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Abstract

In this paper, the incremental method and Newbon-Raphson iteration
method are used for caleculating the frequency edapter stresses. The F.E,
method is used to solve the stresses of the rubber structure that can be
simplified as the problem of plane sirain. ALl the formilations are based
on strain energy function, considering non-linear relation of the stress-
strain of rubber materisls, the nonlinear relstion of displacementwstrain

and incompressibility of the rubber materials,

1. Imtroduction

The frequency adapter which is made of stainless steel, aluminum alloy

and silicone-rubber is a important part of the rotor=hub of helicopter.

The calculations of the parts are complicated and difficult problems because
of :+ {1) Tt is hard to model the parts made of several kinds of materials,
(2) Rubber material is hyperelastic, its stress-strain relation cen generally
expressed by & strain energy function of three strain invariants 11, 12 and
I, Which ave very complicated nonlinear functions, {3) The deformation of
structural parts of rubber associates generally with large displacements and
large strains, When forces act on them, therefore, the strain~displacement
relation is also a nonlinear function, (4) During deformation of rubber, the
volume of rubber does not change obviously, this material is tsken as incom-
pressible., The stress tensor is not determined by the streins only. The
hytrostatic pressure which does not influence the deformation mist be consi-

dered when calculating the stress tensor,
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Due to the nonlinearity of geometry and physics and incompressibility
of rubber complicated nonlinear equations are obtained by F.E.M. after discre-
tization. To solve them is very difficult, According to real size of
frequency adapter and its working condition, a spatial problem is simplified
to a plane one, All the formulations are based on the strain energy. “he
method of seperation of dosplacement and pressure is used, overcoming the

difficulty that there are the zero elements at the diagonal in the structursl

tengential stiffness matrix. Combined ¥ewton-Raphson procedure uith

incremental procedure is used,

2, Structure of frequency adapber and its simplification

The structure figure of frequency adapter of the hub of helicopter is
shown in figure 1. Its funcltions which are similar %o frictional adapter
or 0il adapter in metal hub allow to swing and damp the shake to a blade
consume energy. Therefore it is subjected to shear Toreces zssociated wiih
shear deformation along the swing direction. The meximum cshear deformaticn
is 6 + 3.6 mm. The axial and shear forces along the Jirection of axis and

flapping, compared with them, are small and z=n be nerleched,
T g T 1 g

Because stiffness of stainless steel and aluminum alloy is much larger
than rubber, the steel snd aluminum alloy are considered as rigid, only

S

rubber is subjected e deformation. ‘Yhen forces acht on total adapier,

structural part which is made of threes kinds of materials is simplified o
one that is made of rubber and the rubber is analysed

Three ribber parts are very regular, their sizes are 10.4%72%105{mm}.
The sizes of ftwo directions are concidered as much larger than one of the 3rd
direction. Assuming shear forces and deformations along length direction
are uniform and plane strain problem is then obbtained, providing convenience

of caleulation and saving computation time.

Simplified model is shown in Tig, 2. In order to compare with analyti-

—~

cal results, as an example, the mesh of calculation model is showm in Fig. 3.

3, Pormidation of caleulation
2.1, Congtitutive prelation of rubber materials

Rubber materizls obey Mooney's law, the stresses zre described by strain
L]
energy funciion

(1)
U=C, ¢(I,-3) +C, (I,-3) L
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in which I1 and I, are the st and 2nd invariants, C, and G, are material

2

constants obtained by experiments.,

1

‘Congidering the incompressibility of rubber, the modified strain energy
function
t=U (L, I,) +P (I, ~1) (2)
is used, in which I3 is the 3rd straininvariant, P is hydrostatic pressure

(tension). Stresses are computed by

_au (3)
teh=5rey
{T}Tz{,r%l’ Tl:" ’E"',|' .r:‘i'} (4)

