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rotor thrust, H-force and torque properly even in vortex-ring state, including the effects of blade stall.

Analytical Study of Dynamic Response of Helicapter
in Autorotative Flight

Yoshinori Okuno and Keiji Kawachi
University of Tokyo

Akira Azuma
Metropolitan Instituie of Science and Technology

and

Shigera Saito
National Aerospace Laboratory

A nonlinear optimal control problem minimizing the touchdown speed of a helicopter in the autorotative
flight following power failure is studied. The motion of the helicopter is expressed by the longitudinal three
degree-of-freedom equations, and the rotor aerodynamic performance is calculated by using blade element theory
combined with empircally modified momentum theory. This modified model has the ability of estimating the

This

optimal control problem is, then, solved by using a numerical solution technique called SCGRA{I]. Results |
indicate that pilots should postpone the collective pitch flare. The effects of the time delay in the collective pitch
reduction and/or of the climbing rate at the moment of power failure on the mirimum touchdown speed are also
presented. In addition, height-velocity diagrams for various gross weights and density altitudes are calculated
by using the other numerical solution technique, dynamic programming. Results show good agreement with
flight test data.
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Notation

lift-curve-slope of blade element
tip loss factor
profile drag coefficient of blade element
drag coefficient of blade elemeni
in stall region
drag
height from ground, or
distance above CG, see Fig.7
density altitude
nondimensional ground contact velocity,
defined by Eq.(15)
Lt
distance behind CG, see Fig.7
mass of helicopter
foad factor
available engine power
pitch rate, positive nose up
rotor radius
rotor disk area, or
reference area
time from power failure
horizontal velocity
control vector
limitation of forward speed ai touchdown
induced flow (nondimensionalized by RG)
reference velocity defined by Eq.(2)
weight of helicopter
vertical velocity, positive descending
limitation of sinking rate at touchdown
state vector
radius of blade stall region,
defined by Eq.(8.1) or Eq.(8.2)
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a.uglé of attack of rotor disk,
defined by Eq.(3)

angle of attack of blade element at 0.755,

defined by Eq.(17.4)

. stalling angle of blade element

longitudinal flapping angle,

_ positive nose down

flight path a.ngle, positive chmbmg, or.
Lock number _

pitch attitude, posi‘tive nose up
longitudinal cyclic pitch, positive nose up
blade fwist angle, positive twist up
collective pitch at 0.75R

inflow ratio, defined by Eq.{11 3)
sdvance mho defined by Eq.(11.1)
rate of descent defined by Eq.(11. 2)
rotor solidity

rotor rotational speed

fuselage

iime of touchdown
horizontal stabilizer
rotor

time of power failure

Introduction

In case of power failure, 2 helicopier can safely land
using autorotation. The control sequence during this au-
torotative flight is generally composed of the followmg five
stages as shown in Fig.1: '
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A CYCLIC MANEUVER
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DISTANCE

Fig. 1 Autorotative landing
following power failure.

1} Reductmn of the collective pltch just after power fail-
ure.

2) Control of the forwa.td speed to a.chseve the minimum
sinking rate.

3) Steady autorotative flight towards a 1a.nd1ng pomt

4) Nose up of the body to reduce the smkmg tate and the
forward speed.

5) Collective flare, that is, the rapid increase of the col-
lective pitch in order to convert the rotating energy of
the rotor blade into the thrust.

The delicate timing and the approprate amplitude of
the control are required throughout the entire flight siages.
Eepecielly, the stages 4) and 5) are important to land in
safely, and the misconirol in these stages causes the hard
landing. The flight test is usually used in order to verfy
the safety of Ia.ndmg from the spec1ﬁed initial conditions.
It, however, requires the expensive cost and risk.

In this paper, the analytical method using an optimal
control theory based on variational eéthod is developed
in order to make clear the most safe sequence of control
andfor flight path during the auntorotative flight following
power failure. These opiimal informations are useful to
reduce the cost and risk of the flight test. The applica-
tion of the optimal control theory to the autorctative ﬂlght
was first propoaed by Komoda.[2] and the recent numert-
cal method was trfed by Leeld. These analyses zssume the
simple poini-mass model of the helicopter as well as the
simple aerodynamic model, which reduces the accuracy of
the solution and it’s effectiveness, In this paper, 2 more
realistic model is used to Improve the aceuracy of the so-
lution, owing to the advancement of the computer and the
numerical solution technique.

