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ABSTRACT 

The state of the art in the formulation and solution of rotary-wing aero­
elastic stability and response problems is reviewed in detail. The approximations 
used in the structural, inertia and aerodynamic operators are discussed. The 
important role of geometric nonlinearities, due to moderate deflections, and aero­
dynamic stall in the aeroelastic stability and response problem are identified. 
It is also shown that geometric nonlinearities are of primary importance in aero­
elastic stability calculations, and have a more limited, though important, role 
in response calculations. Next, formulation of coupled rotor/fuselage problems 
is described, for both air and ground resonance type problems. Both topics, the 
isolated blade problem and the coupled rotor/fuselage problem, are treated for 
both hover and forward flight. Solution of aeroelastic stability and response 
problems proceed in two stages. First, the spatial dependence is eliminated by 
using Galerkin's method, or by using the finite element method. Next the nonlinear, 
or linear, ordinary differential equation with periodic coefficients have to be 
solved for stability or response. Efficient numerical methods for accomplishing 
these objectives are presented in a comprehensive manner. The paper contains a 
number of illustrative numerical results which are intended to clarify various 
aspects of the modeling process and serve as representative results for both aero­
elastic stability and response calculations for a variety of blade and rotor con­
figurations. 

1. Introduction and Objectives 

During the last five years which have elalsed since the last review paper 
on rotary-wing aeroelasticity has been published the literature in the field of 
rotary-wing unsteady aerodynamics, dynamics and aeroelasticity has increased sub­
stantially. In addition to numerous papers dealing with this subject, which will 
be mentioned when applicable in the paper, it should be also noted that a number 
of recent books, dealin~ with these topics, are now available. Of these most 
notable are, Bramwell's book which, contains considerable amount of material on 
aerodynamics and dynamics, Dowell et al's3 book on aeroelasticity Which contains 
an introductory chapter dealing with simple and elementary aeroelastic problems in 
hover, and Johnson 1 s4 monumental treatise on helicopter theory, which contains 
extensive, detailed and useful material on aerodynamic, dynamic and mathematical 
aspects of rotary-wing aerodynamics,dynamics and aeroelasticity. 

The new body of literature available on analytical and methodological as­
pects of rotary-wing dynamic and aeroelastic problems has also been augmented by 
significant developments in hardware. New concepts such as the ABC rotor5 •6 and 
the XV-157 tiltrotor have been proven in numerous flight tests. The circulation 
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controlled rotorS and the X-wing9 have been demonstrated in wind tunnel tests. 
Bearingless main rotorsl0-12 and tail rotorsl3-15 have been developed and tested 
in both wind tunnel and flight tests. New hingeless rotors have been developed 
as potential replacements for existing teetering rotor systemsl6,17, New arti­
culated rotor systems, representing substantial innovation compared tc existing 
convential types have emergedl8, and the extensive use of composite materials in 
blade and hub construction is being used by the various helicopter manufactur­
ersl0,11,13-15,~9,20, 

The developments in hardware, mentioned above, have been accompanied by 
parallel developments in analytical methods and software which facilitate, ana­
lysis, design and simulation involving complex aeroelastic phenomena. Typical 
of such comprehensive helicopter analysis programs is one which has been recently 
described by Johnson21,22, Even more comprehensive programs such as the Second 
Generation Comprehensive Helico~ter Analysis Program are currently under develop­
ment, by the U.S. Army and NASA 3, 

This substantial body of material which has recently become available is 
indicative of the fact that rotary-wing aeroelasticity is achieving a degree of 
maturity which has been somewhat lacking in the past, Methods for formulating 
and solving rotary-wing aeroelastic stability and response problems have crystal­
ized and are now relatively well established. It is the general objective of 
this paper to present these methods in some detail and comment on their relative 
merits, flexibility, limitations and accuracy. Specifically the objectives of 
the paper are: 

(a) To present the state of the art as applicable to the formulation 
and solution of rotary-wing aeroelastic stability and response 
problems. 

(b) Review some approximations frequently used for deriving the struc­
tural, inertia and aerodynamic operators associated with the rotary­
wing aeroelastic problem. 

(c) Identify the role of nonlinearities, both geometrical and aero­
dynamic. 

(d) Discuss the mathematical techniques used for solving both aero­
elastic stability and response problems. 

(e) Present some illustrative results and examples. 

The presentation of this material will be divided in two parts; namely 
isolated blade analyses and coupled rotor/fuselage analyses. For each case the 
modeling of the structural, inertia and aerodynamic component of the aeroelastic 
problem will be discussed and subsequently the methods available for solving the 
resulting equations of dynamic equilibrium will be considered in detail, 

The methods discussed in the paper are general and valid for most rotary­
wing aeroelastic problems, however the examples illustrating the implementation 
of these methods will be restricted to hingeless or bearingless rotors, mainly 
because some of the more recent work has been done on these particular configur­
ations. 

Finally, it should be clear that when discussing rotary wing aeroelastic 
problems one should distinguish between three levels, which represent a gradual 
increase in the degree of complexity. For stability problems one encounters: 

•isolated blade aeroelastic stability, which provides a basic understanding 
of blade dynamics. 
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•coupled rotor/fuselage aeromechanical stability which deals with air 
and ground resonance and is indicative of overall system behavior. 

econtrol-coupled aeroelastic problems, where the aeroelastic system 
is coupled with a higher harmonic control device or an active flutter 
suppression system. 

As shown in this paper, a considerable body of knowledge exists on the 
first two classes of problems indicated above. The third category is still in a 
primitive state and will not be treated in this paper. 

The same hierarchy of ascending complexity is also evident when one con­
siders aeroelastic response problems: 

•blade loads and response, requires adequate aerodynamic modeling as 
well as detailed structural modeling to calculate dynamic stresses, 
shears and moments. 

•Coupled rotor/fuselage vibration problems require both adequate model­
ing of the aerodynamic loads, which are the source of the excitation, 
and a good structural model of the fuselage, this topic in the context 
of vibration control has been treated in a recent survey26 

ocontrol-coupled vibration probl~ms in presence of higher harmonic or 
other active load control and response alleviation devices, have been 
treated in detail in a recent review27 

2. Formulation of Rotary Wing Aeroelastic Problems for the Isolated Blade Case 

2.1 General 

Rotary wing aeroelastic stability or response problems require three basic 
ingredients for their formulation, namely: structural modeling (i.e., the struc­
tural operator), inertia modeling (i.e., the inertia operator) and aerodynamic 
modeling (i.e., aerodynamic operator). 

The modeling process is one which has to be carefully done, the detail 
and level of sophistication in the analysis is governed to a considerable extent 
by the goals of the ·analysis. If an aeroelastic stability analysis is required, 
recent researchl,24 has indicated that nonlinearities can have a significant role, 
particular for hingeless and bearingless rotors. The nonlinearities implied here 
are.geometrical nonlinearities associated with the assumption of small strain 
and moderate deflections in the representation of blade motion. Clearly, aero­
dynamic nonlinearities such as static or dynamic stall also play an important role, 
as will be discussed later, however geometric nonlinearities have a wider impli­
cation on the formulation of these problems. 

On the other hand in aeroelastic response problems there seems to be an 
indication that the geometrically nonlinear terms might be somewhat less import­
ant25, however the aerodynamic nonlinearities dominate when substantial dynamic 
stall effects are present. 

The general comments made above, apply to a variety of rotor configurations 
such as a typical hingeless rotor shown in Figure l or a typical bearingless 
rotor such as shown in Figure 2. They also apply to teetering rotors, such as 
shown in Figure 3, except that in this case the mechanical coupling which 
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represents rigid body flapping motion, requires a coupled treatment of this two 
bladed systeml. - -

2.2 Structural Modeling 

When dealing with the rotor configurations shown in Figures l-3, an import­
ant ingredient in the proper modeling of rotary wing aeroelastic stability pro­
blems is the incorporation of geometrical nonlinearities due to the assumption of 
small strains and moderate deflections. This manifests itself in the mathematical 
structure of the transformation between the triad of unit vectors defining the 
undeformed state, of the blade, and the triad of unit vectors associated with 
the deformed state of the blade. 

Using a hingeless rotor blade, as a typical example, the undeformed and 
deformed blade configuration are shown in Figs, 4-5, Such a transformation, 
based on the assumption of small strains and finite rotations, for a blade 
undergoing coupled flap, lag and torsional motion, has the following mathemati­
cal form28,29 (the various symbols used throughout this paper are defined in 

'"•"'ut ;~: l -(v +<j>w ) ,x ,x 

l 

-(w -<j>v ) ,x ,x 

' 

The inverse transformation is given 

which implies [S]T = [S]-l 

v ,x 

l 

-(<j>+v w ) ,x ,x 

w ,x 

l 

(l) 

(2) 

Transformations of this type, combined with the Euler-Bernoulli assumption 
have been frequently used to derive moderate deflection beam theories for rotor 
dynamics applicationsl,24,28-30. This transformation when used in the derivation 
of the inertia and aerodynamic operators, associated with the rotary-wing aero­
elastic problem, yields numerous relatively small nonlinear terms24,29, While 
some, relatively minor, discrepancies between various formulations exist, as has 
been carefully pointed out in Ref. 31, the important item to note is that coupled 
flap-lag-torsional solutions based on these equations are generally in good agree­
ment. These moderate deflection beam theories have been also validated by com­
paring them to static tests performed in the moderate deflection regime32,33. 
When the geometrically nonlinear terms in these equations are neglected they re­
duce to the well known Houbolt and Brooks equations34 which are linear equations. 
However it should be noted that terms represen-ting added torsional rigidity due 
to pretwist and coupling due to pretwist, between torsion and axial loads, are 
still being refined in studies which have become recently available35-37 . 
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The structural models for rotor blades discussed above are all based on 
the assumption that the blade is isotropic. Modern helicopter rotor blades are 
built of composite materials. Such materials are not isotropic therefore in 
composite blades bending and shear effects can be coupled and warping maybe also 
present. Furthermore, composite materials enable one to introduce special coup­
ling effects which might be beneficial from a dynamic point of view. When one 
tries to incorporate fiber composite material properties, in a beam theory, one 
usually finds that the Euler-Bernoulli assumption, that plane sections remain 
plane and perpendic•1lar to the deformed elastic axis, is no longer valid. In 
such cases, more refined beam theories might have to be considered38,39 to ade­
quately model composite blades. Currently the proper structural modeling of 
composite blades is still in a relatively primitive stage, although a recent 
paper by Worndle has made a substantial contribution40, 

The representation of the structural redundancies which exist in the 
blade root region of modern composite main rotor is another important structural 
problem which requires more complicated models than those used for conventional 
hingeless blades41-46, Reference 46 is indicative of a convenient model which 
can be used for such a case. Based on current developments in finite element 
modeling of rotary-wing aeroelastic problems, which will be discussed later in 
this paper, it appears that the most convenient model for representation of a 
bearingless rotor would be one which uses a special finite element model for 
the root portion of the rotor, combined with a conventional beam type finite 
element model for the outboard section of the blade. 

2.3 Inertia Modeling 

Derivation of the inertia loads for the isolated blade case is a rela­
tively simple procedurel,29, Using the position vector R of a mass point of 
the deformed blade cross section, one obtains the acceleration vector in the 
inertial system. From elementary mechanics . 

a = R + 2QxR + iixR + Qx(QxR) (3) 

The underlined term in Eq. (3) is usually zero for a rotor blade rota­
ting with a fixed angular speed. Distributed inertia loads are obtained dir­
ectly from D'Alemoert's principle. Similarly distributed inertia torques are 
obtained from the vector product of inertia loads and the position vector of 
the mass point in the cross section from the blade elastfc axis. This, rela­
tively straight-forward procedure can become algebraically tedious, due to 
the numerous small terms associated with the geometric nonlinearity24 •29 

Modeling of the structural .and inertia aspects of the rotary-wing aero­
elastic problem, can be algebraically tedious, however conceptually it offers 
few significant obstacles. This is reason why the state of the art in modeling 
these two facets, with the exception noted for composite blades, has attained 
a satisfactory degree of accuracy and sophistication. 

2.4 Aerodynamic Modeling 

Modeling of the unsteady aerodynamic loads required for rotary-wing 
aeroelastic analysis presents major challenges to the analyst. A wide array 
of assumptions can be made which lead to a variety of models, starting with 
simple and computationally efficient models and culminating in models which 
are capable of simulating the more intricate details of the unsteady flow. 
The more sophisticated unsteady aerodynamic models are sometimes severely limited 
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by prohibitive computing costs, when incorporated in an aeroelastic analysis. 
It is important to recognize that the rotary-wing aeroelastic problem is one 
which represents the stability or response, of a complex structural dynamic 
system to aerodynamic inputs which are very difficult to model in a precise 
manner. 

