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ABSTRACT

This paper proposes a power-optimal incremental allocation scheme for over-actuated aircraft configurations. The
proposed allocation scheme is built upon a baseline incremental nonlinear dynamic inversion (INDI) controller. The
algorithm consists of a two-stage allocation scheme. First, the incremental pseudo controls are allocated in a direction-
preserving manner when actuator saturation occurs. Second, a global objective function is minimized that provides
global power optimality for the aircraft, by utilizing a null space transition scheme. Existing methods either minimize
only L'/L* norm of the actuator command increments, or use a power consumption model to construct a secondary
objective function for the allocation. In this paper, we propose a secondary objective function that is dependent on the
real-time power consumption of the actuators. The method does not require an energy model for the actuators, which
can be cumbersome to approximate accurately. Nonlinear simulation results with a transition aircraft demonstrate
reduced power consumption in comparison to existing model-based approaches.

INTRODUCTION

Over-actuated aircraft configurations have gained a great
amount of popularity in the recent years. In particular, re-
cent vertical take-off-and-landing (VTOL) aircraft concepts
feature highly over-actuated propulsion systems, since elec-
tric propulsion is becoming increasingly cost-effective and
efficient. Also, for manned operations, over-actuated sys-
tems provide safety in cases of actuator failures. As the
number of these concepts grows, the control allocation prob-
lem, which deals with the distribution of the demanded forces
and moments from the controller within the actuators of
the aircraft, is becoming more important. There are sev-
eral well-known methods implemented to solve the uncon-
strained control allocation problem, such as pseudoinverse-
based methods and direct allocation methods (Ref. 1). Some
pseudoinverse-based methods like Moore-Penrose pseudoin-
verse do not consider effector saturations. Meanwhile, daisy-
chaining (Ref. 2) and Cascaded Generalized Pseudoinverse
(CGI) methods (Refs. 3,4) are able to handle effector satu-
rations. Also, if the problem is formulated as an optimiza-
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tion problem, several approaches from the optimization lit-
erature can be used to solve the allocation problem, such as
interior-point methods (Ref. 5) or active-set methods (Ref. 0).
In applications where the allocation methods are used on-
line, daisy-chaining and CGI-based methods are favorable be-
cause of their bounded run-time. In the case of unattainable
moments, allocation methods can show either axis prioritiza-
tion (Ref. 7) or direction-preserving behavior (Ref. 3). While
axis prioritization methods assign higher priority to specific
axes based on the mission definition, direction preserving
methods scale the solution to the boundary of the polytope
of attainable moments. Another aspect is that control allo-
cation methods can be employed either as total command al-
location schemes or as frame-wise or incremental allocation
schemes (Ref. 8). The incremental allocation is inherently
able to handle rate limits of the actuators. Also, it is able
to handle effector nonlinearities due to the local computation
of control effectiveness matrix. However, incremental allo-
cation methods suffer from path-dependency, a phenomenon
that causes aircraft to converge to different trim conditions
based on the history of the state. Secondary objective func-
tions are especially useful for optimizing a global objective
function to solve path-dependency problem. In Ref. 9, an
allocation scheme with secondary objective functions based
on the expected intuitive behavior of the aircraft is proposed
to address path-dependency issue. In Ref. , & minimum
power secondary objective function is proposed to optimize
power consumption of the aircraft, at the same time solving
path-dependency problem.

Although any type of controller can be used with incremen-



tal allocation scheme, the baseline incremental nonlinear dy-
namic inversion (INDI) controller is inherently suitable. INDI
is a sensor-based control approach, which outputs incremental
pseudo controls to the allocation. Then, the incremental allo-
cation method computes effector command increments. The
incremental pseudo control vector represents increments in
linear and angular accelerations. INDI control approach has
been utilized for rate control for fixed-wing aircraft configura-
tions (Refs. 6,1 1), as well as, for velocity control for transition
VTOL aircraft configurations (Ref. 12), which gained popu-
larity in recent years, because of their operability over a wide
flight envelope. INDI mainly relies on sensor feedback for lin-
ear and angular accelerations, and is therefore robust against
model uncertainties.

