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Abstract

Linearized time-periodic models are extracted from a high fidelity comprehensive nonlinear helicopter model
at a low-speed descending flight as well as a cruise condition. A Fourier expansion based model reduction
method is used to generate linearized time-invariant models from the time-periodic system. The linearized
models, intended for studies examining the interaction between on-blade control and the primary flight
control system, are very large in size with a few thousand states each. Therefore, a truncation method
based on Hankel singular values is used to reduce the size of the LTI models. The reduced-order LTI models
are then verified against the nonlinear model by comparing the hub load responses to an open-loop flap
deflection. However, on-blade control is usually implemented in closed-loop mode, therefore, the reduced-
order LTT models are verified for closed-loop performance fidelity. The higher harmonic controller is used
with the 2/rev-5/rev harmonic components of the flap deflection as the control input and vibratory hub
loads are the output. Closed-loop performance of the full-order LTT model, reduced-order LTI model, and
the nonlinear model is compared at both the low-speed descending flight and the cruise flight conditions.
The flap deflection histories and the vibratory loads predicted using the full-order and the reduced-order
LTT models agree very well at both flight conditions when the flap deflection is limited to be less than 2°.
The results show that the reduced-order LTI models capture all the relevant dynamics and are suitable for
studying closed-loop on-blade vibration control and its interactions with the primary flight control system,
as long as the dynamic stall effects are not significant.
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1 Introduction

On-blade vibration reduction in rotorcraft has
been an important area of research over the past
three decades. In addition to causing crew and pas-
senger discomfort, vibrations reduce the airframe
and component fatigue life and limit rotorcraft per-
formance resulting in high maintenance costs. On-
blade active control (OBC) approaches, such as the
actively controlled plain trailing-edge flaps (ACF)
[1-3] and the microflaps [4] have been explored for
rotorcraft vibration reduction. However, the influ-
ence of these OBC systems on the helicopter flight
control systems (HFC) and its handling qualities has
received attention only recently [5,6]. Understand-
ing and eliminating any adverse interaction between
the high-bandwidth control using OBC systems and
the closed-loop flight control systems is an essential
pre-requisite to OBC implementation on a produc-
tion helicopter.

The handling qualities specifications for small
amplitude maneuvers prescribed in Aeronautical De-
sign Standard (ADS-33, Ref. 7) are based on linear
time-invariant (LTT) model specifications. Further-
more, LTI models provide a convenient framework
for control system design. Thus, extraction of a LTI
approximation of the helicopter dynamic model is
an essential step towards carrying out an OBC and
HFC interaction study. The first step in extrac-
tion of LTI models is to obtain a linearized time-
periodic (LTP) model by linearizing the nonlinear
model about a periodic equilibrium. Subsequently,
LTT models are extracted from the LTP model. Var-
ious methods, such as the Lyapunov-Floquet trans-
formation method, Hill’s method, time-lifting and
frequency-lifting methods have been explored in the
literature [8] for reformulation of LTP models into
LTT form. The Hill’s method in which the LTT mod-
els are extracted using a Fourier expansion of the
LTP model matrices has been found to provide a
convenient framework for higher-harmonic control
and flight control interaction studies in helicopters
[5,9,10]. In Ref. 9, Hill’s method was used to ex-
tract LTI helicopter model approximations capable
of capturing N/rev vibratory hub load dynamics,
where N is the number of rotor blades. Interac-
tions between a conventional higher harmonic con-
trol (HHC) system and the HFC system were stud-
ied using the LTT helicopter models. The LTT mod-
els were extracted from an existing coupled non-
linear rotor-fuselage model of the Sikorsky UH-60
Black Hawk helicopter, where the blade model is
based on the rigid flap-lag and first torsional degrees

of freedom. Quasi-steady compressible aerodynam-
ics and a three-state dynamic inflow model, which
yields a linear inflow distribution over the rotor-disk
were used in the nonlinear model. The conventional
HHC controller was used to minimize the N/rev vi-
bratory hub loads. Employing the HHC controller
in a closed-loop mode had a negligible on HFC per-
formance and handling qualities, implying lack of
dynamic coupling between the two systems. How-
ever, pilot inputs to the HFC caused a significant
change in the vibratory hub loads. Furthermore,
the effectiveness of the HHC system in suppressing
the transient vibratory response to pilot inputs was
also examined. It was found that the root-mean-
square of the vibratory shears was reduced by 30%
compared to the baseline using a HHC system aug-
mented with a second-order lead-lag compensator.