In addition to the study of the most safe control and
flight path, the height-velocity diagrams (B-V diagrams)
are also analyzed. The single engine helicopter has the
avoidance flight region as schematically shown in Fig.2,
which 13 usually obtained by the flight {est. The empincal
equations concerning the safely boundazies were propased
by Peggl®l, but it neglected the fundamental parameters,
such as, the speed limit of the landing gears andfor the
own characteristics of the helicopter motion. In this stndy,
dynamic programming is applied to predict the H-V dia-
grams, because this method makes it possible to investi-
gate the minimum louchdown speed for the varous iniiial
conditions witheut calculating each optimal path.
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‘Fig. 2 Typical height-velocily diagram.

Rotor Performanece in Autorotaiion

In the intermediate descending range between normal
working state and windmill state, the induced flow is di-
rected against the uniform flow and does not extend in-
finitely. Therefore, momentum iheory cannot be applied
theoretically to analyze the rotor performance in the au-
torotative flight following power failure. However, a5 far as
ihe rotor angle of attack is not so large, momentum theory
works well even in so-called vortex-ring state, empircallyl¥],
In this paper, a modified model of the induced flow is de-
veloped as follows:

Simple momentum theory is expressed as

)2 —-(%)2 cos® o (1)

vy . g . 7
= (%‘-) EIT axzbsmak\/(;

TR

where

i=1/Cr/2 (2)

a, =tan~t (vfp) (3)

The solution of Eq.(1) 1s indicated in Fig.3 by dot-
ted lnes. Tt is observed that this solution is discontinuowus
and smaller than the experimental resultsl!] in vortex-ring
state. In order to overcome these defects, £q.(1) is modified
introducing fwo coeflicients ¢y, Oy as follows:

[4
V___ 1,4 .
—= |- sin“ o, £eina,
¥ ¥ i .

V- (e mnn) @

where

AY
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B3|

(5.1)

+y/a) (52)
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The solution of Eq.(4) is also indicated in Fig.3 by
a solid line. It is observed that this modified model can
give more realistic induced flow over 1the entire range of the
flight conditions. The effect of the modification becomes
negligible small and Eq.(4) neatly equals to Eq.(1} when
the rotor angle of attack is not so farge.

Referring to Wolkovitch(®, the vortex-ring state occurs
when the relative velocity of the vortex cores normal o the
disk falls to zero, that is,

—v+uf2=0 (6)

Fig.4 shows the tesult of Eq.(6) combined with Eq.(4).
The broken lines indicate the boundaries of the region where
the fluctuations of the thrust were observed in the experi-
mentsl¥], It is observed that Eq.(6) gives the condition for
the most severe voriex-ring state, but the fluctuations of
the thrust decrease as the rotor angle of atteck decreases.

sy, EXPERIMENTSH
---------- MOMENTUM THEORY ___ 4
——— MODIFIED MODEL

INDUCED FLOW, v/3

RATE OF DESCENT, v/4

Fig. 3 Induced flew in vertical flight.
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Fig. 4 Boundary of vortex-ring state.

Thrust, H-force, and torque coefficients are described
by using blade element theory as

{(-83 - "‘753)9 _ (B —=z,%)
3 ° 2
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where z ¢ i3 the radius of blade stali, which is given by

for the simple model,

(8.1)

ggx=0

for the modified model,

1 3 2
g =—_.—:‘-)§:[ ﬁﬂs - (90 —Zg|)} +48gA

_ {a, ~ (8o - %a,)} } (8.2)

The solutions of the present modified model and the
simple momentum model are calculated by using Eq.(1) &
Eq.(8.1), and Eq.(4) & Eq.(8.2), respectively. Fig.h and
Fig.6 show the collective pitch engles and the torque coef-
ficients required to gemerate the constant thrust, Cpfo =
0.08 calculated by using these two models, which are com-
pared with experimental datal®). The result by using the
present modified model shows the better agreement with
the experimental data over the entire range of the flight
condition, from hovering to windmill state.
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O EXPERIMENTE
---------- SIMPLE MODEL
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" Fig. 5 Blade pitch angles for constant thrust
in vertical descent.

Dynamic Model of a Helicopter

The motion of the helicopteris considered to be Hmited
in the longitudinal plane as shown in Fig.7. The equations
of motion are described as follows:

dh

By o (0.1
du 1 . ’
i ";(T51n®+Hc059+DF cos &, ) (9:2)
dw 1 . .