In this paper, a minimum power, incremental allocation
method is proposed. The proposed method is a two-stage
allocation scheme. First, the pseudo controls from the con-
troller are allocated using a direction-preserving variant of
CGI (Ref. 3). Then, a secondary allocation phase is em-
ployed, which acts on the null space of the control effec-
tiveness matrix. This way, resulting forces and moments re-
main unchanged in the second phase. The secondary alloca-
tion phase optimizes the power consumption of the aircraft
using the real-time power consumption feedback from effec-
tors. This approach provides an optimization process for total
effector commands, although both phases are acting in an in-
cremental manner. The proposed method is employed with a
baseline INDI controller with velocity, attitude, and angular
rate loops. The algorithm is tested in simulation on a transi-
tion aircraft, which has eight fixed-tilt rotors in an asymmetric
layout along the lateral axis. The allocation algorithm also
computes optimal roll and pitch increments, which are fed
back to the attitude loop, which results in optimized distribu-
tion of aerodynamic lift and propeller thrust for high velocity
flight.

PRELIMINARIES

Incremental Nonlinear Dynamic Inversion

The following derivation is made with the assumption of rela-
tive degree of the system being one, which means that the first
derivative of the output dynamics contains direct terms with
the input. The general nonlinear aircraft dynamics expressed
in the input non-affine form are given by:

X = f(x(t),u(r)) (1)

y = h(x(t)) 2)

where x € R” is the state vector, u € R” the control input vec-
tor, and y € R™ the output vector. Note that it is assumed that
all states x are directly measurable. f : Dy, — R" is a nonlin-
ear function depending on the state x and inputs u.

The nonlinear dynamics described in Eq. (1) and (2) can be
controlled by either nonlinear dynamic inversion (NDI) or its

incremental form INDI. INDI controller computes a pseudo
control increment by linearizing the system at the current
state and input, based on a Taylor series expansion. The state
derivative can be written as:
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where the variables xg, Xy, and ug with subscript O represent
the values measured at the current time-step. Neglecting the
terms higher than first order, Eq. (3) is expressed as:
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A core assumption of INDI-based flight control laws is the
time scale separation assumption (Refs. 13, 14). It is assumed
that, if actuators in the system are fast enough, then they are
dominant in the state derivative. In other words, if the actuator
dynamics are significantly faster than the system dynamics,
the term related to the state vector in the state derivative stated
in Eq. (4) can be neglected. Another condition for time scale
separation assumption is that sampling rate should be high
enough. Based on the time scale separation assumption, Eq.
(4) is simplified as:
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The output dynamics given in Eq. (2) is derived once, which
gives a relation between the output and the input:
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Substituting B(xg, uo) to represent the partial differential part
and defining input increment Au = u — ug, then Eq. (6) be-
comes:

¥ & Yo + B(xo,u0)Au (7)

Finally, the control input u is derived as

u = ug+B" (x0,u0) (v — Yo) 3

where the pseudo controls v is defined by v = yges. BT de-
notes the pseudoinverse of B. In the case of square B matrix
(n = p), the inverse of B is used directly. Another assump-
tion for INDI is that xy,yo and uy are measurable or can be
approximated (Ref. 15). The desired trajectory y4es can be de-
signed using a linear control law K and the error in the outer
loop e, such that y4.s = Ke. For the systems having a relative
degree higher than one, the inner-most controller can be de-
signed using the derivation above, and outer-loop controllers
can be designed with any preferred controller design method
by cascading. The overall control system design in this work
is described later in this section.



Global Control Allocation

Generally, control allocation problem is handled in a way that
the absolute commands to actuators are calculated in each
time-step. Therefore, inputs to the allocation are absolute
force and moment commands. The relationship between ac-
tuator inputs and the resulting pseudo controls is typically ex-
pressed as:

Bu=v 9

where B € R™*? is the control effectiveness matrix that maps
the actuator inputs to pseudo controls, u € R? is the actuator
command vector and v € R” is the desired pseudo control
vector. For a 6-DOF allocation scheme, m = 6, consisting of
three forces and three moments.

