56)

The azimuthal position of the two rotor blades can be defined
as:

ψi = ψ−π(i−1) (57)

Substituting this equation in the equation above yields:
[

βT1

βT2

]
=

[
cosψ1 sinψ1

cos(ψ1 −π) sin(ψ1 −π)

]

︸ ︷︷ ︸
LLLβ

[
β1c
β1s

]

=

[
cosψ1 sinψ1
−cosψ1 −sinψ1

][
β1c
β1s

]

=

[
β1s sinψ1 +β1c cosψ1

−(β1s sinψ1 +β1c cosψ1)

]

(58)

Thus, βT2 = −βT1 . Because these equations are redundant, a
single teetering angle is chosen as βT = βT1 and is defined as:

βT = β1c cosψ+β1s sinψ (59)

Consider now differentiating this equation:

β̇T =−β1cΩsinψ+β1sΩcosψ+�����:0
β̇1c cosψ+����:0

β̇1s sinψ (60)

where the following constraint was applied to drop the second
term (Ref. 1):

β̇1c cosψ+ β̇1s sinψ = 0 (61)

Then, Eqs. (59) and (61) form a system of equations that, if
inverted, leads to:

[
β1s
β1c

]
=

[
sinψ

cosψ

]
βT +

1
Ω

[
cosψ

sinψ

]
β̇T (62)

Differentiating the equation above yields:

[
β̇1s

β̇1c

]
=



����
β̇T sinψ+ΩβT cosψ+

1
Ω

β̈T cosψ−����
β̇T sinψ

����
β̇T cosψ−ΩβT sinψ− 1

Ω
β̈T sinψ−����

β̇T cosψ




= Ω

[
cosψ

−sinψ

]
βT +

1
Ω

[
cosψ

−sinψ

]
β̈T

(63)
which provides the flapping dynamics equations for a teeter-
ing rotor. Note that this is a first-order system in β1c and β1s,
and it describes the teeter motion βT for slow variations of β1c
and β1s.

Inflow Dynamics

Rotor-on-rotor interactional inflow dynamics are modeled
with the Combined Momentum Theory and Simple Vortex
Theory (CMTSVT) (Refs. 12, 13). The inflow of the ith ro-
tor is expressed as the summation between the self-induced
inflow of that rotor and the interference inflow from all other
rotors:

λλλi = λλλsi +
N

∑
j=1, j ̸=i

λλλinti j (64)

where:
λλλT

i = [λi0 λi1c λi1s ] is the total inflow of the ith rotor in the
local hub frame,

λλλT
si
=

[
λsi0

λsi1c
λsi1s

]
is the self-induced inflow of the ith

rotor in the local hub frame, and
λλλT

inti j
=

[
λinti j0

λinti j1c
λinti j1s

]
is the interference inflow on

the ith from the jth rotor in the ith rotor hub frame.

The self-induced inflow dynamics of the ith rotor are given by:

λ̇λλsi = ΩTTTWi→HiMMM
−1
ii

[
−LLL−1

ii (TTT Hi→Wiλλλsi)+(TTT Hi→WiFFF ii)
]

(65)
where MMMii is the apparent mass matrix and LLLii is the static
gain inflow matrix from Pitt-Peters (Ref. 14). Additionally,
FFFT

ii = [CTi −CMi −CLi ], where CTi , CMi , and CLi are the
thrust, pitching moments, and rolling moment coefficients of
the ith rotor in the local hub frame. The term TTT Hi→Wi corre-
sponds to the transformation from the ith rotor hub frame to
the ith rotor wind frame. The interference inflow on the ith

from the jth rotor is given by:

λλλinti j = ηi jLLLi jλλλs j (66)

where ηi j is a parameter that scales the non-dimensional quan-
tities of the jth rotor to non-dimensional quantities of the ith

rotor, and LLLi j is the interference inflow matrix. More details
can be found in (Refs. 9, 10, 12, 13).
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FLIGHT DYNAMICS MODEL

Overview

The rotor model described above is integrated within an in-
house MATLAB®/Simulink generic multi-rotor/wing flight
dynamics and control code with the following characteristics:

• The aircraft fuselage is modeled as a rigid body. Fuse-
lage aerodynamic forces are calculated either using
equivalent flat-plate frontal, lateral, and vertical areas
(Ref. 15), or through lookup tables.