Another method for the extraction of LTT he-
licopter models from a nonlinear model was devel-
oped in Ref. 10. The method involves a two-step ap-
proach where a LTP model is extracted from a non-
linear model using a numerical perturbation scheme.
Subsequently, a Fourier expansion based harmonic
decomposition of the LTP model matrices is used
to arrive at a LTI model of selected order. This
method is refered to as the Fourier expansion based
model reduction (FEMR) in this paper. The non-
linear helicopter model used in these studies was the
generic helicopter model embedded in FLIGHTLAB
that consists of a rigid flap mode, together with one
elastic flap mode combined with rigid lead-lag mode
for each blade. The blade feathering is assumed to
be rigid and the aerodynamics are represented by
a 15-state dynamic inflow model. These LTT mod-
els were later enhanced by adding elastic flap and
lead-lag modes in Refs. 11 and 12, where an ad-
vanced control system based on dynamic crossfeeds
that can mitigate the vibration response during a
maneuvering flight was developed. The classical
higher harmonic controller was used in this study.
The nonlinear helicopter simulation models used in
the studies mentioned above, due to lack of high
fidelity aerodynamic models, can capture only the
15¢ order dynamic effects, which are inadequate for
accurate predictions of vibratory hub loads. Fur-
thermore, the analyses considered the conventional
HHC and individual blade control (IBC) but not
any on-blade control systems. Recently, in Ref. 5,
the FEMR approach was used to extract LTP and
LTT models from a high fidelity nonlinear helicopter
model embedded in the AVINOR (Active Vibra-
tion and Noise Reduction) code [13]. The nonlinear
model accounts for higher-order structural dynamic



effects, dynamic stall, non-uniform inflow, and un-
steady aerodynamic effects due to on-blade control
surfaces, providing an accurate prediction of the vi-
bratory hub loads and the effects of on-blade con-
trol devices. The LTP and LTI model hub load re-
sponses were verified against the nonlinear model
response. Very good agreement was obtained with
the inclusion of the aerodynamic model states in the
linearized models for prescribed open-loop flap in-
puts [5]. Recognizing that on-blade control devices
are intended for a closed-loop mode of operation, the
LTT models were also verified for closed-loop vibra-
tion reduction performance fidelity in Ref. 6. Good
agreement was found between the LTI and nonlinear
model predictions of the closed-loop flap deflection
and vibration reduction performance.

The LTT models extracted in Refs. 5 and 6 were
based on the first N/rev sine and cosine terms in the
LTP state Fourier expansions. Thus, for every LTP
state, the LTI model has 2N+1 states resulting in a
system consisting of thousands of states. Working
with such large models is not only computationally
prohibitive but also inconvenient for control design.
Therefore, it is necessary to reduce the LTI models
to a reasonable size without compromising on the
model fidelity. In this paper, a truncation method
based on Hankel singular values is used to reduce the
order of the LTI models. The hub load response of
these reduced order models is then verified against
the original full order model. Fidelity of the LTI
models is evaluated at a low-speed descending flight
condition and a cruise flight condition, where dy-
namic stall (DS) effects are present. The specific
objectives of this paper are:

1. Construct high-fidelity LTP and LTI models
that can accurately capture the closed-loop
on-blade control characteristics of a nonlinear
helicopter model.

2. Use Hankel singular values to reduce the LTI
model order without compromising fidelity.

3. Verify the reduced order model response against
the original model in both open-loop and closed-
loop modes.

4. Evaluate the LTI model fidelity at various flight
conditions including a high-speed cruise con-
dition where significant DS effects are present.

2 Rotorcraft Aeroelastic Anal-
ysis Code

The AVINOR comprehensive rotorcraft aeroe-
lastic response code, which has been extensively used
to study vibration and noise reduction using flaps
and microflaps [1,4,13], is employed in this study
to extract linearized models. The principal ingredi-
ents of the AVINOR code are concisely summarized
next.

2.1 Structural dynamic model

The geometrically nonlinear structural dynamic
model in AVINOR accounts for moderate blade de-
flections and fully coupled flap-lag-torsional dynam-
ics for each blade. The structural equations of mo-
tion are discretized using the global Galerkin method,
using the free vibration modes of the rotating blade.
The dynamics of the blade are represented by three
flap, two lead-lag, and two torsional modes. The
code also has the option of modeling the blades
using a finite-element method. The effects of con-
trol surfaces such as the trailing-edge plain flaps on
the structural properties of the blade are neglected.
Thus, the control surfaces only influence the blade
behavior through their effect on the aerodynamic
and inertial loads.

2.2 Aerodynamic model

The blade/flap sectional time-domain aerody-
namic loads for attached flow are calculated using
a rational function approximation (RFA) based re-
duced order model constructed from frequency-domain
doublet-lattice based aerodynamic data [14]. This
model provides unsteady lift, moment, and hinge
moment for the plain flap configurations. A more
sophisticated CFD based RFA model that can pre-
dict drag in addition to lift, moment, and hinge mo-
ment due to flaps and microflaps is also available
in the code. However, it is not used in this study
because it is computationally more expensive. The
RFA model is linked to a free wake model [15], which
produces a spanwise and azimuthally varying inflow
distribution. In the separated flow regime aerody-
namic loads are calculated using the ONERA dy-
namic stall model [13].



2.3 Coupled aeroelastic response/trim
solution

The combined structural and aerodynamic equa-
tions of motion are represented by a system of cou-
pled ordinary differential equations with periodic
coefficients in state-variable form. Propulsive trim,
where three force equations (longitudinal, lateral,
and vertical) and three moment equations (roll, pitch,
and yaw) corresponding to a helicopter in free flight
are enforced, is used. A simplified tail rotor model,
based on uniform inflow and blade element theory, is
employed. The six trim variables are the rotor shaft
angle ag, the collective pitch g, the cyclic pitch 01,
and #1., the tail rotor constant pitch 8y, and lateral
roll angle ¢r. The coupled trim/aeroelastic equa-
tions are solved in time using a predictor-corrector

ODE solver DDEABM, based on the Adams-Bashforth

direct numerical integration procedure.