For an exactly determined system, where m = p, the solution
is given by the direct inverse:

u=B"v (10)
In most aerospace applications, the systems are over-actuated
(p > m). In such cases, an exact inverse does not exist,
and a pseudoinverse-based method is a possible solution.
The weighted Moore-Penrose pseudoinverse provides a least-
squares solution while incorporating a weighting matrix W to
prioritize axes in pseudo controls. The weighted pseudoin-
verse of the control effectiveness matrix, denoted as B;,, is
computed as follows:

(1)

where W € R"™™" is a positive definite weighting matrix that
assigns priority to different axes of pseudo controls.

By, = (B"WB)"'B"W

The optimal actuator command is then determined using:

u= B‘Tvu (12)
In the case of actuator saturations and rate limits, following
conditions are needed to be satisfied by the allocation algo-
rithm:

w; < u; < ; (13)
u; = mCIX(Mi,mina uio— Tslfti,min) (14)
1 = min(u; max, 4i,0 + Tslimax) (15)

where u; min and u; max are positional limits. 1; min and #; max
are rate limits. u; o is the estimated or measured actuator state.

Incremental Control Allocation

When INDI is used as baseline control strategy, the allocation
problem takes the incremental form as:

BAu = Av (16)

where, in this case, B matrix is evaluated locally with the
current state and actuator positions. The same approach pre-
sented for global control allocation can also be utilized for this
problem. However, the weighted Moore-Penrose algorithm
only minimizes a weighted L?-norm of the incremental com-
mand for such problem. This leads to the path-dependency
problem, where resulting actuator commands can be different
for cases with the same system states, depending on the past
trajectory of the system.

To address path-dependency issue, a secondary objective
function that optimizes global properties of the system can
be implemented. To compute the additional increment, null
space of the local control effectiveness matrix B, .A4'(B), is
used. This way, the actuator commands are driven towards
a favorable configuration, while keeping the resulting pseudo
controls the same. This additional objective function can be
constructed using a power consumption model (Ref. 16), so
that actuators are moved towards an energy-optimal config-
uration. Then, the additional increment is summed with the
nominal increment calculated in the first allocation step, such
that:

Attemd = Attnom + K* Aut (17)

where Au~ is the direction of the additional increment, Aunom
is the nominal increment. K* is the optimal scaling factor,
which is described in a later section in detail.

Control System Architecture

The implemented control architecture is an incremental con-
trol and allocation scheme, similar to Ref. 17. The architec-
ture is depicted in Fig. 1. The remote pilot commands X, y
and z velocities in the control frame, denoted by ¢, which is
a local geodetic frame rotated by aircraft’s yaw angle. The
yaw rate is also commanded by the pilot. The architecture
includes a cascaded control structure for velocity, attitude and
attitude rate, all of them being linear control laws. The pseudo
controls from controllers to the allocation are:

V:[cvx Vy vz P g '.']T (18)

Angular accelerations are obtained by deriving angular rate
measurements from the gyroscope. Then, they are filtered
with a low-pass filter with a corner frequency of @wg. Band-
width of the each loop in cascade is separated by a factor
of k. That is, bandwidth for the attitude rate controller is
0y = Wy /k, and for the attitude controller, it is Oy = Wy /k.
Similarly, bandwidth of the velocity controller is @, = vy /k.
The pilot commands are filtered with a reference model as
shown in Fig. 1. In this work, second-order filters are used as
reference models.

Pitch and roll increments are also included in the allocation as
virtual effectors, which are fed back to the attitude controller.
Partial derivatives of pseudo controls with respect to attitude
increments are also included in the control effectiveness ma-
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Figure 1. INDI control system architecture.
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The output of the allocation are thrust commands for each mo-
tor. Then, these thrust commands are mapped into PWM com-
mands using the empirical data of the motors.

