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Abstract

Several methods for analysis of linear time periodic (LTP) systems have successfully been
demonstrated using harmonic decompositions. One method recently examined is to create a linear
time invariant (LTI) model approximation by expansion of the LTP system states into various harmonic
state representations, and formulating corresponding linear time invariant models. Although this
method has shown success, it relies on a second order formulation of the original LTP system. This
second order formulation can prove problematic for degrees of freedom not explicitly represented in
second order form. Specifically, difficulties arise when performing the harmonic decomposition of
body and inflow states as well as interpretation of LTI velocities. Instead this paper will present a
more generalized LTI formulation using a first order formulation for harmonic decomposition. The new
first order approach is evaluated for a UH-60 rotorcraft model, and is used to show the significance of
particular harmonic terms; specifically that the coupling of harmonic components of body and inflow
states with the rotor states has a significant contribution to the LTI model fidelity in the prediction of
vibratory hub loads.

1. NOMENCLATURE This theory has been shown to provide a
_ thorough analysis of LTP systems through the
A LTI State Matrix use of modal participation factors [2]. These
B LTI Input Matnx' modal participation factors describe the
C LTI Output Matrix . . .
D LTI Direct Transmission Matrix relative  magnitude of each harmonic
F@) LTP State Matrix component for each state.
G(@p) LTP Input Matrix i i i
R(y) LTP Output Matrix Other methods involve using a harmonic
u Input decomposition of the LTP system. One
U(@yp) LTP Direct Transmission Matrix method recently examined is to create a linear
x State time invariant model approximation by
y Output . expansion of the LTP system states into
D State transition matrix various harmonic state representations and
v Non-dimensional time formulating corresponding linear time invariant
Q Non-dimensional rotor speed

models. Crimi and Piarulli explore the LTP
Oo Average or o™ harmonic term system by harmonic decomposition of periodic
()nc nth cosine harmonic component states [3 and 4] One method recentely
()ns  nth sine harmonic component examined by Prasad et al [5 - 8] use the
harmonic decomposition to formulate a
corresponding linear time invariant (LTI)
system. This methodology provides a
convenient framework, as methods for LTI
system analysis, controller synthesis and
design are well developed and understood as
demonstrated by Lopez et al [9-12].

2. INTRODUCTION

The analysis of linear time periodic (LTP)
systems is well understood using several
methods.  One such method is Floquet
Theory, developed by Gaston Floquet [1].
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Although the method developed by Prasad
has shown success, it relies on a second order
formulation of the original LTP system. This
second order formulation can prove
problematic for degrees of freedom not
explicitly represented in second order form.
Specifically, difficulties arise when performing
the harmonic decomposition of body and
inflow states as well as interpretation of LTI
velocities.

The aim of this work is to develop a more
generalized LTI formulation using a first order
formulation for harmonic decomposition.
Specific objectives are:

1) Develop and validate an LTI
approximation of an LTP system using a
first order formulation with closed form
expressions.

2) Evaluate the significance of harmonic
terms of body and inflow states using
modal participation.

3) Evaluate the significance of coupling
between body, inflow, and rotor harmonic
terms using additive uncertainty and nu
gap metric analysis.

3. LTI MODEL EXTRACTION

The main results of the LTI model extraction
from an LTP model using a first order
formulation are presented here. The
derivation in full is presented in the appendix.

Consider an LTP model with the state
equation given as

(1) X=F(y)x+G(y)u

and the output equation of a LTP given model
as

@  Y=P)x+R(y)u

where x, u, and y are the state, input, and
output vectors respectively. An LTP model can
be obtained from a nonlinear model using a
perturbation scheme, linearizing about a
periodic equilibrium at every azimuthal position
[3]. In order to extract an approximate LTI
model from Eqg.(1) ~ (2) , consider the
following approximation of x:

N
©) X=X, + > X, COSNy + X sinny
n=1

where X, is the average component and X
and X, are respectively the n/rev cosine and
sine harmonic components of x. Likewise, the
control u is expanded in terms of harmonic
components as

M
(4) U=U, + Y Uy COSMy +U, sinmy

m=1

and the output y is expanded in terms of
harmonic components as

L
B Y=Y, + D, Y cosly+ygsinly

1=1

where y, is the average component and vy
and y;s are respectively the I™ harmonic cosine
and sine components of y.