2.4 The Higher Harmonic Control Al-
gorithm

Active control of vibration and noise is imple-
mented using the HHC algorithm, which has been
used extensively in rotorcraft applications [15,16].
The algorithm is based on the assumption that the
helicopter can be represented by a linear model re-
lating the output of interest z to the control input
u. The measurement of the plant output and up-
date of the control input are performed at specific
times t; = k7, where 7 is the time interval between
updates during which the plant output reaches a
steady state. A schematic of the HHC architecture
implemented on a helicopter is shown in Fig. 1. The
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Figure 1: Higher harmonic control architecture

disturbance w represents the helicopter operating

condition. The output vector at the k** time step
is given by

(1) z; = Tup + Ww

where the sensitivity matrix T represents a linear
approximation of the helicopter response to the con-
trol and is given by

0
T=22.

Ju
At the initial condition, k = 0,

(2)

(3) zo = Tug + Ww.

Subtracting Eq. (3) from Eq. (1) to eliminate the
unknown w yields

(4) zr = 2o + T(ur — up).

Another version of Eq. (4) where subsequent control
updates are used

(5) Zip+1 = 2 + T(upq1 — ug),

is refered to as the recursive version. The controller
is based on the minimization of a quadratic cost
function

(6)  J(Zht1Ups1) = 24y 1 Qzpt1 + gy  Rugy.

The optimal control input is determined from the
requirement

BJ(zk, uk)

auy =0.

(7)
Minimization with respect to ug41 yields the opti-
mal control input

(8) Wit1.0pt = —(TTQT+R) ™ (T' Q) (2 —Tuy).

This is a classical version of the HHC algorithm
that yields an explicit relation for the optimal con-
trol input. Another version of the HHC algorithm
where the sensitivity matrix T is updated using
least-squares methods after every control update is
known as the adaptive HHC and is discussed in
Ref. 16.

In a 4-bladed rotor, the control input uy is a
combination of 2/rev, 3/rev, 4/rev, and 5/rev har-
monic amplitudes of the control surface deflection:

(9) Ur = [62076257 "'7656765S]T~



The total control surface deflection is given by
(10)
S(th,ug) = > [One cos(N) + dys sin(N )] .

N=2

where the quantities . and 0 correspond to the
cosine and sine components of the N/rev control in-
put harmonic. For vibration reduction (VR) stud-
ies, the output vector zj, consists of 4/rev vibratory
hub shears and moments:

Frxa
Frya
Frz4
My xq

My s
Mz

(11) Zyp =

The weighting matrix Q in the cost function in Eq. 6
is a diagonal matrix. For vibration control, it is
described by six weights corresponding to the three
vibratory hub shears and the three vibratory hub
moments.

3 LTP and LTI model extrac-
tion from AVINOR

The procedure for extracting linearized time-periodic

and time-invariant models from the nonlinear AVI-
NOR code is briefly described in this section. De-
tails of the extraction procedure can be found in
Ref. 5. First, a LTP model is extracted by lineariz-
ing the nonlinear model about a trim state. Steps
implemented are outlined in Fig. 2. The first box

represents the structural equations of motion in the
AVINOR code formulated as

(12) Xe - h(XSa )'(87 Xas u)

where x; is the state variable vector containing the
structural degrees of freedom, x, is the state vari-
able vector containing the augmented aerodynamic
states associated with the RFA aerodynamic model
[14], u is the control input vector, and h is a general
nonlinear function. The first step in the lineariza-
tion procedure as represented in the second box in
Fig. 2 is to linearize Eq. (12) about a periodic equi-
librium, which yields a linear time-periodic system

given by
(13)
. oh oh ) oh
A%, =2 L) A%+ S (WA + 5 (1)Ax,
oh
+ %(w)Au

or
(14)

A%y = K (V) Axs — Koo (V) Ax, — D () Ax,

+ Gs(¥)Au

where Axg, AXy, AX,, Au represent perturbations
in Xg, X5, Xq, U, respectively. The derivatives Kgs(v)),
D;(v), Ksa(®), and G4 () are matrix functions de-
pendent on the azimuthal angle ) and are calculated
at a finite number of azimuthal steps (in the current
study, 320 equally spaced steps are used in a revo-
lution) using a central differencing scheme given as

15

(8h) _ h(x, + Ax,, X, X, 1) — h(X, — Ax,, X, %, 0)
oxs 2AX,

(16)

Oh  h(X,, X, + AX,, X,, 1) — h(X,, X, — A%, X,, 1)
ox, 2A%,

(17)

Oh  h(X,, X, X + Axg, 1) — h(X,, X, X — AXg, Q)
OxXa 2Ax,

(18)

oh _ h(X,,X,,Xq, 0+ Au) — h(X,, X, X, 1 — Au)
ou 2Au

where (X, X5, X4, ) represents a periodic eqilibrium
condition. This step is represented in the third and
fourth blocks in Fig. 2.

The differential equations corresponding to the
RFA aerodynamic model in the AVINOR code can
be represented as

(19) Xq :ha(XS,XS,Xmu).