• The user can specify any number of rotors and/or wings
at arbitrary (and time-varying) orientations on the air-
craft body.

• Wings accuracy level is selectable. The most complex
model consists in wing-element theory. Rotor-on-wing
aerodynamics inreractions are calculated based on the
circulation at each wing element/panel using Biot-Savart
and Hyeson (Ref. 16).

• The inflow dynamics can account for rotor-on-rotor
interactional aerodynamics via Combined Momentum
Theory and Simple Vortex Theory (CMTSVT) (Refs. 9,
10, 12, 13).

• The model is implemented in MATLAB® to ease the de-
sign and testing of flight control laws.

• The model is integrated with a baseline control law based
on Dynamic Inversion (Refs. 17–20) with inner-attitude
and outer-velocity control loops.

This simulation model was validated against RASCAL JUH-
60 (Ref. 21) and XV-15 (Refs. 18,20) flight-test data for rotors
with flap-only dynamics, as well as against small-scale quad-,
hexa-, and octo-copters with no flapping dynamics (Ref. 21).
A simulation model is developed for the ultralight coaxial he-
licopter. The geometry of this vehicle is shown in trimmed
flight at hover and 80 kts in Fig. 9. Note that, for il-
lustration purposes, both rotorcraft adopt a ROBIN fuselage
(Refs. 22, 23). The general characteristics of the aircraft are
listed in Table 1. The simulation model adopts NACA23012
airfoils for the rotors and the empennage.

Nonlinear Dynamics

The rotorcraft flight dynamics are formulated as a nonlinear
time-periodic system:

ẋxx = fff (xxx,uuu, t) (67a)
yyy = ggg(xxx,uuu, t) (67b)

where xxx ∈ Rn is the state vector, uuu ∈ Rm is the control input
vector, yyy ∈ Rl is the output vector, and t is the dimensional
time in seconds. It is convenient to note that dimensional time
can be related to the azimuth angle ψ of a reference blade, also
known as non-dimensional time, via the following relation:
ψ = Ωt, where Ω is the angular speed, in rad/s, of the slowest
rotor. It follows that the fundamental period of the system is
T = (2π)/Ω seconds, which corresponds to 2π radians or one

Table 1: General characteristics of the CoAX 2D ultralight
helicopter.

Parameter Value Units
Mass and inertia
Gross weight, W 992 lb

Roll moment of inertia, Ixx 446 sl-ft2

Pitch moment of inertia, Iyy 848 sl-ft2

Yaw moment of inertia, Izz 629 sl-ft2

Roll/yaw product of inertia, Ixz 129 sl-ft2

CG fuselage station 0 ft
CG butt line 0 ft

CG water line 0 ft
Fuselage

Frontal drag area 14.16 ft2

Sideward drag area 53.64 ft2

Vertical drag area 50.04 ft2

Fuselage station 0 ft
Butt line 0 ft

Water line 0 ft
Rotors

Number of blades 2 -
Radius 10.66 ft

Mean blade chord 0.72 ft
Undersling 0.2 ft

Precone 1.85 deg
Blade twist −7.65 deg

Blade weight 17.64 lb
Blade first mass moment 3.4 sl-ft

Blade second mass moment 17.72 sl-ft2

Angular speed 47.65 rad/s
Tilt Angle −4 deg

Fuselage station 0.13 ft
Butt line 0 ft

Water line {2.38, 4.52} ft
Horizontal Stabilizer

Span 4.15 ft
Mean chord 0.82 ft

Fuselage station (aero center) 9.35 ft
Butt line (aero center) 0 ft

Water line (aero center) 0 ft
Vertical Stabilizer

Span 4.0 ft
Mean chord 1.20 ft

Fuselage station (aero center) 1.15 ft
Butt line (aero center) 0 ft

Water line (aero center) 0.33 ft

12



(a) Hover. (b) 80 kts.