When attempting to compare experimental aeroelastic stability bound­
aries22,47 or response data22,48 to computations the evidence available sug­
gests that a substantial portion of the discrepancies observed can be attri­
buted to the assumptions used in the modeling of the aerodynamic loads. 

A detailed description of unst~ady aerodynamics for rotary wing appli­
cations has been presented by Johnson • The objective of this section is to 
emphasize certain aspects of this topic as applied to rotary-wing aeroelasticity. 

2.4.1 Hover 

Assuming hover combined with low inflow which is also equivalent to low 
disc loading, and incompressible flow, results in considerable simplification 
of the unsteady aerodynamic loads. 

The simplest type of unsteady aerodynamics which has been used for this 
case is Theodorsen's theory49 The geometry of airfoil, when performing pitch­
ing and plunging motions, which are assumed to be simple harmonic, is shown in 
Fig. 6. The unsteady lift, with the lift curve slope a, replacing 2~, is given 
by 

L 
u [

dh 
= pAabC(k)U dt + Utla + 

and a similar expression for the moment. 

dtla J 
dt 

(x - E.) 
A 2 

(4) 

It is well known that Theodorsen' s theory is not valid for rotary wings 
because the unsteady wake beneath a rotor is quite different from the wake 
postulated by Theodorsen's theory. Nevertheless, various quasi-steady and 
unsteady models for the aerodynamic loads based upon this theory have been 
frequently employed in rotary wing aeroelasticity50, 

Even when wake effects are excluded, C(k) = l, Theodorsen's theory is 
still not directly applicable to rotor blades undergoing coupled flap-lag­
torsional motionSl, because: (1) irt addition to constant velocity of the on­
coming flow the blade also experiences a time dependent variation due to lead­
lag motion, (2) in addition to harmonic variation in angle of pitch, due to 
blade dynamics, a constant collective pitch setting is also imposed on the 

airfoil, (3) the plunge velocity :t (h) is not purely harmonic, since it con­

tains a steady component due to a constant inflow through the disc. 

The first two effects mentioned above have been incorporated in an ap­
proximate modification of Theodorsen's theory due to Greenberg52, the expres­
sion obtained for lift is 
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where V = V + 6V 
0 

6V = a V eiwt 
v 0 

and a = constant pitch setting 
0 

(5) 

The last two terms in this theory represent respectively, the static 
lift (single underlined) and a nonlinear term in the perturbation quantities 
(double underlined) which is usually neglected in rotary wing applications of 
this theory. Greenberg's theroy is approximate because he has neglected the 
effect of fore and aft excursions of the blade, or the effect of the pulsating 
flow velocity, relative to the mean velocity, on the wake. An expression 
similar to Eq. (5) is also provided in Ref. 52 for the· unsteady moment. A 
simple correction to this theory to account for constant inflow has been pre­
sented in Ref. 51. 

Greenberg's theory has recently enjoyed considerable popularity in 
rotary-wing aeroelasticity24,30,51,53,54. In applying this theory, velocity 
components, relative to the deformed cross section of the blade have to be 
identified and used. 

In applying this theory to rotary wings, certain liberties were taken 
with Greenberg's theory which extend beyond the assumptions originally made 
by Greenberg in developing his theory. Thus for example it is assumed that 
the circulatory portion of the lift acts perpendicular to the resultant velo­
city of the flow, while the noncirculatory portion of the lift, associated 
primarily with apparent mass effects, acts perpendicular to the chord of the 
blade cross section in its deformed state. This distinction between the two 
contributions to lift is convenient for rotary-wing applications because it 
yields somewhat simpler expressions for the aerodynamic loads, however it was 
not made by Greenberg. It is also frequently assumed that the axis of pitch 
is at the quarter chord, while Greenberg used the elastic.axis as the point 
about which pitching oscillations occur. Furthermore the rate of pitch ex­
perienced by the airfoil is sometimes taken as 

a ;; ~ + n<s + w ) (6) 
. p ,x 

Equation (6) implies a constant rate of pitch, given by S"JSP which was not 
postulated by Greenberg. Furthermore, when Eq. (6) is integrated in time to 
yield a(t), it implies a very large angle of attack which appears to be logi­
cally inconsistent. 

Refinements of Greenberg's theory have also been developed as part of 
a potential flow solution which was subsequently combined with a boundary 
layer model and used to estimate the drag of an oscillating airfoil in a 
fluctuating free stream55,56. 

A theory similar to Greenberg's is also presented in Section 10.4 of 
Ref. 4, where the effects of the time varying free stream, due to forward 
flight alone, on the lift defficiency function are discussed in detail. 
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Recall that Greenberg's theory is essentially a fixed wing type unsteady 
aerodynamic theory. When the effect of the unsteady wake beneath rotor is 
required, Loewy•s57 rotary wing unsteady generalization of Theodorsen's theory 
provides a useful approximation to the unsteady wake beneath the hovering 
rotor. The geometry for Loewy's theory is illustrated by Fig. 7. In this 
theory the effect of the spiral returning wake beneath the rotor is taken 
into account approximately. The wakes, infinite in number, lie in planes 
parallel to the disc of the rotor, these wakes are associated with both, 
previous blades (for an N-bladed rotor) and previous revolutions. The non­
dimensional wake spacing hw = hw/b, is determined by the rate at which the 
plane vortex sheets (representing approximately helical vortex sheets of the 
rotor) are convected downwards. Using the mean induced velocity at the rotor 
disc for the convection velocity of the wake near the rotor disc, the non­
dimensional wake spacing is given by hw = (2nvi/nNb) = 4X/cr. 

The airfoil dynamics, assumed by this theory are identical to the simple 
harmonic pitch and plunge motion postulated in Theodorsen's theroy (see Fig. 6). 
Loewy has shown that for this case the unsteady aerodynamic lift and moment 
can be written in a form identical to Theodorsen's theory, except that C(k) 
is replaced by a more complicated lift deficiency function given by C'(k,m, 
hw) where m is the frequency ratio m = w/n. Combination of this lift deficiency 
function with Greenberg's theory5l yields an approximate modified theory which 
provides an indication of some unsteady aerodynamic effects in hover, for a 
blade undergoing coupled flap-lag-torsional dynamics. 

Results illustrating the application of the various theories mentioned 
above to the coupled flap-lag-torsional aeroelastic stability of a hingeless 
rotor blade in hover have been presented in Refs. 51 and 58. Figure 8, taken 
from Ref. 58, shows the sensitivity of the aeroelastic stability boundaries 
'in hover to changes in two dimensional unsteady aerodynamic models. 

A hingeless rotor model is used with a coupled flap-lag-torsional analy­
sis based upon two rotating uncoupled normal modes for each elastic degree of 
freedom respectively. The results for a blade with Cdo = 0.01; a= 2rr; 
a = 0.08; y = 8.0; b/R = 0.0313; Rc = 1.0 and an offset (xA/b) = 0.20 are 
depicted in Fig. 8. Two separate branches are typical of such stability 
boundaries. The branches extending to the left of the vertical broken line 
on the plot (representing a matched stiffness configuration) are the flap-
lag stability boundaries in hoverl,5l. A flap-lag boundary usually involves 
only coupling between the fundamental flap and lag frequencies of the blade. 
Three separate curves are shown. The full curve representing quasisteady 
aerodynamics with apparent mass terms neglected, the broken line corresponding 
to Theodorsen's theory, with modification5l, and the third curve corresponding 
to Loewy's theory. The effect of apparent mass terms on these branches is 
quite pronounced, the influence of unsteady aerodynamics and the wakes beneath 
the rotor is small, but still evident. The branches on the right hand side of 
the plot (to the right of the matched stiffness vertical line) are stability 
boundaries in which the torsional degree of freedom also participates, in 
addition to the flap and lag degrees of freedom. The upper boundary due to 
the presence of the large xA offset. The two narrow fingerlike regions of 
instability occur only when using a Loewy type unsteady aerodynamics. These 
regions are not evident when using Theodorsen type aerodynamics with Greenberg's 
modification. Thus they are due to the incorporation of the effect of un­
steady wakes beneath the rotor. In these fingerlike regions, second flap and 
second lag modes couple with the torsional degree of freedom to produce the 
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unstable regions. Another interesting feature apparent from Fig. 8 is that 
the use of quasisteady aerodynamics with apparent mass effects neglected pro­
duces a stability boundary which tends to be conservative for this particular 
configuration. Other results, not presented here, indicate that for collective 
pitch angles in excess of 10°, the unsteady aerodynamic effects approach a 
quasisteady limit. 

Furthermore, it should be noted that Loewy's theory has been extended to 
include compressibility effects by Jones and Rao59 and Hammond and Pierce60. 
Additional material on this subject can be found in Ref. 61. Results illu­
strating the effects of compressibility on coupled flap-lag-torsional aero­
elastic stability boundaries in hover are also available51,58. 

Another simple and convenient representation of rotor unsteady aero­
dynamics useful in aeroelastic analyses can be obtained by using a perturbation 
inflow model for rotor unsteady aerodynamics which is frequently denoted by 
the term dynamic inflow4,62. In this theory the inflow is written as a com­
bination of steady inflow and a perturbation 

A(r,1J;) = 5: + oA 

and 

oA = A + A rcos1j; + A rsin1j; 
0 c s 

where A0 , Ac, As are components of the dynamic inflow perturbation which 
are assumed to vary linearly over the disc. 

(7) 

(8) 

Using a differential form of induced velocity solution of vortex or 
momentum theory the dynamic inflow components can be related to net unsteady 
aerodynamic forces and moments on the rotor, specifically the thrust CT, the 
pitching moment CMY and the rolling moment CMX• The theory of dynamic in­
flow requires differential equations (or equations of motion), for A

0
, As and 

Ac because these quantities, which are coupled with the unsteady aerodynamic 
hub reactions, assume the role of additional degrees of freedom. These 
equations are usually written in the form62 

[m] = (9) 

for simple momentum theory [m] and [L] are diagonal, for other theories they 
can be fully populated. The elements of these matrices have been also deter­
mined by using experimental measurements combined with system identification 
theory63, 64. 

It is important to note that this model is based on the assumption that 
dynamic inflow is related to the aerodynamic loads in a linear, first order 
fashion. It has the capability of introducing into the aerodynamic loads a 
time delay, a low frequency approximation to lift deficiency and apparent mass 
effects. When dynamic inflow is coupled to the equations of blade dynamics 
it introduces an approximation to unsteady aerodynamic effects avoiding the 
complexity of more elaborate unsteady aerodynamic models, such as unsteady 
airfoil theory. 
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2.4.2 Forward Flight 

Forward flight introduces some additional, substantial, difficulties 
in the aerodynamic modeling process. Figure 9 illustrates, in a simplified 
manner, the sources of these additional effects, Two important ingredients 
are the reversed flow region on the retreating blade and the dynamic stall 
which normally occurs in the vicinity of the reversed flow region. Additional 
important unsteady aerodynamic effects are due to unsteady transonic loads 
acting at the tip of the advancing blade. Obviously the precise formulation 
of the unsteady aerodynamic loading environment in forward flight is less 
developed than its counte•part for hover. 

The aerodynamic modeling proglem, in absence of stall effects is con­
sidered first. 

The simplest approach for this case is to use a quasisteady version 
of Theodorsen's or Greenberg's strip theories, with appropriate inclusion of 
forward flight effects in the velocity components at the deformed blade cross 
section, and incorporation of reversed flow effects29,30. A more accurate 
representation of the aerodynamic loads can be developed by combining two 
dimensional unsteady airfoil theory, with additional corrections for compres­
sibility and lifting line effects (Ref. 4, pp. 526-535) which was used by 
Johnson22,23. 

Recognizing that a corresponding extension of Loewy's theory to forward 
flight is not available an alternative approach is to introduce an approximation 
to unsteady aerodynamic effects by using a version of the dynamic inflow 
model, discussed previosuly, with appropriate modifications for forward flight. 
For the forward flight case the elements of the [m] and [L]-1 matrices can 
be determined empirically from tests65 or they can be evaluated by analytical 
considerations66 based on unsteady actuator disc theory67. 