MINIMUM POWER INCREMENTAL
CONTROL ALLOCATION

This section represents how to compute the additional incre-
ment, so that the resulting commands of the allocation method
are driven towards the power optimal configuration. The addi-
tional increment Au- € .4 (B) computed with a second allo-
cation scheme that extends both the local control effectiveness
matrix and incremental pseudo controls, B as B* and Av as
Av* (Ref. 16). An objective function for power consumption
is defined as:

J= f(AucmdaMO)

The function f is described in this section and in the Appendix
for measured power and model-based power cases, respec-
tively. The partial derivative of this objective function with
respect to incremental actuator commands is added as a row
to the control effectiveness matrix as:

(20)
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Power Optimization using Power Measurements

The method given in the Appendix relies on a propeller model,
which is not easy to obtain and can significantly deviate from
real required power because of many reasons, such as wear
of the propeller surface, elasticity effects, propeller-airframe
or propeller-ground interactions, and heating of the motors.
Therefore, using sensor feedback to calculate the power con-
stants for each motor provides a more accurate power con-
sumption objective function. In this section, the secondary
objective function based on online power consumption mea-
surements is presented. Since the output of the allocation is
the thrust created by the corresponding propeller, the power
consumption must be expressed in terms of the thrust 7. Gen-
erally, the required power and propeller thrust has the rela-
tion (Ref. 18):

P T3/ (24)

The power consumption of electric motors is usually available
in ESCs through voltage and current measurements. It can
also be measured using external sensors. Denote B as the
measured power consumption of the actuator i. Then, using
the relation given in Eq. (24), a power coefficient for i-th
actuator can be calculated as:

o]l

I

(25)
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where Ty ; is the estimated or measured thrust of the i-th pro-
peller. In simulations presented in this paper, the current thrust
of the propeller is estimated by filtering commanded thrusts
with a first-order filter, with time constant computed from em-
pirical data.

Then, the power optimality objective function and its partial
derivative with respect to propeller thrust can be defined as:

Ji=cp T (26)
aJ; 3 2
zx&i’ZZECPJYf/ @7)

Note that, in the row corresponding to the partial derivative of
required power, only the elements corresponding to propellers
are nonzero. Other elements corresponding to attitude incre-
ments are zero since they do not have direct effect on power
consumption. However, through decreasing total power de-
mand of the propellers, the attitude increments are also driven
towards the power optimal values. The extended control effec-
tiveness matrix for power optimality through measurements
can be constructed as:

B

B* =
3 1
5¢paT,

/2 2 (28)

3 1
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With the extended control effectiveness matrix given in Eq.
(28) and the extended pseudo controls given in Eq. (22), the
direction of the additional increment can be calculated with
a pseudoinverse method, as in Eq. (23). Note that Au pro-
vides only the direction towards minimum-power configura-
tion, since a is arbitrary. It should be scaled to find the true op-
timal increment and not to exceed actuator limits. The deriva-
tion of the scaling factor is given in the next section.

Optimal Scaling Factor

An optimal scaling factor needs to be found, since Au" only
gives the direction of the command increment towards power-
optimal configuration. The length of the vector needs to be
adjusted using the scale factor. The value of K* can be found

by calculating the root of g—lj(, with an approach similar to

(Ref. 16). g—IJ( can be separated as:
dJ dJ du
9K~ oudk " 29

Substituting Eq. (37) (or Eq. (27) for measured power case)
and differentiating Eq. (17), Eq. (29) becomes:

3 3
(ECul/z)AuJ‘ = (5 Cuto + Attpom +K*Aut)' ) Aut =0
(30)
Note that C is the vector of coefficients either ¢; or cj,; for
model-based or measured power optimality cases, respec-
tively. u is the vector of total commands of the actuators and

ug is the vector of actuator commands in the previous time-
step.