3-2, Strain-displacement relations for plane strain

Let u, v and w be the displacement components along x, y and z direction.
For plane strain problem, u = u(x,y), v = v(x,y), v = 0. Green strain is

written as

{e}=He} +1¢g}

(5)
in which {e¢,) is the linear strain,{e,}is the nonlinear one
(6)
{8} "= { Y le-.“"(zzu 'le.}
fe.}=tHh{A} (7N
du
Bx
{ I 0 0 0 1 av }
ST PEE O (Ay =1 &
Rk R R e du
Vg o0 o0 1 Y, dy |
ov
dy /
{e; ] =401 {A}
(8)
in which
Gu av
o o ’ "
j L 8w 1 gv 1 ou L av
t 9 9y 2 0oy 2 ox 2 ax ;
(Cy=| i
1 Bw 1 8v 1 du 1 dv
9 dy 2 @8y 2 ox 2 0 ;
du av
] 0 0 mé? oy -



After celeula¥ion we geb
(9)
d{e,} =cCrd{A}
di{ec} =+ CHLd{A} (10)

3-3, Equilibrium equations

By means of the principle of virtual displacements, equilibrium egua~
tions of an clement are obtained as '
fuad {e.} T {v, }dv=dW,=d {4} {F,} (11)
in which V o is the undeformed volume of element, dwe is the external virtual
work. {4, }, {F.} are nodal forces, respectively. According to element
interpolatlon functions, leb
d{A,} =cG,rd{b.} (12)
in vyhich mabrix Ge 1s obtained by element interpolation functions,
Therefore Q{6 ) =B (4, )
o (13)
in widch (B,1= (CH,)+¢C.1)(G,3
(14)
By substituting eq. (14) into (11) virtual displacement equations
fve(B3" {7, }dV={F, } (15)
are obtained. The incompressibility in an average sense over the element
is
fvelse—=1)dV =g (16)

3-4. Tangent stiffness mabtrix and residusls

- Combined incremental/iterative method is chosen. The eq. (15)
corresponding to lead level n reads
(Bl we}dV ={F } = (Felua+{OF.}, (17)
vith an approximate seolu'bion at iteration step my{4),}, and {pclm
The residual loads of eq. (17) is

(Ry=§ (Bm{telandV —{Fo}y (18)
A
By using of Newlbon~Raphson grocedure ‘the equations
{ARL'}:—'{Re}m (19)

are obtained From eq. (18) we get equabtions

{ARe}m=§ EABJ,’;{T;}m-l-EB,]?;',{AT,},,,)dV (20)
. Ve
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By calcuwlation the 1st term in eg. (20) is

CABIA(T. )= (ColT IMaIn{ B Auhm= (G M I (Go3 (Do), (21)
in which
™ 0 (124 12y /9 0
M=’ o, e ‘"“ 0 (414 /2
(e 1™y /2 0 - 0 (22)
0 (T"S-E— 131)/2 0 ,;:E

The 2nd term in eq. (20) involves {Ar.} , from eg.(2) and (3) we get

{ATe}=EEe]{AEe}+{Le}APe (23)
vith the matrix Ee snd vector Le defined by
L a1 (24)
=g TP oA
- ol
At 1ast incrementel residual is wrlbien as
{AR }m= (j\‘oEGL)TEG:\')m[G.Jdv"}'IveEBu}v“(Euj :B Jd‘V) {A‘b } (26)

+ (IV| [Bc]:\; { Le } ndv) (AEG).m

The incompressibility condition has also to be accounted for iteratively,
From residual

ry.=lv. Uy, dV -V, (27)
we get equation
Arya= [ (A, ),dV (28)
in which
8l .

(Alac)m: {AE;};

¥ { . ) = {A‘lbe JIBAI{L. }ax (29)

The element tangent stiffness matrix equation is

EK.~3.| {Tc}m f{A‘l;)l!}m - _ {R“}m
RETESSE UI A Dt SN (30)
in vhich
(31
(Kdn= (v (CGOTEM,1,(G, 3 + (BIACE, 3, (B, I dV :
(32)
{T.}n=JvetBOIZ{L,} dV
4o Iterative solution
From eq., (30) the total tangent stiffness equation
(K3, ¢T3, {Ad} _ g {R"} \
[ETJ,I, 0y j{{AP} } { { R} }m (32)
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are formed. The indexeg 1 and 1 on the right-hand~side refer to load

regiduals and incompressibilifty residuals.