Ti_tu = ——;—(Tcos@ —Hsin®+ Dp slna,) +g _ (9.3)

an 1 By

== L

40

T (9.5)

dq 1

E{zm};—-(ni‘-_lg "f‘_H'ﬁ-R'—LH"-'H_) (2.6)
. .

where -

T = CrpSR*? (10.1}
H = Cg pSR*0* (10.2)
Q = CgpSRO? (10.3)

The caeficients Cr, Cx, and Cg ate given by Eqs.(7.1-
3). The advance ratio u, the descending rate v, and the
inflow ratic A are given by

b= {(u —he - g)cos(®— B}

—(w+1p -q)sin(e_p,_.)}/ﬂn (11.1)

= {(u ~hr - ) sin{® - B.)
+ (w+£g - q)cos(® — ﬁc)}/ﬂﬂ (11.2)
A=—v+u (11.3)
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Fig. 6 Necessary torque for constant thrust
in vertical descent. ' '

Fig. 7 Helicopier model.

The longitudinal flapping angle 8. is given by

8 16 ¢
ﬁc="ﬁs“ (3‘30'—2)‘)“‘""76 (12)

The lift of the horizontal stabilizer Ly is given by

1
Ly= Ep(ug +w?)SgCr . (13.1)
Clyy =y - %sin e, {13.2)
axme—}—tan—l{(w-i-lﬁr'q)[u} (13.3)

where a ., is the lifi-curve-slope of the horizontal stabilizer
st o, =0,

Finally, the horizontal and vertical components of the
drag of the body are given by

ay =ta.n"1('w/u) {14.1)
1

Dpcosa, == Epu'*'SFGD, (14.2)

Dpsina, ~0 (14.3)

These state equations cannoi be explicitly solved be-
cause Cp, v, &, ¥, A, Be are dependent each other. Therefore,
the iterative calculations are required at each time step.
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Formulation of Optimal Landing Problem

The primary objective of the suntorotative flight follow-
ing power failure is to land in safety with allowable touch-
down speed. Therefore, the maneuver in autorotative flight
is analyzed by using optimal control theory to solve the
problem of minimizing the touchdown speed. The maxi-
mum value of the allowable touchdown speed depends on
the landing gear design. In the case of wheel-type landing
gear, horizontal component of the ground contact velocity
is allowed to be fairly large.

In this study, the performance function is defined as

Jz\](u(ff))Z(wwy oin

and the boundary conditions are given by

(13)

k(0), =(0), w(0), £2(0), ©(0), ¢(0) ;given  (16.1)
CR{ty), ©(ty) =0, q(t;) =0 ;apecifred (16.2)

The range of the collective pitch angle end the cyclic
pitch angle are mechanically limited, and the range of the
pitch attitude is limited by the handling quality. In addi-
tion, two more limits are imposed, the one is the limit on
the angle of attack of the blade element at 0.75R, and the
other is the limit on the load factor. These five Jimits are
formulated as inequality constraints as follows:

Pomia < fo < Bomax (17.1)
E.S‘mo'u. S as -<— gsrncz (172)

®m5n s © _<_ emu: (17’3)
o, =8y — %A < @maz {i7.4)

‘o o

E,’- 29 (1= Nmas) (17.5)

h
HIGH HOVER POINT
a

CRITICAL 5PRED POINT

LOW HOVER POINT

w

d HIGH SPEED POINT

For the usage of variational method, these inequality
constraints are transformed into equality constraints by in-
troducing five additional control variables z2nd two addi-
tional state vamables called “slack variables”(®] 55 follows:

89 - Hn,s'mGM +00¢

{18.1)
B, =0, sind, +8,, (18.2)
d to . =
dj 0, (~ O3 sin @y + By cos ) (18.3)
4 1 .

60 - E’;A = Omgxr — 5&32 (184)

dw .
=9 {(1 nmn) + = n.g?} {18.5)

In ali, the dimension of the state vec‘l:or becomes 8, and
the dimension of the control vector becomes 7. They 2re
given by

o= (h, v, w,,©,q, 04, Og)T (19.1)

(19.2)

and, the foiluwmg two dﬂfe:enha.l equa.tmns fo: the new
state variables are added to the state equa.tlons Egs. (9 1-

6):

(U= (901 95: 90&) sgs @d, Gd, nd)

E o)
40, _
— =6 (20.2)
h
a
bY ¢
b
d
U
b .
a

Fig. 8 Optimgl landing irajectories.
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Theoretical Results
in Comparison with Flight Test Data

The flight paths to mirimize the touchdown speed ate
analyzed for an exemplified helicopter, the specifications of
which are presented in Table 1, with the four initial condi-
tions shown in Fig.8. This nonlinear optimal control prob-
lem with equality consiraints is solved by using a numerical
solution technique called SCGRA[, The optimal conirol
sequences for these foar initial conditions are discussed as
follows:

Landing from High Hover Peoint

Fig.9 shows the optimal solution and the flight test
datal” for landing from high hover point. Theoretical 1e-
sults are in good agreement with the fight tesi data in
the pitching motion but not in the collective pitch input.
Fig.10 compares the optimal path with the predicted flight
test path which is calculated by using the time history of
the collective pitch input of the flight test data. The pre-
maturé collective flare results in the hard ground contact
because of the loss of the rotor rotational energy.