Another severe aerodynamic loading condition imposed on rotary-wing 
aircraft is due to transonic phenomena associated with the flow field around 
the advancing side of the rotor disc. The transonic effects on helicopter 
rotor blades have been reviewed in a recent paper by Huber and Mikulla68, 
Transonic tip effects can cause tracking difficulties and subharmonic oscil­
lations at high speeds69, One of the most comprehensive studies of the flow 
over a helicopter blade tip in the unsteady transonic regime was done by 
Carradona and Philippe70 who have employed both experimental and computational 
techniques. The computations were based upon a two-dimensional transonic 
small disturbance equation. It is remarkable that the agreement between com­
putation and experiment was good, since one would have expected three dimen­
sional effects to be important at the blade tip. The results also indicated 
that unsteadiness is an important part of the problem. It was also noted70 
that the computations indicated great sensitivity to angle of attack variations. 
Since blade dynamics and flexibility can be represented as variations in 
effective angle of attack sensed by the moving cross section, it appears es­
sential to couple blade dynamics to such unsteady aerodynamic flow calculations. 
Since the calculations done in Ref. 70 were for a nonlifting rotor it is worth­
while noting that steady transonic calculations on a lifting rotor have been 
also reported recently7l. 

Aerodynamic modeling in presence of stall is considered next. Dynamic 
stall is a strong nonlinear unsteady aerodynamic effect which plays a major 
role in aeroelastic stability and response calculations. This topic is also 
reviewed in detail inCh. 16 of Ref. 4. Dynamic stall is associated with the 
retreating blade and borders on the reversed flow region, as shown in Figure 9, 
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a more accurate description of the angle of attack distributions on a high 
speed rotor are shown in Fig. 4 of Ref. 61, Under these conditions the angle 
of attack of the blade section is periodically very large when the blade is on 
the retreating side. An indication of the severe aerodynamic loading conditions 
in such regions are evident from Fig, 10, taken from a recent paper by 
Gangwani72. Under normal flight conditions the torsional response of the 
blade is relatively low, however at the flight envelope boundary, where dyn­
amic stall effects are pronounced, large transient torsional excursions may 
be excited accompanied by low negative damping in pitch. This source generates 
excessive control system and blade vibratory loads which impose speed and 
load limitations on the rotor system as a whole. It can also cause stall­
flutter. Due to the importance of the dynamic stall phenomenon it has been 
the subject of a vast number of studies which have resulted in a relatively 
good physical understanding of this complex} unsteady aerodynamic effect, 
The work of McCroskey and his associates73- 5 has led to a good physical 
understanding of this phenomenon using experimental and analytical techniques. 
A recent study my Mehta76 is an impressive illustration of additional under­
standing of dynamic stall which can be gained by judicious use of computational 
fluid mechanics. The complexity of such models however preclude their in­
corporation in conventional rotary wing aeroelastic analyses, Therefore 
numerous semiempirical models have been developed which are aimed at including 
this effect in aeroelastic stability and response calculations4, The purpose 
of this section is to review three such recent methods which seem to have 
considerable potential for application to rotary-wing aeroelasticity72,77-79. 

The principal features of dynamic stall of an oscillating airfoil are 
flow separation, formation of a leading edge vortex (or vortices) and passage 
of the vortex (or vortices) over the airfoil surface. The secondary features 
such as strength or vortex (or vortices), location, instant of formation and 
the number of vortices depend upon the airfoil geometry, frequency of oscil­
lation, amplitude of oscillation and Reynolds number. These principal and 
secondary features together determine the aerodynamic characteristics of the 
oscillating airfoil76 

The vortex formation and passage model commonly used in dynamic stall 
analyses is schematically illustrated in Fig. 11. When the airfoil experiences 
an unsteady increase in angle of attack beyond the static stall angle, a vortex 
starts to grow near the leading edge region. As the angle continues to in­
crease, the vortex detaches from the leading edge and is convected downstream 
near the surface. These events are shown schematically in Fig. 11, taken from 
Ref. 72. The suction associated with the vortex normally causes an initial 
increase in lift. The magnitude of the increase depends on the strength of 
the vortex and its distance from the surface. The streamwise movement of 
the vortex depends on the airfoil shape and the rate of pitch. The relative 
distance between the vortex and the airfoil depends on the dynamics of the 
airfoil. That is, it depends on the pitch rate, the instantaneous effective 
angle of attack, etc. As the vortex leaves the trailing edge, a peak negative 
pitching moment is obtained. The airfoil then remains stalled until the angle 
of attack drops sufficiently so that reattachment of the flow can occur. 

The various methods for incorporating dynamic stall in rotary wing aero­
elastic calculations, to be described below, are based on the preceding 
physical model. These methods have a number of common features: 

(a) A common goal, which is the inc-orporation of section unsteady 
aerodynamic effects into a theoretical analyses of rotordynamics. 
Since such analysis are usually performed in a stepwise manner 
in the time domain they utilize a time domain representation of 
the section unsteady aerodynamics. 
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(b) All models are empirical, i.e. various parameters in the model 
are determined by fitting the theory to experimental data obtained 
from oscillating airfoil tests. 

(c) The details of the methods are rarely presented in a complete 
manner, which frequently causes difficulties to a potential user 
who is interested in implementing the methods in an aeroelastic 
calculation. 

A brief description of the main features of these dynamic stall models is pro­
vided below: 

Beddoes Mode177 is the most convenient to use. It is computationally efficient 
and does not require excessive amount of computer time. Continuity is main­
tained in the timewise variation of the attached and separated flow regions. 
Totally arbitrary forcing function may be handled in a stepwise manner. Phas­
ing and magnitude of high pitching moment and normal force coefficients on 
the airfoil, resulting from separated flow can be reproduced. However, it 
does not seem to have any provision for generating unsteady drag data. It 
is based on experimentally derived static airfoil characteristics. 

The model and the subsequent analysis consist of two distinct flow re­
gimes: the attached flow regime and the separated flow regime. 

In the attached flow regime Wagner's indicial function49 , generalized 
for compressible flow, is used to generate the unsteady lift and moment. This 
approach leads itself conveniently to stepwise loading calculations in which 
the azimuth interval is the independent variable. For example the lift is 
generated by 

(10) 

( 11) 

where ~(s) is the Wagner function and s = 2tU/c is a nondimensional time vari­
able. It should be noted that Wagner's function represents a typical fixed 
wing type of wake. This function is evaluated in a stepwise manner in the 
time domain. 

In the separated flow region, a physical model based on the observation 
of a large amount of experimental data is assumed. The static lift (eN) is 
idealized in a segmented manner. The static moment (eM) is also idealized 
in a segmented manner using the mdvement of the center of pressure. Finite 
time delays, based on observation of experimental data are introduced to simu­
late onset of pitching moment and lift divergence. A progressive, linear, 
movement of the center of pressure to its fully separated value is assumed. 
An exponential decay of lift at stall is also assumed. Finally reattachment 
of flow at moderate angles of attack is introduced. 

This model has proven itself quite capable of reproducing experimentally 
obtained eN and eM coefficients for a wide range of reduced frequencies k, 
Mach numbers, and various types of airfoil motion such as pitch and plunge, 
as well as response to ramp type airfoil motions. Typical results, taken from 
Ref. 77 are shown in Fig. 12 which illustrates how the relation between pitch­
ing moment and lift divergence time-delays influence the damping and ·maximum 
CM. Considering each cycle shown in the figure, the mean angle of attack 
~AN increases progressively. The first (at1EAN = 4.8°) shows only very 
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limited separation which, however, is sufficient to introduce a small loop 
of negative damping. The second cycle shows earlier eM divergence which 
increases the loop negative damping reducing the overall value to close to 
zero. Further increase of mean angle introduces an extra loop of positive 
damping, this is due to the center of pressure having reached the fully 
separated value before the end of the cycle, Maximum pitching moment is now 
a function pf eLMAX which occurs earlier in the cycle and thus offsets the 
effect of increasing mean angle. 

Figure 13, also taken from Ref. 77, shows how increasing frequency can 
allow more of the cycle to be completed before the onset of separation effects. 
In this particular case, it has the effect of initially driving the damping 
to more negative·values and then subsequently in the direction of positive 
damping. The maximum values of pitching moment still occurs at the point 
of lift divergence which, at higher frequencies, is delayed to lower angles 
in the return part of the cycle. Thus maximum eM is no longer a function of 
the maximum lift. These data seem to indicate a delay in reattachment at 
high frequency. 

These results also indicate that agreement between test results and 
the semiempirical model are not uniformly good. This gives credibility to 
the assertion76 that these simplified methods are inferior to the results 
which can be obtained by computational fluid mechanics. 

Gangwani's Model7 2 has certain similarities to Beddoes model particularly in 
its treatment of the attached flow region. This model also generates the 
unsteady aerodynamic forces in the time domain, utilizing three parameters: 
(l) the instantaneous angle of attach a(t), (2) the nondimensional pitch rate 
A= ca/2U and (3) a parameter aw = a(s) - aE(s), which accounts for the time 
effects in change of a based on Wagner's function corrected for compressibil­
ity. 

The treatment of the attached flow regime in this model is very similar 
to Beddoes 77. 

The treatment of the separated flow regime is substantially different 
from Beddoes model, although some similarities exist. The key ingredients in 
the model are the prediction of the onset of dynamic stall and center of pres­
sure movement due to vortex motion. The angle aE at the onset of stall is 
determined from an approximate linearized relation which depends on a constant 
which can be determined from test data. The instant when the vortex, detached 
from the leading edge, leaves the trailing edge is also determined from an 
empirical relation somewhat similar to Beddoes model. Reattachment is assumed 
to occur at the angle of static stall. The unsteady lift, pitching moment and 
drag coefficients denoted respectively by eLU• eMU and enu are expressed in 
analytical form which depends on over twenty undetermined coefficients. Sub­
sequently these undetermined coefficients are calculated by least squares curve 
fitting of these coefficients with experimental data obtained from oscillating 
airfoil tests. Since numerous techniques for least squares curve fitting 
exist80 the accuracy of the method depends, to some extent, on the particular 
least square technique employed. The important effect ~f sweep is incorporated 
in Gangwani's model. 
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Comparison of synthesized loop data, obtained from this model, with 
test data indicate good overall agreement. The comparison of synthesized 
CL(or CN) loop with test data is illustrated in Fig. 14 taken from Gangwani's 
paper72. The differences between the test data and the synthesized data are 
small and comparable to test data accuracy. The comparison of synthesized CM 
loops with test data is shown in Fig. 15. Again the correlation between theory 
and test is good. The maximum negative CM value, which is important for blade 
response calculations, is always predicted accurately for all the stalled 
loops. One apparent slight difficulty is the prediction of the instant when 
reattachment occurs. The synthesized moments loops presented in Fig. 15 are 
based on the assumption that reattachment occurs when a approaches the static 
stall angle. Replacement of this assumption by a better criterion for re­
attachment could lead to further improvement in the correlation between this 
theory and test data. 

It is also interesting to note that while the theoretical model pre­
sented by Gangwani contains the appropriate expressions for the unsteady drag 
coefficient Gnu, no results for this quantity are presented in this paper. 
It is well known that the lead-lag degree of freedom is important in rotary­
wing aeroelasticity, therefore it would have been very interesting if synthe­
sized loop data for Cnu would have also been presented. 

Dat, Tran and Petot's Model7B,79 is also based on the time domain representation 
of the airfoil section operating before, during and in the post stall regime 
while it performs essentially arbitrary motions. 

This model also distinguishes between the attached and stalled flow 
regimes. The method utilizes basic properties of differential equations to 
simulate time history, or hysteresis, of flow; by taking advantage of the 
properties of real and complex poles to simulate time delays. 

The method is based on a number of assumptions. It is assumed that 
large amplitude motions occur at low frequencies, while small amplitude motions 
occur onlyathigh frequencies. It is also assumed that the difference between 
unsteady aerodynamic forces and the static ones areofrelatively small quantities. 
Static forces are obtained from static tests. The model seems to represent a 
version of the unsteady aerodynamic forces linearized about, a set of static 
nonlinear forces. This model also contains a number of undetermined coeffi­
cients which are subsequently identified by using least squares system identi­
fication methods. In this identification process only high frequency, low 
amplitude oscillations are used for identification purposes. Measurements 
conducted with airfoils with large amplitude oscillations are not used for 
identification purposes, but serve to check the validty of the model after 
identification. The results, presented in Refs. 78 and 79, for synthesized 
loop data for the normal force coefficient CN and the moment coefficient CM, 
indicate reasonable agreement with test data. The agreement between theory 
and test appears to be somewhat better than in Figs. 12 and 13, but not as good 
as the agreement evident in Figs. 14 and 15. 