Using B* from Eq. (28) and substituting into Eq. (23) to
calculate a as:

3

a= EC(uo + Attnom ) Aut (31)
Then, using a to simplify Eq. (30):

3

ECK*I/z(AuJ‘)yz =—a (32)
Rearranging to calculate K* as:

Kf= —M—— 33

QQMﬂW) 3

Note that, although the optimal scale factor is computed, the
total command increment may exceed actuator saturation lim-
its and rate limits. Therefore, a direction-preserving scaling of
the resulting incremental command is applied, such that only
one actuator is saturated by the resultant command. A similar
scaling factor is calculated in (Ref. 3).

SIMULATION RESULTS ON A TRANSITION
AIRCRAFT

Aircraft Setup

The configuration used in the simulations is given in Fig.
2. The propellers of the aircraft are identical and symmetric
along the x-axis of the aircraft. Each propeller has different
fixed-tilt angle, and the tilt angles of propellers 1-6 are rela-
tively small, so that they mainly produce vertical thrusts. The
rear propellers are tilted 30° in pitch, which means that they
produce a mixture of vertical and horizontal thrust. The elec-
tric motors are modeled through first-order transfer functions,
with a time constant computed from experimental data. Aero-
dynamic coefficients are obtained from wind tunnel tests of
the aircraft. The mapping from propeller thrust to PWM com-
mands is derived from experimental data from real propellers.
The simulation update rate is set to 200 Hz.

The implemented INDI baseline controller provides a unified
control approach for all flight phases of the aircraft. At low
velocities, the vehicle operates mainly with propeller thrusts.
During transition, vehicle gradually unloads propeller com-
mands and starts to utilize aerodynamic lift. Since the vehicle
has no aerodynamic control surfaces, and propellers are not
shut off during any flight phase, maneuvers at high velocities
are carried out by the propellers.

Results

This section presents simulation results for both the proposed
allocation method with power measurements presented in the
previous section, and allocation with model-based power op-
timization presented in the Appendix. It is assumed that some
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Figure 2. Vehicle configuration.

of the propellers are degraded with a loss factor A, jos, Such
that P, scrual = Ai lossPinom, Where P nom is the expected power
consumption of i-th propeller based on the model described in
the Appendix.

A maneuver from hover to high speed flight, where a mixture
of aerodynamic lift and propeller thrust is present on the air-
craft, is simulated. In the simulations, propellers 3 and 4 are
assumed to be degraded by the same factor A3 joss = A4 joss =
1.25. For other propellers, the loss factor is assumed to be
one(no degradation). The commanded and actual velocity in
the x axis of the ¢ frame are given in Fig. 3. Angle of attack
during the maneuver is given in Fig. 4. Since a pure hori-
zontal flight is presented, angle of attack and pitch angle are
assumed to be equal & ~ 6. The vehicle hovers at a ~ 8°
and it pitches down to o ~ —4° during transition. During the
constant high-speed flight, the vehicle maintains an angle of
attack o ~ 1°, and when transitioning from high speed flight
to hover flight, it reaches an angle of attack of o ~ 12°.

Velocity in X-Axis during Transition Maneuver
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Figure 3. Commanded vs actual velocity in x-axis of c
frame.
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Figure 4. Angle of attack of the aircraft during transition.

Since the simulated maneuver includes only a command along
the x axis, thrusts of counter propellers along x axis are nearly
identical, which are propeller pairs 1-2, 3-4, 5-6 and 7-8. For
the sake of visibility, only one thrust from each pair is drawn
in the following figures. In Fig. 5, thrust commands of each
propeller are given for the model-based power optimization
case. In Fig. 6, thrust commands are given for the measured
power optimization case. During transition and high speed
flight phases, rear propellers speed up since they are the main
forward force source. Similarly, while slowing down, the
thrusts of the rear motors decrease, and the first six propellers
apply more thrust to create a positive moment along the y-
axis. When the outputs of model-based and measurement-
based optimization methods are compared, it can be seen that
measurement-based algorithm outputs less thrust with respect
to model-based algorithm for propellers 3 and 4; since their
efficiencies are lower than other propellers.

Propeller Thrusts of Model Based Method
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Figure 5. Thrusts of each propeller pair, resulting from
model-based power optimization.