The LTI model can be represented in matrix
form by defining the augmented state vector
as

T T T T T
6 X :[x0 Ko Xig - Xje X ]r

IC

and the augmented control vector as

T T T
) LJ=b0" U, U WT

where X, is the zeroth harmonic component,
Xic, Xis are the i harmonic cosine and sine
components of x and Uy, Uns are the m™"
harmonic cosine and sine components of u,
respectively. The state equation of the
resulting LTI model is

®  X=[AX+[BU

Likewise, the augmented output vector of the
LTI model is defined as

© Y=l ow" v ]

Then the output equation of the LTI model can
be written as

@0) Y =[C]x +[DU



The LTI model matrices of Egs. (8) and (10)
are obtained as
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Where the H operators have been defined as:
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The key difference between the newly

| presented first order LTI formulation, Egs. (8)

~ (10), and the previous second order LTI
formulation [2] is the treatment of the velocity
states. In the previous second order LTI
formulation, the LTI harmonic states
associated with velocities are not directly the
harmonic decomposition of the LTP velocity
states. Rather, they are kinematically related
via terms involving powers of the rotor speed
Q. Thus, to properly determine information
about the LTP velocities, one would need to
perform extra work to relate the LTI harmonic
states and the harmonic decomposition of the
LTP velocity states. In particular, to determine
modal participation [2] from the LTI
appropriately [9], one would need to convert
the LTI harmonic terms associated with
velocities into the harmonic decomposition of
the LTP velocities. Furthermore, since LTP
body and inflow states do not readily come in
the second order form required for the second
order LTI formulation (where the time
derivatives of the displacement states are
exactly given by the velocity states), extra
work is again needed to transform those states
into a usable form.

In the first order LTI formulation presented
here, there is no difference in the treatment of
LTP velocity and displacement states. This
allows for an overall simplified calculation, and
any information about LTP velocities can be
given directly by the LTI states associated with
velocities (such as modal participation of
velocity states). Consequently, since there is
no difference in treatment between any LTP
states, this formulation easily encompasses
body and inflow states which are often
formulated in a more generalized first order
form. Thus, this first order LTI formulation



directly and efficiently approximates any LTP
which can be cast in first order form.

4. NUMERICAL EXAMPLE

The model examined here is a full vehicle
nonlinear model (NL) in FLIGHTLAB. The full
vehicle model is a UH-60 with elastic blade
mode shapes and a 33 state Peters-He
dynamic inflow model. = The model has
previously been validated [13] and been found
to be consistent with trends from wind tunnel
data. The NL is linearized at each azimuthal
position about a periodic equilibrium at 120
knots to generate an LTP model.

4.1 LTI Model Evaluations

The full order LTI is extracted from the LTP
using the first order methodology developed
here, including the 0" up to the 24™ harmonic
states for each body, inflow, and rotor state
resulting in a total of 3577 LTI states (LTI
model referred to as LTIfull3577). The linear
model is compared against the nonlinear
model using error response plots between
linear and nonlinear model bare airframe
responses. An example error response plot is
given in Figure 1 in capturing the transfer
function of the LTP model from individual
blade control, 4™ harmonic cosine (IBC4C)
input to the 4/rev sine and cosine components
of vertical hub shear (Fz4C and Fz4S
respectively) by the LTI model. These
particular transfer functions would be most
relevant to vibration reduction. The error
response can be measured using a single cost
function as described by Tischler [14]. The
average cost function over all IBC input and
4/frev  output transfer functions is 4.92,
meaning that the LTIfull3577 data is nearly
indistinguishable from the nonlinear model
data.

At this point, the LTIfull3577 model has been
validated to be nearly indistinguishable from
the nonlinear model in terms of IBC inputs and
4/rev output transfer functions.

4.2 LTI Modal Participation

The significance of particular harmonic states
can be evaluated by determining the modal
participation. [2]. For the LTP, this can be

done by 1) computing the Floquet Transition
Matrix, 2) computing the Floquet eigenvalues
and Floquet eigenvectors, 3) computing the
system eigenvalues and periodic eigenvectors,
4) decomposing each periodic eigenvector
element into its corresponding Fourier
coefficients, and 5) then taking the normalized
magnitude of a particular harmonic.

Computing the modal participation using this
methodology does pose two particular
problems. First, in computing the system
eigenvalues, a multi-valued complex logarithm
is used, and one must therefore make a
choice for integer multiple of Q to be added. It
has been shown that this choice is arbitrary,
and simply shifts the resulting numbering of
harmonics [2]. Secondly, computation of the
state transition matrix itself as well as the
solving the corresponding eigenvalue problem
requires  additional processing due to
numerical difficulties.