Linearization about a periodic equilibrium yields

(20)
_ Oh, oh, ) oh,
Ay = ()AX, + G2 (D) A%, + 5 (W),
1 e () A,

ou
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Figure 2: A schematic of the steps involved in extracting linearized models from AVINOR.



or

(21)
Axa = _Kas(w)Axs - Kaa(¢)AXa

+ Ga (w)Aua

—D.(¥)Ax,

where the derivatives Kq5(%), Do (), Kaa(9), and
G, (v) represent the effect of perturbations in the
various state variables and control inputs on the
aerodynamic state derivatives. A similar lineariza-
tion procedure is adopted for the output equation.
In this study the vibratory hub loads are chosen
as the output quantities. The vibratory hub shears
and moments are obtained from the integration of
the distributed inertial and aerodynamic loads over
the entire blade span. This relation can be repre-
sented by a nonlinear function

(22) y = f(x87XS7Xa;u)7

and is linearized about a periodic equilibrium. The
linearized equation is expressed as

(23)
of of ) of
y :aXS (w)AXs + TXS(w)AXS + T){[I(w)AXa
of
or
(24) Ay :PS(w)AXs + Q(w)Axe + Pa(¢)AXa

+R(Y)Au.

The partial derivatives P4(v), P, (¢), Q(v), and
R(v) represent the change in the vibratory loads
due to a unit perturbation in the state variables,
their derivatives, and the control inputs, respec-
tively. The central differencing scheme is used to
evaluate all the partial derivatives in this study. The
final LTP representation of the helicopter model ex-
pressed in a state space form is:

(25) £=AW)E+ B
(26) (= CH)E+EWw

£=[Ax, Ax, Ax,T,
v =[Au]T,
¢ = [ay]",
[ 0 0 I
A(w) = _Kas (w) _Kaa(w) _Da(w) )
L 7Kss(1/}) 7Ksa(w) *D('l/))
)
B("/}) = Ga('(/)) )
| Ga(¥)
C) =[Ps(¥) Pa(v) Q¥)],
).

Linearized models extracted in this study will be
used to examine interactions between on-blade con-
trol and the flight control systems. In order to study
coupled rotor-fuselage dynamics of a helicopter, it is
convenient to describe the rotating blade motion in
a non-rotating coordinate system. Multiblade coor-
dinates (MBC) are widely used in the literature to
express the blade motion in the non-rotating coor-
dinate system [17]. The blade equations of motion
in AVINOR are solved in the rotating frame using
rotating blade coordinates (RBC). Therefore, when
extracting the linearized models from AVINOR, a
coordinate transformation is used to transform the
blade degrees of freedom from RBC to MBC. For a
4-bladed rotor, the MBC transformation expressed
in terms of the rotating blade coordinates is:

4

1

(27) Tmo = nz::l Ty
=

(28) Tmic = 5 nz::l Ty, COS Yy
=

(29) Tmls = 5 nz::l Ty, SIN Yy,
=

(30) T2 = 1 ;(—1)”1‘”

where .0, Tmic, Tmis, Tm2 are the collective, co-
sine, sine, and differential multi-blade coordinates,
respectively, and x,, and ), are the individual blade
coordinate and azimuth angle corresponding to the
nt" blade, respectively. For a 4-bladed rotor, the
individual blade coordinate of the n*” blade is given



in terms of MBC as:

(31)

Tp = Tymo + Tynic COS d)n + Tmis sin wn + (*l)nme-
Similar transformations are defined for the control
inputs. The implementation of these transforma-
tions to generate a linearized helicopter system of
equations in terms of MBC is provided in Ref. 5.

The FEMR approach [10] is used to extract LTI
models from the LTP models (Egs. (25), (26)). As
represented by the last box in Fig. 2, this approach
is based on a Fourier approximation to the state,
output and input variables Axg, Ax,, Au, and Ay,
given as:

(32)
N
Ax, = Ax? + Z[AX?C cos(ny) + AxZ? sin(ni)],
n=1
(33)
N
Ax, = AxY + Z[AXZC cos(ny) + Ax? sin(na)],
n=1
(34)
M
Au = Au’ + Z [Au"¢ cos(map) + Au"’ sin(map)],
m=1
(35)

L
Ay = Ay + Z[AylC cos(nip) + Ay'® sin(Iv)].

=1

where Ax%, Ax%, Aug, Ay are the average compo-
nents, AX"C Ax"c Au, Ay'c are the cosine har-
monic components, and Ax?*, Ax™* Au™*, Ay!* are
the sine harmonic components. Dlﬂerentlating the
expansion for Axg and Ax, with respect to 9,

(36)
N
Ak, = AX? + Z[(AX?C + nAx}®) cos(ny)

n=1

+ (A%} — nAx}¢) sin(ny)],
(37)
N
Ax, = AXY + Z[(AXZ" + nAx]®) cos(ny)

n=1

+ (AX]® — nAXD) sin(n)].

Differentiating the structural equation again yields

(38)
N
Ak, = AZ)+ D [(ARD 4 2nAXT — n® AXI€) cos(ny))
n=1
+ (A%™ — 2nAX"¢ — n? AX™¥) sin(ny)].

