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Abstract

Problems related to mathematical modeling and optimal dynamic control of pretwisted adaptive rotating blade are con-
sidered. The blade is modeled as a thin-walled beam accounting for nonclassical effects, such as anisotropy, transverse
shear and warping inhibitions. The adaptive capabilities are provided by the actuators manufactured by anisotropic piezo-
composite layers embedded into the structure. The linear quadratic regulator feedback control strategy is adopted to study
the dynamic behavior on vibration suppression. The control authority of the implementation of piezo-actuators with different
ply-angles, considered in conjunction with that of the structural tailoring, are highlighted.

1 Introduction

Because of the advantages with respect to weight criteria,
specific high stiffness and elastic couplings, composite thin-
walled structures are widely used in the rotor blade structure
design. A large amount of work are devoted to the modeling
and behavior of composite rotor blades [1;2;3;4;5;6;7;8;9;10;11].
Recently, the blade incorporating adaptive materials tech-
nology into the host structure are proposed for the design
of new high performing blades [12;13;14;15]. In contrast to the
passive control via tailoring technology, in those featuring
adaptive capabilities, the frequencies, mode shapes and
damping can be tuned to avoid structural resonance and
to enhance dynamic response characteristics. Because
piezoelectric materials have a series of desirable charac-
teristics, such as self-sensing, fast response and covering
a broad range of frequency, they are excellent candidates
for the role of sensors and actuators.

In the existing literature, a lot publications on model-
ing or studying adaptive thin-walled structure are based on
the assumption of fiber orientation of piezo-composite are
aligned along the spanwise missing the discussion of the
isotropic properties [16;17;18;19;20;21;22]. Thus the system can
only be controlled by the piezoelectrically induced bending
moments. Wang et al. develop a geometrically nonlinear
thin-walled beam theory incorporating fiber-reinforced com-
posite and piezo-composite in Ref. [23;24] and give a com-
prehensive study allowing to get a better insight into the
influence of piezoelectrically induced extension, transverse
shear, twist, bimoment and bending actuations.

In this paper, based on the pretwisted adaptive rotat-
ing blade model developed in Ref. [24], the control authority
on vibration suppression is investigated when implementing
the Linear Quadratic Regular (LQR) optimal control strat-
egy. The Extended Galerkin’s Method (EGM) is used to
semi-discretize the governing equation of the system for nu-
merical study. The influence of ply-angles of host structure
and piezo-actuator are highlighted.

2 Basic assumptions and kinematics

2.1 Basic assumptions

A pretwisted rotary thin-walled beam incorporating fiber-
reinforced composite and piezo-composite materials is con-
sidered in the present article. The geometric configuration
and the chosen coordinate systems are shown in Figs 1 and
2.
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Figure 1: A schematic description of the blade.
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Figure 2: Geometry of the pretwisted beam with a rectangular
cross-section (CUS lay-ups).



The inertial reference system (X ,Y,Z) is attached to the
center of the hub O (considered to be rigid), while the ro-
tating axis system (x,y,z) is located at the blade root with
an offset R0 from the rotation axis O, see Fig. 1. The unit
vectors associated with the frame coordinates (X ,Y,Z) and
(x,y,z) are defined as (I,J,K) and (i, j,k), respectively.
Besides the rotating coordinate system (x,y,z), a local co-
ordinate system (xp,y,zp) is also defined, where xp and zp

are the principal axes of an arbitrary beam cross-section,
see Fig. 2. In addition, a surface coordinate system (s,y,n)
on the mid-line contour of the cross-section is considered
in Fig. 2. Coordinate systems (x,y,z) and (xp,y,zp) are re-
lated by the following transformation

(1)

{
x(s,y) = xp(s)cosβ(y)+ zp(s)sinβ(y),
z(s,y) =−xp(s)sinβ(y)+ zp(s)cosβ(y),

where the linear pretwist angle β(y) can be assumed as

(2) β(y) = γ0 +β0
y
L
,

in which γ0, β0 and L denote the presetting angle, the
pretwist angle of the cross-section at the beam tip and the
length of the beam, respectively.

Toward the modeling of the rotary thin-walled structure,
the same assumptions used in Ref. [25] are adopted, such
as (i) the cross-section is assumed preserved during the
deformation; (ii) both the primary and secondary (thickness)
warping effects are included; (iii) the transverse shear effect
are taken into account. Note that, the centrifugal stiffening
and tennis-racket effects [26] are highlighted in the present
approach.