The modal participation can be directly
computed from the LTI itself [9]. Once an LTI
has been formed, its system eigenvalues and
eigenvectors can be directly solved for. The
modal participation can then be determined by
converting the eigenvectors from trigonometric
to complex, and then taking the normalized
magnitude of a particular harmonic.

The modal participations were computed for
harmonic term, for each mode. Each of the 73
modes were examined and found to have
similar trends. For brevity, only 5 sample
modes are shown here. The modal
participation is shown for rotor coning in Figure
2 as computed both by the LTP and LTI
methods. As expected based on previous work
[11], the harmonics with the highest modal
participation are the 0, 1, and even harmonics
up to 8. Also, the LTI and LTP computations
result in nearly identical rotor coning modal
participations, indicating that the LTI captures
modal participation as accurately as the LTP.

The modal participation for average inflow is
shown in Figure 3 and the modal participation
for pitch attitude is shown in Figure 4. Again,
the LTI and LTP computations show similar
results, indicating that the LTI captures modal
participation as accurately as the LTP. It is



clear that similar to rotor degrees of freedom,
body and inflow degrees of freedom also have
contributions from harmonics 0, 1, and even
numbered harmonics up to 8 (i.e. harmonics 0,
1, 2, 4, 6, and 8). These trends were observed
for all modes and for every rotor, body, and
inflow state. Thus, it is clear that in addition to
rotor harmonics, body and inflow harmonics
are important and need to be included in the
LTI approximation.

4.3 LTI Input-Output Fidelity

Alternatively, the significance of particular
harmonic states can then be evaluated by
comparing the full model LTIfull3577 with
reduced LTI models that do not include
particular harmonic states. The first reduction
is formed by the least significant harmonics, as
shown by the modal patrticipation evaluations.
Specifically any harmonics above the g™
harmonic and any odd numbered harmonics
above the 2" harmonic (i.e., removing
harmonics 3, 5, 7, 9 and any above 9) are
removed. The resulting LTI retains the 0™, 1%,
and 2-8 even harmonics of all body, inflow and
rotor states, resulting in 803 states (referred to
as LTIlred803). The second reduction is
formed by starting with LTlred803 and
removing any body harmonic states. The
resulting LTI has only 723 states (referred to
as LTIred703) and contains only the o
harmonic body states, and the 0", 1%, and 2-8
even harmonic inflow and rotor states. The
third reduction is formed by starting with
LTlred803 and removing any inflow harmonic
states. The resulting LTI has only 473 states
(referred to as LTIred473) and contains only
the 0" harmonic inflow states, and the 0", 1%,
and 2-8 even harmonic body and rotor states.
Finally, the fourth reduction is formed by
starting with LTIlred803 and removing both
body and inflow harmonic states. The
resulting LTI has only 393 states (referred to
as LTlred396) and contains only the 0
harmonic body and inflow states, and the 0",
1%, and 2-8 even harmonic rotor states.

The frequency responses for the various LTI
model approximations considered above are
used in evaluating the individual model fidelity.
For example, comparisons of frequency
responses from various LTI  model

approximations from IBC4C input to Fx4C hub
force output, IBCAC input to Fy4C hub force
output and IBC4C input to Fz4C hub force
output are shown in Figures 5, 6 and 7,
respectively. For all of the frequency
responses examined, LTIred803 is nearly
indistinguishable from LTIfull3577. Thus it is
clear that in this case, any harmonic terms 3,
5, 7, 9 and any above 9 do not significantly
influence overall model fidelity. Comparing
LTIred723 with LTIfull3577, there is a
maximum of a 3 db difference in magnitude at
6 rad/s for Fx4C, and otherwise a maximum of
1 dB differences in magnitude over all
frequency responses examined. Comparing
LTIred473 with LTIfull3577, there is a
maximum of 9.5 dB differences in magnitude
below 7 rad/s, and 2.5 dB differences above 7
rad/s. Comparing LTIred393 with LTIfull3577,
differences are similar to those from LTIred473
with a maximum of 10 dB differences in
magnitude below 7 rad/s, and 2.5 dB
differences above 7 rad/s. Thus, it is clear that
inclusion of harmonics terms for both body and
inflow states are important, although body
harmonic terms less so than inflow harmonic
terms.