Fourier expansions are also defined for the system
matrices, for example,

(39)
K., Z [K"¢ cos(ny) + K7 sin(ny)],
where
0 1 27
= Kss d 3
L= gr ) K
. 1 27
K = K (1) cos(ih)dy,
™ Jo
) 1 27
™ Jo
i=1,2,...,N

Substituting Eqs. (32)-(34), (36), and (38) into
the blade structural equation of motion, Eq. (14)
yields,

(40)
AR+ ) [(ARE 4 2iA%L — i?AxL) cos(in))
i=1

+ (AR — 26A%Y — 2 AxE) sin(it)]

= ss (V) {Ax + Z[AXS cos(ny) + Axy® sin(m/))}}

n=1

— Koa (1)) {Ax + Z [AX}C cos(ni) + Ax sm(m/})]}

- Dsw){AxO

G, () {Au0 + Z [Au

m=1

N
+ Z[(AX?C + nAxs*) cos(ny)
+ (A% — nAxL€) sin(nd))}}

"¢ cos(myp) + Au™? Sin(mw)]}

Equation for the average component x? is obtained
by applying % /i 0277 averaging procedure to both sides
of Eq. (40). Equation for the i*® harmonic cosine
component Ax’® can be obtained by multiplying
both sides of Eq (40) by * cos(iz)) and integrating it



over one revolution. In a similar manner, the equa-
tion for the 7*® harmonic sine component Ax® can
be obtained by multiplying both sides of Eq. (40)
by 1 sin(iy)) and integrating it over one revolution.
Performing similar operations on the aerodynamic
state equation and the output equation, and defin-
ing augmented state, input, and output vectors as

o 0 nc ns -0 - nc - NS
Xaug = [Xg ... X5© X270, X,...X, .
0 nec ns T
Xy X s,
_ 0 mc ms T
Uy = [U°... 1 u™ ],

Yaug = [yo . ylc yls .. .]T

the linear equations can be consolidated and ex-
pressed as a state-space LTI model given by

(41)
0 0 I 0
)'(aug = Asr Az A Xaug B, Uaug,
Az Az Ags B3
(42)

Yaug = [Cl CQ 03} Xaug + Eluauga

where the matrices Agy, Ago, Ass, Az, Asza, Ass,
B, B3, Cq, Cs, C3, and E; are derived in Ref. 5.

4 Model Order Reduction

The LTI models used in the previous studies [5,6]
retained up to N/rev sine and cosine terms in the
Fourier expansion of the LTP states. Thus, corre-
sponding to every state in the LTP model, the LTI
model has 2N+1 states resulting in a system con-
taining a few thousand states. The large size of
the system diminishes computational efficiency and
does not lend itself to control design. Therefore,
it is necessary to reduce the size of the LTI model
without compromising its fidelity. A method for
model order reduction based on the modal partici-
pation of the various states is discussed in Ref. 18.
The order reduction uses a comparison of the modal
participation factor in the LTI and LTP models, for
reducing the size of the LTI model. Two different
metrics, namely, error as additive uncertainty and
gap-metric analysis, were described to quantify the
fidelity of the reduced-order models. However, the
method has several shortcomings. It has limitations
for p < 0.30 due to repeated eigenvalues. Further-
more, it is suitable for applications where in addi-
tion to the input-output relations, the system states
are also of interest. This is not the case for vibra-

tion reduction using on-blade flap deflection where
only the input-output relation is required. Further-
more, all the studies in this paper are conducted for
© < 0.35. Therefore, the modal participation based
method is not suitable. In the current study, the
LTT model size reduction is implemented using the
balanced model reduction method [12,19]. A bal-
anced realization of a LTI system is one for which
the controllability and observability Gramians are
equal and diagonal. The diagonal elements of the
Gramian matrices of a balanced realization are ref-
ered to as the Hankel singular values. These val-
ues represent the “energy” associated with the LTI
model states and consequently their influence on
the system stability and response. The LTI model
size is reduced by truncating the states having rel-
atively low Hankel Singular Values. The MATLAB
functions hsvd and balred are used to calculate the
Hankel singular values and subsequently produce a
reduced-order model.

5 Closed-loop Control Using LTI
Models

On-blade control devices are implemented in closed-

loop mode for rotorcraft vibration reduction. There-
fore, to accurately study on-blade control and flight
control interactions, it is imperative that the LTI
models retain the closed-loop characteristics of the
nonlinear model. In order to evaluate the closed-
loop fidelity of the reduced-order LTI models, ex-
tracted using the procedure described in the pre-
vious sections, closed-loop performance of the on-
blade control devices predicted using the LTI mod-
els is compared to that predicted using the nonlinear
model. Specifically, the optimal flap deflection pre-
dictions and the reduction in vibratory hub loads
are compared. An illustration of on-blade vibra-
tion control with the LTI helicopter model and the
HHC controller implemented in a feedback loop is
shown in Fig. 3. The LTI models predict only per-
turbations in the vibratory hub loads due to flap de-
flection. Therefore, the steady state hub loads are
added to the LTI model predictions to obtain the
complete vibratory loads. Then, a Fourier trans-
form is used to extract the 4/rev components of the
vibratory loads, which in turn are fed into the higher
harmonic controller. The classical HHC controller is
used to determine the optimal control input for vi-
bratory load reduction. An adaptive version of the
algorithm is not necessary when working with LTI



Table 1: Rotor configuration parameters used.