2.2 Kinematics

It is useful to express the position vector R of an arbitrary
point M(x,y,z) belonging to the deformed beam, measured
from a fixed origin O (coinciding with the center of the hub),
described in the rotating coordinate system (x,y,z). In the
sense we have

(3) R = R0 + r+D,

where R0, r and D denote the position vector of the beam
root point o (hub periphery), the undeformed position vector
of point M(x,y,z), and its displacement vector, respectively.
Their expressions are

(4) R0 = R0j, r = xi+ yj+ zk, D = ui+ vi+wk,

where the components u, v and w in the displacement vec-
tor D are [25]

u(x,y,z, t) =u0(x, t)+
[

z(s)+n
dx
ds

]
sinφ(y, t)

−
[

x(s)−n
dz
ds

]
[1− cosφ(y, t)] ,

(5a)

(5b)

v(x,y,z, t) =v0(y, t)+
[

x(s)−n
dz
ds

]
θz(y, t)

+

[
z(s)+n

dx
ds

]
θx(y, t)− [Fw(s)+na(s)]φ′(y, t),

w(x,y,z, t) =w0(y, t)−
[

x(s)−n
dz
ds

]
sinφ(y, t)

−
[

z(s)+n
dx
ds

]
[1− cosφ(y, t)],

(5c)

where Fw(s) and na(s) play the role of primary and sec-
ondary warping functions. u0(y, t), v0(y, t), w0(y, t), φ(y, t),
θx(y, t), θz(y, t) represent the 1-D displacement measures
(see Fig. 2), and constitute the basic unknowns of the prob-
lem. If we assume that the rotation takes place in the plane
(X ,Y ) with the constant angular speed, i.e., Ω=ΩK=Ωk,
the velocity and acceleration vectors of point M(x,y,z) can
be given as:

Ṙ(x,y,z) =u̇(x,y,z)i− [R0 + y+ v(x,y,z)]Ωi+ v̇(x,y,z)j
+[x+u(x,y,z)]Ωj+ ẇk,

(6)

(7)
R̈(x,y,z) =ü(x,y,z)i−2v̇(x,y,z)Ωi− [x+u(x,y,z)]Ω2i+ v̈(x,y,z)j

+2u̇(x,y,z)Ω− [R0 + y+ v(x,y,z)]Ω2j+ ẅk.

2.3 Strains

The strains that contribute to the potential energy are:
Spanwise strain:

(8) εyy(n,s,y, t) = ε
0
yy(s,y, t)+nε

1
yy(s,y, t),

where ε0
yy denotes the axial strain associated with the pri-

mary warping and ε1
yy denotes a measure of curvature as-

sociated with the secondary warping, their explicit expres-
sions are given as
(9a)

ε
0
yy =

[
v′0 + xθ

′
z + zθ

′
x−Fwφ

′′]+ 1
2

[
(u′0)

2 +(w′0)
2 +(x2 + z2)φ′

2
]

+u′0φ
′(zcosφ− xsinφ)−w′0φ

′(xcosφ+ zsinφ),

(9b)
ε

1
yy =−

dz
ds

θ
′
z +

dx
ds

θ
′
x−aφ

′′

+φ
′
[

u′0

(
dx
ds

cosφ+
dz
ds

sinφ

)
+w′0

(
dz
ds

cosφ− dx
ds

sinφ

)
+ rnφ

′
]
.

Tangential shear strain:

(10) γsy(s,y, t) = γ
0
sy(s,y, t)+ψ(s)φ′(y, t)+2nφ

′,

where
(11)

γ0
sy =

dx
ds

(θz +u′0 cosφ−w′0 sinφ)+
dz
ds

(θx +u′0 sinφ+w′0 cosφ) .

Transverse shear stain:
(12)

γny =
dx
ds

(θx +u′0 ∈ φ+w′0 cosφ)− dz
ds

(θz +u′0 cosφ−w′0 sinφ) .



3 Constitutive Relations

The fiber-reinforced composite material (e.g. Graphite-
Epoxy) in host structure and the piezo-composite material
(e.g. AFC [27] or MFC [28]) in actuator can both be modeled
using the linear piezoelectric constitutive equation [24;25].
The stress resultants and stress couples reduce to the fol-
lowing expressions
(13)

Nyy
Nys
Lyy
Lsy

=


K11 K12 K13 K14
K21 K22 K23 K24
K41 K42 K43 K44
K51 K52 K53 K54




ε0
yy

γ0
ys

φ′

ε1
yy

−


Ñyy
Ñsy
L̃yy
L̃sy

 ,

and

(14) Nyn =

(
A44−

A45
2

A55

)
γyn.