The normalized additive error [10, 11, 15] for
IBC4C input for each reduction is shown in
Figure 8 for Fx4C, Fy4C, Fz4C, Mx4C, and
My4C. Each reduction is compared with
LTIfull3577, with LTIfull3577 taken as the truth
model. Here it is clear that there is very small
normalized additive error for LTlred803,
meaning that virtually no additional robustness
would be needed for designing a controller
based on the LTIred803 model compared to
the LTIfull3577 model. Normalized additive
error for LTIlred723 is on the order of
0.01~0.05 meaning that some additional
robustness would be needed for designing a
controller using the LTlred723 model
compared to the LTIfull3577 model.
Normalized additive error for LTIred473 and
LTIred393 are both on the order of 0.2,
meaning that additional robustness would be
needed for designing a controller using either
reduced model compared to the LTIfull3677
model. Thus, it is again clear that retaining
harmonic terms for body and inflow states is
important for reducing additional robustness
needed in controller design.



The nu gap metric [10, 11, 16] for IBC4C input
for each reduction is shown in Figure 9 for
Fx4C, Fy4C, Fz4C, Mx4C, and My4C. Each
reduction is compared with LTIfull3577, with
LTIfull3577 taken as the truth model. Here itis
clear that there is very small nu gap metric for
LTIred803, meaning that there would be very
little losses in stability margin if a controller
were designed using the LTIred803 model and
applied to the LTIfull3577 model. Nu gap
metric for LTlred723 is at most on the order of
0.1 meaning that there would be very little
losses in stability margin if a controller were
designed using the LTlred723 model and
applied to the LTIfull3577 model. Nu gap
metric for LTlred473 and LTlred393 are both
at most on the order of 0.2, meaning that there
would be small losses in stability margin if a
controller were designed using either model
and applied to the LTIfull3577 model (small,
but still larger compared to the LTlred723 and
LTlred803 cases). Thus, it is again clear that
retaining harmonic terms for body and inflow
states is important for reducing losses in
stability margin when designing controllers
based on the reduced models.

5. FUTURE WORK

The results demonstrated thus far have been
model fidelity evaluations of a single main
rotor configuration for a moderate speed. It is
recommended that the LTI models developed
here be used for integrated flight and rotor
control design, such as for an integrated flight
and vibration controller. It is further
recommended that these techniques be
studied with advanced configurations such as
compound, coaxial rotorcraft which travel at
very high speeds and have added complexity.

6. SUMMARY

A generalized linear time invariant (LTI)
approximation is developed from a linear time
periodic (LTP) model using a first order
formulation. Explicit formulas for LTI state
space matrices are presented.

A complete numerical example is given for a
UH-60 rotorcraft. The resulting LTI is validated
against the original nonlinear model, and is
shown to be very accurate in the frequency
domain. The modal participation is calculated

directly from the LTI and compared with modal
participation calculated from the LTP. Modal
participation, additive uncertainty, and nu gap
metric analysis are used to evaluate the
significance of particular harmonic terms.

7. CONCLUSIONS

The results presented here support the
following conclusions:

1) A nonlinear time periodic rotorcraft model
can be accurately approximated by a
linear time invariant model, using
harmonic decompositions and a first order
representation.

2) Modal participation can be accurately and
easily obtained from a linear time invariant
approximation, avoiding ambiguities and
numerical difficulties of obtaining modal
participation from the linear time periodic
model.

3) Body and inflow degrees of freedom have
harmonic terms with significant modal
participation. These harmonic terms for
body and inflow degrees of freedom which
are most significant are the same as the
harmonic terms for rotor degrees of
freedom which are most significant.

4) Coupling of harmonic terms for body,
inflow, and rotor degrees of freedom play
a significant role in the input-output fidelity
for the purpose of predicting vibratory
loads
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11. APPENDIX

The LTI model extraction for an LTP model
using a first order formulation is shown in full
here.