Dimensional Rotor Data

R=491m

My = 27.35 kg

Q) = 425 RPM

Nondimensional Rotor Data

Ny, =4 L, =1.0
¢/R = 0.05498 Orw = -8°
e=20

X4=0 X =0

wr = 1.124, 3.40, 7.60 wy, = 0.732, 4.458
wr = 3.17, 9.08

v =15.5 o =0.07

Bp = 2.5°

Helicopter Data

Cw = 0.005 fCq = 0.031
Xra =00 Zrpa =03
Xre =0.0 Zpc = 0.3

helicopter models. The control input is a combina-
tion of the 2/rev, 3/rev, 4/rev, and 5/rev harmonic
components of the flap deflection. The sensitivity
matrix T, used in the HHC algorithm, is also ob-
tained from the LTI model. A comparison of the T
matrices obtained from the nonlinear and the LTI
models revealed negligible differences. This can be
attributed to the fact that small flap deflection per-
turbation values were used to obtain the T matrices.

6 Results and Discussion

The rotor configuration considered is a four-bladed
hingeless rotor, resembling the BO-105 type rotor;
the rotor parameters are listed in Table 1. All the
values in the table (except Cy,~, and o) have been
nondimensionalized using My, Ly, and 1/ for mass,
length and time, respectively. The spanwise mass
and stiffness distributions are assumed to be con-
stant. All the blades are assumed to be identical.
The rotor is trimmed using a propulsive trim pro-
cedure.

Linearized time-periodic and time-invariant mod-
els were extracted from the AVINOR code at two
different flight conditions. A steady descending flight
condition with advance ratio ;4 = 0.15 and descent
angle ap = 6.5°, which represents heavy BVI con-
ditions and cruise flight condition at advance ratio

Figure 4: A 20%c conventional plain flap configura-
tion.

| 0.69R

I P>

@

0.12R

Figure 5: Spanwise configuration of the 20%c plain
flap on the rotor blade.

u = 0.35. A single plain flap with a 20% chord
length, shown in Fig. 4, is used for active control.
The flap is centered at 75% span location and its
spanwise length is 12% of the blade radius as shown
in Fig. 5. The LTP model is based on 7 states cor-
responding to the blade structural degrees of free-
dom (3 flap, 2 lead-lag, and 2 torsional), 7 states
corresponding to their derivatives, and 100 states
corresponding to the RFA aerodynamic model. The
reason for the large number of aerodynamic states
is that the state-space RFA model is used to predict
the 2-dimensional lift, moment, and hinge moment
at several spanwise stations on the blade. Therefore,
the LTP model has 456 (114*4) states when mod-
eled using the multi-blade coordinates. The AVI-
NOR code does not account for the body degrees of
freedom. In order to study the effect of active vi-
bration control on the flight handling qualities, the
body degrees of freedom have to be present in lin-
ear models. This issue will be addressed in future
studies. A rotor revolution is divided into 320 az-
imuthal steps in order to calculate the LTP model
matrices A(v), B(v), C(¢), and E(¢). A trial and
error procedure was used to determine the optimum
perturbation values. A 10% perturbation is used for
the structural and aerodynamic states and a 0.25°
perturbation is used for the flap deflection in LTP
model extraction. The flap deflection control input
in the AVINOR code is specified in the frequency do-
main through the harmonic component amplitudes.
In order to specify a constant perturbation in flap
deflection, during LTP model extraction, the cosine
0/rev component is set to 0.25° and all the other
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Figure 3: An illustration of closed-loop on-blade vibration control using a LTI helicopter model and the

HHC controller.

components are set to 0. This is an artificial way
to specify a constant flap deflection using harmonic
component amplitudes. Consequently, the effects of
flap deflection rate () are neglected. For the LTI
model extraction, the average component and the
first 4 cosine and sine components are retained in
the Fourier expansion. In a previous study [5] it
was shown that the first 4 harmonic components
of the Fourier expansion are sufficient for captur-
ing all the important dynamics in the LTP model.
Therefore, the LTI model has a total of 4104 (456*9)
states. The linearized models were verified in Ref. 5
by comparing their output response with the non-
linear model response corresponding to a open-loop
higher harmonic flap deflection. Subsequently, the
closed-loop fidelity of the LTI models used during
vibratory hub load reduction was verified in Ref. 6.

As mentioned above, these LTI models retain up
to N /rev sine and cosine terms in the Fourier expan-
sion of the LTP states resulting in over 4000 states.
Such large size is computationally prohibitive and
also inconvenient for control design. Therefore, the
balanced model reduction method, described in a
previous section, is used to reduce the size of the
LTT models in this paper. The resulting reduced-
order models are verified for open-loop and closed-
loop fidelity against the full-order LTI model.