The explicit expressions of the local stiffness coefficients
Ki j and piezoelectrically induced resultants (e.g., Ñyy) are
given in Ref. [25] and [23], respectively.

4 Formulation of the governing sys-
tem

The governing equations and the associated boundary con-
ditions are derived from Hamilton’s principle. This can be
stated as (see e.g. Ref. [25])

(15)
∫ t1

t0
[δT +δV −δWe]d t = 0,

where the virtual work of the external excitation We, the ki-
netic energy T and strain energy V can be given as

T =
1
2

∫ L

0

∮
c

Nhp

∑
k=1

∫ nk2

nk1

ρ(k)(Ṙ · Ṙ)dndsdy,(16a)

(16b)

V =
1
2

∫ L

0

∮
c

[
Nyyε

0
yy +Nysγ

0
sy +Lyyε

1
yy +Lsyφ

′+Nnyγny

]
dsdy,

We =
∫ L

0

[
pxu0 + pyv0 + pzw0 +mxθx+

(my +bw
′)φ+mzθz

]
dy,

(16c)

In Eqs. (15) and (16), t0 and t1 denote two arbitrary motions
of time; ρ denotes the mass density; px, py, pz, mx, my,
mz and bw are the external excitation per unit span length;
while δ, (̇) and ()′ denote the variation operator, ∂()/∂t and
∂()/∂y, respectively.

The governing system of the pretwisted rotating blades
will be expressed in terms of displacement quantitites. For
the general case of ply-up configuration, the system ex-
hibits a complete coupling between the various modes,
that is, warping (primary and secondary), bending (flap-
ping and lagging), transverse shearing, twist and exten-
sion. In engineering applications, special lay-up configura-
tion is normally adopted to design particular couplings [29].

Here, circumferentially uniform stiffness (CUS) configura-
tion [30] is considered. For the thin-walled beam with rect-
angular cross-section as shown in Fig. 2, CUS configura-
tion implies the ply-angle distribution θ(z) = θ(−z) of the
top and bottom walls and θ(x) = θ(−x) of the left and right
walls. Indicated in Ref. [24], CUS configuration will decou-
ple the system into two independent subsystems, i.e., one
governs the flapwise bending-chordwise bending coupling
motion and the other governs the twist-extension coupling
motion. Since the inclusion of pretwist solely has the signif-
icant effect on the former subsystem, this article is focused
on this one.

After a lengthy variation process of Eq. 15 and ignor-
ing the immaterial nonlinear terms, the governing equations
expressed in terms of displacement quantities as

δu0 : a34θ
′′
x +a44(u′′0 +θ

′
z)+ px +b1Ω

2[R(y)u′0]
′

−b1[ü0−2Ωv̇0
::::

−Ω
2u0]+δpAQx

1 V1P′(y) = 0,

(17a)

δw0 : a25θ
′′
z +a55(w′′0 +θ

′
x)+b1Ω

2[R(y)w′0]
′−b1ẅ0 + pz

+δpAQz
3 V3P′(y) = 0,

(17b)

δθx : a33θ
′′
x +a34(u′′0 +θ

′
z)−a25θ

′
z−a55(w′0 +θx)

+mx−b4θ̈x−b6θ̈z−2Ωb4φ̇
:::::

+Ω
2(b4θx +b6θz)+δpAMx

1 V1P′(y)−AQz
3 V3P(y) = 0,

(17c)

δθz : a22θ
′′
z +a25(w′′0 +θ

′
x)−a34θ

′
x−a44(u′0 +θz)

+mz−b5θ̈z−b6θ̈x−2Ωb6φ̇
:::::

+Ω
2(b5θz +b6θx)

+δpAMz
3 V3P′(y)−AQx

1 V1P(y) = 0,

(17d)

the boundary conditions are
at y = 0:

(18) u0 = w0 = θx = θz = 0,

and at y = L:
(19a)
δu0 : a24(L)θ′z +a34(L)θ′x +a44(L)(u′0 +θz)+a45(L)(w′0 +θx)