Figure 9: Ultralight coaxial helicopter aircraft geometry at hover and 80 kts forward flight.

revolution of the slowest rotor. The nonlinear functions fff and
ggg are T -periodic in time such that:

fff (xxx,uuu, t) = fff (xxx,uuu, t +T ) (68a)
ggg(xxx,uuu, t) = ggg(xxx,uuu, t +T ) (68b)

The state vector is:

xxxT =
[
xxxT

RB xxxT
R1

· · · xxxT
RnR

]
(69)

where xxxRB are the rigid-body states and xxxRi are the states of
the ith of nR rotors. The rigid-body state vector is common to
all aircraft and is given by:

xxxT
RB = [u v w p q r φ θ ψ x y z] (70)

where:
u, v, w are the longitudinal, lateral, and vertical velocities

in the body-fixed frame,
p, q, r are the roll, pitch, and yaw rates,
φ, θ, ψ are the Euler angles, and
x, y, z are the positions in the North-East-Down (NED)

frame.

The general form of the ith rotor state vector is:

xxxT
Ri
=
[
βββ

T
M β̇ββ

T
M λλλ

T
s λλλ

T
ΩR ψR

]
(71)

where:
βββM are the flapping angles in multi-blade coordinates,
λλλT

s = [λs0 λs1c λs1s ] is a vector containing the self-induced
dynamic inflow components,

λλλT = [λ0 λ1c λ1s] is a vector containing the total dynamic
inflow components,

ΩR is the rotor angular speed, and
ψR is the azimuth angle of a reference blade.

The pilot input vector is:

uuuT =
[
δlat δlon δcol δped

]
(72)

where:
δlat and δlon are the lateral and longitudinal stick positions,
δcol is the collective stick position, and
δped is the pedals position.

The pilot inputs are converted to actuator commands via a
mixing matrix, in which each pilot input maps directly to
a corresponding rotor input. This simplified approach was
adopted due to the lack of publicly available information on
the CoAX 2D’s mechanical mixing system. The control ef-
fector inputs are:

uuuC = uuuR (73)

where uuuR are the rotor actuator inputs. The actuator inputs for
the ith rotor are:

uuuT
Ri
= [θ0 θ1c θ1s Ωcmd] (74)

where:
θ0 θ1s θ1c are the collective, longitudinal cyclic, and lateral

cyclic swashplate inputs, and
Ωcmd is the commanded rotor speed.

Trim, Linearization, and Model Order Reduction

Linearized, time-invariant models are obtained by trimming
the rotorcraft flight dynamics at a desired flight conditions via
the periodic trim algorithm of Ref. 24, 25. Subsequently, the
rotorcraft flight dynamics are linearized about each trim point
via perturbation methods by only retaining the averaged (or
zeroth) dynamics. To eliminate the need to measure or esti-
mate states associated with the higher-order dynamics, where
the higher-order dynamics include rotor and higher harmonic
dynamics, it is desirable to reduce the order of the linearized
dynamics. This is a necessary step to make linearized mod-
els tractable for practical control design purposes. This can
be achieved through residualization, a portion of singular per-
turbation theory that pertains to LTI systems (Ref. 26). Ap-
plication of residualization to the rotorcraft flight dynamics
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can be found in several published research studies, e.g., Refs.
17, 18, 20, 27–30.

Flight Control Design

The flight control architecture chosen for this study is Non-
linear Dynamic Inversion (NDI). Application of NDI control
laws to rotorcraft can be found in Refs. 9,19,25,27,29–38. A
key aspect of Dynamic Inversion (DI) is the reliance on model
inversion to cancel the plant dynamics and track a desired ref-
erence model. One convenient feature of Nonlinear Dynamic
Inversion (NDI) is that it inverts the plant model within its
feedback linearization loop. Compared to other conventional
model-following control strategies, such as Explicit Model
Following (EMF), this approach reduces the explicit need for
gain scheduling of the control law. However, the plant model
used for feedback linearization still requires scheduling with
the flight condition, as variations in aircraft dynamics must be
accounted for. Additionally, the feedback gains may need to
be scheduled in cases where consistent disturbance rejection
(measured in disturbance rejection bandwidth) and robustness
performance (measured in broken-loop crossover frequency)
must be maintained across the flight envelope.
A multi-loop NDI control law based on Refs. 9,17,20,25,31,
32 is designed to enable automatic flight in low-speed flight,
cruise flight, and transition between the two. The schematic of
the closed-loop rotorcraft dynamics is shown in Fig. 10. The
outer loop controller, shown in Fig. 11 tracks longitudinal,
lateral, and vertical ground velocities commands in the head-
ing frame and calculates the desired pitch and roll attitudes
for the inner loop to track, in addition to the collective control
input setting. The desired response type for the outer loop is
Translational Rate Command (TRC). The inner loop, shown
in Fig. 12 achieves stability, disturbance rejection, and desired
response characteristics about the roll, pitch, yaw, and heave
axes. The inner loop uses Attitude Command / Attitude Hold
(ACAH) response is used for the roll and pitch axes, whereas
Rate Command / Direction Hold (RCDH) is used for the yaw
axis.
Because the rotorcraft flight envelope includes low-speed
flight (i.e., lower than approximately 50 kts) as well as high-
speed flight (i.e., greater than 50 kts), different control strate-
gies are necessary to control the yaw rate for these two flight
conditions. Above 50 kts, turn coordination is used; below
50 kts, no turn coordination (Ref. 39) is used. These control
strategies are summarized as follows:

φ
′
cmd =





φcmd, V <VHS

tan−1
(

V
g

ψ̇cmd

)
, V ≥VHS

(75)

where VHS = 50 kts.

RESULTS
Trim

As a first step, the simulation models are trimmed at incre-
mental flight speeds from 0 to 90 knots (the maximum re-

ported speed for the CoAX 2D), both with and without rotor-
on-rotor interactions. The trim strategy assumes zero sideslip
– that is, the nose is aligned with the relative wind. Figure 13
shows the trim Euler angles as a function of increasing flight
speed. While the trim roll and yaw attitudes remain zero in
the case without rotor-on-rotor interactions, the bank angle
is nonzero when these interactions are included, particularly
at speeds between 0 and 40 knots. This behavior arises be-
cause, with rotor-on-rotor interactions active, the lower rotor
operates in the wake of the upper rotor and therefore requires
more power to produce the same thrust – or, equivalently, pro-
duces less thrust for a given power input. As a result, the
aircraft cannot be trimmed at both zero sideslip and zero roll
attitude simultaneously. Although this outcome confirms that
the proposed model captures the physical effect appropriately,
the practical implications are minimal, as the resulting roll at-
titude remains well below 1 degree.

The thrust and power for each rotor, both with and without
rotor-on-rotor aerodynamic interactions, are summarized in
Table 2. When aerodynamic interactions are off, both ro-
tors exhibit identical inflow values, with self-induced inflow
(λs0 ) and total inflow (λ0) equal at 0.034, reflecting indepen-
dent rotor operation without influence from the other rotor’s
wake. When aerodynamic interactions are on, differences
emerge due to the coaxial configuration where the lower ro-
tor operates in the wake of the upper rotor. Notably, the
lower rotor’s total inflow (λ0 = 0.075) is higher than that
of the upper rotor (λ0 = 0.056), indicating the additional in-
duced velocity from the upper rotor’s slipstream. In contrast,
its self-induced inflow (λs0 = 0.031) is lower than that of
the upper rotor (λs0 = 0.036). This reduction is consistent
with the rotor effectively operating in an axial climb condi-
tion, where a portion of the induced inflow is provided exter-
nally by the upper rotor’s downwash rather than being self-
generated (Ref. 15). Regarding thrust, rotor-on-rotor aero-
dynamic interactions cause a clear redistribution of loads be-
tween the rotors. When interactions are off, each rotor gener-
ates equal thrust (494.8 lb), consistent with a symmetric, non-
interacting coaxial configuration. When interactions are on,
however, the upper rotor produces significantly more thrust
(567.6 lb) than the lower rotor (422.0 lb). This imbalance
arises from the lower rotor operating in the wake of the up-
per rotor, which alters the local inflow conditions and reduces
its effective thrust-producing capability for the same power or
torque, and when torque balance is required for trim. This
is reflected in the power required by each rotor under inter-
actions is equal (37.74hp), substantially higher than the no-
interaction power (23.08 hp each). The power coefficients
(CP) are also equal at 0.00019 with interactions, compared to
0.00011 without, indicating a marked increase in power con-
sumption due to aerodynamic coupling. These results demon-
strate that rotor-on-rotor aerodynamic interactions in coaxial
configurations significantly affect the trim inflow distribution,
thrust sharing, and power requirements of each rotor. These
findings are consistent with prior results reported in the liter-
ature (Refs. 9, 10).