When comparing these dynamic stall models, it is evident that all three 
models use a very similar approach in dealing with the attached flow regime, 
however they differ in the treatment of the separated flow regime. The 
second72 and third78,79 model, described above, represent essentially im­
provements upon Beddoes model. The improvements are accomplished by refining 
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the model in the separated flow regime; Both methods accomplish this improve­
ment by introducing parameters into the model which are subsequently identified, 
using least squares system identification, by fitting the model. to experimental 
data obtained on oscillating airfoil tests. Beddoes model relies more heavily 
on static airfoil characteristics and does not utilize system identification 
techniques. 

The effect of incorporating such dynamic stall models in aeroelastic 
response calculations will be discussed in a latter portion of this paper. 

Finally it should be noted that dynamic airfoil tests which are used 
to compare with synthesized loop data are normally generated for pitch and 
plunge type motions. Since the lag degree of freedom has proven itself to be 
important in aeroelastic stability analysesl, the effect of inplane motion 
and consequent variation in the relative freestream velocity could have an 
influence on airfoil dynamic stall characteristics81, 

2.5 Ordering Schemes 

As indicated in Section 2.2 an important ingredient in modeling rotary­
wing aeroelastic problems is the incorporation of geometrical nonlinearities 
due to the assumption of small strains and moderate deflections, When these 
geometrical nonlinearities are incorporated in the inertia (Section 2.3) and 
aerodynamic (Section 2.4) operators associated with the rotary-wing aeroelastic 
problem they give rise to numerous higher order nonlinear terms. Ordering 
schemes provide an effective mechanism for neglecting higher order nonlinear 
terms in a consistent manner and enable one to achieve substantial reduction 
in the algebraic size of the final dynamic equations of equilibrium. There­
fore ordering schemes have been used in a majority of recent .studies in which 
geometrically nonlinear blade models were consideredl,24,29,30,42,82,83,85-88, 

Ordering schemes are based on assigning orders of magnitude to the various 
physical parameters, governing the aeroelastic problem, in terms of the elastic 
blade slopes which are assumed to be moderate, i.e. blade slopes are assumed 
to be of order ~. with 0.10 < ~ < 0.20. The higher order nonlinear terms 
in the resulting equations of dynamic equilibrium are neglected by assuming 

0(1) + 0(~ 2 ) = 0(1) (12) 

Consider as an example the treatment of the coupled flap-lag-torsional 
dynamics of an isolated blade in forward flight29, For this case the ordering 
scheme would be based on the order of magnitude assignments given below. 

w v = <I> = 0 (~) ,x ,x 

e1 b 
~p 5: = A = A w ~= 0(~) -= - = 

R R 1s lc R R 

e = e 1c = e = 1s 
O(E:1/2) 

u = x1 /R = xA/R = 0(~2) cdo/a 0(~3/2) 

x/£ a a 
= O(l) = = ~= \1 

dX 
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Application of such an ordering scheme leads to the neglect of numerous 
higher order terms. Furthermore the method is equally useful in presence of 
dynamic stall effects. Finally it should be noted that such a scheme is 
based on common sense and experience with practical blade configurations, 
thus it should be applied with a certain degree of flexibility. 

2.6 Equations of Dynamic Equilibrium 

Combination of the structural, inertia and aerodynamic operators des­
cribed above, together with an appropriate representation of viscous or 
structural damping effectsl,29 yields the dynamic equations of equilibrium, 
after applying the ordering scheme. The equilibrium equations are, usually, 
nonlinear partial differential equations, depending on both space and time 
variables. In the case of forward flight the equations have periodic coef­
ficients in the azimuth (time) variable. A representative example of the com­
plexity of such equations for the coupled flap-lag-torsional dynamics of a 
hingeless blade in forward flight is presented in Ref. 29. 

3. Solution of Rotary-Wing Aeroelastic Problems for the Isolated Blade Case 

3.1 Spatial Discretization 

The first step in the solution of rotary-wing aeroelastic stability or 
response problems is elimination of the spatial dependence of the problem 
using a suitable discretization method. Application of such discretization 
methods to the nonlinear partial differential equations of dynamic equilibrium 
will yield a set of coupled nonlinear ordinary differential equations. 

3.1.1 Spatial Discretization Based on Global Modes 

A conventional method for discretizing rotary-wing aeroelastic equations, 
which has been frequently used in the past, consisted of applying the well 
known Rayleigh-Ritz method or extended Galerkin methodl,24,Z5,34 based upon 
the free vibration modes of a rotating blade. Due to the fact that the partial 
differential equations are nonlinear the extended Galerkin method is somewhat 
more convenient to use. For the case of hover both coupled24 and uncoupled 
modes 1 •58 •83 have been used. Uncoupled modes are those obtained by solving 
the free vibration problem of a rotating beam separately in the flap, lag, and 
torsional degrees of freedom respectively. CouplP.d modes are those obtained 
from solving the coupled flap-lag-torsional free vibration problem of a rotating 
beam24. There is a slight, but not substantial advantage, in using coupled 
modes, since slightly better convergence of the results is obtained. However 
for analyses intended for both hover and forward flight coupled modes are both 
inconvenient and inaccurate, because the time varying cyclic pitch introduces 
periodic coefficients into the free vibration problem by virtue of the elastic 
coupling or structural coupling terrnsl,24. Therefore for forward flight pro­
blems the use of uncoupled modes25 is more convenient. This problem is also 
illustrated by a recent paper by Hansford84, where special approximations had 
to be introduced to define coupled modes about an average pitch angle. 

Both the Galerkin or the Rayleigh-Ritz method imply a modal expansion 
for the flap-lag and torsional degrees of freedom given by 
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Implementation of both methods leads to cumbersome algebraic mani­
pulations, which have to be carried out manually or by alternative means such 
as algebraic manipulative systems. In some cases the amount of algebraic 
manipulations associated with such global methods is so excessive that it 
prohibits treatment of complicated blade configurations in a realistic manner. 

Substitution of Eqs. (13) into the dynamic equations of equilibrium 
requires evaluations of numerous integrals. These are usually evaluated using 
Gaussian quadrature. 

3.1.2 Spatial Discretization Based on Finite Element Methods 

An alternative discretization method is based upon the finite element 
approach, which enables one to discretize the partial differential equations of 
motion directly. Consequently, a significant reduction in the algebraic mani­
pulative labor required for the solution of the problem is accomplished. 
Furthermore the finite element method is ideally suited for modeling the compli­
cated and redundant structural system encountered in a bearingless rotor, and 
can be applied with relative ease to both aeroelastic stability and response 
calculations. For rotary-wing aeroelastic problems two approaches have been 
used: (1) a weighted residual Galerkin type finite element methodS5,S6 and 
(2) a conventional local Rayleigh-Ritz finite element method87 . The first 

method appears to be slightly more convenient for the aeroelastic stability 
or response problems in forward flight. 

The geometry illustrating the application of a Galerkin type finite 
element method for the coupled flap-lag aeroelastic problem in hover and for­
ward flight85,86,88 is shown in Fig, 16. The complete coupled flap-lag-tor­
sional problem in forward flight is .also formulated in Ref. 88. The method 
is based on the partial differential equations of equilibrium, which are 
discretized directly, using a local weighted residual Galerkin method. As 
shown in Fig. 16, each element has four nodal degrees of freedom, representing 
flap and lag displacements and slopes respectively. The bending degrees of 
freedom are discretized using a conventional, beam type bending element, 
based on Hermite polynomials, i.e. cubic interpolation for bending. It is 
important to recognize that when modeling coupled bending torsion problems, 
quadratic interpolation for the torsional degree of freedom is required for 
consistency with this bending representation. Thus the torsional element 
would contribute an additional nodal degree of freedom to the element shown 
in Fig. 16, together with an additional internal node86,88. The element ma­
trices obtained in this procedure are dependent on the nonlinear equilibrium 
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position, which also~ implies that in forward flight these element matrices 
are time dependent. The element matrices are assembled using a conventional 
direct stiffness method. After assembly, a normal mode transformation is 
used to reduce the number of nodal .degrees of freedom. This approach leads 
to substantial savings in computer time. Numerous results illustrating the 
convergence properties of the method as well as blade behavior in hover and 
forward flight were presented85,86,88. The experience gained in these studies 
indicates conclusively that the Galerkin type finite element method is a 
practical tool for solving rotary-wing aeroelastic stability and response 
problems. 

A local Rayleigh-Ritz type finite element method has been recently 
used by Sivaneri and Chopra87 to study the coupled flap-lag-torsional aero­
elastic stability problem in hover. The finite element formulation is based 
upon the principle of virtual work. While the bending representation is 
identical to Refs. 85, 86 and 88, the torsional representation is based on 
linear interpolation. This choice of interpolation orders is not consistent. 
Because cubic interpolation in bending allows for a quadratic variation of 
the integrand of the strain energy integral for bending, while linear inter­
polation in torsion gives rise to a constant integrand for the torsional 
strain energy. As a consequence the conclusions obtained in this study re­
garding the number of elements needed for convergence are somewhat inaccurate. 

It is also worthwhile mentioning that finite element analyses have also 
been frequently used to solve the free vibration problem of rotating beams, a 
recent paper by Hodges and Rutkowski contains a relatively complete survey 
of this more restricted topic89. 

3.1.3 Spatial Discretization Based on Integrating Matrix Method 

Another method for accomplishing spatial discretization is the inte­
grating matrix method. This method has been used successfully for rotating 
blade vibration problems in both linear90,91 and nonlinear formulations92. 
White93 has also used the integrating matrix method for the coupled flap­
pitch flutter analysis of a rotor blade in hover. 

The integrating matrix method (IMM) is based on direct numerical inte­
gration. The integrating matrix may be viewed as a matrix operator which by 
premultiplying a vector, containing as elements the values of a function at 
discrete stations along the blade, transforms it into another vector having 
the integrals of the function (from one end of the blade to each station) as 
elements. To account for the boundary condition, a constant vector has to 
be added. In order to apply the IMM to the solution of a differential equation, 
it is necessary to write the differential equation or an integrated form of 
it, at a number of stations along the blade. 

Derivation of the integrating matrix is based on piecewise polynomial 
interpolation. If, for convenience, equally spaced collocation points are 
chosen, Newton's forward-difference interpolation formula can be used to ex­
press the polynomial coefficients in terms of the function values at the ap­
propriate collocation points. Integration of the polynomial expressions 
yields the elements of the integrating matrix. 
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The IMM always leads to nonsymmetric system matrices, even when con­
sidering a self-adjoint problem. Furthermore, the matrices are not banded. 
The eigenvectors (for free vibration problems) are not orthogonal with re­
spect to the system matrices, Furthermore, the IMM does not yield upper bound 
solutions. Finally, for free vibration problems, the dynamic matrix is de­
generate, leading to zero eigenvalues which correspond to infinite frequencies. 
Consequently finite element methods are superior to IMM methods as a discret­
ization tool for rotary-wing aeroelastic problems. 

3.2 Solution of the Blade Dynamics Problem in the Time Domain 

3.2.1 General 

The discretization process, described in the previous section, reduces 
the nonlinear, coupled, partial differential equations to nonlinear ordinary 
differential form. For the general case of forward flight, these coupled 
ordinary differential equations also have periodic coefficients. The mathe­
matical structure of these general equations can be presented in the following 
symbolic form 

(14) 

where it is understood that the matrices [M] and [C(~)] contain both aero­
dynamic and inertial contributions, while the matrix [K(~)] contains aero­
dynamic, inertia as well as structural contributions. In this, general, for­
mulation all nonlinear effects and the excitation are combined in a general 
vector {F (~.e.Z). When dynamic inflow is considered, Eqs. (9) have to be 
appended ~ Eqs. (14) and solved jointly62, In discussing methods for solu­
tion of Eqs. (14) it is convenient to consider two separate flight regimes, 
namely: (1) hover and (2) forward flight. 

3.2.2 Hover 

For the isolated blade case, in absence of dynamic inflow effects, the 
problem reduces to a nonlinear system, with constant coefficients represented 
by 

(15) 

In this case aeroelastic stability is usually the more important pro­
blem. Assuming quasisteady aerodynamics and no stall effects, and linearizing 
these equations about a nonlinear equilibrium posit~~na5~ives a good approxi­
mation to the aeroelastic stability boundariesl,Z4, ' 88. 