11.1 State Equation of LTI Model

Consider a Linear Time Periodic (LTP) Model
with the state equation given as

(12)  x=F(y)x+G(y)u

An LTP model can be obtained from a
nonlinear model using a perturbation scheme,
linearizing about a periodic equilibrium at
every azimuthal position [3]. In order to
extract an approximate LTI model from Eq.
(12), consider the following approximation of x:

N
(13) X=X, + D X, COSNy + X, sinny

n=1

where X, is the average component and X
and x,s are respectively the n/rev cosine and
sine harmonic components of x. Likewise,
control (u) is expanded in terms of harmonic
components as

M
(14)  u=u,+ > U, cosmy +u, sinmy

m=1

Differentiation of Eq. (13) with respect to time
results in

N
(15) X =%, + Y. X, COSny + X, sinny

n=1
where
(16) X = Xqo + N n=12,...,N
17) X' =X —nQX n=12,...,N

ns ns nc

Substituting Egs. (13), (14), (15) and (16) into
Eq. (12) results in

(18)

N
Xo + D (X COSNY + X/ sinny) =

n=1

[F@)I(X, + Y (X, COSNY + x,,5inNp))

HIGWIU, + Y. (U COSMy + Uy, sinMy))

Equations for the individual harmonic
components of x can be obtained by
multiplying Eq. (18) on both sides by cos iy or
siniy, i=1, 2, ..., N, and integrating the result
over one rotor revolution. The equation for the
average component (X,) is obtained by
integrating Eq. (18) over one rotor revolution.



(19)

X, = Zlﬁj {IFWI%, é(xm COS Ny + X,,Sin ny))

BN, + . (U, COSMy -+, it )y

m=1

Likewise, the equation for the i™ harmonic
cosine component (xc) can be obtained as

(20)

X = ET {[F@)I(x, + i (X, COS N + X, SiNNy))
% n-1

HGWIU, + 3. (U, cos My +u,. sinmy))}cos iydy

m=1

i=12,3...,N

and the equation for the i™ harmonic sine
component (x;s) can be obtained as

(21)

K =L T TF@I, + 3, cosny + x, sinny)
Ty n=1

LB, + . (U, cosmy +u,, sinmy)sinipdy

m=1

Using the following notation
(22)
F"(w)=F(w)cosny
F™)=F()sinny
G™(y)=G(y)cosmy
G™(y)=G(y)sinmy

n=123,... N and m=12,....M

and substituting Eq. (22) into Egs. (19) - (21)
yields

(23)

X, =i j FO L F W+ F0)5.)

+G(y)u, + Z(G " (W )Upe +G™ (W)U, My

(24)

v, H 1 2 . nc ns
Xe = =10, +— [ {F @)%+ 2 (F™ ()%, + F (1))
0 n=1

+G (YY), + D (G™ (1)U + G™ ()uy,)Yeosiydy

m=1

i=123...N

(25)

v H 1 i o nc ns
Xis = I(2)(i<: +; J. {F(‘//)Xo +Z(F (V/)ch +F (I//)an)
0 n=1

+Gy)u, + 2 (G™ (W)U, +G™ (W)U, )}siniydy

m=1
i=123...,N
Now defining the following operators

1271'
H, =—1|M d
om 27[! (w)dy

1% .
Hige == [M(y)cosiydy
(26) 7T
127r
Hiou =—IM(W)SIandl//
7 0
i=1,2,3,...,N

Egs. (23), (24) and (25) can be written as

(27)

oFns an)

N
%, =H X, +Z(H0mem +H
n=1

M

+ HOGUO +Z(Hogmcumc + HOGmsums)
m=1

(28)

X, =—1QX;, + H, X

icF "o

N
+Zl(HicF e Xne T HicF ns X“S)
n=:

M
+ HicGuo +Z(Hicemcumc + Hicemsums)
m=1



(29)
Xis = 19X, + H X

isF ™o

N
+ Z;(H isF nc ch + H isFns XI‘IS)
n=

M
+HoUy + > (H . Upe +H,
m=1

11.2 Output Equation of LTI Model

Given the output equation of a LTP model as

(30) y=P(y)x+R(y)u

an approximation to y in terms of its harmonic
components is sought as

L
B) Y=Y, +D, Y cosly+ygsinly
1=1

where vy, is the average component and vy
and y;s are respectively the I™ harmonic cosine
and sine components of y. Substituting Egs.
(13) and (14) and (31) into Eqg. (30) results in

(32)

L
yo+zylcCOS|V/+ylsSin|V/):

1=1

[PUI(X, + . (¥, Cosny +X,.5inny))

RN, +3 Uy cOSMy U, sinmy))

Eq. (32) is multiplied with cosly or sinly, 1=0,
1, 2,..,L and is integrated over one rotor
revolution, resulting in the following
expressions for y,, Y and yjs.