Figure 14 shows the trim pilot stick inputs as a function of
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Figure 10: Schematic of the closed-loop rotorcraft dynamics.
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Figure 11: Dynamic inversion outer-velocity control loop.

increasing airspeed. In this figure, longitudinal stick inputs
are nearly identical for cases with and without rotor-on-rotor
aerodynamic interactions. However, lateral stick, collective,
and pedal inputs differ. Lateral stick inputs are slightly higher
when interactions are included, while collective inputs are sig-
nificantly higher – particularly below 50 kts. This is due to the
lower rotor operating in the wake of the upper rotor, which re-
duces its effective thrust for the same power input, thereby
requiring greater collective input to maintain trim. This effect
diminishes with increasing airspeed as the wake skew angle
increases, causing less of the upper rotor’s wake to impinge
on the lower rotor. Above 50 kts, the effect becomes negli-
gible. Differences in pedal inputs arise because the rotors do
not exactly torque-balance each other in hover and low-speed
flight, again due to the lower rotor being affected by the wake
of the upper rotor. These discrepancies in yaw control inputs
also diminish above 20 kts and are negligible beyond 50 kts.

In summary, rotor-on-rotor interactions affect not only trim
power and thrust sharing but also pilot control inputs required
to maintain trim across the flight envelope.

Stability and Response Characteristics

The flight dynamics trimmed at hover are linearized using per-
turbation methods (Ref. 24) and subsequently residualized to
assess the effects of interactional dynamics on the rigid-body
modes. Figure 15 shows the eigenvalues of the residualized
dynamics with and without rotor-on-rotor aerodynamic inter-
actions, alongside the flight-identified eigenvalues from Refs.
2, 3. The eigenvalues of the linearized models – both with
interactions on and off – exhibit the classic hovering cubic
eigenstructure (Ref. 4), in which the lateral and longitudinal
dynamics feature one stable, relatively high-frequency real
mode and a complex pair of unstable, low-frequency oscil-
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Table 2: Hover performance of counter-rotating coaxial ro-
tors, with and without rotor-on-rotor aerodynamic interac-
tions.

Variable Interactions Rotor 1 Rotor 2 Units
(Upper) (Lower)

λ0
On 0.056 0.075 –
Off 0.034 0.034 –

λ1s
On 0.000 0.001 –
Off 0.000 0.000 –

λ1c
On 0.000 0.000 –
Off 0.000 0.000 –

λs0
On 0.036 0.031 –
Off 0.034 0.034 –

λs1s
On 0.000 0.001 –
Off 0.000 0.000 –

λs1c
On 0.000 0.000 –
Off 0.000 0.000 –

T
On 567.6 422.0 lb
Off 494.8 494.8 lb

CT
On 0.00259 0.00193 –
Off 0.00226 0.00226 –

P
On 37.44 37.44 hp
Off 23.08 23.08 hp

CP
On 0.00019 0.00019 –
Off 0.00011 0.00011 –

Ω
On 261.3 261.3 rad/s
Off 261.3 261.3 rad/s

latory modes. In addition, two subsidence modes are present,
characterized by real negative eigenvalues near the imaginary
axis. The primary difference between the interactions-on and
interactions-off cases, though modest, lies in a slightly higher
natural frequency of the unstable roll and pitch oscillation
modes when interactions are included. When compared with

16



the flight-identified eigenvalues from Refs. 2, 3, the model
predictions are generally in good agreement. The main dis-
crepancy is that the physics-based model predicts the unsta-
ble roll and oscillatory modes at higher natural frequencies.
A second difference is that the physics-based model predicts
a coupled, oscillatory pitch and heave subsidence, whereas
these modes are decoupled and exhibit real eigenvalues in the
flight data. It is important to note that the linearized models
correspond to the coupled lateral-directional and longitudinal-
heave dynamics, whereas the eigenvalues reported in Refs.
2, 3 are based on decoupled, flight-identified models. This
may partially explain the mismatch. Additionally, the pilot’s
weight – non-negligible relative to the aircraft weight – can af-
fect the center of gravity. In this study, the center of gravity is
assumed to lie below the rotor system, but its actual location
during the flight tests is unknown and may have introduced
further discrepancies. Overall, the eigenvalues predicted by
the physics-based model are reasonably close to those ob-
tained from system identification.
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Figure 15: Eigenvalues of the residualized dynamics with and
without rotor-on-rotor dynamics and the eigenvalues of the
flight-identified model of (Refs. 2, 3).