Using perturbation equations about the equilibrium state 

= {X } + {~X(~)} 
0 

(16) 

and neglecting terms which are nonlinear in terms of the perturbation quantities, 
i.e., ~Xi(~)~Xj(~), yields two separate equations 

[S]{X} 
0 

(17) 
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[C(X )J{llX(l/J)} + 
-o 

[K(X ) ]{llX(l/J)} = {O} 
-o 

(18) 

Equation (17) is a system of nonlinear algebraic equation which yields 
the static. equilibrium position. These equations are usually solved by 
Newton-Raphson iterationl,24,83,85,88 although other methods, such as shooting 
methods have also been used94 

Equation (18) is linear in the perturbation quantities, however its 
coefficients depend on the static equilibrium position obtained from Eq. (17). 
It is convenient to rewrite Eq. (18) in first order state variable form1,24, 
83-88 where 

{y(l/J)} = l ll~(l/J) l 
llX(l/J) 

(19) 

which reduces Eq. (18) to the standard eigenvalue problem 

[AJ{Y} = A{y} (20) 

The real part of the eigenvalues Ai determine the aeroelastic stability 
boundaries of the blade. 

For the sake of completeness a number of other situations which can 
occur in hover and do not follow exactly the preceding treatment are also 
mentioned. When unsteady aerodynamics of a rotary-wing type, such as Loewy's 
are used, Eq. (17) still applies, however the perturbation equations have to 
be solved in an iterative modification of a conventional V-g method51. When 
static stall effects are present, an approximation based on perturbation equa­
tions about an appropriate equilibrium position, generated stability boundaries, 
which predicted the stall-induced flap-lag instability quite we11 47 

3.2.3 Forward Flight 

The aeroelastic stability or response problem is based upon Eqs. (14). 
When dynamic stall effects are neglected, reliable solutio.ns for stability or 
response can be obtained by linearizing the nonlinear equations of motion 
about an appropriate equilibrium position25, In forward flight the appropriate 
equilibrium position is a time dependent periodic solution. Calculation of 
the time dependent periodic equilibrium position, representing the response 
solution of the blade is inherently coupled with the trim state of the com­
plete helicopter in forward flight. The degree of sophistication with which 
this cou~lin~ is accomplished can affect the accuracy of the aeroelastic 
analysis 5 • 9 , 

In practice two trim calculations are required25,95, as illustrated 
schematically in Fig. 17: (1) Propulsive Trim, which simulates actual forward 
flight conditions. The weight coefficient Cw (approximately equal to the 
thrust coefficient) is specified, and horizontal and vertical force equilibrium 
is maintained. Zero pitching and rolling moments are enforced; (2) Moment or 
Wind Tunnel Trim, simulates conditions under which a rotor would be tested in 
a wind tunnel. Horizontal and vertical force equilibrium is not enforced 
because the helicopter is mounted on a supporting structure. Therefore, only 
the requirement of zero moments on the rotor is imposed. 
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Two methods 'for generating solutions to Eqs, (14) are available, The 
first approach is based on the direct treatment of the blade equations, in 
the rotating system, and uses the theory of differential equations with 
periodic coefficients. The second approach introduces a coordinate trans­
formation from the rotating blade fixed coordinate system to a hub fixed, 
nonrotating, coordinate system, Both approaches are described below, 

The direct approach to solution of Eqs. (14) is facilitated by re­
writing them in first order state variable form, When using this representat­
ion, Eqs. (14) can be rewritten as25 

{q(w)} = {z<w)} + [LCw)J{qCw)} + 

+ {N(~,W)} = {FNL(W,~,g)} (21) 

where it is understood that the system is periodic with a common period of 
2rr, i.e. 

and 

{z<w>} = {z<w+2rr)} 

[L(W)] = [L(w+2rr)] 

{qCw>} = j iccw>l 

l ~<w> 

(22) 

(23) 

It is important to no'te that in all rotary-wing aero elastic problems, 
in presence of forward flight, the response and stability problems are coupled, 
Therefore solutions have to be obtained in two stages25: first the nonlinear 
time dependent equilibrium position of the blade is obtained, and next the 
equations are linearized about the time dependent equilibrium state by writing 
perturbation equations about the nonlinear equilibrium position, This second 
stage, yields a set of linearized perturbation equations with periodic coef­
ficients from which blade stability is obtained using Floquet theory, 

In this approach the linear portion of Eq, (21) is considered first 

(24) 

together with the associated homogeneous equation 

(25) 

For a stable homogeneous system, Eq, (24), has only one periodic solu­
tion given by 

- f21T 
+ ([I] - [1>(2rr)]-l [1>(2rr)] [1>(s)J-1{z(s)}ds > 

0 

(26) 
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A general solution of any inhomogeneous system, like Eq. (24), 
whether periodic or not is given by 

1/J 
{q1 (1/J)} = [~(1/J)]~ [~(s)]- 1 {Z(s)}ds + {q(O)} > (27) 

where the underlined term in Eq. (26) simply represents the initial condition 
{q(O)}in Eq. (27) which gives a periodic response, Thus the periodic steady-. 
state solution can be obtained by numerically integrating the linear system, 
Eq. (24), with this initial condition25,96 • Normally, excellent converged 
solutions are obtained within two or three rotor revolutions, using a fourth 
order Runge-Kutta method with Gill coefficients, Reference 97 contains a 
slightly different formulation for obtaining the steady-state response of 
a linear periodic system. 

Solution of §he complete nonlinear system, Eq. (21), is based on 
quasilinearization2 . Doing a first order Taylor series expansion of Eq. 
(21) about the kth iterate yields 

k 

+ [ 
:I'lNLJ k+l k o_ ({q} -{q} ) 

which can be also written as 

(28) 

Thus, Eq. (28) represents a sequence of linear response iterates in a 
quasilinarization sequence. The iteration is terminated when 

(29) 

This converged solution represents the nonlinear periodic equilibrium 
position about which the equations are linearized. 

Once the time dependent equilibrium position has been established, the 
system represented by Eq. (21) is perturbed about this equilibrium position 

(30) 

where squares of perturbation quantities are neglected and the stability of 
the linearized system is determined from Floquet theory by evaluation of the 
characteristic exponents4,95 
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(31) 

The linearized system is stable when sk < 0. 

In this context it should be also mentioned that a key ingredient in 
dealing with period systems is the efficient numerical computation of transi­
tion matrices which has been treated in Ref. 98. Another recent study has 
compared a variety of methods for computing transition matrices for rotor­
craft99 This study was based on comparing a number of available canned 
routines, which is not a reliable basis for comparison studies98 , thus the 
results obtained were somewhat inconclusive. 

As indicated the nonlinear time dependent equilibrium position is in­
timately coupled with the global equilibrium or trim condition of the complete 
helicopter. Thus an aeroelastic stability or response calculation might also 
require an iterative application of trim conditions. Such an approach was 
considered in Ref. 88, and found to be computationally very expensive. Fin­
ally, it should be noted that the method of analysis described in this section 
proved itself to be compatible with a finite element blade representation 
for forward flight aeroelastic stability and response calculations86,88 . 

A second approach to the solution of Eqs. (14) is based upon the intro­
duction of a Fourier type coordinate transformation which transforms the 
variables {X} from the rotating, blade fixed reference frame, to a nonrotating 
hub fixed reference frame. Following HohenemserlOO these coordinates are 
frequently used in rotordynamics4,45,46,62,101,102,103, Use of such a coor­
dinate transformation implies that the blade degrees of freedom, in the blade 
fixed coordinate system, are replaced by a set of nonrotating coordinates 
fixed in the hub, which describe the motions of the hub plane, and its defor­
mation in a hub fixed system. In a symbolic form the multiblade coordinate 
transformation can be written as 

{X} = [B(~)]{Y} (32) 

where {X} are the original coordinates in Eq. (14) and {y} are the multiblade 
coordinates62,101, The multiblade transformation is somewhat difficult to 
use when the equations contain numerous geometrical nonlinear terms, such as the 
coupled flap-lag-torsion equations in forward flight29 and even for the coupled 
flap-lag case the algebraic effort can be substantial101, However, when appli­
cable the multiblade coordinates have some convenient features. For low ad­
vance ratios, ~ < 0.25, and rotors having three or more blades, use of a trans­
formation such as Eq. (32) on Eqs: (14) enables one to neglect the periodic 
coefficients in the transformed equations. Thus the system becomes a constant 
coefficient system which can be easily treated by conventional methods. For 
higher advance ratios it is still possible to use multiblade coordinates, and 
treat the remaining periodic coefficients by averaging or harmonic balancing 
methods as pointed out in a recent review study by Dungundji and Wendell104, 

When dynamic inflow effects are incorporated into the treatment of for­
ward flight problem, Eqs. (9) are appended to Eqs. (14) and solved jointly62, 
101 

Solution of the aeroelastic stability and response problem in.presence 
of dynamic stall is somewhat more complicated. In this case, Eqs, (14) still 
represents the appropriate system of equations which are to be solved. However, 
the strong nonlinear aerodynamic effects introduced by dynamic stall might 
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preclude the use of quasilinearization technique such as described in the first 
part of this section. The conventional method used in this case is direct 
numerical integration, of Eqs. (14), in the time domain72,77. Two methods of 
numerical integration are available: (1) direct integration schemes which 
have been developed for structural dynamics response problems, when formulated 
in conventional second order form, i.e. Eqs. (14), such as the Houbolt, Wilson 
and Newmark methodsl05 or (2) conventional direct numerical schemes such as 
Runge-Kutta or predictor corrector methodsl06,107 which are intended to be 
used when the equations are written in first order form, i.e. Eqs. (21). Both 
methods have advantages and disadvantages. Furthermore, the appropriate step 
size has to be determined from numerical experimentation, since the equations 
are both nonlinear and have periodic coefficients. 

Tran and Falcherol08 have used an alternative approach to direct num­
erical integration in a recent study which incorporated the dynamic stall 
model, discussed in Section 2.4.2, in a blade response calculation. The re­
spons~ of the blade was evaluated by using a matrix exponential approximat­
ionlOl,llO to evaluate the transition matrix, during a small interval of the 
blade revolution. 

3.3 Isolated Blade Stability and Response, Some Illustrative Results 

The results presented are intended to complement the material provided 
in previous sections by serving as illustrative examples for the analytical 
techniques which have been discussed. 

Consider first results in hover. Figure 18 shows typical results ob­
tained for a coupled flap-lag model of a hingeless blade85, with quasi-steady 
aerodynamics and uniform inflow in hover. The geometry for this finite ele­
ment model was shown in Fig. 16. The analysis for this case follows the out­
line presented in Section 3.2.2. The blade is modeled using six elements 
and sensitivity of the results with respect to the number of modes used in 
the analysis is explored. Figure 18 also illustrates that for this case, there 
is practically no difference between the results based on using four or six 
beam type elements. The unstable parts of the stability boundary, where the 
real part of the eigenvalue is positive, are denoted by the letter U on the 
boundary, The number of modes, given next to each line, indicates the number 
of elastic modes used to represent each elastic degree of freedom. Thus two 
modes imply that two rotating uncoupled modes are used to represent the flap 
and lag degree of freedom respectively, (i.e. a total of four). These modes, 
generated from the finite element modes, are used to reduce the number of 
nodal degrees of freedom, in the finite element analysis of the aeroelastic 
problem85. The interesting results shown in this figure are the unstable re­
gions associated with the second lag mode, which for intermediate values of 
the elastic coupling parameters Rc = 0.60, becomes unstable at lower values 
of the critical collective pitch angle 8c than the first lag mode. For elastic 
coupling parameters Rc = 0, it is always the ~undamental lag mode which yields 
the lowest stability boundary as shown in Fig. 18 and for Rc = 1.0, the flap­
lag instability is virtually eliminated. These results, together with the 
stability results shown in Fig. 8 indicate, that for hingeless blade aero­
elastic stability calculations at least two rotating elastic modes should be 
used to represent each elastic degree of freedom. For response and dynamic load 
calculations a somewhat larger number of modes would be required. 