Model order reduction is first performed at the
descending flight condition. Hankel singular values
of the LTI system are plotted using a log-log scale
in Fig. 6. The magnitude of the singular values de-

creases rapidly after the first 600 states. The last
2000 states have very small singular values, of the
order of 10! and their contribution to the model’s
dynamic response is negligible. The pitching hub
moment response to an open-loop flap deflection
d = 1° cos(41 + 90°), predicted using three different
reduced-order LTI models with 600, 400, and 200
states, respectively, is verified against the full-order
LTT model in Fig. 7. All the hub shears and mo-
ments presented in this paper are non-dimensionalized
using using My, Ly, and 1/ for mass, length and
time, respectively. The agreement between the full-
order and reduced-order LTI models is excellent at
600 states but decreases as the number of states is
reduced to 200. Therefore, the reduced-order LTI
model approximation with 600 states is sufficient to
capture all the relevant dynamics of the full order
LTI model. A comparison of the various hub loads
predicted using the full-order and the reduced-order
LTT model with 600 states is shown in Fig. 8. The
agreement between the full-order and the reduced-
order LTI models is excellent in all the hub loads.

Similar open-loop verification is performed at a
high-speed cruise condition with p = 0.35. Hankel
singular values of the LTI system are plotted using
a log-log scale in Fig. 9. Note that Fig. 9 is out of
order and appears in the page before Fig. 8. As in
the case of the lower advance ratio, the magnitude of
the singular values decreases rapidly after the first
600 states. The pitching hub moment response to an
open-loop flap deflection § = 1° cos(4v) + 90°), pre-
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LTT model at p = 0.15.

dicted using three different reduced-order LTI mod-
els with 600, 400, and 200 states, respectively, is ver-
ified against the full-order LTI model in Fig. 10. The
agreement between the full-order and reduced-order
LTT models is excellent at 600 states but decreases
as the number of states is reduced to 200. For the
reduced-order model with 400 states, the error is
large compared to the low advance ratio case. The
presence of dynamic stall at high advance ratio re-
quires the use of additional states for the same level
of accuracy. The reduced-order LTI model approx-
imation with 600 states is adequate for capturing
the relevant dynamics in the full-order LTT model.
A comparison of the various hub loads predicted us-
ing the full-order and the reduced-order LTI model
with 600 states is shown in Fig. 11. The agreement
between the full-order and reduced-order LTI mod-
els is excellent in all the hub loads.

In order to assess its closed-loop fidelity, the
reduced-order LTI model extracted at the low-speed
descending flight condition is implemented in the
control loop shown in Fig. 3. First, the control sen-
sitivity matrix used by the HHC controller is com-
puted. Subsequently, the controller is engaged in
closed-loop with the LTI model. The optimal flap
deflections for vibration reduction predicted by the
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HHC controller when used in conjunction with the
full-order LTT model, the reduced-order LTI model
with 600 states, and the nonlinear model are com-
pared in Fig. 12(a). The reduced-order model re-
sults are denoted in the legend as ‘LTI600Red’ whereas
the full-order LTI model results are represented as
‘LTT. The flap deflection consists of the 2/rev, 3/rev,
4/rev, and 5/rev harmonic components and the to-
tal flap deflection amplitude is limited to 1°. The
flap deflection is limited to this value to account for
actuator saturation using the algorithm described in
Ref. 20. This limit on the flap deflection is refered
to as the saturation limit. The flap deflection pre-
dictions based on the full-order and reduced-order
LTI models agree very well. The two LTI model
predictions agree reasonably well with the nonlinear
model prediction, particularly in the magnitude and
the azimuthal locations of the peaks and troughs.
The differences in the predictions are quantified by
a root mean square (RMS) error term defined as

(43) E = \/(AG, + A8, + .. + A2, + ARZ,)/8.

Note that the harmonic components of the flap de-
flection presented here are the converged steady state
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values. The RMS error between the full-order LTI
model and nonlinear model flap predictions is 0.0022,
whereas the RMS error between the reduced-order
LTT model and the nonlinear model is 0.0019. The
corresponding vibratory hub loads are compared to
the baseline loads in Fig. 12(b). The reduced vibra-
tory loads obtained using the nonlinear model and
the two LTT models agree very well. Performance
of the controller is evaluated based on the reduction
achieved in the vibratory cost function

(44)

J=Fixa+ Firys + Fhigy + My + My y + M5,

The nonlinear model yields a 24% reduction in the
cost function compared to 34% obtained by the full-
order LTT model and 37% obtained by the reduced-
order LTI model. Thus, retaining 600 states in the
LTI model is sufficient for enforcing closed-loop con-
trol fidelity.

Similar comparisons are performed for a maxi-
mum flap deflection limit of 2°. The optimal flap
deflections predicted by the HHC controller used
in closed-loop with the full-order LTI model, the
reduced-order LTI model with 600 states, and the
nonlinear model are compared in Fig. 13(a). The
full-order and reduced-order LTI models show good
agreement. The LTI model and nonlinear model
based predictions agree reasonably well. There is
good agreement in the magnitude of the peaks and
troughs. However, their azimuthal locations show
bigger errors compared to the 1° case. The RMS
error between the full-order LTI model and nonlin-
ear model flap predictions is 0.0063, whereas the
RMS error between the reduced-order LTI model
and the nonlinear model is 0.0054. The RMS er-
ror between the flap deflections predicted by the
full-order and reduced-order LTT models is 0.0022.
The corresponding vibratory hub loads are com-
pared to the baseline loads in Fig. 13(b). The re-
duced vibratory loads obtained using the full-order
and reduced-order LTI models agree reasonably well.
The nonlinear model yields a 41% reduction in the
cost function compared to 64% obtained by the full-
order LTT model and 69% obtained by the reduced-
order LTT model.