+δs

[
AQx

1 V1 cosβ(L)+AQz
3 V3 sinβ(L)

]
= 0,

(19b)
δw0 : a25(L)θ′z +a35(L)θ′x +a45(L)(u′0 +θz)+a55(L)(w′0 +θx)

+δs

[
AQz

3 V3 cosβ(L)−AQx
1 V1 sinβ(L)

]
= 0,

(19c)
δθx : a23(L)θ′z +a33(L)θ′x +a34(L)(u′0 +θz)+a35(L)(w′0 +θx)

+δs
[
AMx

1 V1 cosβ(L)−AMz
3 V3 sinβ(L)

]
= 0,

(19d)
δθz : a22(L)θ′z +a23(L)θ′x +a24(L)(u′0 +θz)+a25(L)(w′0 +θx)

+δs
[
AMz

3 V3 cosβ(L)+AMx
1 V1 sinβ(L)

]
= 0,



In these equations

(20) R(y) = R0(L− y)+
1
2
(L2− y2),

ai j(y), bi j(y) and AX
i are the stiffness, mass and piezo-

actuator coefficients, respectively. There explicit expres-
sions are presented in Refs. [25;23;24]. P(y) denotes the span
location of the piezo-actuator of Fig. 1

(21) P(y) = H(y− y1)−H(y− y2),

H(·) is Heavisides distribution. The piezo-actuators can be
split into two actuators pairs, see Fig. 3. The voltage param-
eters V1 and V3 are related to flange-actuator-pair (top and
bottom) and web-actuator-pair (left and right), respectively.

web-actuator-pair

V =(V -V )/23 L R

V1 T B=(V -V )/2

Figure 3: Rotary beam with a rectangular cross-section.

For the cases (a) the actuator is spread over the en-
tire beam span (b) the actuator is a single patch, the traces
have to be taken as (a) δp = 0 and δs = 1 (b) δp = 1 and
δs = 0, respectively.

In a nutshell, the terms in Eqs. (17) associated with (1)
the centrifugal acceleration, (2) the Coriolis, (3) the tennis-
racket, (4) the centrifugal warping and (5) the centrifugal-
rotatory effects are underscored by (1) a solid line ( ),
(2) a wavy line (

:::
), (3) a dotted line ( . . . . ), (4) a dashed

line ( ) and (5) two superposed solid lines ( ) re-

spectively.

5 Solution methodology

5.1 The Extend Galerkin’s Method

The Extend Galerkin’s Method (EGM) [31;32] is applied to dis-
cretize the system for numerical study. The underlying idea
of EGM is to select weighting (or shape) functions that ex-
actly satisfy only the geometric boundary conditions (y= 0).
The terms arising as a result of the non-fulfillment of natu-
ral boundary conditions (y = L) remain as residual terms
in the energy functional itself, which are then minimized in
the Galerkin sense [33], thus yielding excellent accuracy and
rapid convergence [32]. Let

u0(y, t) = Ψ
T
u (y)qu(t), w0(y, t) = Ψ

T
w(y)qw(t),

θx(y, t) = Ψ
T
x (y)qx(t), θz(y, t) = Ψ

T
z (y)qz(t),

(22)

where the shape functions ΨT
u (y), ΨT

w(y), ΨT
x (y) and

ΨT
z (y) are required to fulfill the geometric boundary con-

ditions. Thus the discretized forms of the system when ig-
noring the immaterial Coriolis terms follow as

(23) Mq̈+[K+Ω
2K̂]q+A1V1 +A3V3 = Q,

where

(24) q =
{

qT
u qT

w qT
x qT

z
}T

,

The expressions for mass matrix M, stiffness matrix K, dy-
namical stiffness matrix K̂, actuating vector Ai and external
excitation vector Q are given in appendix of Ref. [24].

5.2 Linear Quadratic Regulator optimal con-
trol

One important target of the piezo-actuators is to suppress
the vibration of the blade. To achieve this target, linear
quadratic regulator (LQR) optimal control based on the use
of a full state feedback scheme is adopted. Eq. (23) can be
cast in state-space form as

(25) ẋ(t) = Ax(t)+BQ(t)−BA1V1(t)−BA3V3(t)

where,
(26)

x(t) =
[

qT (t)
q̇T (t)

]
, A =

[
0 I

−M−1K 0

]
, B =

{
0

M−1

}
.