Results associated with forward flight are presented next. The first 
set of results, is representative of a coupled flap-lag-torsional stability 
analysis of a hingeless rotor blade in forward flight25. This analysis is 
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based on two elastic modes for each degree of freedom, i.e. flap, lag and tor­
sion respectively,-quasisteady aerodynamics and no stall effects. The analysis 
follows the outline presented in Section 3.2.3. Figures 19 through 22 illus­
trate the stability of a stiff-in-plane blade in forward flight. The para­
meter k on these plots represents the quasilinearization iteration index used 
in Eq. (28). The case K s 0 corresponds to a linear periodic response in 
which all nonlinear terms are neglected, the case k s 1 represents a linearized 
response, and k = 2 gives the first approximation of the fully nonlinear res­
ponse. Since Figures 19 through 22 represent the real part of the character­
istic exponent associated with a particular degree of freedom, plotted versus 
the advance ratio ~. they represent stability boundaries linearized about the 
corresponding equilibrium position, 

Clearly, nonlinear terms have a marked effect on the blade stability, 
There is a strong degradation in stability with advance ratio for this case, 
Fig. 19, when nonlinear terms are included in the analysis. Thus, above 
~ = 0.3, the introduction of moderate deflections or geometric nonlinearities 
is strongly destabilizing for a stiff-in-plane blade, This stability loss is 
associated with the change in the sign of various structural coupling terms 
obtained by going from a soft-in-plane design to a stiff-in-plane one*. The 
second lag mode was found to be stable for 0,0 < ~ < 0.40, although it did 
exhibit a mild deterioration in stability up to ~ = 0.2, and only thereafter 
did it show an increase in stability, Also, the effect of nonlinear terms on 
this mode was not significant, this is illustrated in Fig. 20. 

The stability variation of the flap and torsion modes is shown in Figs, 
21 and 22 respectively. Clearly nonlinearities have a strong effect on both 
these degrees of freedom for this stiff-in-plane design. The first torsional 
mode is particularly sensitive to nonlinear terms. This is due to the numerous 
coupling terms in the torsion equation. 

From Figs. 19-22 it is evident that nonlinear terms are destablizing 
for the fundamental lag mode and the first two flap modes; however, they are 
stabilizing for the first torsional mode. Since these nonlinearities can be 
both stabilizing and destablizing, this implies that nonlinear analyses based 
on moderate deflections are essential in order to reliably predict blade 
stability. 

As mentioned previously, blade aeroelastic behavior is strongly depend­
ent on the trim state. Results illustrating the difference between blade be­
havior for the propulsive and moment trim states are given in Ref. 25. 

Additional results25, not presented here, indicate that the reduction 
of aeroelastic stability margins evident for stiff in plane configurations is 
not apparent for soft-in-plane configurations. This tends to support the, 
known, superior aeroelastic characteristics of soft-in-plane configurations, 
when compared to stiff-in-plane blade configurations, 

A number of grevious analyses have considered the coupled flap-lag problem 
in forward flightl, 2,95, Therefore, it is interesting to compare the results 
from the present coupled flap-lag-torsional analysis with a coupled flap-lag 
analysis in forward flight which is based on identical assumptions86, Such 
a comparison is presented in Fig. 23 for a soft-in-plane configuration under 
propulsive trim conditions with C = 0.005. The label CFLT on the curves de­
notes the results from the couple~ flap-lag-torsional analysis, The compari-
son of real parts of the characteristic exponents for the first lag mode is 

* See Ref. 25. 
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shown in Fig. 23. It is clear that the stability margin predicted for this 
mode from the flap-lag analysis is between 250-300% lower than the one pre­
dicted by the more accurate coupled flap-lag-torsional analysis. Since the 
stability margins predicted by the flap-lag analyses are low, these margins 
can easily show exagerated sensitivity to a variety of effects. It should be 
recognized that this sensitivity can be artificial, because it may be caused 
by the low damping levels predicted by the flap-lag analysis. Therefore, 
conclusions drawn from such analyses might be inaccuuate25. 

The results presented in Figs. 19 through 23 were based on quasisteady 
aerodynamics in forward flight. Therefore, it is interesting to consider the 
influence of approximating some unsteady aerodynamic effects by using the 
dynamic inflow model62. The effect of dynamic inflow on coupled flap-lag 
motion in forward flight is shown in Figs. 24 and 25, which were taken from 
Ref. 62. These results were obtained for a three bladed rotor with WFl = 1.15; 
Rc = 0; y = 5.0; CT = 0.01; o = 0.05; Cdo = 0.01, pitch flap coupling parameter 
8S = 0 and pitch lag coupling parameter 8~ = 0. These results were obtained 
using a moment trim procedure in forward flight. Blade stability is calculated 
from a linearized periodic system, using Floquet theory. The curves in the 
figures are labeled either no dynamic inflow or dynamic inflow. "No dynamic 
inflow" refers to the case in which induced flow perturbations are not ac­
counted for, "dynamic inflow11 refers to momentum theory with the apparent mass 
terms. 

Figure 24 depicts the results for the effect of dynamic inflow on lead­
lag damping of a stiff-in-plane rotor blade. The quantity n represents the 
real part of the characteristic exponent, identical to ~kin Eq. (31), plotted 
versus the advan~e ratio ~. The quantity w~ is the collective lag frequency 
also denoted by WL1 in this paper. The collective and progressing modes show 
similar effects of dynamic inflow. As shown regressing mode w = w~ -1 = 0.4 
is most affected by dynamic inflow. Dynamic inflow for this case is strongly 
stabilizing. The collective lag mode w = w~ and the progressing lag mode 
w = w~ +1 = 2.4 are affected to a lesser extent. Figure 25 shows the effect 
of dynamic inflow for a soft-in-plane blade. Again, the progressive, w = 
w~ +1 = 1.7, and collective branches, w = w~ = 0.7, are rather close to each 
other. The frequencies of these modes (1.7 and 0.7) are much lower than those 
of the stiff-in-plane blade, and the total effect of dynamic inflow is there­
fore larger for w~ = 0.7 than for ws = 1.4. The frequency of the regressing 
mode, w = l -ws = 0.3, is about the same for w~ = 0.7 as it is for w~ = 1.4 
(0.3 versus 0.4). Therefore, the increase in percent critical damping is the 
same in either case '(about 1%). 

In interpreting the precise physical meaning of the results shown in 
Figures 24 and 25 a number of additional factors, due to some of the restric­
tive assumptions made in the calculations, should also be mentioned. Foremost 
is the assumption that the elastic coupling parameter Rc = 0, this assumption 
is somewhat unrealistic, particularly in presence of moment trim, since the 
elastic coupling terms1 affect the blade by virtue of the cyclic pitch terms. 
Furthermore it is well known1 that the flap-lag instability in hover is a mild 
instability which is completely eliminated in many cases by introducing elastic 
c:oupling. 

It has been also indicated in the discussion of the results presented 
in Fig. 23, that flap-lag analyses can predict substantially lower levels of 
damping when compared to coupled flap-lag-torsional analyses. Low damping levels 
tend to overemphasize the importance of terms influencing damping, thus there 
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is a possibility that the magnitude of the dynamic inflow effects presented 
could be exagerated. 

Figure 25 also shows that for the case of hover, ~ = 0, the difference 
due to dynamic inflow between the collective modes is approximately 20%. It 
is interesting to compare this result with the differences observed in the 
flap-lag branches of the stability boundary shown in Fig. 8, where Theodorsen 
type aerodynamics are compared to a quasi-steady aerodynamic theory in which 
the apparent mass terms have been neglected. The differences between the two 
curves are roughly of the same order of magnitude, Therefore, for the col­
lective modes, the main source of difference between the results with dynamic 
inflow and those calculated without dynamic inflow might be attributed to 
apparent mass effects. Furthermore, it is difficult to compare Refs. 25 
and 62 because the linearization used in Ref. 62, is not described in the paper. 

Another important unsteady aerodynamic effect in forward flight is 
dynamic stall, which was not included in the results presented previously in 
this paper. Figure 26, taken from Ref. 72, illustrates the importance of this 
effect. The results presented in Fig. 25 are based upon the dynamic stall 
model which has been described in Section 2.4.2. This model was incorporated 
in a general computer module that computes rotor blade unsteady airloads72. 
The module also accounts for the fact that the blade section undergoes time 
varying changes in aerodynamic sweep angle and Mach number. Figure 26 pre­
sents the correlation between flight test data and the results of the G400 
Aeroelastic Analysis, which is based upon Ref. 42, and utilizes the dynamic 
stall module72. The tests were carried out on a CH-53A aircraft. The pre­
dicted results are in good agreement with the test data when the blade is on 
the retreating side and undergoes dynamic stall. The onset of stall flutter 
is predicted reasonably well as indicated by the correlation of the results 
for the blade root torsion moment. The root torsion moment results also imply 
that the rotor blade leaves the stall flutter region at a later instant than 
predicted by the analysis. This may be attributed to the fact that the un­
steady aerodynamic prediction method models the reattachment earlier than in­
dicated by the test results. Normally, reattachment occurs at a lower angle 
than the static stall angle. In assessing the quality of the agreement be­
tween theory and test, which is evident from Fig. 26, it is important to note 
that accurate prediction of such loads is difficult to achieve48, 

Finally, it should be noted that the effect of more sophisticated aero­
dynamic models, including the influence of the wake and blade vortex inter­
actions, on the flapping response of a rotor in hover and at low advance 
ratios has been presented in a recent paper by Johnsonlll, 

4. Formulation and Solution of Coupled Rotor/Fuselage Aeroelastic Problems 

4.1 General 

Analyses capable of modeling coupled rotor/fuselage aeroelastic systems 
have become increasingly important in recent years following the advent of 
hingeless rotored helicopters. Articulated rotors experienced mostly the 
classical ground resonance problem4 which is a purely mechanical instability 
and represents a restricted class of problems where coupling between rotor and 
the fuselage can be simply reyresented and the effects of aerodynamics can be 
ignored. A study by Harnrnondl 2 is representative of the more modern approach 
to this problem, another recent study of this mechanical instability has been 
performed by Bellavita et alll3, 
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Soft-in-plane hingeless rotor helicopters are susceptible to aeromech­
anical instabilities on the ground as well as in hover and forward flight. 
Instabilities of this type occur when the rotor lead-lag regressing mode and 
a body pitch or roll mode become proximate or coalesce. For the hingeless 
rotor helicopters coupling between the rotor and body is quite com~lex and 
the rotor aerodynamics can significantly affect system stabilityll ,llS. The 
first detailed review of air resonance problems in hingeless rotor helicopters 
was carried out by Hohenemserll4. Additional discussion of air and ground re­
sonance problems is also available in Ref. 4. Coupled rotor fuselage analyses 
are also briefly reviewed in Ref. l and 116. 

4.2 Formulation of Coupled Rotor/Fuselage Aeroelastic Problems 

Formulation of coupled rotor/fuselage equations, intended for modeling 
the configuration shown in Fig. 27, is similar in many respects, to the iso­
lated blade problem, which has been treated in Section 2. However, a number 
of substantial differences exist: (1) the equations are complicated by numerous 
additional terms associated with the motions of the fusealge. These terms 
contribute, significantly, to the algebraic complexity of the inertia and 
aerodynamic loads, (2) a modified form of the ordering scheme has to be used 
to restrict the equations to manageable size, and (3) rotor/fuselage coupling 
has to be performed in a careful systematic manner. 

A number of recent models containing well documented formulations of 
coupled rotor/fuselage equations are available. Hodges 46 has developed a 
comprehensive model, including geometrical nonlinearities, which is suitable 
for modeling the aeromechanical stability of both bearingless and hingeless 
rotors in hover44, 45,ll5. Warmbrodt and Friedmannll6 have derived the govern­
ing equations of motion of a helicopter rotor coupled to a rigid body fuse­
lage. A reasonably consistent formulation is used to derive nonlinear periodic 
coefficient equations of motion which can be used to study coupled rotor/fuse­
lage dynamics in forward flight. The methodology of rotor/fuselage coupling 
is clearly described and the importance of an ordering scheme in deriving con­
sistent nonlinear equations of motion is reviewed. The final equations which 
are presented in pa~tial differential form can be used to model aeroelastic 
stability or response of an N-bladed hingeless rotor (with each blade having 
flap-lag and torsional degreeo of freedom). 

Johnson21 , 22 • 117 has developed a comprehensive analysis for rotorcraft 
which is capable of modeling coupled rotor/fuselage problems such as ground 
resonance, air resonance in hover and forward flight, in addition to a number 
of other aerodynamic and dynamic problems21,22. This model has been used quite 
successfully for hingeless rotor ground resonance prediction22. 

A recent detailed derivation of the air resonance problem in hover, of 
an N-bladed hingeless rotor helicopter has been presented by Levin118 In this 
study the final equations of dynamic equilibrium have been reduced to ordinary 
differential form by using Galerkin's method with a relatively small number 
of rotating blade modes. Provision for introducing active control of the rotor 
with the intent of eliminating the air resonance instability is included in 
the formulation. 