(33)
Y, =21”j {PWIx, +i(xm coSNY -+ X,,sin ny)

SIROIU, + 3 Uy COSMY + Uy, sinmy s

m=1

(34)

o= [ AP, + 304005 ny +x,,siny)

+[R(¥)I(u, + i(umc cosmy + U, Sinmy)}coslydy

m=1L
=1 2,3, L
(39)

o= [ PG, + 3 (6, 005+, 5000)

+[RW)1(u, + i(umc CoOSMy + U, sinmy)}sinlydy

m=1

1=1,2,3,....., L

Using similar notation as before, for example,
P"™=P(y)cosny, etc., and the H operator,
yields

(36)
N

Yo =HepXo + D (H . X +H X,
n=1

oRms ums)

M
+Hgu, + > (H__ u, +H
m=1

@7
N

ylc =H |CPX0 + Z(H |cPne ch +H IcPns an)
n=1

M
+H U, + > (H . Uy +H
m=1

IcR™Ms u ms )
(38)

N
y|S = H|SPX0 +Z(H|SP”C ch + H|spns an)
n=1

IsRMs Uns )

M
+ H|SRu0 +Z(H|5Rmcumc + H
m=1



11.3 LTI Models in Matrix Form
Equations (27) - (30) and (36) - (38) can be

represented in matrix form by defining the
augmented state vector as

T T T T T
@y X :[x0 XKoo Kig Xje o X ]r

and the augmented control vector as

T T T
(40) U=[u0 LU U ]T

where X, is the zeroth harmonic component,
X, Xis are the i™ harmonic cosine and sine
components of x and Upye, Uns are the m™
harmonic cosine and sine components of u,
respectively. The state equation of the
resulting LTI model is

41) X =[A]X +[BU

Likewise, the augmented output vector of the
LTI model is defined as

(42) Yz[yoT.. Vi y,ST...]r

Then the output equation of the LTI model can
be written as

43) Y =[C]X +[D

The LTI model matrices of Egs. (41) and (43)
are obtained as

—-iQ+H
H

'HicFJc H
Hipr H,

ispis v ligp ke

iCFs ' iCF ¥

LIQ+H

isF i

rH e Hop e H o =

HOG"'HOGmc oGMms
H icG icG me icGms
B— HiSG isGgme isGms
joH e Hogo
HjSG"' jsGme jsGms
HoperoHope  HopdH U H
C=HipHpe HipeHoo, Hiy oo
wHe  HpoHo, Ho
HOR oRMe ORMs
D: HlCR IcRMe IcRms """
Hisg-H e Higgms -+

11.4 Closed Form Expressions for LTI
Model

Closed form expressions for various terms in
the A, B, C and D matrices above can be
obtained if one considers harmonic
expansions of the LTP model matrices. If a
time periodic matrix M(y) is expanded in terms
of its harmonic components as

(44) M(p)=M,+ (M cosky +Mgsinky)
k=1

then it can be shown that



(45)
27

1
Hom :Z_JM(V/)dW =M,
T o

H -—izjﬂM( )cosiy d _ M
o' = o 3 WIERIVEY =T

12 " M.
H .=— (M sinigdy =—2%
" z;;{ (v)siniy dy ==

(46)
1272' -
Hicm = IM(W)COSIWdy/ =M.,
0

o
Hism = [M (p)siniydy =M
0

127 : .
. =;{)M(y/)cosu//cosw/dy/

:MO+M2kC for i=j wherek =i+ j

=Mfori¢jandi>j

wherek =i+ j, I=i—j

Mie T Mre for i and j>i

wherek =i+ j, m=j—i
i=12,.. and j=12,..

(48)

2z
:if M ()sin jy cosiy dy
7o

ichs

:% for i=j wherek =i+ |

:M fori=jandi>j
wherek =i+ j, | =i—]j

Mt Mus tor iz jand j>i
wherek =i+ j, m=j—i
i=12.and j=12,....

(49)

2z
H. jc=£jM(a//)cosjz//siniy/dz//
isM Ty

M o i=] where k =i+ j
MM tor s oand i
where k=i+j, I=i—]j
Mks

=% for i=j and j>i

where kK =1+ j, m=j—i
i=12,.. and j=12,..

(50)
1% L
iijs:;J;)M(l//)SmJll/smll//dW
:MO_Mch for i=j where k =i+
_ M —Mye

for i=j and i>j

where kK =i+ j, I=i—]

:w for i#j and j>i

where K=i+j, m=j—i
i=12,..and j=12,..