Note that the LQR control provides sort of a benchmark,
an ideal optimal value which cannot be obtained in prac-
tical applications because the state x is not available and
needs to be reconstructed using a state estimator that de-
grades the quality of the regulator. Within the LQR control
algorithm, we minimize the cost function (both the response
of the closed-loop system and the control effort should be
minimized simultaneously).

(27) J =
1
2

∫ t f

t0

(
xT Zx+ViRiVi

)
d t,

where positive semidefinite matrix Z and positive definite
scalar Ri denote the state weighting matrix and the control
weighting scalar, respectively, while t0 and t f denote the
present and the final time, respectively. Following Ref. [34],
the weighting matrices Z and Ri proper to a trade off be-
tween control effectiveness and control energy consump-
tion by taking

(28) Z =

[
αK 0
0 βM

]
, Ri = ηiAi

T K−1Ai, (i = 1,3)

where α and β are weighting coefficients, (αβ ≥ 0 and
(α+β) > 0), where ηi is a positive scale factor. The ma-
trix Z actually represents the sum of the system kinetic and
potential energies in the sense of

(29)
1
2

∫ t f

t0
xT Zd t =

1
2

∫ t f

t0

[
q̇T

βMq̇+qT
αKq

]
d t.



On the perspective of vibration suppression, it is reasonable
to just consider the system kinetic energy, i.e., weighting
coefficients combination α = 0 and β = 1 is adopted in the
context. Thus, the LQR optimal feedback control law can be
given as

(30) Vi(t) =−Gix(t),

where Gi is the optimal gain matrix,

(31) Gi =−R−1Ai
T BT Pi,

while Pi is the positive-definite solution to the steady-state
Riccati equation

(32) Z+PiA+AT Pi−RiPiBAiAi
T BT Pi = 0.

6 Numerical study and discussion

The geometric specifications of the rotary thin-walled struc-
ture used in numerical study are shown in Table. 1. The ma-
terial properties of host structure and piezo-actuators are
specified in Tables 1 and 2, respectively. The correspond-
ing CUS lay-up configurations are given in Table 3. Note
that, validations of the present thin-walled beam model was
performed in Refs. [23;24].

In this numerical study, unless otherwise stated, the fol-
lowing assumptions are adopted, (1) γ0 =−β0 is assumed
in Eq. 2 to make the pretwist angle at the beam tip equal
to zero; (2) the piezo-actuators are assumed spread over
the entire beam span and bonded outside the host struc-
ture; (3) radius of the hub is assumed as R0 = 0.1L; (4) the
constant rotating speed is assumed as Ω = 1000 rpm.

Table 1: Material properties (Graphite-Epoxy) and geometric spec-
ifications of the thin-walled box beam

Material Value Geometric Value

E11 206.8×109 N/m2 Width (2ba) 0.254 m
E22 = E33 5.17×109 N/m2 Depth (2da) 0.0681 m
G12 = G13 2.55×109 N/m2 Hub radius (R0) 0.2032 m
G23 3.10×109 N/m2 Number of layers (Nh) 6
µ12 = µ13 = µ23 0.25 Layer thickness 0.0017 m
ρ 1.528×103 Kg/m3 Length (L) 2.032 m

a The length is measured on the mid-line contour.

Table 2: Material properties of piezo-actuator manufactured by
MFC [35]

E11 31.2.8×109 N ·m−2 d11 386.63×10−12 m ·V−1

E22 = E33
∗ 17.05×109 N ·m−2 d12 = d13

∗ −175.50×10−12 m ·V−1

G12 = G13
∗ = G23

∗ 5.12×109 N ·m−2 ρ 5115.9 Kg ·m−3

µ12 = µ13
∗ = µ23

∗ 0.303 mp 1
Electrode spacing 0.0017 m Thickness 0.0017 m

∗ The value is assumed by the author.

Table 3: CUS lay-up configurations (deg) a

Flanges Webs

Layer Material Top Bottom Left Right

CUS (1-6) Host structure [θh]6 [θh]6 [θh]6 [θh]6
CUS (7) Piezo-actuator [θF

p ] [θF
p ] [θW

p ] [θW
p ]

a θh, θF
p and θW

p denote the ply-angles in host structure,
flange-actuator-pair and web-actuator-pair, respectively. θp

denotes both for θF
p and θW

p .