Linearized models extracted for cruise flight con-
dition at p = 0.35 were also verified for closed-loop
fidelity. The optimal flap deflections predicted by
the HHC controller in conjunction with the full-
order LTT model, the reduced-order LTI model with
600 states, and the nonlinear model are compared
in Fig. 14(a). The flap deflection amplitude is re-

stricted to 1°. The two LTI models show excellent
agreement. The RMS error between the flap deflec-
tions predicted by the full-order and reduced-order
LTT models is 0.00001. The RMS error between
the predictions from the LTI models and nonlin-
ear model is 0.0056. The corresponding vibratory
hub loads are compared to the baseline loads in
Fig. 14(b). The reduced vibratory loads obtained
using the nonlinear model and the two LTI models
agree reasonably well. The nonlinear model yields
a 33% reduction in the cost function compared to
49% obtained by both the full-order and reduced-
order LTT models. The full-order and reduced-order
LTT models show excellent agreement but the agree-
ment between the nonlinear and LTT models is not
as good when compared to the low advance ratio
case. These differences can be attributed to the
presence of dynamic stall effects in the nonlinear
model which are not captured by the LTI models.
The dynamic stall model in AVINOR is based on
an input relay function, that is, the model is acti-
vated only when the angle of attack is bigger than
a predetermined value. Incorporating these nonlin-
ear dynamic stall model characteristics into the LTI
approximations requires significant modifications to
the FEMR approach and will be considered in fu-
ture studies.

7 Conclusions

Linearized time-periodic and time-invariant mod-
els capable of predicting the effects of on-blade con-
trol implemented by a plain trailing-edge flap were
extracted from a high-fidelity nonlinear helicopter
model, implemented in the AVINOR code. The
model extraction was carried out at a low-speed
descending flight, corresponding to BVI conditions,
as well as high-speed cruise where DS effects are
present. The size of the LTI models was excessive, in
terms of the number of states, thus the models were
computationally prohibitive in terms of cost. There-
fore, a balanced model reduction method based on
Hankel singular values was used to reduce the LTI
model order. Fidelity of these reduced-order LTI
models was verified by comparing their vibratory
hub load response to open-loop flap deflection against
that of the full-order LTI model and the nonlinear
model. On-blade control is usually implemented
in closed-loop mode, therefore, the reduced-order
LTI models were also verified for closed-loop perfor-
mance fidelity. The higher harmonic controller was
used with a flap deflection that consists of a combi-
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nation of 2, 3, 4, and 5/rev harmonic components
as the control input and vibratory hub loads as the
output. The principal conclusions are:

1. The Hankel singular value magnitudes of the
full-order LTT models decrease rapidly after
the first 600 states. Thus the size of the LTI
models was reduced from 4104 to 600. This
behavior was present at both the low-speed
and high-speed flight conditions.

2. The vibratory hub load response to an open-

loop 4/rev flap deflection predicted by the reduced-

order LTI model was in excellent agreement

with that predicted by the full-order LTT model.

Reducing the number of states further down to
400 causes the agreement between the reduced-
order and full-order LTI models to deteriorate.
This deterioration was evident particularly at
the high-speed flight condition.

3. For the closed-loop verification performed at a
low-speed descending flight, the flap deflection
predictions based on the reduced-order LTI,
full-order LTI, and nonlinear models agree very
well. For a 1° saturation limit on the flap
deflection, the RMS error between the full-
order LTT and nonlinear model flap deflections
is 0.0022 whereas that between the reduced-
order LTT and nonlinear models is 0.0019. A
comparison of the corresponding vibratory hub
loads indicates that the nonlinear model yields
a 24% reduction in the vibratory cost func-
tion compared to 34% obtained with the full-
order LTI model and 37% obtained with the
reduced-order LTT model.

4. Increasing the flap deflection saturation limit
to 2° increases the RMS error between the full-
order LTI and nonlinear model flap deflections
to 0.0063 and that between the reduced-order
LTT and nonlinear models to 0.0054. The agree-
ment between the flap deflections is still rea-
sonable. The nonlinear model yields a 41%
reduction in the cost function compared to
64% obtained with the full-order LTI model
and 69% obtained by the reduced-order LTT
model. As the flap deflection saturation limit
is increased, the dynamics are forced further
away from the operating condition and the

small perturbation assumption is violated. There-

fore, the errors between the linear and nonlin-
ear model predictions are expected to increase.

5. Similar comparisons were performed at a cruise
condition, p = 0.35, with the flap deflection

saturation limit set to 1°. The full-order and
reduced-order LTI models show excellent agree-
ment in both the flap deflection and vibration
reduction predictions. The LTI and nonlin-
ear model predictions agree reasonably well.
The RMS error between the LTI and nonin-
ear flap deflections is 0.0056. The nonlinear
model yields a 33% reduction in the vibratory
cost function whereas the both the LTI mod-
els yield 49% reduction. The agreement be-
tween the nonlinear and LTT models is not as
good when compared to the low advance ra-
tio case. These differences can be attributed
to the presence of dynamic stall effects in the
nonlinear model which are not captured by the
LTI models. Incorporation of the nonlinear
dynamic stall model characteristics into the
LTI approximations will be considered in fu-
ture studies.
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