The process of formulation of coupled rotor/fuselage aeroelastic pro­
blems can be illustrated with a sufficient degree of clarity only by following 
a specific example. The example selected for this purpose is Ref. 118, which 

3.2-28 



is restricted to the case of hover. A very similar derivation representing 
a generalization of this formulation to forward flight is also available11 • 

The most important assumptions upon which the formulation is based 
are: (1) the helicopter is in hover with low disc loading (low inflow ratio), 
(2) the rigid fuselage has two translational degrees of freedom and two rota­
tional degrees of freedom; vertical translation and rotation about the vertical 
axis {yawing) are eliminated, (3) the rotor consists of three or more hingeless 
blades, (4) each blade can bend in two mutually perpendicular direction normal 
to the elastic axis and can twist torsionally about the elastic axis. Ela,tic 
deformations are moderate resulting in finite rotations but small strains. 
Additional assumptions can be found in Ref 118 and 116. The geometry of the 
problem is shown in Fig. 27. 

Structural Modeling of the blades is identical to the description pre­
sented in Section 2.2 and is based on the transformation given by Eq. (1). 

Inertia Modeling for coupled rotor/fuselage problem is more complicated 
than for the isolated blade problems. Since the hub, or center of rotation is 
also moving due to fuselage translation and rotation, the absolute acceleration 
of a mass point in the cross section of the kth blade is given by119 

. . 
apk = Ro + rpk + 2wk X rpk + wk X rpk + wk X (wk X rpk) (33) 

and the angular velocity is 

(34) 

where R0 is the P£Sition vector of the moving coordinate system with respect 
to the inertial, rpk is the position vector of the_pmint P in the kth blade 
from the origin of the moving reference frame and wk is the angular velocity 
of the moving coordinate system. 

Furthermore, in addition to the blade inertia loads, the fuselage inertia 
loads, due to the fuselage motions are also required. The details for deriving 
these inertia loads can be found in Ref. 118. 

When geometric nonlinearity is incorporated in the blade equations, 
blade inertia loads contain numerous additional small terms due to fuselage 
dynamics. 

Aerodynamic Modeling of coupled rotor fuselage problems is similar to 
the discussion presented for the isolated blade case in Section 2.4. The alge­
braic complexity of the formulation increases substantially due to the pre­
sence of numerous small terms, associated with fuselage dynamics in the rela­
tive velocity components at the deformed blade cross section116,i18. Therefore, 
these is a general tendency to use simple aerodynamic models, such as quasi­
steady aerodynamics, which was used in Ref. 116 and 118. For coupled rotor/ 
fuselage problems unsteady aerodynamic effects can be approximated, reasonably, 
by introducing dynamic inflow, as described by Eq. (9). 

3.2-29 



Ordering ·Schemes for coupled rotor/fuselage equations of motion are 
very important since incorporation of moderate blade deflections gives rise 
to a plethora of higher order terms. It is practically impossible to retain 
all higher order terms, hence a large quantity of small higher order terms 
are usually neglected. Identification of higher order terms in a rational and 
systematic manner is accomplished by using an ordering scheme similar to the 
one discussed in Section 2.5. The order of magnitude assigned to fuselage 
motions has a drastic effect on the number of terms retained in the analysis, 
The selection of the appropriate order of magnitude for fuselage motion is 
constrained by two conflicting requirements: on one hand the orders of magni­
tude of fuselage motion must not be so small as to eliminate physically 
significant coupling effects from the governing equations, on the other hand 
the number of terms retained should be manageable from an algebraic mani­
pulative point of view. Taking these conflicting considerations into account 
the fuselage motions are assigned to bellS 

R 
X 

R 

R 
_y_ 
R 

R 
z 

R 
e e e = O(E312 l x' y' z 

With these orders of magnitude, the important coupling effects are retained, 
while certain higher order coupling effects, such as those which induce pro­
peller-whirl flutter are lost. Were the higher order effects required, O(E) 
insteady of O(E3/2) for fuselage motions would be needed, Additional useful 
considerations regarding the orders of magnitude of various quantities, can 
be found in Ref. 118. 

Coordinate Systems are central to the derivation of the nonlinear blade 
equations and the matching of rotor forces, moments and displacements at the 
rotor hub with those of the fuselage. The definition of the precise relation­
ship between the various cartesian coordinate system is required, in form of 
numerous coordinate transformations. In the formulation presented by Levin118 

seven different coordinate systems have been utilized, requiring a considerable 
amount of "book-keeping", Similar coordinate systems are also used in Ref. 116. 

Matching Conditions at the Rotor Hub are obtained by enforcing dynamic 
equilibrium of the forces P and the moments Q at the hub. For this particular 
example, these conditions are 

(35) 

where PHX, PRY• QHX, QHY are the appropriate components of the fuselage inertial 
force and moment vectors; PGFX• PGFY• QGFX• QGFY are the appropriate components 
of the fuselage gravitational force and moment vectors; PRX, PRY• QRX, QRY are 
the appropriate components of the rotor load force and moment vectors due to in­
ertial, aerodynamic and structural damping loads in the blades; PGRX and PGRY are 
the appropriate components of the gravitational force vector on the rotor. 

The rotor load force and moment vectors are obtained by performing a 
summation over the individual blades 
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N 
PR = z.:: PRk 

k=1 

(36) 
N 

QR z.:: QRk 
k=1 

Furthermore, the quantity XF, shown in Fig. 27, was taken as XF = o118 

This procedure leads to a total of 3N + 4 dynamic equations of equilibrium 
for this coupled rotor/fuselage system. 

4.3 Solution of Coupled Rotor/Fuselage Aeroelastic Problems 

The solution of coupled rotor/fuselage problems follows essentially the 
procedures outlined in Section 3118. The first step is the spatial discret­
ization of the blade equations of motion using Galerkin's method based on the 
uncoupled first rotating modes for each of the flap, lag and torsion elastic 
degrees of freedom for a cantilevered beam. Thus the modal substitutions, 
corresponding to Eqs. (13), are 

wk = ~gk(~)n(xo) 

vk =-~~(~)y(xo) 

<Pk = fk(~)<J>(xo) 

(37) 

Thus, the partial differential equations are transformed into a set of 
nonlinear ordinary differential equations with periodic coefficients, for the 
kth blade. For the 1case of hover the equations which define the static 
equilibrium of the blade are found by requiring that all time derivatives 
and fuselage perturbations vanish in the equations. Thus the static equili­
brium state is identical for all N-blades. This static equilibrium condition 
can be obtained using the method described in Section 3.2.2. 

Next, the amplitudes of the kth blade's modes (or generalized coordin­
ates) are expressed as time varying perturbations about the static equilibrium 
values, g

0
, h0 and f 0 respectively 

gk(~) 

hk(~) = 

fk(~) 

h 
0 

(38) 

and linearized perturbation equations are obtained. The linearized pertur­
bation equations of the kth blade have periodi~ coefficients, since they are 
written in a blade fixed coordinate system. Transformation of the perturbation 
equations to the hub fixed, rotor plane coordinate system118 will result in 
perturbation equations with constant coefficients. It should be noted that 
rotor-plane coordinates are variously referred to as Coleman coordinates or 
multiblade coordinates100, and Fourier coordinates4. It is felt that. the de­
signation "rotor-plane coordinates 11 more accurately conveys the yglient 
characteristics of these coordinates than do other designations1 • 
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The stability of the system of 3N + 4 linearized, constant coefficient 
equations can be~ solved by using conventional eigenanalysis, as indicated in 
Section 3.2.2. Hodges has used an approach identical, to the one outlined 
above, for solving the aeromechanical stability problem of bearingless rotors 
44,45. 

For the case of forward flight, transformation to rotor-plane (or 
multiblade) c0ordinates will not remove all periodic coefficients. Under 
these conditions, the blade equations can be used in their original blade 
fixed formulation, and solutions can be obtained using the approach outlined 
in Section 3.2.3·. This approach was successfully used120 for studying the 
coupled rotor/tower dynamics of large horizontal axis wind turbines, which is 
mathematically similar to the coupled rotor/fuselage problem in forward flight. 

4.4 Coupled Rotor/Fuselage, Some Illustrative Results 

The material presented in this section is intended to augment the 
theoretical material of the previous sections. Hodges has conducted a theo­
retical study of the aeromechanical stability of bearingless rotors in hover45 
by comparing the hub-fixed motion, i,e. isolated blade stability, with the 
case when coupled rotor-body motion is considered. His studies dealt mostly 
with soft-in-plane configurations using quasisteady aerodynamics. He concluded 
that system parameters can be chosen to stabilize most soft-in-plane configur­
ations for the hub fixed case. Under certain conditions the same parameters 
can also stabilize the coupled rotor-body system in hovering flight, i.e in 
air resonance. However, when the rotorcraft is in contact with the ground 
and near zero thrust, it appeared that these parameters are not as effective 
in stabilizing the system in the ground resonance mode. He has also compared 
his analytical results with experimental data on bearingless main rotors and 
obtained good correlation44. Hodges analytical model was also used to study 
hingeless rotor aeromechanical stability by comparing the theory with experi­
mental data obtained by Bousman115. The overall agreement between experimental 
data and theoretical predictions was good. 

More recently Bousman conducted a careful experimental investigation of 
the effects of aeroelastic couplings on the aeromechanical stability of a 
hingeless rotor helicopterl21. Five different configurations were tested, to 
determine to what extent, pitch-lag coupling and structural coupling can 
successfully stabilize the air resonance mode. The experimental results were 
also compared with Hodges44,45 theoretical model. The measured lead-lag re­
gressing mode damping agreed well with theory. Comparison of theory and ex­
periment for the damping of the body modes showed significant differences 
which were attributed by Bousman to rotor inflow dynamics. 

Recently, Johnson22,122 compared Bousman•s121 results with analytical 
predictions of ground resonance, using the model described in Ref. 117. The 
calculations were performed with and without dynamic inflow, using a mo1~t 
similar, to the dynamic inflow represented by Eq. (9). The experiments 
were conducted on a three bladed rotor which had a radius R = 0.811m, a solidity 
0.0494, and a Lock number of y = 6.1. For the cases considered here, the 
untwisted blades were operated at zero pitch of the structural axes. The blades 
had flap and lag flexures at radial station 0.105. The gimbal pitch and roll 
spring rates were such that resonances of the body modes with the regressing 
lag mode occurred where the lag frequency was below once-per-revolution. Hence 
a ground resonance instability was possible, depending on sy~tem damping. The 
blade flap flexure produced a rotating natural frequency of ~1 = 1.12 at high 
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rotor speed. The rotating natural frequency of the lag mode was wLl = 0.81 
at the body pitch mode resonance (585 RPM), and ~1 = 0.69 at the body roll 
mode resonance (745 RPM). In the analysis only fundamental flap and lag modes 
were considered. Higher bending modes and torsion were neglected22,122. The 
degrees of freedom used in the flutter analysis were the flap and lag motion 
and the rotor inflow dynamics variables. The conning, collective lag, and 
uniform inflow degrees of freedom form a separate set, that decouples from 
the ground resonance problem in hover. 

The damping in the regressing lag mode, body pitch mode and body roll 
mode as a function of the rotor speed is presented in Figs. 28 to 30. The 
eigenvalues are a± w,where w is the frequency and a is the damping. The blade 
and body mode damping is predicted well although smaller values of system 
structural damping would improve the correlation for the lag mode at the in­
stability. The calculated damping is in error without the inflow dynamics. 
In particular, the body roll mode damping is greatly overpredicted at high 
rotor speed as shown in Fig. 30. 

In a different study, Kato et a1 123 have found that using Loewy's un­
steady aerodynamic theory improves agreement between theory and test. The 
objective of this study was to determine the vertical impedance of a hovering 
rotor. Thus it appears that the use of theories having even a limited degree 
of unsteady aerodynamic modeling capability are preferable to quasi-steady 
models for coupled rotor/fuselage analyses. 

Another recent study by Gaonkar et al124 has considered the sensitivity 
of helicopter aeromechanical stability to dynamic inflow using a purely 
theoretical approach. The results do indicate that dynamic inflow can in­
fluence both air and ground resonance. Since the regressing lag role plays 
an important role in air and ground resonance problems, the sensitivity ex­
hibited, reflects upon the influence of dynamic inflow on this mode, which was 
treated previously in detail62. 