6.1 Study of piezo-actuator coefficients

The piezo-actuator coefficients induced by flange-actuator-
pair (V1) and web-actuator-pair (V3) plotted as a function
of ply-angle are illustrated in Figs. 4, 5 and Figs. 6, 7, re-
spectively. The influences of host structure stiffness on
piezo-actuator coefficients are also highlighted in these fig-
ures. For an unpretwisted rotary thin-walled beam, θh =
75o,105o will yield a significant chordwise bending-flawise
bending elastic coupling, while this elastic coupling is im-
material for θh = 90o case [24].

It can be found that transverse shear coefficients AQx
1

in Fig. 4 and AQz
3 in Fig. 6 show a symmetric dependence

centered around θp = 90o, while bending coefficients AMx
1

in Fig. 5 and AMz
3 in Fig. 7 present the anti-symmetric prop-

erty. 5
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Figure 4: Chordwise transverse shear piezoelectric coefficient
AQx

1 as a function of flange-actuator-pair ply-angle θF
p .
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Figure 5: Flapwise bending piezoelectric coefficient AMx
1 as a

function of flange-actuator-pair ply-angle θF
p .
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Figure 6: Flapwise transverse shear piezoelectric coefficient AQz
3

as a function of web-actuator-pair ply-angle θW
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Figure 7: Chordwise bending piezoelectric coefficient AQz
3 as a

function of web-actuator-pair ply-angle θW
p .

6.2 Study of damping ratios

Recalling the LQR control methodology, the control author-
ity is solely related to control weighing factor ηi. Figs. 8

and 9 plot damping ratios of the first four modes as a func-
tion of ηi. It can be found damping ratios decrease with the
increase of ηi.
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Figure 8: Damping ratios of the first four modes versus control
weighting factor η1; β0 = 0o, θh = 90o, θF

p = 80o
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Figure 9: Damping ratios of the first four modes versus control
weighting factor η3; β0 = 0o, θh = 90o, θF

p = 80o

For θh = 90o case that the flapwise bending and chord-
wise bending are elastically decoupled, damping ratios of
the first four modes plotted as a function of ply-angle are
shown in Figs. 10 and 11. In addition, the non-shear-
actuation and non-bending-actuation points are indicated
by black and red dots, respectively. According to mode
shapes study, the 1st and 3rd are flapwise bending modes,
while the 2nd and 4th are chordwise bending modes. The
result of Fig. 10 presents that flange-actuator-pair can
control chordwise bending modes by piezoelectrically in-
duced chordwise transverse shear AQx

1 while control flap-
wise bending modes by AMx

1 . Note that, AQx
1 will offer a

robust control authority on chordwise bending modes in the
domain 10o < θF

p < 70o or 110o < θF
p < 170o. Similar re-

sults can also be concluded for web-actuator-pair in Fig. 11.
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Figure 10: Damping ratios of the first four modess versus flange-
actuator-pair ply-angle θF

p ; θh = 90o, η1 = η3 = 600, β0 = 0o
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Figure 11: Damping ratios of the first four modes versus web-
actuator-pair ply-angle θW

p ; θh = 90o, η1 = η3 = 600, β0 = 0o

For the strong elastic couping case θp = 75o, Figs. 12
and 13 plot damping ratios of the first four modes as a func-
tion of flange-actuator-pair ply-angle θF

p and web-actuator-
pair ply-angel θW

F , respectively. It can be found that the
variations of damping ratios are complicated in Figs. 12
and 13. In Fig. 12, the flange-actuator-pair induced trans-
verse shear force (indicated in red dots) or bending mo-
ment (indicated in black dots) can both control the flap-
wise and chordwise bending modes individually via elas-
tic coupling. However in Fig. 13, the influence of elastic
coupling on web-actuator-pair control effect is not as sig-
nificant as on that of flange-actuator-pair. In general, in
the domain of 60o < θp < 90o, the damping ratios vary
sharply, while the variations are relatively slow in the do-
main of 90o < θp < 150o. We denote the last domain as
the robust ply-angle domain.
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Figure 12: Damping ratios of the first four modess versus flange-
actuator-pair ply-angle θF

p ; θh = 75o, η1 = η3 = 600, β0 = 0o
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Figure 13: Damping ratios of the first four modes versus web-
actuator-pair ply-angle θW