To gain further insight into how rotor-on-rotor interactional
aerodynamics affect hover flight dynamics, on-axis frequency
responses are computed using the full-order dynamics with
and without interactions. Figure 16 presents the resulting fre-
quency responses. Rotor-on-rotor interactions primarily in-
fluence the magnitude of the roll, yaw, and heave-axis re-
sponses, with the no-interaction case exhibiting lower mag-
nitude. The higher magnitude in the presence of rotor-on-
rotor interactions leads to improved agreement with flight-
identified responses, particularly at frequencies above approx-
imately 0.4–0.5 rad/s. It is worth noting, however, that as in-
dicated by the eigenvalue analysis, the mismatch in the unsta-
ble oscillatory roll mode causes a peak response at a slightly
higher frequency than observed in the flight-identified data.
Rotor-on-rotor interactions also appear to affect the phase, es-
pecially in the heave-axis response, bringing it closer to the
flight-identified behavior. These trends are consistent with

prior studies (Refs. 10, 40). Overall, the agreement between
the physics-based model and the flight-identified frequency
responses is good – especially when rotor-on-rotor interac-
tions are included.

Closed-Loop Simulation

The rotorcraft flight dynamics are linearized and residualized
at each discrete speed increment to obtain the dynamic in-
version (DI) control law coefficient matrices. The resulting
DI control laws are evaluated in closed-loop simulations of
a 30-second acceleration from hover to cruise flight, during
which the rotorcraft performs a right turn while climbing at
300 ft/min. This maneuver, shown in Fig. 17, illustrates the
performance of the flight control laws in the lateral axis. The
rotorcraft begins in a hover condition and starts accelerating
at the forth second of the simulation, as shown in Fig. 17a.
Climb begins later, at the ninth second, also at 300 ft/min (see
Fig. 17a). At approximately fourteen seconds, the rotorcraft
initiates a right turn with a yaw rate of ψ̇ = 0.15 rad/s. Since
the rotorcraft is accelerating, and the bank angle required for
coordinated turn is given by φ = tan−1

(
ψ̇V
g

)
, the increasing

airspeed V leads to a corresponding increase in bank angle
φ during the turn. The resulting steady increase in heading
is shown in Fig. 17b. The turn is maintained until 20 sec-
onds, while the acceleration ends at 27 seconds. The climb
rate, however, is maintained for the duration of the simula-
tion. The outer velocity loop is shown to track the commanded
velocities accurately, with minimal off-axis response. Simi-
larly, the inner attitude loop closely tracks the roll, pitch, and
yaw attitudes commanded by the outer loop, also with min-
imal cross-axis coupling. In conclusion, the automatic flight
control system effectively tracks the desired commands with
minimal off-axis response, even during a complex maneuver
involving simultaneous commands along three axes.

CONCLUSIONS

This paper described the theoretical derivation, implementa-
tion, and validation of a teetering rotor model for applica-
tion in flight dynamics simulations. The rotor formulation
was generic and accounted for both positive and negative
angular rotor speeds. The module was integrated within a
generic multi-rotor/wing flight dynamics code implemented
in MATLAB®/Simulink. The model was validated against
flight-identified data for an ultralight coaxial helicopter. The
impact of rotor-on-rotor interactional aerodynamics was eval-
uated in trimmed flight using spectral and frequency response
analyses. Model-order reduction methods were investigated
to support the development of linearized models that were
tractable for flight control design while still capturing the ef-
fects of rotor-on-rotor interactions on the vehicle flight dy-
namics. Model-following flight control laws based on these
reduced-order linearized models were developed and tested
on the nonlinear dynamics. Based on this work, the following
conclusions can be reached:
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Figure 16: On-axis frequency responses in hover of the full-order dynamics with and without rotor-on-rotor interactions and of
the flight-identified models of (Refs. 2, 3).
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Figure 17: Transition from hover to high-speed forward flight.

1. Inclusion of rotor-on-rotor aerodynamic interactions in-
troduces nonzero roll trim attitudes and increases in col-

lective and pedal input demands – especially below 50
knots – due to asymmetric thrust sharing between the up-
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per and lower rotors.