It is also important to note that body roll mode damping reduction, due 
to dynamic inflow, shown in Fig. 30 was also noted in the results presented in 
Ref. 124. Clearly, this also implies that a better representation of unsteady 
aerodynamics is important in coupled rotor/body problems involving hingeless 
rotor configurations. Because the cantilever restraint of blade flap motion 
allows the rotor to develop net pitch and roll moments which in turn cause 
induced velocity perturbations, which are equivalent to a low frequency un­
steady aerodynamic effect. 

5. Concluding Remarks 

The broad spectrum of activity described in the paper indicates that 
rotary-wing aeroelasticity is one of the most active and challenging areas of 
modern aeroelasticity. Recent research has clarified a number of fundamental 
problems. Treatment of geometrical nonlinearities has become routine for bear­
ingless and hingeless rotors. Geometrical nonlinearities have proven to be 
important for establishing aeroelastic stability boundaries in both hover and 
in forward flight. It is also apparent that these nonlinearities can also ef­
fect response calculations, although their importance is smaller than for stab­
ility calculations. Modern semiempirical dynamic stall models show significant 
potential towards simulating blade loads and response at high advance. ratios. 
A fundamental understanding of coupled rotor/fuselage problems has emerged. 
Furthermore, the carefully established data base for coupled rotor/fuselage 
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aeromechanical problems will serve as an extremely useful base for validating 
more elaborate analyses. Advances have been made in the mathematical treat­
ment of equations with periodic coefficient, these will serve as a useful 
tool for aeroelastic analyses in forward flight. 

However, much remains to be done. Better unsteady aerodynamic models, 
simulating forward flight, compressibility and trasonic effects have to be 
developed. These unsteady aerodynamic theories, should be compatible with the 
coupled flap-lag-torsional dynamics of the rotor blade and should be suitable 
for incorporation in aeroelastic analyses. Finally, the existing experimental 
data base for hover should be also extended to the forward flight regime. 
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[B(ljJ)] 

b 
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CMX 

CMY 

[C (ljJ)) 

[C (X ) ) 
~o 

Appendix A: List of Symbols 

= two-dimensional lift curve slope 

acceleration vector, Eq. (3) 

= constant matrix, Eq. (20) 

periodic matrix, Eq. (28) 

acceleration vector, for mass point in kth blade, Eq. (33) 

= coefficients in Wagner function, Eq, (11) 

=transformation matrix for multiblade coordinates, Eq. (32) 

= coefficients in the Wagner function Eq. (11) 

semi-chord 

= unsteady lift, coefficient, Eq. (10) 

Theodorsen's lift deficiency function 

lift curve slope 

Loewy's lift deficiency function 

= unsteady normal force coefficient, in dynamic stall 

= profile drag coefficient 

= thrust coefficient 

2 2 
= W/pATIR (QR) = weight coefficient 

= airfoil chord 

rolling moment coefficient of rotor 

= pitching moment coefficient of rotor 

symbolic matric, representing linear damping effects 

= linearized damping matrix, for perturbation, equations, Eq. (18) 

= unsteady pitching moment coefficient, in dynamic ~tall 

parasite drag of helicopter, Fig. 17 

unit vectors in the directions of the coordinates, x
0

,y
0

,z
0

, re­
spectively before deformation, Figs. 4 and 5 

= triad ; ,; ,; after deformation, Figs. 4 and 5 
X y Z 
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= offset of blade root from axis of rotation, Fig, 4 

=unit vector in direction of shaft axis, Eq. (34) 

generalized coordinate for ~ degree of freedom, also torsional 
generalized coordinate of kth blade 

periodic vector used in quasilinearization, Eq, (28) 

6fk = perturbation of fk' Eq, (38) 

{FNL(~,~.~)} =complete nonlinear loading, Eq. (14) 

{FNL (~,q,q)} 

{FNL (~,~)} 

{FsN<~o)} 

h.(~) 
J 

h 
w 

H 

(I] 

i 

i,j. k 

k 

k 

k 

[L(~)] 

L 
u 

complete nonlinear state vector loading, Eq. (21) 

= complete nonlinear loading for hover, Eq, (15) 

nonlinear loading for static equilibrium in hover, Eq. (17) 

steady state value of gk' Eq, (38) 

= generalized coordinate for w degree of freedom 

th perturbation in flap of k blade generalized coordinate, Eq, (38) 

perturbation in lag of kth blade generalized coordinate, Eq. (38) 

steady state value of hk, Eq. (38) 

plunging motion, used in unsteady aerodynamics, Eq. (4) 

generalized coordinate for v degree of freedom 

(h /b) = nondimensional wake spacing w 

= inplane force, Fig. 17 

unit matrix 

=unit vectors in the directions, x,y and z respectively, Fig. 4 

= indices in modal expansion, Eq (13) 

blade index, in coupled rotor/fuselage formation, Eq. (33) 

= iteration index used in quasilinearization 

wb/U = reduced frequency 

linear coefficient matrix, Eq. (21) 

unsteady lift, per unit length, based on Theodorsen theory 
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L 

m 

[m] 

[M) 

M 

nF'~'nT 

PHX'PHY 

PGFX'PGFY 

PRX,PRY 

PGRX'PGRY 

PRk 

PR 

QR 

QRX,QRY 

QHX,QHY 

QGFX'QGFY 

QRk 
{q} 

{qL} 

{qH} 

{q(ljl)} 

{llq(ljl)} 

unsteady lift, per unit length based on Greenberg's theory 

= length of elastic part of the blade 

= coefficient matrix for dynamic inflow model; Eq, (9) 

= (w/Q) = frequency ratio 

=coefficient matrix for dynamic inflow model, Eq. (9) 

= symbolic inertia (mass) matrix, Eq. (14) 

=Mach number, Fig. 13 

average pitching moment, Fig, 17 

= nb = number of blades 

nonlinear vector, Eq, (21) 

= number of global modes used for flap, lag and torsion respectively 

= components of fuselage inertia force in x,y directiQns respectively 

components of fuselage gravitational force vector 

= components of rotor force vector 

=components of the gravitational forc~.vector on rotor 

th = k blade force vector, Eq. (36) 

total rotor force vector Eq. (36) 

= total rotor moment vector, Eq. (36) 

= components of rotor moment vector 

= components of fuselage inertia moment vector 

= components of fuselage gravitational moment vector 

th k blade moment vector, Eq. (36) 

= unknown state vector, Eq, (21) 

= state vector associated with linear, inhomogeneous system, Eq. (24) 

= state vector associated with linear, homogeneous system, Eq. (25) 

= nonlinear periodic equilibrium state about which equations are 
linearized, Eq. (30) 

= perturbation of system state, about nonlinear equilibrium position 
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R ,R ,R 
X y Z 

R 
0 

R 

R 
c 

r 

s 

[S] 

s 

[S] 

t 

T 

u,v,w 

u 

v 

v 
0 

v 

w 

=nodal degrees of freedom for flap and lag bending, respectively, 
Fig. 16 

= component of the fuselage mass center displacement vector in the 
x,y,z directions, respectively 

= position vector of point in the kth blade in rotating reference 
frame 

= position vector of origin of moving coordinate system with respect 
to inertial reference frame, Eq. (33) 

blade radius 

elastic coupling parameter 

position vector of a mass point of blade cross section, in blade 
fixed, rotating reference frame 

radial station, Fig. 26; Eq. (8) 

= dummy variable, Eq. (26) 

=matrix of linear coefficients, for static equilibrium in hover, 
Eq. (17) 

= 2tU/c = nondirnensional time variable in Wagner function, Eq. (11) 

A A A AJ AI AI 

transformation matrix between triads (ex,ey,ez) and (ex,ey,ez)' 
Eq. (1) 

time 

= thrust 

components of the displacement 
blade in the directions, ~ ,~ 
Eq. (37), implies kth bladg Y 

of a point on the elastic axis of the 
and ~ , respectively, subscript k, z ' 

consta'nt flow velocity in Theodorsen's theory, Eq. (4) 

= pulsating flow velocity in Greenberg's theory, Eq, (5) 

= constant part of V 

= varying part of V 

velocity of forward flight, Fig. 17 

= mean induced velocity at the rotor disc 

weight 

blade cross sectional aerodynamic center (A.C.) offset from elastic 
axis (E.A.), positive for A C. before E.A. 
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{~ 

{X } 
0 

{~X} 

{y(~)} 

{Y} 

{Z(~)} 

~p 

= offset between the elastic axis and tension center of blade cross 
section, Fig, 5 

·initial undeformed, blade fixed coordinate system, Fig. 4 

= generalized coordinate vector, Eq. (14) 

x /i = nondimensional coordinate, along elastic part of blade 
0 

static equilibrium state of {X} in hover 

=perturbation in {X}, Eq. (16) 

= perturbed state vector, Eq. (19) 

multiblade coordinate vector, Eq. (32) 

known periodic forcing, Eq. (21) 

= airfoil section angle of pitch, Eq. (4) 

constant part of pitch, or angle of attack 

= harmonically varying part of pitch 

= effective angle of attack, Eq. (10) 

= change in angle of attack for dynamic stall, Eq. (10) 

angle of attack of rotor, Fig. 17 

= mean angle of attack, Fig. 12 
• 

= time varying part of angle of attack about aMEANfordynamic stall, 
Fig, 12 and 13 

= time varying part of angle of attack about a for dynamic stall, 
0 

Fig. 14 and 15 

= a(S) - aE 8 (S) paramter for dynamic stall model 

= helicopter shaft angle, Fig. 26 

= preconing, inclination of the feathering axis with respect to the 
hub plane measured in a vertical plane 

rigid body flapping angle for teetering rotor, Fig, 3 

= Lock number 

flight path angle measured from horizontal, Fig. 17 

= shape functions for v degree of freedom 

perturbation in steady inflow ratio 

= basis for order of magnitude, associated with typical elastic 
blade slopes 
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e 
c 

e 

)l 

(J 

cjl (s) 

[cjl (1/J) l 

s~all .quantity for quasilinearization convergence test 

th 
real part of the k characteristic exponent 

real part of characteristic exponent, Figs. 24 and 25 

= viscous structural damping coefficients in percent of critical 
damping, for the lag modes 

= cross-sectional coordinates, see Fig. 5 

shape functions for w degree of freedom 

= total pitch angle, nonelastic, at pitch bearing about feathering 
axis 

= critical collective pitch angle, at which linearized system, in 
hover, becomes unstable 

cyclic pitch components 

total pitch angle 

= fuselage rotations, roll, pitch, yaw respectively 

inflow ratio 

constant part of the inflow ratio 

th = characteristic exponent associated with the k degree of freedom 

components of dynamic inflow perturbation 

cyclic components of inflow ratio 

= eigenvalue for hover, Eq. (20) 

= V cosaR/nR = advance ratio 

density of air 

ci 1WI lv
0

) =dimensionless magnitude of the pulsating portion of flow 

= blade solidity ratio; blade aero/disk area, also damping in Figs. 
28-30 

= the rotation of a cross section of the blade around the elastic 
axis 

= shape functions for cjl degree of freedom, also torsional deflection 
of kth blade 

Wagner function, corrected for compressibility 

transition matrix at time n 
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[4> (21T) l 

w 

= transition matrix at end of one period 

= azim•Jth angle of blade (lji=llt) measured from straight aft position 

angular velocity vector, Eq. (3) 

= frequency 

imaginary part of the kth characteristic exponent 

first rotating natural frequencies in flap, lag and torsion res­
pectively, nondimensionalized w.r.t. n 

speed of rotation 

angular velocity vector, Eq, (34) 

fuselage angular velocity vector, Eq. (34) 

fundamental rotating lag frequency nondimensionalized w.r.t. (l 

Special Symbols 

differentiation with respect to 1ji or t depending on context 

( ) = differentiation with respect to X ,x 0 

A 

( ) = unit vector 

n vector 

{ } , ( ) = column matrix -
[ l = square matrix 

[ ]T = transpose 

3.2-49 



INBOARD SEGMENT 

PITCH CHANGE BEARING ~ 

OUTBOARD SEGMENT -

ROTOR HUB 

~~PITCH LINK 

SWASH PLATE -

,,, 

~·~-----------------------~ 
TOP VIEW 

+-

SIDE VIEW 

lhl 

Fig. l Typical Hingeless Rotor 
Configuration 

BEAM FLEXURE 

PITCH LINK 

LEADING 
EDGE BEAM 

Fig. 2 Bearingless Main Rotor, from 
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