Propeller Thrusts of Measurement Based Method
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Figure 6. Thrusts of each propeller pair, resulting from
measurement-based power optimization.

In Fig. 7, the power consumptions of the two simulated cases
are drawn. The power consumption first increases at the start
of the transition maneuvers, then it decreases sharply with in-
creasing airspeed. Although the difference between power
consumption resulting from model-based and measurement-
based objective functions is small at hover and low-speed
flight, it becomes significant at higher speed flight. In the
high-speed flight regime, the proposed method requires ~8%
lower power than the model-based approach. The difference
between two methods would be higher with an higher devia-
tion of power consumption of motors from their modeled con-
sumption.

Total Power Required
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Figure 7. Required power for measurement-based and
model-based optimization methods during allocation.

CONCLUSIONS

This paper proposed an incremental allocation scheme which
optimizes power consumption based on real-time power mea-
surements of motors of an over-actuated aircraft. To achieve
that, a two-staged allocation is employed. In the first stage, re-
quired forces and moments are allocated to the actuator com-
mands. In the second stage, the solution is moved in the null
space of the control allocation matrix, so that the power op-
timality objective function, which is constructed using power
measurements, is minimized. Utilizing power consumption
in the objective function eliminates the modeling need of
propellers’ power consumption, which can be cumbersome.
Also, several unmodeled effects on the power consumption
of the propeller like mechanical wear and elasticity can be
addressed with this approach. The proposed method is com-
pared with an allocation scheme, where the power optimality
objective function is constructed using a power consumption
model. Nonlinear simulations of a transition vehicle, whose
velocity is controlled using INDI controller, are conducted.
Some propellers are assumed to have degradation, so that a de-
viation from the power consumption model is present. Results
show that utilizing power measurements decreases the overall
power consumption significantly, especially at high airspeeds.
Effect of using power measurements on overall power con-
sumption can be analyzed for different transition aircraft con-
figurations. The effectiveness of the proposed method is to be
demonstrated in a flight test in future.
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APPENDIX: MODEL-BASED POWER
OPTIMIZATION

In this section, the derivation of the power optimality objec-
tive, that is used for comparison with the proposed approach
in the results, is given. An objective function based on a sim-
plified model for power consumption of each propeller with
respect to the propeller thrust, which is independent of any
sensor feedback, is derived. The required power for a pro-
peller at a given rotational speed is (Ref. 18):

P= c,,pn3d5 (34)

where ¢, is the power coefficient, p is the air density, 7 is the
rotational speed of the propeller and d is the propeller diame-
ter. Substituting ¢, = 27c,, where ¢, is the torque coefficient
of the propeller, to Eq. (34):

P =2mc,pn’d’ (35)
Substituting the relation between propeller speed and the

—T__ where cr is the thrust coefficient, Eq. (35)

thrust n = -

becomes:

T 355 —1/2 =3/223/2 ;-1
P:27thp(m) 2@ =2me,p V2P T32d™! (36)
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The partial derivative of the required power with respect to
thrust is:
JP

12 =32 112 A D 12
87 = 37[qu / CT d T / é ECT /

(37
where ¢ 2 2me,p!/ 2c;3/ 241 Then, the extended control
effectiveness matrix B* can be computed by adding a row,
which consists of corresponding partial derivatives of the re-
quired power for each actuator, as:

. B
B = 1/2 (38)

%ClTlm %CZTz
With the extended control effectiveness matrix given in Eq.
(38) and an extended pseudo controls vector—whose rows
corresponding to moments and forces are zeros to keep the re-
sulting forces and moments the same as the result of the first
stage of the allocation, as given in Eq. (22)—the direction of
the additional increment is calculated using a pseudoinverse.
The magnitude of the increment in that direction is again cal-
culated with the same method presented in Optimal Scaling
Factor section. Similarly, the increment is scaled in the case of
actuator saturations, so that the total command conforms actu-
ator limits and only one actuator command is on the boundary
of the actuator position limits, similar to the scaling applied
in (Ref. 3).
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