2. Rotor-on-rotor interactions lead to higher thrust and self-
induced inflow on the upper rotor and lower thrust on
the lower rotor, despite equal power consumption. This
reflects the lower rotor operating in the induced wake of
the upper rotor, increasing total power requirements by
over 60%.

3. Including rotor-on-rotor aerodynamic interactions in-
creases the gain in roll, yaw, and heave frequency re-
sponses – particularly above 0.4–0.5 rad/s – bringing the
model into closer agreement with flight-identified data.
Phase alignment also improves, especially in the heave
response, where the interactions help replicate the phase
lag observed in flight. The mismatch in the natural fre-
quency of the unstable oscillatory roll mode may stem
from uncertainty in the lateral center-of-gravity location
during the flight tests used for parametric identification.

4. The dynamic inversion control system, developed us-
ing residualized dynamics that account for rotor-on-
rotor aerodynamic interactions, performs reliably across
a range of flight maneuvers, including coordinated turns,
vertical climb, and longitudinal acceleration. The inner-
loop controllers provide consistent attitude and rate
tracking, while the outer-loop controllers track velocity
commands with limited cross-axis coupling.
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APPENDIX

The residualized flight dynamics system matrix at hover, for the case including rotor-on-rotor interactions, is:

AAA0 kts =




−0.0079 0.0098 0.0014 0.2365 0.6854 0.0287 0 −32.1700
0.0045 −0.0099 0.0007 −0.3045 −0.0294 −0.0154 32.1700 0.0000
−0.0639 0.0021 −0.0172 −0.0150 0.3094 0.1049 0.0015 −0.0084
−0.0014 −0.0013 −0.0008 −0.1126 0.1021 −0.0225 0 0
0.0005 −0.0014 −0.0003 −0.0653 −0.0957 −0.0056 0 0
0.0006 0.0004 −0.0036 −0.0201 0.0139 −0.0946 0 0

0 0 0 1.0000 −0.0000 0.0003 0.0000 0.0000
0 0 0 0 1.0000 0.0000 −0.0000 0




The control matrix corresponding to pilot stick inputs at hover is:

BBB0 kts =




0.0194 −0.6596 −0.0004 0.0000
0.2363 0.0001 −0.0001 0.0000
−0.0015 −0.0631 −1.6552 0.3480
0.1839 0.0006 −0.0002 0.0049
−0.0014 0.0814 0.0001 0.0000
0.0379 0.0014 −0.0009 0.0256

0 0 0 0
0 0 0 0




The state and control input vectors corresponding to the above system and control matrices are:

xxxT = [u v w p q r φ θ]

uuuT =
[
δlat δlon δcol δped

]
(76)

where u, v, and w are in units of ft/s; p, q, and r are in rad/s; and φ and θ are in radians. Additionally, the mixing matrix to
convert pilot stick inputs to swashplate inputs is:




θ0R1
θ1cR1
θ1sR1
θ0R2
θ1cR2
θ1sR2



=




0 0 1
2 − 2

9
5 0 0 0
0 2 0 0
0 0 1

2 0
5 0 0 0
0 2 0 0







δlat
δlon
δcol
δped




The system and control matrices at 80 kts forward flight are:

AAA80 kts =




−0.0764 −0.0000 0.0569 −0.0032 8.7042 0.0041 0 −32.1016
−0.0003 −0.0983 0.0008 −8.4619 0.0021 −117.2804 32.1016 −0.0013
0.0478 −0.0002 −1.5518 0.0773 117.1017 0.0140 0.0199 2.0971
0.0002 0.0107 0.0009 −0.2150 0.0491 −0.1385 0 0
0.0031 0.0002 −0.0322 −0.0308 −0.3888 −0.0065 0 0
0.0000 0.0357 0.0005 −0.1600 0.0065 −0.4482 0 0

0 0 0 1.0000 0.0000 −0.0653 −0.0000 −0.0000
0 0 0 0 1.0000 0.0006 0.0000 0




BBB80 kts =




0.0238 −0.3477 0.1617 −0.0356
0.0045 0.0046 0.0031 −0.0013
−0.1717 −4.0453 −2.8214 0.6238
0.1343 0.0018 −0.0006 0.0039
−0.0021 0.0412 −0.0190 0.0060
0.0276 0.0006 −0.0001 0.0204

0 0 0 0
0 0 0 0



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