p ; θh = 75o, η1 = η3 = 600, β0 = 0o

Due to the pretwist angle, the chordwise and flap-
wise bending modes of the system will be always coupled
each other. Figs. 14 and 15 present damping ratios of
a pretwisted rotary thin-walled beam. Compared Fig. 14
with 12, the variations of damping ratios induced by flange-
actuator-pair show the similarity. The significant influence
of pretwisted angle can be seen on the 2nd mode which is
indicated by dashed line. The variation similarity of damp-
ing ratios induced by web-actuator-pair can also be found in
Figs. 15 and 13. The significant influence of pretwist angle
can be observed on the 3rd and 4th modes.
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Figure 14: Damping ratios of the first four modess versus flange-
actuator-pair ply-angle θF

p ; θh = 75o, η1 = η3 = 600, β0 = 45o
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Figure 15: Damping ratios of the first four modes versus web-
actuator-pair ply-angle θW

p ; θh = 75o, η1 = η3 = 600, β0 = 45o

Figures 16-19 further highlight influence of pretwist an-
gle on damping ratios induced by pure piezoelectric bending
moment (θp = 90o) and transverse shear force (θp = 129o).
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Figure 16: Damping ratios of 1st and 2nd modes versus pretwist
angle β0; θh = 75o, η1 = η3 = 600, θF

p = 90o for flapwise bend-
ing, θF

p = 129o for chordwise transverse shear
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Figure 17: Damping ratios of 3rd and 4th modes versus pretwist
angle β0; θh = 75o, η1 = η3 = 600, θF

p = 90o for flapwise bend-
ing, θF

p = 129o for chordwise transverse shear
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Figure 18: Damping ratios of 1st and 2nd modes versus pretwist
angle β0; θh = 75o, η1 =η3 = 600, θW

p = 90o for chrodwise bend-
ing, θW

p = 129o for flapwise transverse shear
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Figure 19: Damping ratios of 3rd and 4th modes versus pretwist
angle β0; θh = 75o, η1 =η3 = 600, θW

p = 90o for chordwise bend-
ing, θW

p = 129o for flapwise transverse shear

6.3 Dynamical simulation

A pretwisted rotary blade with strong elastic couplings is
considered in this dynamic simulation. Piezo-actuator with
θp = 135o is implemented for the reason that on one hand
this ply-angle is in the robust ply-angle domain, on the
other hand it can yield a significant piezoelectrically induced
torque on twist motion. Note that in the actual simulations,
the first seven structural modes are used. The dynamic re-
sponses of the blade tip under the impulse load are pre-
sented in Fig.s 20 and 21. The associate voltage param-
eters are shown in Fig. 22. In order to make the output
value of voltage V1 and V3 at the same level (see Fig. 22),
the control weighting factors η1 = 600 and η3 = 24000 are
adopted. It can be found that flange-actuator-pair present
significant better control effect than that of web-actuator-
pair no matter on lateral or vertical directions.
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Figure 20: Beam tip response on lateral direction u0(L, t) to im-
pulse load; px = pz = 10 N·m−1, θh = 75o, θp = 135o, β0 = 60o.

0 0.1 0.2 0.3 0.4 0.5 0.6

Time (s)

-4

-3

-2

-1

0

1

2

3

4
T

ip
 r

e
s
p

o
n

s
e

 w
0
 (

m
)

10-3

No control

V
3
 (

3
=24000)

V
1
 (

1
=600)

Figure 21: Beam tip response on vertical direction w0(L, t) to im-
pulse load; px = pz = 10 N·m−1, θh = 75o, θp = 135o, β0 = 60o.
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Figure 22: Time history of voltages to impulse load; px = pz =
10 N·m−1, θh = 75o, θp = 135o, β0 = 60o.



7 Conclusions

A dynamic theory of pretwist rotating blades modeled as
thin-walled beams incorporating fiber-reinforced and piezo-
composite materials obtained via Hamiltons variational prin-
ciple was supplied. The theory accounts for a number of
nonclassical features such as transverse shear, warping in-
hibitions and centrifugal stiffening that are essential for a
reliable prediction of dynamic characteristics. The piezo-
actuators are grouped as two independent actuator-pairs,
viz., flange-actuator-pair and web-actuator-pair. Based on
the LQR control strategy, the strong and synergistic effect
played by the directionality property of piezo-composite ma-
terials, considered in conjunction with that of tailored fiber-
reinforced host structure, on their dynamic response char-
acteristics was highlighted. Major conclusions include:

1. the stiffness of host structure has a significant effect
on piezo-actuator coefficients;

2. pretiwst angle affects the control authority signifi-
cantly;

3. flange-actuator-pair presents a much better control
performance on vibration suppression than that of
web-actuator-pair.
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