Fig.11 shows the time history of the load factor and
the blade angle of atiack during the optimal landing from
a high hover point. It is observed that the blade pitch
doring the collective flare is limited by the load factor for
the earlier period and limited by the blade angle of attack
for the latexr period.

Helicopiers cannot avold to encounter the voriex-ring
state if the power fails in hover. Fig.12 shows the locus
of optimal landing path in o, — » /% plane, Numerals in
the figure denote the time elapsed from the power failure
in second. In this case, the helicopter is in the vortex-
ring state for the first two seconds. During this period,
the collective pitch is reduced {o the minimum value and
the cyclic pitch holds the constant value as shown in Fig.9.
Therefore, it is assumed that the vortex-ring does not cause
the loss of control.

Table 1. Specifications of the exemplified helicopter.

COLLECTIVE PITCH, PITCH ATTITUDE.

maxirum gross weight, W = 5900 (kg)
rotor radins, R = 8534 (m)
blade chord, ¢ 0.381 (m)

number of blades, & 4

25.08 (radfs)
7107 (kgm?)
£.0254 (m)

rotor roiational speed, {2
roter moment of inertia, [z
location of CG, g

Wirwna
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PITCH RATE, g
(DEG/SEC)

CYCLIC PITCH, 8,
(DEG)

ROTOR SPEED, Q
(RAD/SEC)

. o+
- o

i
B
o

]

et
<

—— THEORY °
s FLIGHT TEST DATA §
" (FAA-ADS-34, FLT. No. 46
© W=4120 kg, hy= 1950 m
hg= 102 m, Vo= 0 m/fs)

~ TIME, t (SEC)

Fig. 9 Compartisor of optimal solution with flight

test landing from high hover point.



Fig. 10 Comparison between optimal and non-opiimal

LOAD FACTOR, n
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landing trajectories from a high hover point.
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Fig. 11 Time Wistory of optimal landing
from high hover point.
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ROTOR ANGLE OF ATTACK, a, (DEG)

BLADE ANGLE OF ATTACK, o,

Fig. 12 Locus of optimal landing trajectory

from high hover point.

(DEG)
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PITCH RATE, ¢
& (DEG) (DEG/SEC)

COLLECTIVE PITCH, PITCH ATTITUDE,
8y (DEG) -

CYCLIC PITCH, 8,
(DEG)

ROTOR SPEED,
(RAD/SEC)

o
o

—— THEORY
---------- FLIGHT TEST DATA
(FAA-ADS-84, FLT. No. 43
W= 4130 kg, hy= 2070 m
ho= 34 m, Vo= 13.7 m/s)
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o 4 8. 12

TIME, t (SEC)

Fig. 13 Comparson of optimal solution with flight

iest landing from critical speed point.
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Fig. 14 Minimum landing velocity from critical height
versus flight speed at time of power failure.

Landing from Critical Speed Point

Fig.13 shows the result for critical speed point. In this
case the flight time from the power failure fo the touch-
down is munch shorter than that of the landing from the
high hover point. Therefore, the influence of neglecting the
time delay in the control inputs are not small especially in
the pitching motion. Tt follows that the theoretical results
esiimate lower critical speed than the flight test data.

Estimation of critical speed point is important for de-
cision of the takeoff irajeciory. However, the flight tests for
H-V diagrams are conductied generally with the level fights
at the time of power failure. Fig.14 shows the effects of the
flight path angle and the time delay in initial collective pitch
reduction on the minimum touch down speed. The ground
contact velocity increases with the climbing rate at the time
of power failure and also the influence of one second delay
in the collective pitch reduction is more rema.:ka.blc as the
climbing rate increases.

Landing from Low Hover Point

Fig.15 shows the results for low hover point. The test
pilot didn't reduce the collective pitch following power fail-
ure in-contrast to the optimal solution. This difference is
caused by neglecting the time deley in the collective pitch
operation in the present analysis.

Landing from High Speed Regien

Fig.16 shows only theoretical result for high specd Te-
gion. Bxperimental data are not available for this region. In
this case, the cyclic piich s controlled 1o nose-up through-
out the time from the power loss to the touchdown because
not only the sinking rate but also the forward speed is erit-
ical for the safe landing.