With proper boundary conditions, e3. (33) can be solved iteratively
) {9 mer= {0 ) as (A%}, }

(Phae= (Piak (AP}, (34)
until the residusls Rl‘ and Ri are sufficiently small.
row ec, (33), omititing the iteration index m, we get
(K:JAG) + T3 {AP} = - {R+} (35)
T {ad)=-{Ry (36)
The sclubion o eq. (35) is
{3u ) = - Ry t({R{y + ¢T3 AR} (37)
ihich, after being inserted in (36), gives
(D3 {AP} = {Q} (38)
with .
Dr=¢Fyt¢Ky-1(T (39)
Q= Ty Ky RV -l (40)

-

Za. {38} can be solved if the conditions given in ref., (3) are avoided.

In summary, by solving eg. (32) we get { AP} yhich is then substituted
inte (37) to find {Ay) .,

Aoy

. Test example and numerical solution

In order o compare with analyticszl solution, the test example which
ig gimplifiea as plane strain and is mcdeled by 9 gquadrilateral elements is
shown In Fig. 3. The lower boundary rodes 1009-1012 are fixed, A Imown
displacement only along x direction is given at the upper boundary nodes
1001~1004,  After deformation the rest nodes on boundary are modev to make

right nd left boundary gtraight.
Tr.e element shape functions are

Ni=(a—x)(b—3)/(4ab), N,=(a+x)(b—y)/(4ab)
Ny=(a+x)(b+¥)/(4ab), N,=(a—x)(b+»)/(4ab)

and then

4

{u} [IV; 0 .:\lrz 0 Ng 0 J.I‘ 0 i
- 0 -Nz 0 ‘f\fa 0 Afa 3 _A‘,Tg]{.uf}

{ }={u, Uy Uy Uy 8y Uy u, v T
it ’
S

e
L R
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ﬂt\!
v, |
r=(b—y) 0 (b—y) 0 (b+y 0 —(b+y) O ! ‘,
| Uy |
P et D A RSO B CE YO N B CE SO B I P
4a !-—(a-—x) 0 —(@+x) 0 (et+x) O (a—x) O i'ua;
! |
l 0 ~{(g—x)} 0 —{a+x) 0 (a+x) 0 (a—i—x}J s
Uyl
0 0 0 1»l [ 24ry ;
0 ¢ —1 0! | —dr,
[(E=4(C, + s Ley=
el s +P) 0 —1 0 0; {L¢} \l —dr, j
1 0 0 0 L o2+m
Tu { 2(C, +2C, + 9} +4(Cy 4 P 1o
{T}—-—- 11 Rt ' : _4(C2 +Piry }
Co Ty ’ _“4((:3 "i“‘p)f'lg

Ut ) U 2(C,+2C, +5) +4(Cy 4+ pry, |

Tke results of F.E.M. compared with analytical solution are shown in
table 1. From the table the maximum error 1.36¢of stresses can be seen.

The result accuracy is satisfactory.

When the convergency is reached the absolute value of unbalanced nodal
forces 1s less than 10—15 kg, The equilibrium condition is also satisfied,

In order to illustrate general purpose of the programme compered cal-
culations have been done Tor the structure. One is conducted with given
displacements and the other with given forces shown in Fig. 4 and 5. The
maxizum departure of displacements at the corresponding nodes is less than

1%, the pressure departure in the corresponding element is less than 2%.

6. Conclusion
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0.05 16.88467 | 16.88467  —0.14061 | —0.(40616 | L6, 87764 [' 16, BT764
0.3 16,9027 | 17.1303 ! —0. 8437 01, 843606 16.87764 |  16.87764
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By means of several examples and in comparison wilth analytical solution
we think the computation model of rubber materigl is proper, the accuracy
is satisfactory, the programme that we have designed is of general purpose.
This method can be generalized To structural calculations with large defor-

mation,
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