In high speed region, the initial kinetic energy of heli-
copter is enough for the safe landing, therefore estimaiion of
the longitudinal manenverability including pilot’s reaction
time is significant for estimation of the avoidance region.
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PITCH RATE, ¢
8, (DEG) & (DEG) (DEG/SEC)

COLLECTIVE PITCH, PITCH ATTITUDE,

CYCLIC PITCH, 8,
(DEG)

ROTOR SPEED, 12
{RAD/SEC)

THEORY

{W= 4130 kg, hg=0 m Analytical Prediction of H-V Diagram
ho= 5 m, Vo= 25 m/s) Using Dynamic Programming

Height-velocity dizgram can be obtained as a contour
line in H-V plane on which the minimum ground contact
velocity J equals 1. The optimal control theory based on
/\ . variational method gives the good resulis as mentioned in
0 N the previous section when celeulating a particular optimal
path. However, this method requires many cases of cal-
culation with the various initial heights and velecities to
obtain the entire H-V diagrams. Here, the other optimal
control theory called dynamic programming is nsed 4o esti-
mate the H-V diagrams. Although this method costs more
0 Yy A ; \f‘\_l | . co‘mputa.iion time {several tirfles in t%u's .siudy). than vad-
| atlonal method when calculating particular optimal paths,
dynamic programiming makes i1 possible to calculate the
minimum torchdown speed for the various entry conditions
withont calculating each optimal path. Therefore, dynamic
programming is selected in order to estimate the H-V dia-
grams in this study.

Although recent development in the super computers
extends the applicability of dynamic programming, it is still
required in ihis study to simplify the equaiions of motion
of the helicopter. The inertia of the pitching motion is ne-
glected and the helicopter is assumed to be a point-mass.
Dynamic programming has the merit to formulate inequal-
ity constraints on the control variables and/or on the state
variables without iransformation into equality constraints.
10 A This malkes it possible 1o avoid the increase of the dimen-
o o { . siort of the control vector. As o Tesult, the state variables
and the control variables are

o= (1,2, Q)7 : o (210)
L | S u= (8,87 (22

Height % is selected to the independent variable be-
cause it is necessary for dynamic programming that the

terminal time is fixed and the state variables are not spec-
ified at the terminal time.

o~
o
1

i

[

o o
1 f

H ]
N
o o

{ {

[r“'
}_

w
(e
i

20 Fig.17 shows the H-V diagrams of the exemplified he-
licopter with three combinations of grass weights and den-
sity altitudes. The solid lines indicate the results with the

10 present modified model and the broken lines indicate the re-

_ sults with simple momentum model. It 1s observed that the
presert modified model shows the better agreement with

0 ' L ' L ' L the flight test data. Theoretical results estimate the avold-
0 4 8 12 ance region smaller than the flight test data becanse the
TIME, t (SEC) time delay in the pitching motion is neglected in this study.

In addition, the possibility of the non-optimal control is
included in the fiight jest.

Fig. 16 Time history of optimal landing
from high speed region.

71-9



150 150 159
: ©  FLIGHT TEST DATAIN O FLIGHT TEST DATAlT & FLIGHT TEST DATAW
——— SIMPLE MODEL o] ——— SIMPLE MODEL ——— SIMPLE MODEL
"E" - MOQDIFIED MODEE ’é‘ ——— MOUIFED MODEL ’é‘ —— MODIFIED MODEL
N Qoo St —
100 |- 100 100 +
= = -
5 5 5
w w w
juss pu
+ 50 50 50 o
o ‘o
o
I !
0 20 30 _ 0 30 0 20 30
VELOCITY (m/s) VELOCITY (m/s) VELOCITY (m/s)
(1) W = 4130 kg, hg = 1620 m (2) W = 4580 kg, ha = 1510 m (3) W = 4530 kg, g = -210m

Fig. 17 Comparison of height-velocity diagrams.

Conclusion

Nonlinear optimal control theory based on variational
method is well applied to analyze the minimum touchdown
speed in autorotiative flight of a helicoptcr following power
failure. In addition, dynamic ptogra.mmmg is applied to
predict height-velocity diagrams. It is indicated that these
a.pphca.twns of the optimal contzol theory ha.ve the pos-
sibility to improve the manenver proccc{nre shown by the
flight tests and to extend the safety _bounda_.ry empmg:_nlly
determined. .

The following results are also dra.wn

1) Pilots tend to conduct collective flare earlier than the
theoretical optimal timing.

2) Crtical speed increases with chmbmg rate at f.he mo-
ment of power failure.

3) The modified model of the rotor performance can give

the mote realistic prediction of the he1ght—veloc1ty di-

agrams.
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